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Abstract

Bayesian versions of the classical one-way random effects model are widely used to
analyze data. If the standard diffuse prior is adopted, there is a simple block Gibbs sam-
pler that can be employed to explore the intractable posterior distribution. In this pa-
per, theoretical and methodological results are developed that allow one to use this block
Gibbs sampler with the same level of confidence that one would have using classical (iid)
Monte Carlo. Indeed, a regenerative simulation method is developed that yields simple,
asymptotically valid standard errors for the ergodic averages that are used to estimate in-
tractable posterior expectations. These standard errors can be used to choose an appro-
priate (Markov chain) Monte Carlo sample size. The regenerative method rests on the
assumption that the underlying Markov chain converges to its stationary distribution at a
geometric rate. Another contribution of this paper is a result showing that, unless the data
set is extremely small and unbalanced, the block Gibbs Markov chain is geometrically er-
godic. We illustrate the use of the regenerative method with data from a styrene exposure
study. R code for the simulation is posted as an online supplement.

Key Words: Asymptotic variance, Central limit theorem, Convergence rate, Geometric ergod-
icity, Minorization condition, One-way model.

1 Introduction

Consider the classical one-way random effects model given by

Yii=0;+¢ci,i=1,....¢,5=1,....,m;, (1)



where the random effects 6y, .. ., 0, are iid N(u, 03), the £;;s are iid N(0, 0?) and independent
of the 6;s, and (11, 03, 0?) is an unknown parameter. There is a long history of Bayesian analysis
using this model starting with Hill (1965) and Tiao and Tan (1965). A Bayesian version of the
model requires a prior distribution for (u, 03, 02) and we consider the family of improper prior

densities given by
Tan(p,05,02) = (07) "V (02) ", 2)

where @ and b are known hyper-parameters. Letting y = {y;;} denote the vector of observed
data and 6 = {0;} the vector of random effects, the (¢ + 3)-dimensional posterior density is

characterized by

7T(07N7 0-37 ‘73) X f(y"ga 22 Ug? Ug)f(ﬂ:u’v 0-37 O-z)ﬂaﬁ(ﬂ? 0-37 Ug) ) (3)
where
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Note that, in order to simplify the notation, the posterior density’s dependence on the data is
being suppressed, and we will adhere to this convention throughout the paper.

Our reasons for considering the family of improper priors 7, ; stem from recommendations
in the Bayesian literature. According to Gelman (2006), the choice of prior for (u, 0?) is not
crucial since the data often contain a good deal of information about these parameters. On
the other hand, there is typically relatively little information in the data concerning o3, so the
choice of prior for this parameter is more important and subtle. A commonly used prior for
o3 is a proper inverse gamma prior, which is a (conditionally) conjugate prior. When little or
no prior information concerning o7 is available, the (shape and scale) hyper-parameters of this
prior are often set to very small values in an attempt to be “non-informative”. However, in the
limit, as the scale-parameter approaches 0 with the shape parameter either approaching 0 or
fixed, not only does the prior become improper, but the corresponding posterior also becomes
improper. Consequently, the posterior is not robust to small changes in these (somewhat ar-

bitrarily chosen) hyper-parameters. This problem has led several authors, including Daniels
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(1999) and Gelman (2006), to recommend that the proper inverse gamma prior not be used. In
contrast, Gelman (2006) illustrates that the improper prior (03 ) 2 works well unless ¢ is very
small (say, below 5). Combining this prior with a uniform prior on (,u, log(o )) leads to 7_ 1o
van Dyk and Meng (2001) call T 10 the standard diffuse prior and we will refer to it as such
throughout this paper.

Of course, whenever an improper prior is used, one must check that the resulting posterior
is proper. Results in Hobert and Casella (1996) show that the posterior is proper if and only if

1 1—M
a<0, a—l—g>§, and a+b>-——— 4)

where M is the total sample size; that is, M = > 7 .—1 M;. Note that (4) implies ¢ > 1 —2a > 1
so a necessary condition for propriety is ¢ > 2. Under the standard diffuse prior, the posterior
is proper if and only if ¢ > 3.

Making inference through the posterior distribution often boils down to computing expec-
tations with respect to the posterior density. Unfortunately, despite the fact that 7, has a very
simple form, the posterior density is intractable. Indeed, letting R, = (0, 00), the posterior

expectation of g(, 1, 03, 02) is given by

/ // / (0, p,05,02) (0, 1, 04,02) do? dog dpudb . )
R4 Ry JRy

This is an intractable ¢ 4+ 3 dimensional integral.

Markov chain Monte Carlo (MCMC) methods, and, in particular, the Gibbs sampler, can
be used to approximate the posterior expectation in (5). The seminal paper by Gelfand and
Smith (1990) illustrated an application of the simple Gibbs sampler to a Bayesian version of
the one-way model with proper conjugate priors for z, o2 and 2. Their Gibbs sampler cycles
through the ¢ + 3 components of the vector (61, ...,0,, 1, o7,02) one at a time and samples
each one conditional on the most current values of the other ¢ + 2 components.

We study a block Gibbs sampler whose iterations have just two steps. Let 02 = (07, 072),
¢ = (u,0) and suppose that the state of the chain at time n is (afb, fn). One iteration of
our sampler entails drawing o2, conditional on &,, and then drawing &,; conditional on
“Blocking” variables together in this way and doing multivariate updates often leads

2

to improved convergence properties relative to the simple (univariate) version of the Gibbs
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sampler (see, e.g., Liu, Wong and Kong, 1994). Straightforward manipulation of (3) shows that,
given &, o3 and o2 are independent random variables each with inverse gamma distributions,
and given o2, £ is multivariate normal. (The specific forms of these distributions are given in
Section 3.) Thus, programming this block Gibbs sampler poses no difficulty.

In this paper, we develop theoretical and methodological results that allow one to use the
block Gibbs sampler with the same level of confidence that one would have using classical (iid)
Monte Carlo. In order to explain this more carefully, let us briefly consider how classical Monte
Carlo would be used to estimate intractable posterior expectations like (5). Let L;(7) denote
the set of functions h : R7"! x R3 — R such that [, fR2+ |h(02,&)|m(02,€) do? d§ < o0,
and define Ly(7) analogously as the set of functions that are square integrable with respect to
the posterior density. Also, let E;/ denote the posterior expectation of h. Suppose we wish
to approximate E g, where g € L;(7), and imagine for a moment that we are able to make
iid draws (0(2)*, f{;), (0%*, f), ... from the posterior. With an iid sample in hand, we would
estimate E g using the classical Monte Carlo estimator

N-1

— % 1 * ok
agn = NZQ(UTQL 7€n) :

n=0
This estimator is unbiased and the strong law of large numbers (SLLN) implies that it converges
almost surely to Eg; that is, it is also strongly consistent. In practice, we need to choose
the sample size, /N, and this is where the central limit theorem (CLT) comes in. Indeed, if
g € Lo(m), then there is a CLT for g; that is, as N — oo, we have \/N(y}k\, —E.g) 4 N(0,v?) ,
where v? = E g% — (Ewg)2. Thus, we could first draw a preliminary sample of size N’ from

m, and compute gy, and

N'—1

A~ 1 * * —%
0 = N/ — 1 Z (g<UTQL’ n) _gN’)Q‘

n=0

Of course, 0% is a strongly consistent estimator of v*. These quantities could then be used to
assemble the asymptotic 95% confidence interval (CI) for E.g given by g3, + 20/v N'. If we
are satisfied with the width of this interval, we stop, whereas if the width is deemed too large,

we continue the simulation. Indeed, given the pilot estimate ©2, a CI of width [ will require



a sample size of around 1672 / [2. The message here is that routine use of the CLT allows for
determination of an appropriate Monte Carlo sample size.

In reality we are not able to make iid draws from the posterior, so we resort to an MCMC
technique such as the block Gibbs sampler. Let { (0,%, fn) }:O:o denote the block Gibbs Markov
chain and consider applying the strategy outlined above with the Markov chain in place of the
1id sample. First, the analogue of g} is the ergodic average given by

N-1

Iy = > 0(0h &)

n=0

If (08, 50) is some fixed point, as it would usually be in practice, then g, is not unbiased.
Nevertheless, the ergodic theorem (Meyn and Tweedie, 1993, Chapter 17) implies that it is a
strongly consistent estimator of E,.g. Because of this, many view MCMC as a “free lunch”
relative to classical Monte Carlo. Unfortunately, as we all know, there is no free lunch. Indeed,
choosing an appropriate sample size in the MCMC context requires much more than routine
use of the CLT. There are two reasons for this. First, when the iid sequence is replaced by a
Markov chain, the second moment condition (g € LQ(?T)) is no longer enough to guarantee
that a CLT exists. Second, even when a CLT does hold, finding a consistent estimator of the
asymptotic variance is challenging because this variance has a complex form and because the
dependence among the variables in the Markov chain complicates the asymptotic analysis of
the estimators (see, e.g., Geyer, 1992; Chan and Geyer, 1994; Jones, Haran, Caffo and Neath,
2006).

In this paper, we overcome the problems described above for the block Gibbs sampler
through a convergence rate analysis and the development of a regenerative simulation method.
In general, regeneration allows one to break a Markov chain up into iid segments (called
“tours”) so that asymptotic analysis can proceed using standard iid theory. While the theo-
retical details are fairly involved (Mykland, Tierney and Yu, 1995), the results of the theory
and, more importantly, the application of the results, turns out to be quite straightforward.
Indeed, results in Hobert, Jones, Presnell and Rosenthal (2002) show that, if the underlying
Markov chain is geometrically ergodic and there exists an « > 0 such that E;|g|*T® < oo, then

we can easily calculate an asymptotic standard error for g, based on regenerative simulation



of the chain and only stop the simulation when this standard error is acceptably small.
Our convergence rate analysis for the block Gibbs chain (Proposition 3) indicates that the
chain is geometrically ergodic unless M is very small and the group sizes, my,..., m,, are

highly unbalanced. This result applies to all priors 7, ; defined in (2). Here is a special case.

Corollary 1. Under the standard diffuse prior, the block Gibbs chain is geometrically ergodic
if

1. g>4and M > q+ 3, or

~1
2. ¢ =3, M > 6 and min { (Zle mm+1> i } < 2e77, where m* = max{my, mo, ms}

and v = 0.577 is Euler’s constant.

Recall that, under 7_ 100 the posterior is proper if and only if ¢ > 3. When ¢ > 4, our condition
is satisfied for all reasonable data configurations. As for ¢ = 3, it turns out that all balanced
data sets with min{m;, my, ms} > 2 satisfy the conditions, as do most reasonable unbalanced
configurations. Appendix B.4 contains a table of all unbalanced configurations of (11, ms, ms3)
with m* < 12 that satisfy the conditions of Corollary 1. (The appendices can be found in the
online supplement to this article.)

Previous analysis of Gibbs samplers for Bayesian random effects models were performed
by Hobert and Geyer (1998), Johnson and Jones (2008) and Jones and Hobert (2001, 2004).
However, in each of these studies, the models that were considered have proper priors on all
parameters. In fact, our Proposition 3 is the first of its kind for random effects models with
improper priors, which, as we explained above, are the type of priors recommended in the
Bayesian literature. It turns out that using improper priors complicates the analysis that is
required to study the corresponding Markov chain. Indeed, Proposition 3 is much more than
a straightforward extension of the existing results for proper priors. Another related paper is
Papaspiliopoulos and Roberts (2008) who studied the convergence rates of Gibbs samplers
for hierarchical linear models with different symmetric error distributions. What separates
our results from theirs is that the variance components in our model are considered unknown

parameters, while in their model the variance components are assumed known.



The remainder of the paper is organized as follows. Section 2 contains background material
on general state space Markov chains. Section 3 contains a description of the block Gibbs
Markov chain as well as the statement and proof of our convergence rate result. In Section 4,
we develop our regenerative simulation method, which is based upon a minorization condition
on the block Gibbs Markov chain. The regenerative method is illustrated in Section 5 using a

real data set on styrene exposure. A short discussion appears in Section 6.

2 Background on General State Space Markov Chains

Let X be a set equipped with a countably generated o-algebra o(X) and let K : X x o(X) —
[0, 1] be a Markov transition function that defines a discrete time, time homogeneous Markov
chain X = {X,,}>° . Thus, forz € Xand A € o(X), K(z,A) = Pr(X; € A| Xy = z). Also,
let K" : X x (X) — [0,1],n = 2,3, ..., denote the n-step Markov transition functions. Sup-
pose that 7 is an invariant probability measure for the chain; i.e., [, K(z,dy)n(dz) = n(dy).
The chain X is called Harris ergodic if it is 1-irreducible, aperiodic and Harris recurrent,
where 1 represents the maximal irreducibility measure of the chain. See Meyn and Tweedie
(1993) for definitions.

Suppose that y is a o-finite measure on X and that the function & : X x X — [0, 00)
satisfies K(z,A) = [, k(y | z) u(dy) for any x € X and any p-measurable A. Then k is
called the Markov transition density of X with respect to u. The following result, established

in Appendix A, shows that if X has a strictly positive density, then it is Harris ergodic.

Lemma 1. Suppose X is a Markov chain with transition function K, transition density k (with
respect to i) and invariant probability measure 7. If k(y | x) > 0 for all z,y € X, then X is

Harris ergodic. Furthermore, | is equivalent to the maximal irreducibility measure.
If X is Harris ergodic, then, for any x € X,
1K™ (z,) =7()| 1 0 asn — oo,

where || - || represents the total variation distance. Note that this tells us nothing about the rate

of convergence. A Harris ergodic chain X is said to be geometrically ergodic if there exists a
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function ¢ : X — [0, 00) and a constant 0 < r < 1 such that, forall z € Xand alln =0, 1, ...
K" (@,) = m()]| < c(z)r™ .

Now suppose that X is topological and that o(X) is the Borel o-field. If, for any open set
O € 0(X), K(+,0) is a lower semicontinuous function, then X is called a Feller chain (Meyn
and Tweedie, 1993, Chapter 6). The function w : X — R, is said to be unbounded off compact
sets if the level set {z € X : w(x) < d} is compact for every d > 0. The following result is a
combination of Meyn and Tweedie’s (1993) Lemma 15.2.8 and Theorem 6.0.1.

Proposition 1. Let X be a Markov chain on a topological space X. Assume that X is Harris
ergodic and Feller and that the support of the maximal irreducibility measure has nonempty
interior. If there exist p < 1, L < oo and a function w : X — R, that is unbounded off

compact sets such that

Ew(Xy) | Xo =1z < pw(z)+ L, (6)
then X is geometrically ergodic.

The inequality (6) is called a drift condition and the function w is called a drift function.

3 Geometric Ergodicity of the Block Gibbs Sampler

3.1 The block Gibbs sampler and the marginal chains

Recall that our block Gibbs sampler breaks the entire vector of variables into two blocks,
0? = (0f,02) and € = (u,6), and updates them alternately. Formally, the block Gibbs chain,
{ (ag, §n) }Zo:() , has a Markov transition density (with respect to Lebesgue measure on Ri X
R4*1) given by

k(é}?,é | 02,5) = 7r(62 | f)w(~\ 52) ,

where (02, €) and (62, £) denote the current and next states, respectively. Routine manipulation

of (3) shows that o7 and ¢ are conditionally independent given ¢; that is,

m(0® | §) =m(og [ &) m(07 | €)
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and that

q 1 M 1
o5 | &~ IG<§ +a, 52(91 - M)2)> and o7 | £~ IG(7 + b, 52(%]’ - 9@')2) :

i i,J

We say X ~ IG(«,(3) if X is a random variable supported on R, with density function
proportional to z~(@+Ye=A/7,
Further manipulation of (3) (see Tan (2008)) shows that, given o2, ¢ has a multivariate

normal density. To provide formulas for the elements of the mean vector and covariance matrix,

q

we need a bit more notation. Let 7; = m; ' Y y;; and t = Y7, (02 + m,o5)~'m; . Using this

notation, we have

I~ Ml
E(u|0§,0§) 7 § :02 + mo?’
i=1 € ’

and fork =1,2,...,q,

2 q — 2 —

o 1 m;y; TamEYy
E(Qk‘agaaz): RT— ;E: 2 — 7| T 29 k2‘
oz +mpoy Y o; + m;oy oz +mgoy

The variances and covariances are given by

Var (6|02 02) = o 7 %
wlflosoe) = et |7 T mad)
(o2)°
COV(Qi,Qj‘O-guo-z) - (U§+mi(;g)(a§+mﬂ§)t
2
COV(QiuM’(jng_s) - -

o2 +m;o})t

~~

~ | =

Var(,u‘ag,az) =

Since 7(¢ | 0%) and w(0? | £) are both strictly positive for (02, &) € R% x R, it follows
that k is a strictly positive Markov transition density. Thus, Lemma 1 implies that the block
Gibbs Markov chain, { (0721, §n) }ZO:O, is Harris ergodic. As we now explain, our proof that this
chain is also geometrically ergodic is indirect and rests upon an analysis of {fn}zozo.

It is well known that the two marginal sequences comprising a two-variable Gibbs chain are
themselves Markov chains (Liu et al., 1994). Moreover, the Gibbs chain and its two marginal

chains all converge at exactly the same rate (Diaconis, Khare and Saloff-Coste, 2008; Roberts

and Rosenthal, 2001). Therefore, we can prove that the block Gibbs chain is geometric by
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proving that the £-chain, {fn}zozo, is geometric. The &-chain has a Markov transition density
(with respect to Lebesgue measure on R?™!) given by

k*(g|§):/27r(g|02)7r(02|§) do? . @)

R+

Clearly, k* is strictly positive on R9™! x R?*! so another application of Lemma 1 shows that
the £-chain is Harris ergodic. We also conclude from Lemma 1 that the maximal irreducibility
measure of the -chain is equivalent to Lebesgue measure on R?*! and hence its support has
non-empty interior. Finally, a simple application of Fatou’s lemma shows that the {-chain is a

Feller chain. We are now ready to use Proposition 1 to prove that the £-chain is geometric.

3.2 A proof of geometric ergodicity

According to Proposition 1, we can prove that the -chain is geometric by finding a function

w : RITY — R, that is unbounded off compact sets and satisfies the drift condition
E(w(f) | &) < pw(é) + L forall ¢ € R (8)

where p < 1 and L < oc. Our drift function takes the form w(¢) = € [wi(€)]” + [wa(€)]”
where w1 (&) = YL, (0; — ), wa(§) = %, mi(y; — 0;)* and € > 0 and s € (0, 1] are to be
determined. For fixed ¢ > 0 and s € (0, 1], the function w is unbounded off compact sets (but

neither w; nor ws is by itself). Indeed, since w is continuous, it is enough to show that, in the

level set {¢ : w(§) < d},

p| is bounded and |6;] is bounded for each i € {1,2,...,¢}. Note
that wy — o0 as |6;| — oo, and hence we have the 6;s contained. Now, given that the 6;s are
contained, w; — 00 as || — 0o, so p is contained as well.

To keep the notation under control, we use w and w to denote w(§) and w(§), respectively.

The left-hand side of (8) is
E(w(é) | €) = E(@ | €) = eE(@f | €) + E(a3 | £) .

Equation (7) shows that we can get the next state, £, by first drawing o ~ 7(- | £), and then

drawing §~ ~ (- | 0%), so graphically we have £ — 02 — €. Therefore, we have
E(wy | §) = E[E(w; | 0,¢) | §] =EB[E(w; | 0%) | €] fork=1,2, ©)
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where the second equality is true because £ is conditionally independent of £ given o2
Since there are no restrictions on the constant L in (8), we do not have to keep track of
any constants when calculating E(w | £). Hence, we will use the notation “const” to refer to a

generic constant. Let m* = max{my, . .. ,mq}. It is shown in Appendix B.1 that
E(0; | 0%) < Ajop + Dy0? +const  and  E(wy | 0%) < (¢ + 1)o? + const

where

q 1 N
. m; m
Al_mm{q(zm-—i—l) ’qM}

i=1

and

q q q —1
1 1 m; q
P R e — S g
P, izlM(1+mi)+max{q<i:1mi+1) ’M}

For s € (0,1] and any A, B > 0, it is easy to see that (A + B)* < A® 4+ B*. Together with

Jensen’s inequality, this yields
E(@5 | 0%) < [E(d; | 0°)]° < (Aroj+As02+const)” < A (o7)"+ A5 (02) +const , (10)

and

E(w; | 0?) < [E(IDQ | 02)}5 < ((q +1)o? + const)s <(q+ 1)8(03)5 + const . (11)
To complete the calculation in (9), recall that

M SSE
o2 |§~IG(%+&,%) and o2 |5~IG(7+5,%) ,
where SSE = 3, (y;; — 7;)*. This is where we have to make sure that s € (0, 1] is not too
large. Define the set
f4a M
S =(0,1]nN <0,m1n{— +a,— —i—b}) .
2 2
Then, for any s € S, E((ag)s | f) and E<(a§)s \ f) are both finite. In fact, routine calcula-

tions show that

E((e9)"|€) = I (12)
and
o\ 8 P& +b—s) L TE+b-s) |
E((O’e) ’ f) = m(ﬂ)g + SSE) < mwz + const . (13)
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B (q+ 1) T(&E +b—ys) _ AsT(% +b—s) AT(E 4 a—s)
di(s) = 2T (X +5) , Oa(s) = >T(¥ 1) and d5(s) 2T(L + a)
Combining (9)-(13), we have

E(5} | §) < B(A(0F)" + A3(02) "+ const [ )
JE+a-s) | JE +b—s)

T 2T (4 +a) WS 20(Y +b) wa o+ const 4

= 03(s)w] + d2(s)ws + const .

and
E(3 | €) < E((q+1)"(02)" + const | )

M —

<(q¢+ 1)SF( 2 0 S>w§ + const (15)

2T +b)
= 01(s)w; + const .
The following result, which is established in Appendix B.2, provides conditions under which

(14) and (15) can be combined to yield a valid drift condition for the block Gibbs sampler.

Proposition 2. Fix s € S. If 61(s) < 1 and 65(s) < 1, then there exist ¢ > 0, p < 1 and
L < oo such thatE(w(g) 1 €) < pw() + L forall § € R

In conjunction with Proposition 1, Proposition 2 shows that the £-chain (and hence the
block Gibbs Markov chain) is geometrically ergodic as long as there exists an s € S such
that both &;(s) and d5(s) are less than 1. Let U(z) = -Llog (I'(z)) denote the digamma
function. We show in Appendix B.3 that the desired s exists if M + 20 > ¢ + 3 and A; <

2exp (\Il (% + a)). We can now state our main convergence rate result.
Proposition 3. The block Gibbs chain is geometrically ergodic if

—1
1. qmin{( quijrl) ,M}<Zexp(\lf(%+a)>,and

2 M+2b>q+3 .
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Loosely speaking, Proposition 3 shows that geometric ergodicity holds unless the data set

is both small and unbalanced. Indeed, consider the first condition. The left-hand side will

q m;
=1 m;+1

. -1 . .

be large only if both ( ) and =~ are large. The first term increases as the m;s
M

get smaller and the second term increases as m* gets larger relative to M that is, as the data

become more unbalanced. The second condition is a weak condition on the sample size. We

show in Appendix B.4 that Corollary 1 from the Introduction follows easily from Proposition 3.

4 Minorization, Regeneration and the CLT

In this section, we first explain how regeneration of a generic Markov chain can be used to
form a CLT whose asymptotic variance is easy to estimate. We then develop a regenerative
simulation method specifically for the block Gibbs Markov chain by constructing a minoriza-

tion condition for its transition density.

4.1 Regenerative simulation

Every ergodic Markov chain is a regenerative process (Meyn and Tweedie, 1993, Thm. 5.2.3).
Regeneration times are easy to find for discrete state space Markov chains. Indeed, if we fix
any particular state, then the chain probabilistically restarts at the random times immediately
following returns to that fixed state. Unfortunately, identification of regeneration times is not as
straightforward for general state space Markov chains. The most well known method of finding
regeneration times for these general chains is based on establishing the following minorization
condition:

k(z|z) > s(z)v(z) forallz,z € X, (16)

where s : X — [0,1) is a (non-trivial) function and v : X — [0, 00) is a density function.
Equation (16) allows the transition density & to be expressed as a mixture of two other transition
densities, one of which does not depend on the current state x. This mixture representation of
k allows for the introduction of regenerations into the chain (see, e.g., Jones and Hobert, 2001;
Mykland et al., 1995; Roberts and Rosenthal, 2004). We now describe a simple method of

identifying the regeneration times in practice.
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The Markov chain is simulated as usual, but after each iteration, an extra Bernoulli variable
is drawn. To be more specific, suppose we start with Xy ~ v and then simulate the Markov
chain according to k. After we have simulated X,,,; = 7 using the current state, X,, = x, we
generate an extra Bernoulli variable §,, whose success probability is a function of x and ¥ given

by
s(z) v(2)
k(z |z)

Then the regeneration times are 7o = 0 and, fort = 1,2,3,..., 7, = min{n > 71 : §,,_1 =

Xro), t=1,2,...},

Pr(6,=1|X,=2,X,11=2) = (17)

1}. Accordingly, the chain is broken up into “tours”, {(mel), e
that are independent stochastic replicas of each other.

Now suppose the chain X is Harris ergodic with invariant probability density m. Sup-
pose that ¢ € L;(m) and consider using R tours of the Markov chain to estimate E g =
Jx 9(z)m(x) dz. The total length of the simulation is 75, which is random. Fort = 1,... R,
define N, = 7, — 7,1, and S, = Z:f:_TIH g(Xy,). Then the (N, S;) pairs are iid. We can write

the obvious estimator of E, g in terms of these pairs as follows

== 3 gt - S

S LN

The estimator gy is strongly consistent for E,g as R — co. Moreover, Hobert et al. (2002)
show that, if the Markov chain X is geometrically ergodic and E, |g|*" < oo for some o > 0,

then
VR(Gr — Exg) 9 N(0,7%) as R — o,
where
2 Bol(Si - NiEog)
[EVN1]2

(The notation “E,” is meant to remind the reader that each tour is started with a draw from v.)

The entire motivation for using regeneration is that there is a simple, consistent estimator of
~2. Indeed, Hobert et al. (2002) show that
R ~ 2
o BEL (5 7aN)

2
TR

is a strongly consistent estimator of v as R — oo.
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In practice, we choose a preliminary value of R that we believe will lead to a reasonable
estimate of 2. We draw X, ~ v and simulate iterations of the chain and the Bernoulli variables
until the Rth time that § = 1. We then calculate ¢z and 4 and form the approximate 95% CI:
gr 27/ V/R. If this interval is acceptably short, we stop. If not, we continue the simulation.
Of course, given the pilot estimate 42, we can calculate about how many tours will be required
for a given level of accuracy. For example, if a CI of length [ is desired, this will require about
1642 / [? total tours. Note that the chain is started with X, ~ v, and there is no need to throw
away an initial portion of the simulation. In other words, when the regenerative method is
employed, burn-in is a non-issue.

In the next subsection, we develop a minorization condition for our block Gibbs sampler.

4.2 Minorization for the block Gibbs sampler

The transition density of the block Gibbs chain is given by
~2 & 2 ~2 c| =2
k(5% ] 0%8) = n(6* | ) (€] 5) .
We now construct a minorization condition for this transition density using a method outlined

in Mykland et al. (1995). Fix 0 < d; < dy < o0 and 0 < d3 < dy < oo and let D denote the
closed rectangle [dy, ds] x [d3,ds] C RZ. Also, fix a distinguished point £&* € R?". Then

e 6 % 6) = Zo L En(E | am(a | €)

. W<02|£)7r~627r62 * 52
> | int 2D w(E | a2m(6 | )1n(a)

{2 L 17 | €10l

= 5(&) v(6%,€)

? = (03, 0?) denotes the minimizer of 7(c? | £) /m(c? | £*) as o

2 ranges over the set

where o
D, and c is the normalizing constant. The value of c¢ is not required in practice. Indeed, we
can simulate from v without knowledge of ¢ by repeatedly drawing o ~ 7(- | £*) until the
first time 0 € D, and then drawing £ ~ (¢ | 02). Furthermore, the probability (17), which
must be calculated after each iteration of the Markov chain, involves s and v only through their

product. Thus, c cancels out.
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We now develop a closed form expression for s. Since 7(o? | €) factors into 7(o7 | £) and

7(0? | £), the bivariate minimization problem becomes two separate univariate minimization

problems. Let w} stand for wy, evaluated at £* for £ = 1, 2. Then

n(o36) _ +a) (0 exp[— 3w /o]

% % )—(g+a+1)
m(og 1€) (5w T(E +a) (62) G exp[—Lug /o]

(1, wt)/cz] |

|
VR
8|€
=% | =
~
[S]5S)
Jr
s}
¢
>
ko)
| — |
|
DO | =

m(o2 | €) [1 (w3 + SSE)] %H)/F( +b) (02 ~(F by exp [ — 3(w; + SSE)/o?]
M
wy + SSE 2 1 1 .
- () o[- gt uned]
2

Hence, 03 = d; when w; > w} and 02 = dy when w; < wj. Similarly, 02 = d3 when wy > w}

and ¢ = d, when wy < w}. Finally,

Pr(00 = 1] (02.6) = (%6, (%1, 6un1) = (5% 6))

s v(E%E)  wle? | On(6?] &) B
(62 0%¢)  m(a®|&)m(o” | gr)

(18)

Theoretically, we could use any set D = [dy, ds] X [d3, d4] and any distinguished point £*
to run the regenerative simulation. However, the asymptotics for 42 involve R — oo, so we
would like for the chain to regenerate fairly often. Thus, we should choose D and £* so that
the probability in (18) is frequently close to one. Not surprisingly, there is trade-off between

the size of the set D and the magnitude of the exponential term in (18) (when the indicator

16



is unity). Our strategy for choosing D and £* is as follows. We run the block Gibbs sampler
for an initial ng iterations (using starting value §, = (¥,%,,...,7,) for example). We take
[d1, ds] to be the shortest interval that contains 60% of the ng values of o7, and we calculate
d3, d,] similarly using the ng values of 2. The regeneration probability (18) involves £* only
through wq(£*) and wy(€*). Hence, instead of setting £* equal to the median, say, of the ng
values of £ in the initial run of the chain, we calculate w; and ws for each of the n, values
of £ and we set wj to be the median of the w; values and w3 to be the median of the ws
values. There is one small caveat. This approach makes sense only if there happens to exist a
¢ € Re™ such that (w1 (©), w2(§)) — (w?,w}). For balanced data, such a & exists if and only
if % + Jwi > % See Tan (2008) for a proof of this result as well as guidelines for the

unbalanced case.

5 An example: Styrene exposure data

In this section, we illustrate the regenerative simulation method using a real data set from Lyles,
Kupper and Rappaport (1997). The computer simulation is coded in R and can be found in the
online supplement to this article, available from the journal’s website. The data set concerns
thirteen workers who were randomly selected from a group within a boat manufacturing plant
and each one’s styrene exposure was measured on three separate occasions. So we have ¢ = 13,
m; =m = 3 and M = m x g = 39. The data are summarized in Tables 1 and 2.

Consider modeling these data using the one-way model from Section 1 with the standard
diffuse prior on the unknown parameters. The goal will be to explore the posterior distribution
of (02,¢) given the data using the block Gibbs sampler. With ¢ = 13 and m; = m = 3, the
conditions of Corollary 1 are clearly satisfied so the block Gibbs sampler for the styrene data is
geometrically ergodic. Suppose we want to approximate the posterior expectations of the two
variance components, ag and JZ, as well as the correlation between observations on the same
worker, o7 /(02 +0?). Straightforward calculations show that all three of these functions satisfy
the “2 + o” moment condition. Therefore, all of the assumptions underlying the regenerative
simulation method are satisfied.

Implementation of the regenerative simulation requires us to specify R, the total number
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worker 1 2 3 4 5 6 7
Y; 3.302 4.587 5.052 5.089 4.498 5.186 4.915
worker 8 9 10 11 12 13
Y; 4.876 5.262 5.009 5.602 4336 4.813

Table 1: Average styrene exposure level for each of the 13 workers.

Y= M1 Zzlil 23:1 Yij = 4.809
SST =332, (7, — 7)* = 11.430
SSE = Z:; Z?:l(yij — @i)Q =14.711

Table 2: Summary statistics for the styrene exposure data.

of regenerations. As we have mentioned in Section 4.1, the procedure to determine R has
two steps. In the first step, we run the chain for an initial number of regenerations, call it
R, that is believed to lead to a reasonable estimator of the asymptotic variance, 2. Here,
we used R = 5,000 which took 87,169 iterations and consumed 20 seconds. The simulation
results are summarized in Table 3. For each of the three parameters of interest, the table
provides the estimate, g.,, the estimated asymptotic variance, 4?2, the estimated standard error
\/m, and an approximate 95% CI, 7, + 2,/4%/R. Mykland et al. (1995) recommended
that 42 not be used to estimate 7> unless the average tour length, N = R™' 3% N, has a
coefficient of variation, CV(N) = +/Var(N)/E(N), smaller than 0.1. A strongly consistent
estimator of CV (V) is given by @(W) = \/Zf:l(Nt — N)2/(RN)2. For our simulation

above, CV (N) = 0.018 clearly meets the criteria. We also examined trace plots of 42 for the
parameters of interest, 03, o2 and o7 /(07 + ¢2), and all suggest that the variance estimators
have stabilized by the 5,000th regeneration. Hence they are reasonable approximations of their
respective estimands.

In the second step of the procedure, we decide how large R needs to be for the resulting CI
to be shorter than a user-specified width based on the preliminary analysis above. Take the 95%

Cl of E, 0} for example. Suppose that we desire its margin of error to be around 1% of the mag-
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Jrr ¥ VAR | 9, £2/?/R
o; 0.19003 | 0.03463 | 0.00263 | (0.18477, 0.19529)
o? 0.61777 | 0.00883 | 0.00133 | (0.61511, 0.62043)
agaTgag 0.21288 | 0.03532 | 0.00266 | (0.20757, 0.21820)

Table 3: Results based on R = 5, 000 regenerations.

Gra ¥ | VAR G, £2J3%/R
03 0.19023 | 0.03523 | 0.00094 | (0.18835, 0.19210)
ag 0.61849 | 0.00966 | 0.00049 | (0.61751, 0.61947)
agcfag 0.21304 | 0.03687 | 0.00096 | (0.21112, 0.21496)

Table 4: Results based on R = 40, 000 regenerations. Note that the margin of error of the 95%
CI for Ewag 1s 2 x 0.00094 = 0.00188, which is about 1% of the magnitude of the estimate of

2
E.o;.

nitude of E, 7. Since §y.,,, = 0.19003, the desired width of the 95% CI, [, is approximately
2x0.19003 x 1% = 0.0038 and will require about 16&2/Z2 =16 x0.03074/0.0038% = 38, 371
regenerations. So we ran the chain for an additional 35,000 regenerations. The final chain with
40,000 regenerations accounted for 697,869 iterations and took 3 minutes to generate. The
simulation results are summarized in Table 4. Figure 1 shows trace plots associated with the
estimation of E,o7. These plots suggest that things have stabilized nicely by the 40,000th re-
generation. We also examined the trace plots associated with o2 and o3 /(03 + 02). They look

very similar to the ones shown in Figure 1.

6 Discussion

Our block Gibbs sampler is a two-variable Gibbs sampler that updates 02 = (03, 02) and £ =

(£, 0) in turn. van Dyk and Meng (2001) studied an alternative two-variable Gibbs sampler in

2

2). Given (p, 03, 02), 6 has a multivariate

which the two groups of parameters are 6 and (i, 05, o

normal distribution. On the other hand, the posterior density of (u, 02, 02) given 6 factors as
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Estimator and approximate 95% CI of the posterior mean
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Figure 1: The solid line in the upper graph is the trace plot of the estimator of E,03. That is,
for R =1,...,40000, we plotted gr against R, where gy is the estimator based on the first R
tours out of the 40, 000 tours of our simulated chain. Similarly, the dashed lines are trace plots
of the upper and lower bounds of the estimated asymptotic 95% Cls for E,o3. The lower graph
is another trace plot that displays the convergence of the strongly consistent estimator, 42, of

the asymptotic variance, 7> .

m(p, 08,02 | 0) = w(o? | 0) w(u,02 | 0). That is, given 6, o2 and (u, o3) are independent.
It’s easy to show that (02 | §) has an inverse gamma density. Moreover, 7(u, o3 | 6) can be
factored as w(o3 | 0) (| 02, 0) and routine calculations show that (o3 | ) and 7(u | 03, 6)
have inverse gamma and normal forms, respectively. Thus, it is just as easy to implement this
two-variable Gibbs sampler as it is to implement our block Gibbs sampler. Unfortunately, our
proof of geometric ergodicity cannot be easily adapted to van Dyk and Meng’s chain because
the drift condition we used is not appropriate for their blocking scheme. We strongly suspect

that this alternative Markov chain is geometrically ergodic, but this remains an open question.
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Supplemental materials

appendices.pdf This document contains the proofs for the results in the article and other tech-

nical details.

regenerate.R This file contains code to calculate the consistent estimator of the asymptotic
variance using the regeneration method for the styrene exposure data set used in Sec-

tion 5.
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