LAST SYMBOL DISTRIBUTION IN PATTERN AVOIDING CATALAN
WORDS
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ABSTRACT. We study the distribution of the last symbol statistics on the sets of Catalan
words avoiding a pattern of length at most three. For each pattern p, we provide a bivariate
generating function where the coefficient ¢,(n, k) of xz™y* in its series expansion is the
number of length n Catalan words avoiding p and ending with the symbol k. We deduce
recurrence relations or close forms for ¢,(n, k) and we provide asymptotic approximations
for the expectation of the last symbol on all Catalan words avoiding p. We end this paper
by describing a computational approach using computer algebra.

1. INTRODUCTION

A restricted growth word w = wiws - - - w, is a word over the set of non-negative integers
such that w; = 0 and 0 < w; < st(wy ---w;_1) + 1, where st is an integer statistic. These
words have been widely studied in the literature since they simultaneously generalize several
classes of combinatorial objects as restricted growth functions [13], staircase words [15],
ascent sequences [4, 8], and Catalan words [10].

In this paper, we focus on Catalan words which are obtained whenever st(w) returns
the last symbol of w. More formally, a word w = wyws - - - w,, is a Catalan word if

w; =0 and 0 <w; <w;_1+1 for 1=2,...,n.

For n > 0, let C,, denote the set of Catalan words of length n (the Catalan word of length
0 is the empty word \). For example, we have

C, = {0000, 0001,0010,0011,0012,0100, 0101,

0110,0111,0112,0120,0121,0122, 0123}.

The cardinality of the set C, is given by the Catalan number ¢(n) = ("), see [16, Exer-

n+l\n
cise 80]. Catalan words have already been studied in the context of e;r(haustive generation
of Gray codes for growth-restricted words [10]. More recently, Baril et al. [1, 2] study the
distribution of descents on restricted Catalan words avoiding a pattern or a pair of patterns
of length at most three. Ramirez and Rojas [12] also study the distribution of descents
for Catalan words avoiding consecutive patterns of length at most three. Additionally, in
[5, 9], the authors started a study of combinatorial statistics on the polyominoes associated

with words in C,,.
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The goal of this work is to complete all these studies by providing enumerative results
for Catalan words avoiding a pattern of length at most three with respect to the length and
the last symbol. Using classical methods presented in [7, 11], we also give the exact value
or an asymptotic approximation for the expectation of the last symbol for these words.
Notice that this work is, in a way, a counterpart for Catalan words of the study of Bernini
et al. [3] which enumerate permutations avoiding generalized patterns with respect to the
last symbol.

The remaining of this paper is structured as follows. In Section 2, we give some defini-
tions and notations about pattern avoidance and generating functions. As a preliminary
result, we yield the bivariate generating function that counts the number of Catalan words
(without avoidance of a pattern), with respect to the length and the last symbol, and we
deduce the expectation (i.e. the average) of the last symbol on all length n Catalan words.
In Section 3, we make a similar study for Catalan words avoiding a pattern of length 2. In
Section 4, we focus on the avoidance of patterns p of length three, and we give asymptotic
approximations (see [7, 11]) for the expectation of the last symbol. Finally, in Section 5
we show how we can obtain recurrence relations and asymptotic approximations for the
coefficients of generating functions and for the expectations of the last symbol, by using
Mathematica and Maple libraries.

2. NOTATIONS AND PRELIMINARIES

For an integer r > 2, a pattern p = pips---p, is a word (of length r) over the set
{0,1,...,r — 1} satisfying the condition: if j > 0 appears in p, then j — 1 also appears
in p. For instance, there are three patterns of length two (00,01,10), and thirteen pat-
terns of length three (000, 001,010,011, 012,021, 100,101, 102, 110, 120,201, 210). A Cata-
lan word w = wiws - - - w, contains the pattern p = p1ps - - - p, if there exists a subsequence
Wi Wiy + - w;, of w (i < 19 < -+ < 4,) which is order-isomorphic to p. We say that w avoids
p whenever w does not contain the pattern p. For example, the Catalan word 0123455543
avoids the pattern 001 and contains three subsequences isomorphic to the pattern 210.

For n > 0, let C,(p) denote the set of Catalan words of length n avoiding the pattern p.
We denote by ¢,(n) the cardinality of C,(p), C(p) := U, >, Cn(p), and C(p)* :=C(p) \ {\}.
We denote by last(w) the last symbol of w. Let C,x(p) denote the set of Catalan words
w € Cy(p) such that last(w) =k, and let ¢,(n, k) := |C,x(p)|. Obviously, we have ¢,(n) =

Z;é cy(n, k).

We introduce the bivariate generating function

Hp(l‘, y> — Z x|w|y|ast(w) _ Z cp(n, /C)Inyk,

weC(p)* n>1, k>0

and we set
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Notice that these generating functions do not consider the empty word. The expectation
of the last symbol on all Catalan words in C,(p) is given by (see [7])

[x"]apr(x, y>|y=1 [33”]8pr($7 y)’y=1

e O R3] ACR)

Moreover, if we omit the subscript p in all previous notations, then this means we refer
to the set of all Catalan words of length n (without avoidance of a pattern).

For a Catalan word w = wyws - - - w,, n > 0, and an integer a > 0, we denote by (w + a)
the word (w;+a)(wy+a) - - - (w,+a) obtained from w by increasing by a each of its symbols.
In the case where w is the empty word A, we set (w + a) = A. Using this notation, any
non-empty Catalan word has a first return decomposition as follows: w = 0(w' + 1)w”
where w', w” are two Catalan words. From this decomposition, a non-empty Catalan word
w is either of the three forms (i) w = 0, or (i) w = O(w’ + 1) with w’ € C*, or (ii7)
w = 0(w + 1)w” with w' € C and w” € C*. So, we deduce the following functional
equation

H(z,y) =z +zyH(z,y) + =(H(z) + 1)H (2, y),
which provides

1—-2zy —v1—-4x

2(1 —y +21?)

H(z,y) = and H(z,1)=C(x),

where C(z) := Hx;—x VIZA7 i5 the well known generating function for the non-empty Catalan
words. Thanks to [5, 17], we obtain

k41

2"y H (2, y) = (2” —2ok

n—1

), n>1k>0and
n

10, E ) yms = 1O = (2: - 21)

Then, the expectation of the last symbol of a Catalan word in C,, is

am%:qﬁjﬂn+n:2m—1x

(n+2)(*") n+2

and its limit is 2 when n — oo. Figure 1 shows the distribution of the last symbol over
10000 random Catalan words of length 17.

3. AVOIDANCE OF LENGTH 2 PATTERNS

In this section, we provide the generating functions H,,(x, y) for all patterns p € {00, 01, 10},
and we give close forms for the coefficients of 2y* in their series expansions. So, we deduce
the expectation of the last symbol on all Catalan words in C,(n).

Theorem 3.1. We have

Xz
HOO(:Ev y) =

1, ifk=n-1
., coo(n, k) _{ 0, otherwise

d a =n-—1.
— , an w(n)=n
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FicURE 1. Histogram with respect to the last symbol of 10000 random
Catalan words of length 17.

Proof. The word 012---n-1 is the unique non-empty word avoiding the pattern 00. U
Theorem 3.2. We have

oz 1, ifk=0 _
Hy (z,y) = 1_ 2 co1(n, k) = { 0, otherwise ’ and  ap(n) =0.
Proof. The word 00--- 0 is the unique non-empty word avoiding the pattern 01. U
Theorem 3.3. We have
x n—1 n—1
H - = k) = d —
wlea) = =iy ennki= (") and aw(n) ="

Proof. Let w be a word in C, x(10). If n > 2, then the symbol immediately before the
last one has two options kK — 1 or k. Then ¢j9(n, k) = cio(n — 1,k — 1) + ¢10(n — 1, k) for
n > 2 and k > 1. Additionally, ¢j9(n,0) = 1 for all positive integer n. Therefore, the
sequence cjo(n, k) is equal to the binomial coefficient (";1) and the generating function

can be deduced easily. [l

4. AVOIDANCE OF LENGTH 3 PATTERNS

In this section, we provide the generating functions H,(x,y) for all patterns p of length
three. We also yield close forms or recurrence relations for the number ¢,(n, k) of Cata-
lan words w € Cy(n) such that last(w) = k, and we deduce exact values or asymptotic
approximations for the expectation of the last symbol on all Catalan words in C,(n).

4.1. The pattern 012.

Theorem 4.1. We have
z(1 — 2+ 2y)

H012($7y) = 1~ o )
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and forn > 2,

on—2 fk=0,1 1
’ Zf ’ and a012(n) = —.

0012(n, ]{?) = { 5

. )
0, otherwise

Proof. Let w denote a non-empty Catalan word in C(012). From the definition of Catalan
word, w must be made up exclusively of 0’s and 1’s, and the first symbol is 0. Therefore,
the Catalan words avoiding the pattern 012 are given by the regular expression

ouUo(u1)*0U0(0U1)* 1.

This regular expression translates to the rational generating function

2 2
1—
A :x( x+xy)'
1—-22 1-22 1—2x

The closed formula for the sequence ¢y15(n, k) is obtained by comparing coefficients. [

Hyy(z,y) =2

The series expansion of the generating function Hyo(z,y) is
4+ (14 y)z® + (2 + 2y)2° + (4 + 4y)z* + (8 + 8y)a° + (16 + 16y)a°® + O(z").
The Catalan words corresponding to the bold coefficients in the above series are
C10(012) = {0000,0010,0100,0110} and C4,(012) = {0001,0011,0101,0111}.
4.2. The pattern 001.
Theorem 4.2. We have

z(1—x)
H =
01 Y) = T o0 = ay)’
and forn > 2,
onk=2 ik <n—1
0001(n, k‘) = 1, ka‘ =n-—1 > and a001(n) =1- 217n.
0, otherwise

Proof. Let w denote a non-empty Catalan word in C(001), and let w = 0(w’ + 1)w” be
the first return decomposition, where w’,w” € C(001). If w” = A, then the generating
function for this case is 2 + xyHoo (z,y). If w” is non empty, then w” = 0%, k > 1, and
the generating function for this case is x (Hoo1(z) + 1) ;=. Adding both cases we have the
functional equation

2

T
Hooi(z,y) =« + zyHoo (2, y) + (Hoo1 () + 1) 1— 7
Since Hyg (z)+1 = ;=% (see Theorem 5 in [1]), we obtain the result. Classical methods are

used for the extraction of the coefficients of [z"y"| Hop1(z,y) and [2"]0, Hoo1(z,y)|y=1. O
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The series expansion of the generating function Hop (z,y) is

v+ (L +y)r® +2+y+y9)2’ + (44 2y +y* +y?)at + 8+ dy +2y° + 7 +yh)a®
+ (16 + 8y + 4y* + 2y° + y* +9°)2® + O(z7).
The Catalan words corresponding to the bold coefficients in the above series are

C10(001) = {0000,0100,0110,0120}, C,,(001) = {0111,0121},
C42(001) = {0122}, and C,3(001) = {0123}.

The array [2"y*|Hoo1 (7, y) = coo1(n, k) corresponds with the array A155038 in [14] which
enumerates the set P, of integer compositions of n with first part k. A constructive
bijection ¢ between C,, x(001) and P, , can be defined recursively as follows: if n = 0 then
P(A) = 0; if n > 1, we distinguish two cases: if w = 0(w’ + 1)0%,k > 1 then we set
P(w) = 1Fp(0(w’ + 1)), and if w = 0(w’ + 1) then we set ¥(w) = (c; + 1)y - -+ ¢, with
Y(w') = c1c9 -+ - ¢.. For instance, we have ¢(012200) = 1,1, 3, 1.

4.3. The pattern 010. Notice that a Catalan word w is in set C, ;(010) if and only if w
is in the set C,, x(10). Therefore, from Theorem 3.3 we conclude the following result.

Theorem 4.3. We have
T

H010(9U7y) =

and forn >1,0<k<n—1, coo(n, k) = (";"), and agio(n) = (n — 1)/2.

l1—x—ay

The series expansion of the generating function Hyo(z,y) is

z+ (T+y)a* + (1+2y +y*)2 + (1 + 3y + 3y* + v®)a* + (1 + 4y + 69> + 4y® + y*)2®
+ (1 + 5y + 10y* 4 10y° + 5y* + y°)2% + O(2").
The Catalan words corresponding to the bold coefficients in the above series are
C10(010) = {0000}, C41(010) = {0001,0011,0111},
C12(010) = {0012,0112,0122}, and C43(001) = {0123}.
The array [2"y*|Hyio(z, y) = coi0(n, k) corresponds with the Pascal matrix A007318 in [14].
A constructive bijection ¢ between C,, ;(010) and the set S,,_1 4 of k-subsets of {1,...,n—1}
can be defined as follows: Let w € C,(010), we write it w = 01" ...k with i; > 1,

0 <j <k, and we set ¢(w) = {ig,i9 + i1,...,%0 + 91 + -+ +ix_1}. For instance, we have
$(011233344) = {1,3,4,7} € Sq..

4.4. The pattern 021.

Theorem 4.4. We have

r —52% + 923 — 6% + 2°(1 — )
(1 —-22)%(1 —2)(1 —x — zy)

H021($7y) =


http://oeis.org/A155038
http://oeis.org/A007318
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Moreover, for n > 2, ¢oo1(n,0) = (n —2)-2"3 + 1, and for k > 1,

n—2

2 /2 2" P(n*+3n—2) n+4
Co21 (TL, k’) = Z ( i )7 and a’021(n) = (TL E 1)27172 + 1) ~ & )
=k—1

Proof. Let w denote a non-empty Catalan word in C(021), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w’,w” € C(021). If w” = A, then w = 0(w' + 1) where
w' is a possibly empty Catalan word in C(10). From Theorem 3.3 the generating function
for this case is

%y
1—z(1+y)
If w' = X and w” # A, then the contribution to the generating function is xHog(,y).
Finally, if w’ and w” are non empty, then we have two cases.

e Case 1: w' = 0% with & > 1. Since w” € C(021), the generating function is
z(x/(1—x)) Ho(z,y).

e Case 2: w' € C(10)\ C(01). In this case w” € C(01), that is, w” = 0% (k > 1). From
Theorems 3.3 and 3.2 the generating function for this case is

x4 xyHy(z,y) = v +

x xt

7 (Ho(@) = Ho@) 7=7 = 5 pa 20y

Therefore, we have the functional equation

Hos(0) — 0+ —— 0 o Ho (2 ) + 20— Hon (2,9) + i

Ty )=r+-—"-—+uz x x x )
021(Z, Y 1—2(1+y) 021\Z, Y 1 _ ooz Y (1— 2)2(1 — 22)
Solving this equation we obtain the desired result. Il

The series expansion of the generating function Hog (z,y) is
4 (1+y)a? + (2 + 2y + yH)a® + (5 + 4y + 3y + y®)a*
+ (13 + 8y + Ty* + 4y + y*)2® + (33 + 16y + 159 + 11y° + 5y* +9°) 2% + O(2").
The Catalan words corresponding to the bold coefficients in the above series are

C4,0(021) = {0000,0010,0100,0110,0120}, C4;(021) = {0001,0011,0101,0111}
C42(021) = {0012,0112,0122}, and C,3(021) = {0123}.

Notice that the array [coo1(n, k)]s g>1 coincides with the array A055248 in [14].

4.5. The pattern 102.

Theorem 4.5. We have

(1 —dx + 42 — 22(1 — y))
I—2)1-32)1-z(1+y))

H102(957y> =


http://oeis.org/A055248
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Moreover, c102(1,0) =1, and for n > 2

S cioa(n — 1,k), ifk=0,1
Cun(ﬂ,k?) = Clog(n—1,k—1)+0102(n—1,]€), zf2§k§n—1, and
0, otherwise
4 - 3n71 —9n
===~ .4
ai02(n) = 3

Proof. Let w denote a non-empty Catalan word in C(102), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w',w” € C(102). If w” = A, then w = 0(w' 4+ 1) with
w' possibly empty. The generating function for this case is z + vyHyp2(z,y). If w” # A,
then w = 0w” or w = O(w’ 4+ 1)w” with w” € C(012)*. Therefore, the contribution to the
generating function is

vHypo(2,y) + v Hypo(v) Hora (2, y),

where (see Theorem 8 of [1])
1— 3z + 22
H = —1
02®) = T 50 a0
Therefore, we have the functional equation
Hypy(7,y) =z + vyHino(z,y) + vHigo(2,y) + v Hioo(7) Horz (7, y).

Solving this equation we obtain the desired result. O

The series expansion of the generating function Hypo(z,y) is

z+ (1+y)a® + (24 2y +y°)2° + (5 + 5y + 3y* + ¢°)z*
+ (14 + 14y + 8y? + 4y® + y)a® + (41 + 41y + 22¢° + 12° + 5y + °)2® + O(2").
The Catalan words corresponding to the bold coefficients in the above series are
C10(102) = {0000,0010,0100,0110,0120}, C41(102) = {0001,0011,0101,0111,0121}
Ci2(102) = {0012,0112,0122}, and C,5(102) = {0123}
The array [c102(n, k)]n k>0 does not appear in [14].
4.6. The pattern 201.

Theorem 4.6. We have
(1 —5x + 722 — 223
Hy, (377 y) = ( )

(1—2)(1—=3x)(1+ 22y —x(2+y))’

n—2 .
6201(71 — 1,]{3 — 1) +6201(n_ 1,]€)
+6201(n—2,k)—|—6201(n—2,/€—|—1), Zflgk)gn—l’

0, otherwise

c01(n, k) = and



LAST SYMBOL DISTRIBUTION IN PATTERN AVOIDING CATALAN WORDS 9
3" —F(2n —2)
3l +1

where F'(n) is the n-th term of the Fibonacci sequence defined by F(n) = F(n—1)+F(n—2)
anchored with F(0) = F(1) = 1.

CLQ(]l(Tl) =2 ~ 2’

Proof. Let w denote a non-empty Catalan word in C(201), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w', w” € C(201). If w” = A, then w = 0(w’ + 1) with v’
possibly empty. The generating function for this case is x + zyHasgi(x,y). If w” # X and
w' = A, then w = 0w” with w” € C(201). The contribution to the generating function is
xHyp (z,y). If w' and w” are non empty, then we have two cases.

e Case 1: w' = 0" with n > 1. Since w” € C(021)", the generating function is
xﬁ.HéOl(.r,y).

e Case 2: w' € C(201)"\ {0*, k > 1}. In this case w” = 0" for n > 1. The generating
function for this case is

x x
v (Hml(x) 1 —.CE) 1—2x’

where (see Theorem 8 of [1])

1 — 3z + a2
Hoolr) = s &

Therefore, we have the functional equation

Hyy(z,y) = x + xyHosi (2, y) + xHao1 (2, y)

x T x
+131 _IH201($71U) + <H201($) 1 —x) 1=z

Solving this equation we obtain the desired result. [l

The series expansion of the generating function Hyp (z,y) is

z+ (L+y)2® + 2+ 2y +y°)2° + (54 5y + 3y* + y°)a’
+ (14 + 13y + 9y* + 49° + y*)2® + (41 + 35y + 26y* + 14y° + 5y* + y°)2° + O(2").

The Catalan words corresponding to the bold coefficients in the above series are

C10(201) = {0000, 0100,0110,0120}, C41(201) = {0001,0011,0101,0111,0121}
C42(201) = {0012,0112,0122}, and C43(201) = {0123}.

The array [€201(n, k)]nr>0 does not appear in [14].
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4.7. The pattern 120.

Theorem 4.7. We have
(1—-2x)x
1—2z(2+y) +yz?
n=2 if k=0
Clgo(n — 1, k — 1) + 0120<7L — 1, k)

leo(%l/) =

cizo(n, k) = Femo(n—2.k) +em(n—2.k+1), ifl<k<n-1 "
0, otherwise
ano(n) = 2 DI 2 2 (I = 8) A
5F(2n — 2) 5++5

where F'(n) is the Fibonacci sequence defined in Theorem 4.6.

Proof. Let w denote a non-empty Catalan word in C(120), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w’,w” € C(120). If w” = A, then w = 0(w’ + 1) with
w’ possibly empty. The generating function for this case is = + vyHygo(z,y). If w” # A,
then w = 0w” or w = O(w’ + 1)w” with w’ = 0%, k > 1, and w” € C(120)". Therefore, the
contribution to the generating function is

X
J}ngg([E,y) +x (—> HOIQ(xay)‘

1l—=x

So we deduce the functional equation

x
Hy(z,y) = v + ayHis(x,y) + cHigo(z,y) + 2 (ﬁ) Hyy(z,y).

Solving this equation we obtain the desired result. U

The series expansion of the generating function His(z,y) is

c4 (1+y)2?+ 2+ 2y +yH)2® + (4 + 5y + 39> + ®)a'+
(8 4+ 12y 4+ 9y* + 49 + yh)a® + (16 + 28y + 25¢* + 14y° + 5y* + °)25 + O(z").
The Catalan words corresponding to the bold coefficients in the above series are
C10(120) = {0000,0010,0100,0110}, C4;(120) = {0001,0011,0101,0111,0121}
C12(120) = {0012,0112,0122}, and C435(120) = {0123}

Notice that the array [c120(n, k)]n>14>0 coincides with the array A105306 in [14]. There-
fore we have the combinatorial identity

cip0(n, k) = n_zk_l (k JZF 1) (n _; B Z) (—1)ign—i=k=t,

=0
This array is related to the number of non-decreasing Dyck path of semi-length n with k
weakly symmetric peaks [6]. We leave open the question of finding a constructive bijection.


http://oeis.org/A105306
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4.8. The pattern 101.

Theorem 4.8. We have
z(1 — 3z + 227%)

H —
oY) = g e )
F(2n —4), ifk=0
clol(n,k): C101<7’L—1,k’—1)+6101(n—1,]€), Zflgkgn—l, and
0, otherwise
F@2n—1)—2"1 541
a101(n) = ~ )

F(2n—2) 2
where F'(n) is the Fibonacci sequence defined in Theorem 4.6.

Proof. Let w denote a non-empty Catalan word in C(101), and let w = 0(w’ + 1)w” be the
first return decomposition, where w',w” € C(101). If w” = A, then w = 0(w’ 4+ 1) with
w’ possibly empty. The generating function for this case is z + zyH o (z,y). If w” # A,
then w = 0w” or w = 0(w’ + 1)0" with w’ € C(101)". Therefore, the contribution to the
generating function is

x
cHyoi(z,y) + vH 1 (x) (1 — x) ;

where (see Theorem 9 of [1])
1—2x
H - -
101 () 1 —3x + 22

Therefore, we have the functional equation

X
Hioi(2,y) = @ + wyHioi (2, y) + 2 Hho (2,y) + 2 Hio (2) <1 — :L') '

Solving this equation we obtain the desired result. U

The series expansion of the generating function Hyp (z,y) is
v+ (L+y)a® + (24 2y +y*)2” + (5 + 4y + 3y* + ¢°)a’
+ (134 9y + 7% + 437 + v + (34 + 22y + 169° + 1193 + 5y* + y°)2® + O (7).
The Catalan words corresponding to the bold coefficients in the above series are

C40(101) = {0000,0010,0100,0110,0120}, C,;(101) = {0001,0011,0111,0121}
C42(101) = {0012,0112,0122}, and C,3(101) = {0123}.

The array [€101(n, k)]nr>0 does not appear in [14].
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4.9. The pattern 011.
Theorem 4.9. We have
z(1 — 2x + 222 — 23y)

o) = = 1 =)

b

(77,—1)2(77,—2)7 Zf k=0 )
conn(n, k)= ¢ 1, ifl1<k<n-1, and ap;(n) =1+ ——- ~ 1.
: n(n—1)

0, otherwise
Proof. Let w denote a non-empty Catalan word in C(011), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w',w” € C(011). If w” = A, then w = 0(w’ 4+ 1) with
w’ € C(00) (possibly empty). The generating function for this case is  + xyHoo(z,y). If
w” # A, then w = 0w” or w = 0(w’ 4+ 1)w”. In the first case w” € C(011)". In the second
case, with w’ € C(00) and w” is a word of the form 07123---, for j > 1. Therefore, we
have the functional equation

T
1l—=x

Solving this equation we obtain the desired result. O

Hon(l“, ?J) =T+ xyHoo(% y) + xHOll(xu y) + $H00($)

The series expansion of the generating function Hyyq(z,y) is
v+ (1 +y)e®+ 2+y+y)e’ + (A +y+y* 90t
(T +y+yP+y +y)2 + U+ y+ v +y° +yt +y0)2’ + O,
The Catalan words corresponding to the bold coefficients in the above series are

C10(011) = {0000,0010,0100,0120}, C4(011) = {0001}
0472(011) = {0012}, and C473(011) = {0123}.

The array [co11(n, k)]n k>0 does not appear in [14].
4.10. The pattern 000.

Theorem 4.10. We have
(1l —32% — 23 — (1 — 2 — 322 + 2°)2?y)

Hoo(z,y) = (1—a =322+ 23)(1 — xy — 222y + 23y?)’
(1, ifk=0,n=123
cooo(n — 1, k) 4+ 3epoo(n — 2, k) — cooo(n — 3,k), if k=0, n>4
cooo(n, k) = ¢ cooo(n — 1,k — 1) + 2¢copo(n — 2,k — 1) and
— cooo(n — 3,k —2), ifk>1 n>4
L0, otherwise

apoo (n) ~ 1.
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Proof. Let w denote a non-empty Catalan word in C(000), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w’, w” € C(000). If w” = A, then w = 0(w' 4+ 1) with w'’
possibly empty. The generating function for this case is « + xyHopo(z,y). The second case
is when w” # A, then we have the following four cases:

e w = 00. The generating functions for this case is 2.

e w = 00(w"” 4 1), where w” € C(000)". In this case the generating function is
2?y Hooo (7, y).

e w = O(w' + 1)0, where w’ € C(000)". The generating function for this case is
22 Hygo(x), where (see Theorem 11 of [1])

(1 —22?%)
Hyy(x) = — 1.
000(2) 1—x—322+ 23

e w=0(w'+1)0(w” + 1), where w', w” are words in C(000)" and the concatenation
w'w” is again a Catalan word of the second case, that is, the generating function
of the words w'w” is the same of the generating function of the words of the form
O(w'+ 1)w”, where w” is non-empty. Therefore, the contribution to the generating
function is T'(z,y) = z*y(2® + 2>y Hooo(z,y) + T(z,y)).

Therefore, we have the functional equation

Ho(z,y) = = + zyHoo (2, y) + ° + 2>y Hoo (2, y) + 2> Hogo () + T'(2, y).

Solving the system of equations we obtain the desired result. U
The series expansion of the generating function Hyg(z,y) is
v+ (1+y)2” + (142 +y°)2’ + (2 + 3y + 3y° + ¢°)a
+ (4 + 4y + 6y + 4y° + yh)2 + (9 + 8y + 9y* + 10y° + 5y* + )2’ + O(a”).
The Catalan words corresponding to the bold coefficients in the above series are
Ci0(000) = {0110,0120}, C41(000) = {0011,0101,0121}
C42(000) = {0012,0112,0122}, and C,3(000) = {0123}.
The array [cooo(n, k)]nk>0 does not appear in [14].
4.11. The pattern 100.

Theorem 4.11. We have
(1 -3+ 22(1 —y) —2*(1 — 2y) + 23(1 + 2y))

H X =
100( ay> (1_Qx_2x2)<1+x2+x3y2_:C(Q_i_y)) ’
L, ifk=0,n=12
2 ifk=0, n=3
cioo(n, k) = 4 %fk =0, n=4 and

deigo(n = 1,k) = 3eioo(n = 2,k) = 2¢€100(n — 3, k) + 2€100(n — 4, k), ifk=0,n>5

2¢ci00(n — 1, k) + crpo(n — 1,k — 1) — cipo(n — 2,k) — crpo(n — 3,k —2), ifk>1, n>4

0 otherwise
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8v/3 — 12
ol o515

Proof. Let w denote a non-empty Catalan word in C(100), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w',w” € C(100). If w” = A, then w = 0(w’ 4+ 1) with
w’ possibly empty. The generating function for this case is  + xyHip(x,y). Now let us
assume that w” # X. Therefore, w contains at least two symbols 0. We distinguish two
cases: (i) w contains k > 3 symbols 0, and (i) w contains exactly two 0.

~ 3.154700527.

e Case (i): w is necessarily of the form w = 02y where u € C(100) contains exactly
two symbols 0. Thus, the generating function for this case is

A2($7y> ' Zifkﬁ,

k>3

where As(z,y) is the generating function for Catalan words in C(100) having exactly
two symbols 0.
e Case (ii): w can be written w = 0(w’ 4+ 1)0(w” + 1) where w’,w” € C(100).
- If w’ = X then the generating function is z2yHgo(z,y);
- If w” = X then the generating function is 22 Hyg(x) where (see [1])

1—2z— 2%+ 28

1 — 3z + 223

- Otherwise, w’" and w” are non-empty, where the Catalan word w'w” avoids 100
and contains at least two symbols 0, that is w'w” = 0*~20(u+1)0(v+1). So, there
are k — 1 choices possibles for w’, namely, 0,...,0%2 and 0*720(u + 1). So, the
generating function for these words is z2yAs(z,y) >~ (k — 1)z*72. So, we obtain

Hloo(flf) =

Ag(x,y) = 2y Hugo(z,y) + 2° Higo(x) + 27y Az (2, y) Z(k’ —1)a*2,
k>2

Combining all these cases, we obtain the functional equations:
Hoo(z,y) =+ 2yHio(7,y) + A2(7,9) D 4ss 2F2 4 Ay(,y)
Ay(z,y) = 2*yHyoo(z,y) + 2> Hioo(x) + 22y As(2,y) D 4se(k — 12" 2.
A simple calculation provides the result. U
The series expansion of the generating function Hyo(z,y) is
v+ (L+y)a® + (2+2y +y°)2° + (44 5y + 3y + y°)a"
+ (9 + 12y + 9% + 4> + yM)a® + (22 + 28y + 2592 + 14y° + 5yt + 4°)2® + O(27).
The Catalan words corresponding to the bold coefficients in the above series are

C4,0(100) = {0000,0010,0110,0100}, C4,(100) = {0001,0011,0101,0111,0121}
C12(100) = {0012,0112,0122}, and C,3(100) = {0123}.
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4.12. The pattern 110.

Theorem 4.12. We have

z(1 — 2z + 222 — 2%y + 23y)
(1—2)(1 —2x + 22 — zy + x3y?)

4/2 -5
0110(n) ~ —4\/—_ 1

Proof. Let w denote a non-empty Catalan word in C(110), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w’, w” € C(110). If w” = A, then w = 0(w' 4+ 1) with w’
possibly empty. The generating function for this case is = + zyHi0(z,y). If w” # X\ and
w' = A, then w = 0w”. The contribution is xHyy0(x,y). If w = 0(w’ + 1)w” with w" and
w” non-empty, then w’ = 01-- -k with k > 0, and w” is of the form either w” = 0% 1% ... %
with 0 < ¢, i; > 1, that is w” € C(10)*, or w” = 0712 .. k*(w” + 1) with 4; > 1 and
w”(’ie C(110) \ C(10). The contribution for these two cases are respectively = Ho(z,y)
an

Hy(z,y) =

-n ~ 0.3964466089 - n.

’ (ka ( - ) yk> (Huo(7,y) — Hio(r,y)) = 1x—y2(H110<x>y)_H10(””’y))'

= 11—z —x—x2y
Therefore we have the functional equation

x
H(z,y) =« + xyHy0(z,y) + cHyo(z,y) + mﬂm(%y)

—x?’y ( (z,y) — (z,9))

+ Hiyqp(x Hyy(x .
17— 2%y 110\, Y 10\, Y
Solving the system of equations we obtain the desired result. U

The series expansion of the generating function Hyo(z,y) is
z+ (L+y)2? + (2429 +y*)a’ + (4 + 5y + 3y + ¢°)a’
+ (74 12y + 9y° + 4y + yM)a® + (11 + 26y + 2592 + 14y + 55" + )2’ + O(z7).
The Catalan words corresponding to the bold coefficients in the above series are

C10(110) = {0000,0010,0100,0120}, C44(110) = {0001,0011,0101,0111,0121}
Ci2(110) = {0012,0112,0122}, and Cy5(110) = {0123}.
The array [e110(n, k)]nk>0 does not appear in [14]. A recurrence relation for the coefficients

c110(n, k) can be obtained using Mathematica package (see Section 5), but the relation is
very ugly and too involving. So we do not provide it here.
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4.13. The pattern 210.

Theorem 4.13. We have
(1 —dxr — 23(1 — 2y) + 2%(5 — y))

Hy(x,y) = .
2009 = T2 (1 + 9P+ 224 9) — 2B+ 1)
1, ifk=0,n=1,2
2, ifk=0, n=3
56210(71 — 17 ]{J) — 8(3210(71 — 2, ]{I) -+ 46210(71 — 37 ]{J)7 ’Lfk = 07 n Z 4
6210(”, k’) =
3C210(7’L — 1, k’) + (3210(77, — 1, k — 1) — 2(3210(77, — 2, ]f)—
—0210(n—2,k—1)—0210(n—3,k—2), Zf]fz:l, ’I’LZ4
0, otherwise
(a+1) (=14 2a)
~ -n ~ 0.2630237717 -
where
. arctan(@) .
VTV3sin| —5—~ + ¢ arctan(TB) T
a=—1-— 5 + cos T_I_E V7.

and

Proof. Let w denote a non-empty Catalan word in C(210), and let w = 0(w’ 4+ 1)w” be the
first return decomposition, where w’, w” € C(210). Then, w has one of the following forms:

e w = O(w + 1) where w' € C(210); the generating function for these words is

z + xyHoo(z, y).

these words is x Hyy(x) Haio(, y).

w = 0w” where w” € C(210)%; the generating function for these words is 2 Hao(x, y).
w = 0(w' 4+ 1)w” where w’ € C(01)" and w” € C(210)"; the generating function for

o w = 01%12%...k% " where k > 2, a; > 1 for 1 < i <k, and w” € C(10)"; the

generating function for these words is Hio(,y) D =, %

o w = 017292 ... k%Qbo1bigbe ... (k-2)"%-2(w” + k — 1) where k > 2, a; > 1 for
1<i<kb;>1for0<i<k—2,and w” € C(210)\C(10); the generating function

for these words is

IkJrl kal

(H21(](37, y) — ng(ﬂj‘, y)) Z (1 — x)kz (1 — x)k_lykil-

k>2

Combining these different cases, we deduce the functional equation:

Hyo(x,y) = + ayHao(x,y) + tHoo(x,y) + 2Hoy () Hao(x, y)

k+1 2k
+ Hlﬂ(xv y) Z

T T
k>2 ( 1 I) k>2

which gives the results.

k

1

~—— + (Haw(z,y) — Hio(z,y) Y A=Y e

0
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The series expansion of the generating function Hyjo(z,y) is

z4+ (14 y)2® + 2+ 2y +v2)2® + (5 + 5y + 3y2 + y¥)a*+
(13 + 14y + 9% + 43> + y*)2® + (33 + 40y + 28y + 143> + 5y* + y°)a® + O (7).

The Catalan words corresponding to the bold coefficients in the above series are

C10(210) = {0000,0010,0100,0110,0120}, C4;(210) = {0001,0011,0101,0111,0121}
Cy2(210) = {0012,0112,0122}, and C43(210) = {0123},

5. AN EXPERIMENTAL APPROACH BY USING COMPUTER ALGEBRA

In the previous results we give several recurrence relations and asymptotic expansions for
the sequences ¢,(n, k) and a,(n), respectively. To find some of these recurrences, we used
the package Guess (written by Manuel Kauers). It is a Mathematica package for guessing
multivariate recurrence equations and it is part of the RISCErgoSum bundle, developed by
the Research Institute for Symbolic Computation (RISC).

For example, consider the sequence cyoo(n, k). In Theorem 4.10 we prove that the gen-
erating function Hogo(x,y) is rational, then the term cgoo(n, k) can be expressed as linear
combinations of the previous terms. Once Guess installed in a Mathematica session we
find the recurrence relation given in Theorem 4.10 by executing the following commands.

In[1]:= data = CoefficientList[Normal [CoefficientList[Series[
(x (1 -3x%x"2-%x"3-(x"2-x"3-3x"4+x75)y)/
(1 -x-3%x2+x"3) 1-xy-2x"2y+x°3y72)),
{X’ O: QO}J:X]], y] // Padeght,
In[2l= sset = Flatten[Table[f[n - u, k - v], {u, 0, 3}, {v, 0, 3}]1]
In[3:)= GuessMultRE[Delete[data, 1], sset, {n, k}, 1] // Simplify
outBl= {n (£[-3+n,-2+k] - 2 f[-2+n,-1+k] - f[-1+n,-1+k] + f[n,k]),
k (£f[-3+n,-2+k] - 2 f[-2+n,-1+k] - f[-1+n,-1+k] + f[n,k]),
f[-3+n,-2+k] - 2f[-2+4n,-1+k] - f[-1+n, -1+k] + f[n,k],
n (f[-3+n,-3+k] - 2 f[-2+n,-2+k] - f[-1+n,-2+k] + f[n,-1+k]),
k (f[-3+n,-3+k] - 2 f[-2+n,-2+k] - f[-1+n,-2+k] + f[n,-1+k]),
f[-3+n, -3+k] - 2f[-2+n,-2+k] - f[-1+n,-2+k] + f[n,-1+k]}
From this result we guess that forn >4 and £k > 1

Cooo(n,]{?) = Cooo(n — 17 k? — 1) + 20000(71 — 2, ]{7 — ].) — C()()()(TL — 3, ]{I — 2)

From the generating function it is not difficult to prove the above equation. In order to
obtain asymptotic approximations for a,(n), we use two methods: if we can extract the
coefficients of [2"|0,Hy(z,y)|y=1 and [2"|H,(z,1)(= ¢,(n)), we do it and we calculate the
limit of the quotient; otherwise, we use classical methods from generating functions (see
[7, 11]). Notice such a routine is implemented in a Maple function equivalent of the
Algolib and gfun libraries (see http://algo.inria.fr/libraries/).
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