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OPEN CONJECTURES ON CONGRUENCES

ZHI-WEI SUN

ABSTRACT. We collect here 100 open conjectures on congruences made by the author,
some of which have never been published. This is a new edition of the author’s preprint
arXiv:0911.5665 with those confirmed conjectures removed and some new conjectures
added. Many congruences here are related to representations of primes by binary

quadratic forms or series for powers of 7; for example, we mention two new conjectural

identities )
X 12n 41 <2n> 2”: <2k:> (2(n - k)) (g)nk S
100" n k n—=k 4 47
n=0 k=0
and ) / .
Z3H | +4Hy 1 /k = ) 1
= —— with Hyx_1 := =,
2 RE W o

and include related congruences. We hope that this paper will interest number theorists

and stimulate further research.

1 Introduction

Congruences modulo primes have been widely investigated since the time of Fermat.
However, we find that there are still lots of new challenging congruences that cannot be
easily solved. They appeal for new powerful tools or advanced theory.

Here we collect 100 conjectures of the author on congruences. Many of them can be
found in the author’s papers available from arxiv or his homepage, but some are first
published here. Most of the congruences here are supercongruences in the sense that they
happen to hold modulo some higher power of a prime. The topic of supercongruences is
related to the p-adic I'-function, Gauss and Jacobi sums, hypergeometric series, modular
forms, Calabi-Yau manifolds, and some sophisticated combinatorial identities involving
harmonic numbers (cf. [1, 54]). The recent theory of super congruences also involves
Bernoulli and Euler numbers (see [72, 75, 88, 101]) and various series related to 7 or
the Riemann zeta function (cf. [106, 73, 92, 93, 104, 114]); for van Hamme’s philosophy
to find p-adic congruences from series and the author’s philosophy to find series from
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2 ZHI-WEI SUN

congruences, see van Hamme [106] and Z.-W. Sun [84]. In particular, the author’s
previous papers [84, 90, 92] contains many conjectural congruences related to series for
powers of m. Many congruences collected here are about Zi;é aj,/m* modulo powers of a
prime p, where m is an integer not divisible by p and the quantity ay is a sum or a product
of some binomial coefficients which usually arises from enumerative combinatorics.

For the sake of clarity, we often state the prime version of a conjecture instead of the
general version. We do not exhaust all congruences conjectured by the author but select
some typical ones. For many new conjectures, we add the exact dates when the author
discovered them.

Now we introduce some basic notation in this paper.

As usual, we set
N={0,1,2,...} and Z" ={1,2,3,...}.
For an integer m and a positive odd number n, the notation (7) stands for the Jacobi
symbol. For a prime p and an integer a #Z 0 (mod p), we call

|
gpla) = ——€Z
. P
a Fermat quotient. For a polynomial or a power series P(x), we write [x"]P(z) for the

coefficient of ™ in the expansion of P(x). For ki, ..., k, € N, we define the multinomial

coefficient
Rtk (ke k)
ki,...,kn o kil ky,!

The harmonic numbers are given by

|
Hy=0 and Hn:;]€ (n=1,2,3,...).

For each m = 2,3, ..., the harmonic numbers of order m are given by
1
0<k<n

A classical theorem of J. Wolstenholme asserts that

H, 1 =0 (mod p?) and ngi)l =0 (mod p)

for any prime p > 3. Another useful result of E. Lehmer [38] states that
Hpo1y2 = —245(2) + pgp(2)* (mod p?)

for each odd prime p. The Riemann zeta function is defined by

((s) = Z % for Re(s) > 1.
n=1

The Catalan numbers are those integers

com (2= () () e
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Note that if p is an odd prime then

2k 2k)! 1
<k>:gk!))250(mod D) foreveryk:zz%,...,p—l.
The Bernoulli numbers By, B1, Bs, ... are rational numbers given by
= 1
By =1, and ;OCLZ >Bk:0 for n € Z7.

It is well known that By, 1 = 0 for all n € Z™ and

T > ™
— :Z()Bnn! (0 < |z| < 27).
n=

e$

The Euler numbers Ey, F1, Eo, ... are integers defined by

n
n
Ey=1 d E, =0 f AR
0 9 al kZ; (k) n—k orn ¢
2|k
It is well known that Fo,11 = 0 for all n € N and
2n

secx = i(—l)”Egn x (|x\ < E) .

!
= (2n)! 2

The Bernoulli polynomials and the Euler polynomials are given by

n

By(z) = zn: (Z) By % and E,(z) =Y (Z) % <x - ;)H (n € N).

k=0 k=0

For A, B € Z, we define the Lucas sequences u, = u,(A4,B) (n € N) and v, =
vn (A, B) (n € N) as follows:
uop =0, up =1, and up41 = Auyp, — Bup—1 (n=1,2,3,...);
vo=2, v1 = A, and vp41 = Avy, — Bup—1 (n=1,2,3,...).
The sequence F,, = u,(l,—1) (n € N) is called the Fibonacci sequence, and those

numbers L, = vp(1,—1) (n € N) are called Lucas numbers. It is well known that
up_(A2_4B)(A, B) =0 (mod p) for any prime pt2B (see, e.g., [70]).
p

Let p be a prime. As usual we let Z;, denote the ring of all p-adic integers. For x € Zj,
we use (x), to denote the unique r € {0,...,p — 1} with 2 = (mod p). For a nonzero
integer m, its p-adic valuation (or p-adic order) is given by

vp(m) :=max{n € N: p" | m}.

We consider v,(0) as +oo. For a rational number x = a/b with a € Z and b € ZT, we
define vy (z) = vp(a) — vp(b).

2 Congruences mainly Involving Binomial Coefficients
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Conjecture 1. (2009-11-02) If n > 1 is an odd integer satisfying the Morley congruence

then n must be a prime.

Remark 1. In 1895 F. Morley [48] showed that
p—1 )_ (p—1)/2 gp—1 3
= (-1 4P (mod p
(o) = mod )
for any prime p > 3. In 2009 the author verified the conjecture for all odd numbers
1 < n < 10* If Conjecture 1 indeed holds, then we have a new characterization of

primes p > 3 via Morley’s congruence. In 1953, L. Carlitz [5] showed that

_1)—1/2 p—1 = 4p—1 ﬁB_ d ot
T - +agPrs modv)

for any prime p > 3. Note that B,_3 = 0 (mod p) for the prime p = 16843. For the odd
composite number n = 168432, the integer ((ni_nlm) — (=1)(»=D/24n=1 i5 divisible by n?
but not divisible by n3.
Conjecture 2. Let p be an odd prime and let n € Z™T.

(i) (Z.-W. Sun [77]) The number

1 = ((p - 1)k:>
n(2") k,....k

n k=0

(]

is always a p-adic integer, where ((zfl)kk) is the multi-nomial coefficient ((p—1)k)!/(k!)P~L.

(ii) The number
n—1
1 (p— 1)k>
—1)n Z (
n((zzzgll) — k,....k

1 always a p-adic integer.
(iii) If2 <n <p and 2t n, then
1 S (p—1)k
( (p—D)n )
(p—1)n/2/ k=
Ifp+1<n<2pand?2|n, then

1 D p— 1k
(p—1)n ) Z ((]f, . ,)k> = (n=1Day (mod p)

p((p—l)n/z k=

[en]

o
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for some p-adic integer a, not depending onn. If 2 <n <p and 2 | n, then

n—1

b k) =2 () et

) k,...

p—1)n/2/ k=0

Remark 2. (a) Let p be a prime. By the von Staudt-Clausen theorem (cf. [35, p.233]),
By—1 + 1/p is p-adic integral. The author [77, Theorem 1.2] showed that

p—1
> (f . U:) =pBp-1 + (~1)""" = 2p (mod p?)
2\,

and determined Zz;é ((g_laf) modulo p for any n € Z*. Sun [77] also proved that an

integer n > 1 is a prime if and only if
n—1
(n—1k\ _
Z (k,...,k =0 (mod n).
k=0

(b) In 1992 N. Strauss, J. Shallit, D. Zagier [63] showed that for any n € Z* we have

n—1
2k 2
(Z0)) =)
k=0
So, parts (i) and (ii) of Conjecture 2 hold for p = 3. V.J.W. Guo and J. Zeng [24]
conjectured that vs(3 75 (4k) (Qkk)Q) > vs(n) for allm € Z7.

2k
Conjecture 3. (Sun [96]) Let p be an odd prime and let n € Z".
(i) For any integer m # 0 (mod p), we have
1 RE (A) = (2’”)> U2y (m —2,1) ,
=L — T = mod p“), 2.1
n(Q:_—ll) ( kgo mk P ; mr mn—l ( ) ( )
where A = m(m —4).

|
]

(ii) We have
1

St G =B () K 1
k=0 (1132(2”31) () _ 0 (2:) B (g) (mod p*).

n—1

B
Il

(iii) If p > 3, m € {2,3} and A = m(m — 4), then there is a p-adic integer cl(om) only
depending on p and m such that for any n € Z* we have
_ -1 2k -1 /2
(X - ()2 )
n—1 k
() N m P/ m
P

1 2k
= (Lk) — (?) —l—pgcl()m) (n —1) (mod p?).
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Remark 3. The author [96] showed that if we multiply both sides of (2.1) (
then the new version of (2.1) is true. Sun and R. Tauraso [99] proved that > % _ ( )
(2) (mod p?) for any prime p. The author [75] obtained that

p—1 (Qk) ] p—1 (2k) P
Lk = () — p?E,_3 (mod p®) and 3% = <§> (mod p?)
k=0 k=0

for any prime p > 3.

Conjecture 4. (Sun [96]) Let p be an odd prime and let n € Z".
(i) If p > 3 then

LSO e

k=0

(ii) If n is odd, then

and

1 (pn—1)/2 (Qkk) 3 (n—l)/2( )
(pn>2((11)( 2 wk‘(p) > 167«)6213

n—1)/2 k=0 r=0

Remark 4. Let p > 2 be a prime. Sun [80] determined Y 7_ ( )(Qkk)/(—m)k modulo
p? for any integer m % 0 (mod p); in particular, he showed that

p—1, 2k
% ()5 = () ot

k=0

if p > 3. The author [82] also determined )~ (- 1)/ ? ( )/ m* modulo p? for any integer
m # 0 (mod p); in particular, he proved that

! 9 , (p—1)/2 (2kk) /3 )
o = <p> (mod p*) and k,Z:O Tk = <p> (mod p*).
Conjecture 5. (Sun [82]) Let p be an odd prime and let a € ZF.

(i) Ifp=1 (mod 3) ora > 1, then

2= (0)

i
o
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For any n € N we have

1 (mod 9) if3|n,
4 (mod 9) if31n.

k=0
Also,

1 (37-1)/2 (2k)
i Ak —(_1)e

3% 16 = (—1)*10 (mod 27).

k=0
(ii) Suppose p #5. If p* =1,2 (mod 5) or p =2 (mod 5) ora > 2, then

L3p°]

y (—1)k<2k> _ <5) (mod p?).

k=0 k p

If p* =1,3 (mod 5) orp=3 (mod 5) ora > 2, then
3.,a
gpj
2k
Z (— )k< > = <5> (mod p?).
k P
k=0
(iii) If p* =1,2 (mod 5) or p=2 (mod 5) ora > 2, then
L1P°] (2
k) _ (5 2
=|— d .
o = () (0 )
If p* =1,3 (mod 5) orp=3 (mod 5) ora > 2, then

oy

—_

3

ol

bS]

5a> (mod p?).

(@)

T

—_

=)
SN—

ES
Il

7N\
=3

bl

Remark 5. Let (Fy,)n>0 be the Fibonacci sequence. For any prime p # 2,5 and a € ZT,
Pan and the author [57] proved that

paz_l(_l)k<2kk) _ (f) (1 _2Fpa_(%)) (mod p?)

k=0
which is [98, Conjecture 3.1], and Sun [82] proved that

(p*-1)/2 (2k) “ F a
k — p paf(p5 ) 3
,;0 16 = (5 ) (1 + — ) (mod p°).

Conjecture 6. (Sun [72, 92]) Let p be an odd prime. Then

p—1 2k
H,_1y/92 7
g:’;]z = — (p2 )/ + —16p23p_3 (mod p3).

k=1
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If p > 3, then
p—1 (2k) p—1 1
k) — 3
~hs = _2 - d
2 g ; - (mod p)
B k#p (mod 3)
If p > 5, then
pz_f (2kk) _ 7H(2P*1)/2 . Z . prl (mod p3)
P k24k — 2 4 ’

Remark 6. The congruences in Conjecture 6 were motivated by the following known

identities:
o2k 2 &3 2, & (3 a-3log?4
;kg(zkk)_g’ ;]{:2(2’;{)_97‘-7 kz_1k24k_ 6 .
The author and Tauraso [98] showed that for any prime p > 3 we have
p—1 2k
2 (l’::) = §p2Bp_3 (mod p?)

(r=1)/2 r2k (p—1)/2
1 1 -1\ 4
— (i) = S = <> = FE,_3 (mod p)

p o K = k(%) p/)3
and
(r-1/2 L
= (5)
———=|(— ) 4E,_3 (mod p)
2 e 5 )

for all primes p > 3. Tauraso [103] showed that Zi;} (Qkk)/(krélk) = —H(,_1)2 (mod p?)

for any prime p > 5. Via computation the author recently observed that

-1)/2
2 -2\ 1 1
e = ()35 (1) oot
k

k23(];k) = <§> %BP‘Q <;> (mod p)

and

for any odd prime p.

Conjecture 7. (Sun [75]) Let p be an odd prime. If p > 7 then

13
H, i — ﬁHﬁ)l (mod p*).
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If p > 5 then
p—1
1 H, 7 9
——— — ——— = ——pB,_5 (mod p°).
2k 3 PBp-5 D
= kG p 45
Remark 7. It is known that H,_1/p? = —B,_3/3 (mod p) for any prime p > 3 and
H;S,)l = —gPQBp_g) (mod p?) for each prime p > 5. Also,

1 17
D = 5504
ok ( k ) 36
The two congruences in Conjecture 7 modulo p have been confirmed by K. Hessami
Pilehrood and T. Hessami Pilehrood [29].

Conjecture 8. (Sun [72]) For any prime p > 5, we have

(p—3)/2 2k) 1N (H,
— p— 3
Z 2/{7—{—1 316k (p) < 4]9 + 3ﬁBp 5) (HlOdp ) (2.2)
=0

Remark 8. By Sun [93, (2.10)], for any prime p > 3 we have
-3)/2
S D (2 B o
Za k+ 175168~ \p ) 12 '
By I. J. Zucker [113, (2.23)], we have the identity

0o (2klc) B 77T3

(2k +1)316F ~ 216°

k=0
It is also known that
00 (2kk) _ z i (2k) _ 7L2
(2k + 1)16"3 3 (2k +1)? 6)’f 10°

k=0 k=
The author [72] proved that >~ (P 3 /2 ( )/((Qk 4+ 1)16%) = 0 (mod p?) for any prime

p > 3, and his conjecture that

(p—3)/2 2k H
(k) = p—1 (mod p3)
kzzo 2k + 1)2(—16)F _ 5p?

for each prime p > 5, was later confirmed by K. Hessami Pilehrood, T. Hessami Pilehrood
and Tauraso [30].

Conjecture 9. (Sun [79]) Let p be an odd prime. Then

p—1 g

2° 3k -1

= < k) = <> 6E,_3 (mod p)
k=1 p
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and
p—1
28 3k
— = —3pqy(2)? (mod p?).
k\k
k=1
Also,
pzl 1 0 (mod p?) ifp=1 (mod 4),
p 3 _
k=1 ka(k) —3/5 (mod p?) if p=3 (mod 4).
When p > 3 we have
p—1
1 Qp(2) p 2 2
= - — =g,(2)* (mod .
P o =y~ gl @od #)

— k
Remark 9. L.-L. Zhao, Pan and Sun [110] proved that Zi:} 2?(3:) = 0 (mod p) for
any odd prime p. The author [69] determined Zg;(l) (315) /m¥ modulo an odd prime p for

any integer m # 0 (mod p).

Conjecture 10. (2019) Let a and b be integers with 0 < a < b and gcd(a,b) = 1. Let

p > 3 be a prime with p = +1 (mod b). Then, for each n € Z*, the number

TH (D) (e S (0 (D)
p2n2 (*a/b) ((afr?)/b)

n

wpn(a,b) ==

(2.3)

1 a p-adic integer, and furthermore
wp.n(a,b) = wy1(a,b) + (n — 1)pe, (mod p?)
for some p-adic integer c, depending only on p.

Remark 10. Let p > 3 be a prime. In 2003, E. Morterson [49, 50] proved the congruences

> (V) - e S8 (5) =0 s

k=0 k=0 !
R e
SO0 - -E R (5) ot
5 (VL)oo E SRR () ot
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which were first conjectured by F. Rodriguez-Villegas [60]. In 2014 Z.-H. Sun [66] ex-
tended this by showing that

5 ()71 =t Guoa g2

k=0
for any p-adic integer x; another extension given by J.-C. Liu [39] in 2017 states that for
any z € {1/2,1/3,1/4,1/6} we have

S = S mearn

k=0 r=0
In 2011, the author [75] showed that
2k k 1
1 Sy ()" /160 — (5h)
anl(l 2) = e P~ =_—E, 3 (mod p).

The author’s conjectural congruences (cf. [75, Conjecture 5.12])

2k\ (3k k p
patt,g) = S DQET D _ L, (1) oy,

9" P2 3 P2
p—1 r4k\ (2k k —2
3 B k:0(2k)(k)/64 _(7)_ 3 1
T Wrl 1(1,4) = o = —EEp,g 1 (mod p),
—1 (6k\ (3k —1
> wpa(1,6) = Yoo ) (1) /432" - (5) _ 25 (mod p),
36 P! D2 = g3 p

were confirmed by Z.-H. Sun [68] in 2016.

Conjecture 11. (i) For any prime p > 3 and positive odd integer n, we have

gn—1 (P"—ZU/Q (2k)2 1 (“—215/2 (27’)2
—_— RN /A A2 ) =p?E, 3 (mod p?).
il e () T ) e s
”2((n—1)/2) i 10 p = 16
(ii) (Sun [75]) Let p > 3 be a prime and let a € Z". If p=1,3 (mod 8) or a > 1, then

[2p?) (zk 2 LLp?] opy2

k) — (&) _ (=1 3
Z 16 — Z 168 — <pa) (modp )

k=0 k=0

(iii) (2014-11-19) For any prime p > 3, we have

P=1)/2 /4Ky 12k
()() — -1 p— p—
S @trier = () @ @) o)

Remark 11. Let p > 3 be a prime. The author [75] showed that
(r-1)/2 (2k)2 1
k) 2 3

k=0
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G.-S. Mao and the author [45] determined /™~ 3p /4] ( ) /16’C modulo p? for any a € Z7,

and proved that
(p—1)/2 4k (2k)

-1
=(—)or ! d p?).
Z 2k+164k <p> (mod p)

=0

Conjecture 12. Let p > 3 be a prime and let n € Z+. Then
n—1 n— r\ (37
o (5 (D60 () 5= 6
(pn)2(M (M \ & 2k +1)27F \3/ &= (2r + 1)27
=3By (;) (mod p),

s (Z et -GS alie) s

7’:0

= —16E,_3 (mod p)

and

432" (e = (Gnen
e 5 av - () S wa)
= —?Bp_g <;> (mod p).

Remark 12. Those integers

3k
@ (6) _ (3K _,( 3k 1y
C '_2k+1_<k k1) F=123)

are called the second-order Catalan numbers. In the case n =1, (2.4) and (2.5), as well

as the fact that the left-hand side of (2.6) is p-adic integral, were originally conjectured
by the author [75, Conjecture 5.12]. In 2016 Z.-H. Sun [67] confirmed (2.4), (2.5) and
(2.6) in the case n = 1.

Conjecture 13. Let p > 3 be a prime and let n € Z+. Then
o7 ””Z‘:l k1 ()0 (2) nzl ar+1 () ()
() G\ = 2k+1 27F —r+1 27

3
1 a p-adic integer. Moreover, when p > 5 we have

tp(n) :=

tp(n) = ap + (n — 1)pb, (mod p?)

or some ay, b, € Z, not depending on n.
P> Vp P P g
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Remark 13. That

-1
2 =L (T el GG (1)) g
97 P\ = 2k + 1 27k 3 P
for any prime p > 3 was first conjectured in [75, Conjecture 5.12(iii)], and it still remains

open.

Conjecture 14. (Sun [88]) Let p > 5 be a prime. Then

(' _ o .
Z Tl6k = o Hp-1 (mod p*) (2.7)
p/2<k<p
and
(p—3)/2 k
— 7 =__. — —p°By_5 (mod p°).
kZ:O (2k+1)3(2kk) 4 p? 400

Remark 14. The author [88] proved (2.7) modulo p3. Tauraso [105] showed that

p—1 (2k)2
Z k’Iin = —2H(p_1)/2 (mod p3)
k=1

for each prime p > 3. Mathematica 9 yields

2
= () 8G
;kl(}‘k‘ —410g2— 7’

where G = > 7% ,(=1)¥/(2k + 1)? is the Catalan constant.

Conjecture 15. (i) For any odd prime p, we have

(p—1)/2

(2k? — 4k +1)8% 2 2
2 e (215)2 =2-2 <) + (p> 5pp(2) (mod p?).

p
(ii) (Sun [72]) For each prime p =3 (mod 4), we have

p—1 (2k)2 p—1 (2k)2
k B k
16)k — 8k

Y (mod p).
i !

(iii) (2009-11-10) For any prime p = 3 (mod 4), m € {8,—16,32} and n € Z*, we

have

n_1 (2k>2

k — n
= - d

L= (<p)" (mod p

o5 G0) 5 |21 " )

k=0
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(iv) (Sun [72]) If p is a prime with p =1 (mod 3), then
(P=1)/2, ~3
Z @:21)—2 (mod p?).

=
Pt 16

Remark 15. For any prime p = 1 (mod 4), the author [72] had a conjecture on > 7 _ (%) /mF
modulo p? with m = 8, —16, 32 which was confirmed by Z.-H. Sun [64]. By induction,
for any n € N we have the identity

Z”: 2k? + 4k + 1 <2k>2 _ (2n+1)? (2n>2
P 8k k) 8 n)’
Conjecture 16. Let p > 3 be a prime.

(i) (Sun [75]) We have

p—1 Sk:) (2(10*1)/3) (mod p?) ifp=1 (mod 3),

Z = ‘\(-1/3
k - -
k=0 24 p/ (2((5:11))/33) (mod p?) ifp=2 (mod 3).

(ii) (Sun [75]) When p =1 (mod 3) and 4p = 22 + 27y* with * = 2 (mod 3), we may

determine x mod p? in the following way:
p—1
k+2(2k\ (3k
k=0
(iii) (2009-11-10) Suppose that p =2 (mod 3) and n € Z*. Then

n—1 (2k\ (3k v (n 1 p*"—1 Qk 3k )
(B 2091 o E D o

k=0

Remark 16. See [75] for more such conjectures. It is known (cf. [34]) that for any prime
p=1 (mod 3) with 4p = 2%+ 27y? (z,y € Z) we have (((p 1)/3) (2)(2 —2) (mod p?).
The author [83] showed that for any prime p > 3 we have

3 (mod p?),

> B (5% o
p—1 k 2kk: Skk B p—1 k Qkk 3kk ,
(23115) =9 (g) kzzo<(—2)1(6)k) (mod p?).

Ed

=0

Conjecture 17. Let p > 3 be a prime. Then

p—1 ( 4k )(Qk) 5 1
2k+1/\k/) _ 2 9 = 3
; sk 1ol Br2 <3> (mod p”) (2.8)



OPEN CONJECTURES ON CONGRUENCES 15

and

p! 48k /D
e ey ) e

Moreover, there is a p-adic integer a, depending only on p such that for any n € Z1 we

48" " (os0) () = 2;1-7;1 (%)
el s G )

have

2n/ \n k=0 r=0 (29)
4 %= (213?-1) (%) 2
= 7 2 sk + (n — 1)pa, (mod p”).

Remark 17. The first and the second congruences in Conjecture 17 appeared as [93,
(1.24) and (1.25)]. We even don’t know how to prove (2.8) modulo p, and the congruence
modulo p? was first conjectured in [75, Conjecture 5.14(i)]. Conjecture 17 is related to
the author’s conjectural identity

o0

48k 15 o= ()
ey 2 @ 0

k=1
(cf. [93, (1.23)]) which looks quite difficult, the author would like to offer 480 US
dollars as the prize for the first proof of the curious identity (2.10). In view of the
conjecture, it is interesting to investigate what primes p > 3 satisfy the congruence
By_2(1/3) = 0 (mod p). In 2015 the author [93] reported that 205129 is the unique
prime below 2 x 107 with that property.

Conjecture 18. Let p > 3 be a prime and let n € Z+. Then

k 2j

HEEOD - GILEOD)) o

(EEOD) GEEOL))

— I ) - — L =0 (mod p?).

2 i — P

n*\ o\ I/ (=6) p )i\ i/ (=6)

Remark 18. The two congruences with n = 1 were posed by the author [95, Conjecture
6.7(1)]. As pointed out in [95, Remark 6.2],

i( > 3”% (Z) ((_Q’Qk for all n € N,

k=0

and
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Conjecture 19. Let b,n € Z* and let p be a prime with p = £1 (mod b) and (—1/b), =
0 (mod 2). Then

1 T~ 20 /b (1/b—1
TR IOTCy kzo(kaer—l)(Ik)( k/ )( /k ) =0 (mod p?).  (2.11)

Remark 19. The conjecture with n = 1 and b € {2,3,4,6} was first stated by the author

in [75, Conjecture 5.9]; for example, when b = 3 and n = 1, the conjecture says that for

any prime p =1 (mod 3) we have
p—1 2
Ok +2 (2K (3K )
—_— =0 d p?).
D Tos <k> (k:) (mod p7)
k=0
A related conjecture of Rodriguez-Villegas [60] confirmed by Mortenson [50] and the

author [77] together states that for any prime p > 3 we have

_ 2 )
p! (Qkk) (?}f) 422 — 2p (mod p?) if 5)=1&p= 22+ 3y? (z,y € Z),

> 108F

k=0 0 (mod p?) if p=2 (mod 3),

pl (k,jlzk) 4% — 2p (mod p?) if (_?2) =1&p=22>+2¢y* (z,y €Z),
k=0 0 (mod p?) if (772) =—1, ie., p=5,7 (mod 8),
and

pi (G pi _(BE)7ogt
N = A O CIE

(5)(4a® = 2p) (mod p?) ifd[p—1&p=a®+4y* (z,y € Z),
0 (mod p?) if p=3 (mod 4).

Conjecture 20. (2010-01-22) Let p be an odd prime.

_R\k k _ k = k
 (—8)F ~ 2 64 22 (=512 648
ifp=1 (mod 3) then
-1 3 -1 3 -1 4k
pz: (%) _ <—1> () _ = Goprn) (mod )
k k _ k ’
Pt 16 )iz 256 Pt (—144)

(ii) If p=1,2,4 (mod 7), then

IS0 -Sie=(5)

k=0
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Remark 20. Let p be an odd prime. The author’s conjectures on Zi;é (Zkk)3 /mF modulo
p? with m € {1, -8, 16, —64, 256, —512,4096} (cf. [75]) were confirmed by J. Kibelbek,
L. Long, K. Moss, B. Sheller and H. Yuan [36] as well as Z.-H. Sun [65]. See also Z.-H.
Sun [64] for his conjectures on Zz;o (k Kk k) /mF mod p? with m = —144, 648, —3969
motivated by the author’s papers [72, 75]. Most of the congruences in Conjecture 20 were
contained in Sun [75, Conjectures 5.2 and 5.3]. The author [77] noted that MacMahon’s

identity : ) §
S () = () () (e

with n = (p — 1)/2 implies that

(5) > <f§:)j>k -(57) ,; (1) (e oot

k=0

for any p-adic integer z # 0, —1 (mod p). The author also conjectured that
p—1 (2k)3 4k )

k) (1 = (ko 4 o3
Z(—64)k =75 ) 2 Toser (mod #)
k=0 k=0

p

for any prime p = 1,3 (mod 8), but this was recently confirmed by Pan, Tauraso and C.
Wang [58].

Conjecture 21. (i) (Sun [96]) Let p # 2,5 be a prime and let n € Z*. Then
S L1k +8)(2) - p ol @2tr + 8)(7)°
()t (%)
(ii) For any prime p > 3 and positive odd integer n, we have
o Ve +8) ()" - p it e 1 ) ()
(Pn)g((nz)l/z)g

_ <‘p1> 32,5 (mod p).

H,_
—6;721 (mod p?).

(iii) (Sun [75]) If p is a prime and a is a positive integer with p® =1 (mod 3), then
L%PGJ 9% 3
(21k + 8)< > = 8p® (mod p*HoFt(=1")

k
k=0

Remark 21. (a) The author [75] proved that for any odd prime p and a € Z" we have

1 ' 2k 3 5 .
— E (21k +8) =8+ 16p°B,—3 (mod p°).
e

k=0
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The author [96] guessed that all those Ramanujan-type supercongruences should have
extensions involving n € Z™ similar to parts (i) and (ii) of Conjecture 21

(b) The author [92] proved that for any prime p > 3 we have
(p—1)/2

kzo (21k+8)<2:>3_8 +<p >32p E, 3 (mod p%),

which has the following equivalent form

(p—1)/2

=1 K ( kk)
Note that

— 21k — 8 7w’
Z 3/2k\3 :C(2):€
k=1 K (k)
by D. Zeilberger [111] (see also [27, (

9y 7 ])'

Conjecture 22. Let p > 3 be a prime and let n € Z+
(i) We have

St (B (-t

n—1 n—1 3
16" (p 3/~€+1< > 3r+1(2r>> 75
ek -p = -By_3 (mod p), (2.13)
() (%)’ 2 = 1T 3
(=641 P 4k 41 <2k>3 ( 1> = r—i— 1 (27’)3)
n 3 _ k p
()2 ()" \ i (F60F Ak p )iz r (2.14)
= E,_3 (mod p),
25671 (”f 6k+1<2k>3 <_1)P§ 6r+1<2r>3>
(13 (2n—1)3 ToR6k —\ ;
(pn)3 ()" \ iz 2967 \ K p )iz 26T A7 (2.15)
== p—3 (mOd p)u

(S -GS s ) L.
= —4E, 3 <i> (mod p),
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and

n—1

409671 pi142k+5 2k\* (-1 ”2‘3142r+5 2\ ®
)P )P\ & 40965 \ k p )& 0067 \ r

(2.17)
= —FE,_3 (mod p).
(ii) Suppose that n is odd. Then
(—8)(n-1)/2 <(p”f/2 3k + 1 (%)3 <_1> (”21%/2 3r+1 <2r>3)
o1 3 _Q\k —\, /P —Qy
()3 (7)) N kme (TBTAK p/oim (T (2.18)
2\ 1 1
() )
g1 (”"i)/23k:+1 2k\° (”§/23r+1 2\ 3
o) ()P 65 \k) P 167 \r
p (n—1)/2 k=0 r=0 (2.19)
= <_1> 2E,_3 (mod p),
p
(—64)"! <(p"i)/ 4k 11 <2k:>3 <_1> 2 4 1 <27~>3>
I ) dk+1 (=4,
()3 (") N i (COOFAK p )" m (=64 \r (2.20)
p—3 (mod p),
1671 <(p”i)/2 6k + 1 (%)3 (-1) p(”‘i” 6r + 1 <2r>3>
PP gk -\ ;
(pn)4((n—1)1/2) prd 256 k P — 256 r (2.21)
1\ 7
and
(—512)(n=1)/2 (”"21:)/2 6k + 1 <2k)3_ <—2>p("1)/2 6r + 1 (27")3)
() (" 1)/2) k=0 K p = (B (2.22)
2\ E,_s
=\3) 1 (mod p).
If p > 5, then

G4n—1 <(p”_1)/2 A2k + 5 <2k>3 - (—1) p(”_zl%/g 121 +5 (27’)3)
(pn)* ((nri_1)1/2)3 — 4096+ \ k P — 4096" \ r

k=0 (2.23)
- § ;1 Hp—1 2
=—7 ( 5 ) 2 (mod p?).
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Remark 22. (a) These congruences with n = 1 correspond to the two Zeilberger-type

series
2

> —1)(—8)k —11’f
k=1

P L3 (2}5)3 k?’ 2k 2

given in [15, Identities 1 and 3 with @ = 1/2], and the four Ramanujan—type series (cf.

(3, 4, 10, 59])
i4k+l 2K\ _2 i6k:+1 2k\° 4
(—64)k\ k) £~ 256k \ k o

k=0
i 6k+1 (2k\°  2v2 i42k+5 2k\* 16
£ (=512)F \ k o’ £~ 4096% \ k o

Two g-analogues of the identity > 7, (3k — 1)16k/(k(2kk))3 = 72 /2 were given by Q.-H.
Hou, C. Krattenthaler and Sun [31].

(b) Let p > 3 be a prime. In 1997 van Hamme [106] conjectured that
p—1 3
ak+1 (2k 1 ;
=(— d
Con () =(5 ) tmoa )
1 .
— | p (mod p%),
p
(p—1)/2 6k 41 /2K\3 -2 (mod )
(—512)F \ k p )P L
k=0
p§/242k+5 26\ _(=2), (mod )
— mo
4096F \ k » )P P
k=0
and these were confirmed by E. Mortenson [52], L. Long [41], H. Swisher [102], and

R. Osburn and W. Zudilin [56] respectively. J. Guillera and Zudilin [20] proved the

congruences

S ()t EA2 )

k=0

|
3|+
ES
—_
7 N\
Gl
~__
Il

—~

(¢) The author [79] proved the congruences (2.14) and (2.20) for n = 1. The congru-
ences (2.12), (2.13), (2.15), (2.17), (2.19), (2.22) and (2.23) with n = 1 were conjectured
by the author [75]; later, in the case n = 1, (2.12), (2.15), (2.17), (2.19) and (2.23) were
confirmed by Y. G. Chen, X. Y. Xie and B. He [9], G.-S. Mao and C.-W. Wen (quite
recently), D.-W. Hu and Mao [33], Mao and T. Zhang [46], and Hu [32], respectively. In
his PhD thesis, Hu [32] proved that the left-hand side of (2.13) with n = 1 is a p-adic
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integer. Motivated by the author’s comments in the paper [96], Guo also realized that
the left-hand sides of all the congruences in Conjecture 22 with the binomial coefficients
in the denominators removed should be p-adic integers if n is a power of p, this is of

course much weaker than Conjecture 22.

Conjecture 23. Let p > 3 be a prime and let n € ZT. Then

64871 5)
Wap’n = —72Ep 3 (mod p) (224)
(—1024)"1 1
(_21034)n—1 B 5
chn = iEp_g (mod p), (226)
where
._p"z‘f?kﬂ k(-1 ”217r+1 Ay
fpmn = — 6485 \k,k, k, k P przo 648" \r,r,r,r)’
, ._p’f 20k+3 ( 4k \  [~1\ %= 20r+3 [ 4r
P L (10240 \ K, b b, p )V 1020y \ryrrr)
pn—1
260k + 23 4k 260r + 23 4r
e kzg (—21037)F (kkkk) ) ( )pz (—21031)7 < o, >

Remark 23. (a) The congruences in this conjecture correspond to the Ramanujan series
(cf. [3], [17] and [59])

i?lﬁ—l Ak i20k+3 ak \ 8
648k \k k, k, k) 2r O 1024)k \k,k, k, k) =

and

— 2060k +23( 4k \ 72
21030k \ ke ke, k. k)

k=0 ( a
(b) In the case n = 1, the congruences (2.24) and (2.25), and (2.26) were con-
jectured by the author in [79] and [84] respectively. For any prime p > 3, the sum
E{p: _01)/ 2 (—2%;43)’9 (k ,jlz k) modulo p? and p* were determined by Zudilin [114] and Sun

[79] respectively.
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Conjecture 24. (i) (Sun [75]) For any prime p > 3, we have

pi GO ()
£ (—192)F
2?2 —2p (mod p?) ifp=1 (mod 3) & 4p = 2% + 27y? (z,y € Z),
N 0 (mod p?) if p=2 (mod 3).

(ii) For any prime p > 3 and n € Z", we have

(—192)" _ 40, G) (mod p),

Gy

. ._pil Bk+1 (2k\2(3k () s 1 20\ % (3
T L (2192F \ k) \k 3P =102y \r ) \r )’

T

where

(i) For n € Z" set

i gt 2 ) v

Then ay, € Z forn = 2,3,4, ... unless 2n+1 is a power of 3 in which case 3a, € Z\ 37Z.

Remark 24. Tt is well known that for any prime p = 1 (mod 3) there are unique x,y € Z*
such that 4p = 2% + 27y? (see, e.g., [13]). Also, Ramanujan [59] found that

N 5k+1 (2k\?(3k\ _ 4V3

> () ()= 5

Part (ii) of Conjecture 24 with n = 1 appeared in Sun [75, Conjecture 5.6]. The author

[75, 84] had many other conjectures similar to Conjecture 24.

Conjecture 25. (i) Forn € Z* set

n—1

1 4k 10\n—1—-k
~2n@2n+ 1) (> 2 (20k+3) <k' k, k, k‘> =2 '

k=0
Then (—=1)""ta, € ZT for alln =2,3,4,....

(i) Forn € Z* set

n—1
1 4k
by, = ———— 28k + 3 —3 x 212)n1-k,
1 1) () 2 (s )

Then we have (—1)"'b, € Z* for alln = 2,3,4,. ...
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(i) Forn € Z" set

n—1
4k
ni=———— > (10k+1) 124(n=1-k)

Given an integer n > 1, we have cn € Z unless 2n + 1 is a power of 3 in which case

3¢, € Z\ 3Z.

(iv) Forn € Z* set

n—1
6k 3k
§ (154K + 15) —l5yn—1-k
10n(2n+ 1) (%) & * <31<:> <k:k/-c>( )

Given an integer n > 1, we have (— V' =Yd, € Zt unless 2n+ 1 is a power of 5 in which

case bdy, € Z\ 5Z.

Remark 25. Recall the Ramanujan series (cf. [17, 59])
i20k+3 4k 8 i 28k + 3 k) _16V3
L (=210 \k, & k. k o L (=3 % 212k \k, & k. k - 3n
ilOkJrl 4k 92 i154k+15 6K\ [ 3k \ _ 32V2
P 124 \k, k,k, k)  4n’ P (—215)k \3k) \k,k, k)  m °

Actually, for each Ramanujan-type series for 1/m we have a conjecture similar to Con-

jecture 25.

Conjecture 26. Let p be an odd prime.
(i) (Sun [75]) We have

pzf ()73 _ J4a? —2p (mod p?) if (52 =1& p=2>+2y? (z,y €2),
= % |0 mod p? i (22) = 1.
(ii) For any n € Z", we have
8" P10k + 3 26\ (3K w107 +3 /2r\ 2 (3¢
() (20)° () ( 2 8<k> <k> LS <> <>> (2.27)
= —495;21 (mod p)

Remark 26. The congruence (2.27) with n = 1, and the conjectural identity

i (10k — 3)8%  «2

a9 2 3N
k=0 k? (Zkk) (3kk) 2
were posed by the author [75]. The last identity was later confirmed by J. Guillera and
M. Rogers [19].
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Conjecture 27. Let p > 3 be a prime.
(i) (Sun [75]) We have

S <z:>; S{)

k=0
422 — 2p (mod p?) ifp=1,4 (mod 15) & p = z? + 15y% (x,y € 7Z),

=14202%2 — 2p (mod p?) ifp=2,8 (mod 15) & p = 522 + 3y? (x,y € Z),

0 (mod p?) if () =—1.

(ii) For any n € Z*, we have
(=27m)" . 1
WCL};’” = —3Bp_2 5 (mod p), (228)

where
pn—1 n—1

e =8 P () (1) -G8 () ()

Remark 27. (a) Let p > 5 be a prime. By the theory of binary quadratic forms (cf.
[13]), if p = 1,4 (mod 15) then p = 22 + 15y for some z,y € Z; if p = 2,8 (mod 15)
then p = 522 + 3y? for some z,y € Z.

(b) The congruence (2.28) with n = 1, and the conjectural identity
i (15k — 4)(—27)*1 i (%)
k 2 - .20
k=1 k3 (Qk) (Skk) k=1 k

were proposed by the author [75]. K. Hessami Pilehrood and T. Hessami Pilehrood [28]

confirmed the last identity and proved the congruence

5 (1) (3) -

k=0

() (mod )

for any prime p > 3.

Conjecture 28. Let p be an odd prime.
(i) (Sun [72]) We have

NGy

2?2 —2p (mod p?) if (HF)=1&4p= 22 4+ 11y? (x,y € Z),
0 (mod p?) if (&) =-1, i.e., p=2,6,7,8,10 (mod 11).

—
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(i) For any n € Z*, we have

st () ()-S50 L

n =

Hy 1
= —56 ;2 (mod p).

Remark 28. It is well-known that the quadratic field Q(1/—11) has class number one
and hence for any odd prime p with () = 1 we can write 4p = 22 + 1192 with 2,y € Z.
Concerning the parameters in the representation 4p = x? 4+ 11y?, Jacobi (see, e.g.,
[34]) proved the following result: If p = 11f + 1 is a prime (with f € N) and 4p =
2?2 + 11y (z,y € Z) with 2 = 2 (mod 11), then x = (gjﬁ) (3f)/(2f) (mod p). The
congruence (2.29) with n = 1, and the conjectural identity

oo

11k — 3)64"

Z( 2k 2)3k = 87’

k=0 kS(k) (k)
were posed by the author [75]. The last identity was later confirmed by Guillera [18].

)

Conjecture 29. Let p > 3 be a prime.
(i) (Sun

p—

75]) We have

(%) (3)

81k

[y

422 — 2p (mod p?) ifp=1,2,4 (mod 7) & p =22+ Ty? (z,y € Z),
(mod p?) if () = -1, i.e., p=3,5,6 (mod 7).

’-“EM

(ii) For any n € Z", we have
pn—1 2 n—1 2
81" ( Z 35k + 8 (2k> <4k> pz 35r + 8 <27’> <4T>>
(N4 (202 (4ny TRk - ;
(pn)4(2n) (3n) k=0 81 k 2k r=0 81 r 2r (230)
= 52B,_3 (mod p).

Also, the number

(p"f/235/<+8 2k\ 2 (kY (n§/235r—|—8 o\ 2 [ dr
2o TR1E \ k) \2k p 817 \r /) \or

.. _ 2 _ . .. .. .
divided by pzn((n’il)lﬂ) (2" 2) s a p-adic integer for each positive odd integer n, and

n—1

(p*—1)/2

1 35k +8 (2k\ % (4k\ _ . )
0 Z 81k<k:> (2k>:8><3p (mod p®)
k=0
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for any a € ZT.

Remark 29. The congruence (2.30) with n = 1, and the last congruence, as well as the

conjectural identity
[e.e]
35k — 8)81F
Z( 2k 2)4k = 127°
k=1 kg(k) (2k)
were proposed by the author [75]. The last identity were later confirmed by Guillera
and Rogers [19].

Conjecture 30. (i) For any prime p > 3 and n € Z™", the number
pn—1

Z 28k2( —_i_6148)ll: +3 <2kk> < > Z 2872 + 18r +3 < X > (3:)

k=0

divided by (pn)® ( ) (3") is a p-adic integer. For any odd prime p and positive odd

n

integer n, the number

(p”fﬂ 928k2 + 18k + 3 [ 2k 3k (n /2 9gp2 + 18r + 3 4 /3y
— (—64)k k a o r r

divided by p*n® ((n 1)/2) ( : 11))/22) s a p-adic integer.
(i) (2010-04-05) For any odd prime p, we have

1 4
28k2 + 18k + 3 [ 2k 3k 7
—(—64)k <k> <k>532—p5Bp 3 (mod p)

p

B
Il
o

and
(p—1)/2

28k% + 18k + 3 (2k\ " (3k -1
Z # =3p? + | — ) 6p*E,_3 (mod p°).
= k k P
(ii) (2010-04-05) For any integer n > 1, we have
n—1 4 2
2k k 2
> (28K + 18k + 3) ( k) (Sk > (—64)" 17k = (mod (2n + 1)n2< ”) )
k=0 "
Remark 30. Parts (ii) and (iii), as well as the author’s conjectural identity
. (28k% — 18k + 3)(—64)"
2k 4 (3k
k=1 k5(k) (k)

appeared in [81, Conjecture 8|.

= —14¢(3),
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Conjecture 31. Let p be an odd prime.

(i) If p> 3 and n € Z", then the number
Z10k2+6k+1< > ZlOr —1—6r—|—1< >5
£ T (=256)F 256)"  \ r
divided by (pn)5(2”)5, and the number

" TAR? 4 27k + 3 (2k 7472 + 277 + 3 3r
kzo 14096+ <k> ( > PTZO 40967 <7‘> <r>

divided by (pn)® ( )4(3:), are both p-adic integers.

(ii) (2010-04-05) If p > 3, then

1

p

10k2 + 6k + 1 /2Kk\° 7
( ) = p?— 1pB,_s (mod 3°)

_ k
— (—256) k 6
and
(p—1)/2 9 5
10k* + 6k + 1 [/ 2k 5 T 5 6
_ = —p°B,_ d .

(iii) (2010-04-05) If p # 5, then

Pl 742 4 9Tk + 3 (2k>4 <3k

= 3p? + Tp°B,_ d p°
4006k \ & k) P+ T"By-g (mod p7)

k=0

and

b-1/2 s
TAR2 + 2Tk + 3 (2k\* /3k 9
++< ) ( > =32 200 1 (mod p7).

4096~ k k 4
k=0
Remark 31. By [15, Identity 8] and [16], we have
— (10k? — 6k + 1)(—256)"

5
k=1 K (%f)
and
o T4k% + 27k + 3 (%)4 <3k> 48

4096k k k) w2
k=0

Conjecture 32. (i) Let p # 2,5 be a prime. Then the number

TN QUK 4 22k + 8k + 1 (2k\T 4R 208 2202 + 8r 4+ 1 /2r\]
256+ k) L 256" r

r=

27
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divided by (pn)3 ( ”)7 is a p-adic integer for every n € Z", and also the number
(pn—1)/2

168k3 + 76k + 14k + 1 <2k> 7

220k k
k=0

1\ " 16808 4 762 4+ 14r 41 (207
“\p )P 9207 -

r=0

divided by (pn)® ((n 1)/2)7 is a p-adic integer for any positive odd integer n.

(ii) (2010-04-06) For any integer n > 1, we have

n—1

2K\ on\ ®
> (21K® + 22k7 + 8k + 1) ( . ) 256" 1k = (mod 2n’ ( :) )

k=0
and

i, 2%\ " 2\
> (168k% + 76k + 14k + 1) < i ) 220(n=1-k) = <m0d on3 ( n) )
k=0

Remark 32. B. Gourevich and Guillera (see [14, Section 4]) conjectured

> 168k3 + 76k + 14k + 1 /2k\ " 32
920k L]

T3

and

- -
i k() 8
respectively. Zudilin [114, (31)] suggested that for any odd prime p we might have
R 168K3 + 76k + 14k +1 (2k\T _ [—1\ 4 -
Z 920k L) —\p )P (mod p'),
k=0 p

which is much weaker than the second assertion in part (i).

i (21k3 — 22k% + 8k — 1)256% 7t

Conjecture 33. (i) (2014-07-22) Let p be an odd prime and let m € Z with m # 1 and

ptm. Then
S s () () (75) =o' 5w

2k n—2k\? _
< ) ( n—k ) =(-1)®"V2p+ 5p°E, 3 (mod p*),

m+1 - 2k n—2k\? B
)" 2 <k> ( n—k ) =(-1)""V2p + 3p°E, 5 (mod p*).
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Remark 33. We are able to show the congruence in part (i) modulo p. The two con-

gruences in part (ii) modulo p3 were proved by the author [77, Lemma 3.2]. Note also

that
w3 () GV - () (i)
_ki:o () 3 (1)
by [77, (3.1)].

Conjecture 34. Let
T (—1/4\? (—=3/4\?
an::Z< k‘/> <nzi/k) for allmn € N.
k=0
(i) (2013-08-21) For any odd prime p, we have
422 (mod p) if p= 2%+ 4y? (z,y € Z),

2>
— ) det{aiyjlo<ij<(p—1)/2 =
( Tostaste=y)/ —p (mod p?) if p=3 (mod 4).

p

(ii) For any odd prime p and n € Z", we have
pn—1 9 2 n
1 - ( 3 18/2_45221;:: 1 <2kk:> o — (2> 2
(pr)* ()" \ k=0 p

Remark 34. Part (ii) corresponds to the author’s conjectural series
i 182 + Tk + 1 <2k>2i (-1/4>2<—3/4>2 42
_ k i _ 3 o 2
— (—128) k =\ k—3j T
(cf. [75, (1.22)]), and (2.31) with n = 1 was first posed by the author in [75, Conjecture
5.15(i)]. By Sun [91, (3.1)], for all n € N we have
T =1\ (=3/4\F = 26\ 2(n— k)N .
Am = 16™7".
0 Z( k )(n—k) Z k n—k 0

k=0 k=0

1

18k2 + 7k + 1 [2k\?
W i ai | € Zp.

>
Il

0
(2.31)

Recall that a polynomial P(z) € Q[z] is called integer-valued if P(m) € Z for all
m € Z.

Conjecture 35. (i) For any ¢ € {£1} and l,m,n € Z*, the polynomial

1! i 2\ [z —1\"
k 20—1 - -

— 2 1

w2k ) Z(a‘) <k—j>
k=0 7=0
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1s integer-valued.

(ii) For any l,n € Z*, the polynomial

(21 n21) ' :Z:(% + 1)2”]220 ( jx>2 <2 _;)2

1s integer-valued.
(iii) Let p > 3 be a prime. For any x € Z;, with 3z # 1,2 (mod p), we have

g(—l)k(% +1) Ek: <_f>3 (; } ;)3 =0 (mod p?).

J=0

For any x € Z, with x = 1/3 (mod p), we have

S CkeE 1 i()(yx)g(i:l')gzﬁp(g):s_l<m°dp2)'

k=0 j J
Moreowver,
St () () =+ b ot
and
S (-1/3) (~2/3\" _
l;)(—l)k(2k+1)jz;< i?’) (;_j) =2((4) +2) (mod p".

(iv) Let p be an odd prime. For any x € Z, with 3z # £1,2,4 (mod p), we have

St i3 () (571 0 o ).

k= O 7=0

S F(2k 41 3zk:< 1/2> <;1/2.)3 = —%pQ (mod p°).

k= o =0 —J
If p > 5, then for x = £(p — (§))/3 we have

S a3 () (21) o oo

k= O 7=0

Moreover,

(v) Let p be an odd prime. If p=>5,7 (mod 8), then

S (V) )

k=0

0 (mod p?).
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If p=2 (mod 3), then

p—1

(2k 4 1) :( 1/3> < 2/3> =0 (mod p?).

k=0 i

J J
Also,
pl k 3 3
1)k —1/4 —3/4 — 2 3
kz_o( 1) (2k+1)j§0< ; ) <k_j> = p* (mod p*)
if p#£ 5 (mod 8), and

—_

hS]

() (25) = st

Remark 35. Those congruences modulo p? in this conjecture might not be very difficult.

M=

(—1)*(2k + 1)
=0

if p==+1 (mod 12).

x

<.
Il
o

Conjecture 36. (i) For each prime p > 3, we have
p—1 k 4 4
-1 —5/6
(2k +1) Z ( /6> < 5/ > =0 (mod p?).
k=0 -0 N J k=J
= ]_
For any prime p > 7, we have
p—1 k 4 4
1 _
Sk + 1P ( ./6> <k 5/6.) =0 (mod p?)
k=0 =0 N —J
and

pi(—m(gk +1) i <_$'/6)5 <l;5/6'>5 =0 e,

k=0 §=0 —J
Also, for each prime p > 20 we have

~1/6\° (—5/6\°
ZQk—l—l < /> ( /> =0 (mod p?).
= J k—j
(ii) Let p be an odd prime. If p =3 (mod 4), then

£ ()

k=0 7=0

0 (mod p?)

and

Sereny () (M3) =0 ot

k=0 j=0 —J
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If p=5 (mod 6), then

;:1)%4—1 ;( 1/6> <k‘i/j> = 0 (mod p?)

and
p—1 k 6 6
1 _
Z(2k + 1)32 < /6> (k 5/6) =0 (mod p?).
k=0 =N —J
(iii) For any prime p > 11, we have
p—1 k 4 4
—1/5 —4
Z(Qk +1)3 Z < / > < /5> =0 (mod p?)
k=0 =0\ J k=

if p==+1 (mod 5), and

1§2k+13§;< 2/5> < 3/§> =0 (mod p?)
if p= =42 (mod 5). Also,
g F2k +1) g( 1/5> ( 4/j> =0 (mod p?)

for any prime p =4 (mod 5), and

p—1

Z F(2k + 1)

k=0 0( 2/5) ( 3/j> =0 (mod p?)

for each prime p = 3 (mod 5).

Mpr

Remark 36. It is interesting to compare part (iii) of this conjecture with the classical

Rogers-Ramanujan identities.

Conjecture 37. (i) Let p be an odd prime. Then

1721(641@2 + 64k + 23) zk: (—1./4> 3 <;3/4'> 3

k=0 j=0 J —J

—1
=23p? + 174 <p> p4Ep,3 (mod p®).
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Also, for each n € Z* the number

p§1(64k2+64k+23 i( 1/4> <k3_/j>3

k=0 J= J
n—1 k 3 3
—1/4 -3/4
—p® ) (64k% + 64k +23) > ( ,/ ) (k 3/ )
k=0 =\ —J
divided by (pn)* is a p-adic integer.
(ii) Let p > 3 be a prime. Then
p—1 k 3
1/3)*(=2/3 P\ 2 1
2 - 2 P\ = 4 1 5
S T3k 43k + 1) Z( > <k_j> = +(3)3p3p_2<3> (mod p°)
k=0 j=
and

p—1 noo, 3, 3
(48k* + 48k + 19) 0( 1,/ 6> ( 5/ 6)

k=0 k= J k=3

335 1
=19p? () B,y (= d »%).
()5, (1) (st

Also, for any n € ZT, the number

pf(?’k? +3k+1 i( 1/3> (;2/??>3

=0 = J —J
n—1 k 3 3
-1/3 —2/3
—p22(3k2+3k—|—1)2( ./) (k /.>
k=0 §=0 J —J
divided by (pn)4, and the number
pn—1 k 3
1/6 —-5/6
> (48K + 48k + 19) Z( /> ( /.>
k=0 j= J k= J
n—1 3 3
-1/6 —-5/6
—p* Y (48K + 48k + 19) < ,/ ) ( / )
k=0 =N k=3

divided by (pn)4, are both p-adic integers.

Remark 37. The first congruence in Conjecture 37 with n = 1 was discovered by the
author on March 14, 2013.
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Conjecture 38. (i) For any prime p > 5, we have

()8 Qs

2

A

(%)
42% —2p (mod p?)  if (2) = (§) = (§) =1 & p=2® +30y°,
827 —2p (mod p?)  if (3) =1, (§) = (§) = =1 & p = 22° + 15¢?,
=92p—122% (mod p?) if (§) =1, (2) = (§) = -1 & p =32 + 1047,
20z — 2p (mod p?) if (8) =1, (%) = (%) = -1 & p =5a? + 6y,
2 =30 __
0 (mod p) if () =—1,

where x and y are integers.

(ii) For any n € Z*, we have

(0)

Remark 38. This is related to the author’s conjectural identity (cf. [90, (8)])

00 n k2k22(n—k)2
Same )yt ter

o76™ Pt ( k)

and corresponding conjectural congruence (cf. [90])

S (S = ((3) () et

k=0 k

i 28k + 5)576" 1 ’f(2k>25j(2j)((2,:’f—jj)).

Jj=0 J

n=0

for any prime p > 3. Those numbers

n o (2k\2(2(n—k)\?2 [n/2] n 2
s < T R T

k=0 k
are usually called Catalan-Larcombe-French numbers; for some series for 1/ involving

Catalan-Larcombe-French numbers one may consult [7].

Conjecture 39. (i) (Sun [84, Conjecture 1.7]) For any prime p > 5, we have
p—1 n
357n + 103 (2n n\ (n+ 2k (2k N

-~ —324)"

2 160 (n)z<k>< ok ><k>( 324)

n=0 k=0

_ -1 p 2

—p( , > (54—1—49 (15)) (mod p?),
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and

n=0 k=0

(422~ 2p(mod p?)  if(32) = (§) = (B) = () = 1, p = o + 1052,

22% = 2p(mod p?) () =(5)=1,(§) = (§) = -1, 2p=2a?+105y
2p —122% (mod p?) if(5) = (§) = (§) = (§) = -1, p = 3¢® + 35¢°

2p —62% (mod p*) () =(8)=-1,(§) = (§) =1, 2p = 32” + 3547,

=14202% —2p(mod p*) if(5)=(§) =1, (§) = (§) = -1, p = 52" + 21y?,

102> —2p (mod p*) if(5H) =(§) =1, (§) = (5) = —1, 2p = bz + 2137,
28z° —2p (mod p?) if(F) = ()= -1, (§) = (5) =1, p=Ta? + 1597,
142 —2p (mod p?) if(SH) = (§) = —1, (§) = (§) = 1, 2p = Ta? + 157,
0 (mod p?) if (%) = -1,

where x and y are integers.

(ii) For any n € Z*, we have

n<2:__11> ni(:as?k +103)2160" 1 F <2:> jzk(:) (j) (k ‘gjzj > <2]‘7 >( 324)k~

k=0
Remark 39. The quadratic field Q(1/—105) has class number eight. The author would
like to offer 105 US dollars for the first correct proof of Conjecture 39, and 90 US dollars

for the first rigorous proof of the author’s conjectural identity (cf. [84])

21 3570 + 103 (20 <= () (1 + 2K\ [2k e 90
-~ —324)" 7k = =,
> P ) 2 () () () emer =5

For the author’s another similar conjectural series (cf. [91, (4.35)])

Zon 20 = () [n+2k\ [2k e 10
486"k = =
S () S () (o) () =52

we also conjecture that

() S5 () (57 (e
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Conjecture 40. (2007) Let p be a prime and let I,n € N and r € Z. If n or r is not
divisible by p, then we have

ol 2, e ()

k=r (mod p)

> V;lpl—lJ +Vp<<t(n—l—1l)/(p—1)J>>_

Remark 40. D. Wan [107] proved that the inequality holds if the last term on the right-
hand side is omitted (see also Sun and Wan [100]).

3 Congruences Involving the Polynomials
n n— n n\ 4
pa(®) =34 (%) ( n— If))x “or Sy(z) =201 (;) 2

In 2011 the author (cf. [76, 91]) posed many conjectural series for 1/7 involving a
new kind of polynomials

Pn(z) = zn: (2:)2 <QZ ~ 2k> 2" F (neN). (3.1)

k=0
Here we present some related conjectures mainly made by the author in 2011.

Conjecture 41. (i) For any prime p # 2,5, we have
-1 2k
pz (k)pk 9
100% 4
k=0
(Z1)(422 — 2p) (mod ?) if
0 (mod p?) if (

Y=1& p=a?+Ty* (2,y € Z),
)=—1, d.e., p=3,56 (mod 7),

I SSEEN S

and

s (2 et (D) (8) - () S S () (5)) <

for all n € Z*. Moreover, we have

12]<:+1 2k
S (e () - 1 (32)
k 0

(ii) For any integer n > 1, we have

2
(12k +1)100" 17K ( :)m <Z> ezt

|
—

4n71 n

n()

b
Il

0
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Remark 41. This conjecture was formulated by the author in 2019. We found the identity
(3.2) by using the Philosophy about Series for 1/ stated by the author [84].

Conjecture 42. (i) For any prime p > 3, we have

p—1 (2kk)

22 (-192)
B 422 — 2p (mod p?) ifp=1 (mod 3) & p =22+ 3y? (z,y € Z),
o (mod p?) if p=2 (mod 3),

and
-1

(5 (Dm0~ QS g (o) <2

n k=0

for alln € Z7T.

(i) For any n € Z*, we have

<2n - 1>
n

n—1
Remark 42. This is related to the author’s following conjectural series (cf. [76, 91]

discovered in 2011:

n—1

>k (192 (3 )t

k=0

=~ 4k +1 (2k V3
1;) (—192)k<k)p’“(4) B

By [91, Lemma 2.2], for any n € N we have

(=2 (1) () E o

Conjecture 43. (i) For any prime p > 5, we have

1

I % (2:>pk(—14) = 32p (2 (;1) - 9> (mod p?),

k=0
and
p—1 (Qk)
k
—14
k=0
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(ii) Let p be an odd prime with p # 17. Then

pi w<2kk)pk(18> = —64p (3 - (_pl>> (mod p?).

k=0
Also,
4z% — 2p (mod p?) if (&
P
7

Yy=1& p=224+Ty? (z,y €Z),
0 (mod p?) if (

)=—1, i.e., p=3,5,6 (mod 7).

bl
AN
=~
ST

i
o

(iii) For any n € Z*, we have

“(7)]2
o (3)

Remark 43. Two related conjectural series posed by the author are

17k — 224 (2k 1800 = 15k — 256 [ 2k 2312
> e (1 =20 S R (3 sy = 2

k
k=0 k=0

— 2
17k — 224)(—225)"1* ( :)pk(—lél),

2k
Z 15k — 256)289" 1~ k<k>pk(18).

k=

Conjecture 44. (i) For any prime p > 3, we have

p—1

> 2(011;6)11 <2:>pk(_32) =p <5 (‘pl) — 16 (;)) (mod p?),

and

=(3)=1&p=a>+10y° (z,y € 7),
5)=-1&p=22"+5 (x,y €2),

(ii) For any prime p # 2,5, we have

p—1

3k —2 2k 5

_— pr(36) = —2p <) mod p?),
;)640k(k)k<> >) (mod 57



OPEN CONJECTURES ON CONGRUENCES

and

D=1&p=a®+10y (w,y € D),
=(0)=-1&p=22"+5y (z,y € ),

(iii) For any n € Z* we have
2n—1
n
n—1
()
n
n

Remark 44. The two related conjectural series of the author [91] are

20k — 11 /2k 90 <=3k —2/2k 5v/10
Z —576)k ( ) b(=32) = kzo 640F <k:>pk(36)_ T

n—1

. n—1— 2k
;(2% —11)(=576) ’f( i >pk(—32),

n—

—= o

(3k — 2)640n 1+ <2:> P(36).

k=0

k=0

Conjecture 45. (i) For any prime p # 2,7, we have

S (i = (5 (32) 72 (2)) s

and
p—1 (Zk)
el 3f36)kp’“(_192)
_ J(GH(Aa? —2p) (mod p?) if (FF) =1 & p=2a®+2y* (x,y € Z),
o (mod p?) if p=>5,7 (mod 8).

(ii) For any prime p # 2,5, we have

p—1

Tk —24 (2k 6

—_— pr(196) = —24 () mod p?),
kz_o3gook<k)k< ) > (amod )

and

B
Il
o

(196) = 422 — 2p (mod p?) if p = 2?4+ 2y? (v,y € Z),
o (mod p?) if p=>5,7 (mod 8).
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(iii) For any n € Z*, we have

(WSIp>
()

Remark 45. The two related conjectural series of the author [91] are

>, 20k — 67 [2k 490 o= Tk — 24 (2K 125v/2
—192) = — — 196) = .
];0 —3136)F < ) pr(=192) = =, kzzo 3200F <k>pk( )=

2k
3136)”_1_'“( . )pk(—192),

2k
Z Tk — 24)3200" 1~ ’“( . )pk(l%).
k=

Conjecture 46. (i) For any prime p > 3 with p # 11, we have

p—1

5 (e (63 -5 () e

and

(ii) For any odd prime p # 5, we have

p—1

66k — 427 (2k
> —er ( L > pr(396) = —427p (mod p?),
k=0
and
p—1 2k
(6?2221919(396)
k=0

2
P
8z2 — 2p (mod p2) if(%) = (%) =—1&p=22>+ 11y (z,y € Z),

422 — 2p (mod p?) if (3) = (&) =1& p=2a?+22y* (z,y € Z),
0 (mod p?) if (
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(iii) For any n € Z*, we have

=) 5

2k
> (5K — 32)( 6336)”_1_k< . >pk(—392),
<2n — 1>
n
n—1

k=0
n—1
Remark 46. The two related conjectural series of the author [91] are
o0 o0
S5k —32 (2k 495 66k — 427 (2k
e 392 , ——— 396) =
(6336)k(k> f(=392) = 55 ) e <k:)pk( )
k=0 k=0
Conjecture 47. (i) For any prime p > 3, we have

5 (=5 0(2)-5(3)

0

2
(66k — 427)6400”_1_k< : ) P(396).

k=0

1000v/11
—

and
p—1 )
Z —o1132) oitgaykPr(—896)

_JB)a? —2p) (mod p?) if (B) =1 & p=2a+ Ty (z,y € Z),
0 (mod p?) if (8) = -1, i.e., p=3,5,6 (mod 7).

(ii) Let p be an odd prime with p # 17. Then

52 (Yoo = (3() -5) o)

Also,
« (D
> TaezrPr(900)
k=0
4% — 2p (mod p?) if (B) =1 & p=1a?+Ty* (x,y € Z),
0 (mod p?) if (8) = —1,i.e., p=3,5,6 (mod 7).

(iii) For any n € Z*, we have
2n —
n
n —1
2n —1
" n—1

—_

ni 34k — 7)(—18432)" 1 k<2kk>pk(—896),

k=
n

»—‘O

9 (24k — 5)(1362)" 1=k 2k (900).
()
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Remark 47. Two related conjectural series posed by the author [91] are
oo oo
34k -7 (2K 541/2 24k — 5 (2k 867
—896) = —— — 900) = —.
kzzo —18432)F (k)p""( )= kzzo 1362F (k)p’“( )= Tor

We mention that the author’s conjectural identities in Remarks 41-47 remain open,
but the following ones (discovered by the author in 2011 and published in [91]) have
been proved (cf. [12, 47]):

“k—1/2k 9 =k-—2/2k 50
I 4) = = -~ —
> (k)pm 2 %100k<k)pk<6> )

> k 2k 3 = 6k—1/2k 83
Z(—192)k<k>pk(_8):27r’ kz_o 2565 (k)pk(12):7r’

k=0

> 10k+1 [2k SV% i 12k +1 /2k 75
(—1530)F =32 === > a0k 36) = -

kz_o(—1530)’“<k>pk( )= kz_o 1600% <k>pk( ) =5

o [e.e]
24k +5 (2k 49+/3 14k +3 [2k
= - —60) = — = 64) = —
D 356k <k>pk( )= = Z(—3072)k<k>pk( )
k=0 k=0
Conjecture 48. Let p > 3 be a prime. Then

S M = (8) (1 - qu(?))) (mod p?).

%
im0 10 3 4
Also,
S @pk(_g) _ 0 (mod p) if p=7 (mod 12),
k=0 6* 0 (mod p?) ifp=>5 (mod 6).
If (1*7)) = —1, then
p—1 (Qk)

1
1—kkpk <2> =0 (mod p?).
Remark 48. In view of [75, Lemma 2.1], it is easy to see that

~1

p(1) _ (p 2

= <§)p (mod p*)
k=0

for any odd prime p. We have also shown that n | Ek o Pe(1)4n 1=k for alln € Z*. The

series > 72 g ( b ) pr(—2)/96% convergence, but we are unable to guess its exact value. We

(%)

also have conjectures on Ei;é 2 pr(z) mod p? (with p an odd prime and m an integer

not divisible by p) if (x,m) is among the following ordered pairs:
(—2,-36), (8,64), (8,128), (—12,64), (—12,—128), (16,192), (36,64),
(—36,—512), (40,576), (—96,—512), (—192,1024), (200,3136), (—252,64).
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The author [84] introduced the polynomials
"
Sp(z) = kz_o <k> 2 (n=0,1,2,...).

Note that Sp(1) = > p_, (2)4 with n € N are called the Franel numbers of order 4. In
2005 Y. Yang found the interesting identity

4k +1 18
=268 (1) = .
Z 36k k() /1571'

k=0

More such series for 1/m were given by S. Cooper [11].

Conjecture 49. Let p be an odd prime.
(i) (Sun [84]) We have

422 — 2p (mod p?) ifp=1,4 (mod 15) & p = 2?4+ 1592 (z,y € Z),
Zsk(l) = 4 1222 — 2p (mod p?) if p=2,8 (mod 15) & p = 322 + 52 (z,y € Z),
0 (mod p?) if (&) =—1, i.e., p=7,11,13,14 (mod 15).
Also,

”le( ) 422 — 2p (mod p?) ifp=1 (mod 4) & p =22+ 4y? (z,y € Z),
k(— =
0 (mod p?) if p=3 (mod 4).

(ii) Let n € Z*. If p > 3, then

nQ(an) (pil(?)k +2)S,(1 ( ) nz_:l 3r+2)8 ) =0 (mod p?). (3.3)

k=0 r=0
If p=1 (mod 4), then

n—1 n—1

1 /P

nz( > (Bk+2)Sk(-2)—p Y (3r+ 2)5;(—2)) =0 (mod p?). (3.4)
k=0 r=0

Remark 49. The conjectural congruence (3.3) with n = 1 first appeared in [84, Con-

jecture 3.5]. The author [84, Conjecture 3.1] conjectured that for any odd prime p we

have
p—1

> (0k +25(-2) = (1+3 (j)) (mod p?).

N3
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Conjecture 50. (Sun [84]) Let p be an odd prime.
(i) We have

p—1
> Sk(12)
k=0

422 — 2p (mod p?)

ifp=1 (mod 12) & p = 22 +y? (31 2),

=4 (%)4zy (mod p?)

ifp=>5 (mod 12) & p =22 + 42 (z,y € Z),
0 (mod p?)

if p=3 (mod 4).
And

p—1

> (4K +3)Sk(12) = p (1 +2 (2)) (mod p?).

Moreover,

1
- > (4k+3)Sk(12) €Z  foralln=1,2,3,....
k=0

(ii) We have
p—1
> Sk(—20)
k=0

42% — 2p (mod p?) if (_?1)

(%)zl&p:x2—|—y2 (x,y €Z & 5t x),

= q 4zy (mod p?) f()=-B) =1, p=2>+y* (x,y€Z& 5|z —y),
0 (mod p?) if p=3 (mod 4).
And
= -1 -5
2(6141 +5)Sk(—20) =p <> (2 +3 <>> (mod p?).
=0 p p
Moreover,
1 n—1
52(6k+5)5k(—20) S/ foralln=1,2,3,....
k=0

Remark 50. Note that for an odd prime p = 22 4 y? with 2,y € Z and = = y (mod 5)

we have the surprising conjectural congruence Zz;é S (—20) = 42y (mod p?).

Conjecture 51. (Sun [84]) Let p be an odd prime.
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(i) We have

p—1
> Sk(36)
k=0

(422 — 2p (mod p?)
1222 — 2p (mod p?)
8z% — 2p (mod p?)
2p — 2022 (mod p?)

[0 (mod p?)

where x and y are integers. And

p—1

> (8K + 7)Sk(36) = p (

k=0

We also have
n—1

3

k=0

(ii) We have

p—1
> Sk(196)
k=0

422 — 2p (mod p?)
822 — 2p (mod p?)
2p — 2022 (mod p?)
2872 — 2p (mod p?)
0 (mod p?)

where x and y are integers. And

p—1

3 (120k + 109)5,,(196) = p (57’)

k=0
We also have

n—1

! > (8K + 7)Sk(36) € Z

if () =) =
if (5)=1, ()
if (2)=1, (§)
if (8)=1, (3)
if (5°) =1,

p

15

if (2)=(2) =
if (&) =1, (2
if (&) =1, (2)
if(2) =1, (8
if (5°) = ~1,

1
- > " (120k + 109) S, (196) € Z

k=0

—~

[S31aS]

~—

—~

—~

—~

—~

S

~—

—~

—~

—~

B RSTEN (kS NG (e ]

Wk ok ol

~—

~—

~—

~—

~—

~—

(v

1 & p =22 + 3092,

—1 & p = 322 + 1042,
—1 & p = 222 + 1532,
—1 & p = 52% + 642,

) <3+4 (;6>> (mod p?).

foralln=1,2,3,....

1 & p=a?+ 70y,

—1 & p = 222 + 3532,
—1 & p = 52? + 1442,
—1 & p = T2% + 1092,

) (mod 52,

p

foralln=1,2,3,....
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(iii) We have

p—1
> Si(—324)
k=0

42 —2p (mod p?) i (5) = (8) = (§) = 1 & p = a? + 8517,

222 — 2p (mod p?)  if ( 1 —1 & 2p = 2% + 8532,

=4 2p—202? (mod p?) if (1) =1, (&) —1 & p =522 + 1792,
(
(

—
=L

N—

Il I

—~
kSR Gr
N—r N—

Il I

I
—~
—
-3
SN—

I

2p — 10z% (mod p?) if (B) =1, () —1 & 2p = 522 + 1792,
0 (mod p?) if

where x and y are integers. Provided p > 3 we have

%(3414; +31)Sk(—324) =p (g) <17 i (_pl>> ot

k=0

Moreover,
n—1

1

— g (34k + 31)Sk(—324) € Z foralln=1,2,3,....
n

k=0

(iv) We have

p—1
> 8k (1296)
k=0

42 = 2p (mod p?)  if (32) = (8) = (&) =1 & p=2? + 130y?,
1

(
822 —2p (mod p?)  if (F2) =1, () = (f5) = =1 & p = 22 + 65¢°,
=4 2p —20z* (mod p?) if (§) =1, (_72) = (&) = -1 & p = ba* + 267,
2p —402° (mod p?) if (f5) =1, (F2) = (§) = =1 & p = 102® + 13y?,
0 (mod p?) if (7)) =1,

where x and y are integers. Provided p > 3 we have

pz_i(lBOk +121)5,(1296) = p (_p2> <56 + 65 <_§6>> (mod p?).

k=0

Moreover,
1 n—1
= (130K +121)S4(1296) € Z  for alln =1,2,3, ...
n
k=0
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(v) We have

p—1
)~ Sk(5776)
k=0

422 — 2p (mod p?)  if
8z% — 2p (mod p?) if

(3)=(8) =(f5) =1 & p=2®+190y?,
( 1

2p —202% (mod p®) if ({5) =1,
(
(

—1 & p = 222 + 9592,
—1 & p = 52% + 382,
—1 & p=1022 + 1932,

—~

ASEI NG

~

Il
S Bl

~—

Il

~—

AL
SN—
I
—

2p — 4022 (mod p?) if
0 (mod p?) if

where x and y are integers. And

—_ ~—
I
—_
—~

N
~—
I
—~
—_
©
~—
I

p—1
= (P P 2
kz_o(smk +769) S, (5776) = p (95) (361 + 408 (19)) (mod p?).
Moreover,
n—1
1
=Y (B16k +T69)Sk(57T6) €Z  for alln =1,2,3,....
k=0

Remark 51. The reader may consult [84, Section 3| for more conjectures of this type.

4 Congruences Involving Some Special Numbers

We first present few conjectures on harmonic numbers.

Conjecture 52. (2016-12-20) Let p > 3 be a prime. Then

3Hk 1+4Hk 1/k H, 4 p2
PZ w2 = —3="7 — T Bps (mod p’)

and

p—1
Hy, 1 8
Z<3H’3‘4k>k5 oz T 5¥ By (mod p7),

Remark 52. The conjecture is related to the author’s following conjectural identity
i 3H? | +4Hy_1/k B rd
= 2 - 360

discovered on Dec. 20, 2016.
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Conjecture 53. (i) (Sun [92]) For any prime p > 3, we have

p—1 (2k)

A (2) _2Hp_1 76 2

k) () — B d
Lo f h 3p2 | 1350 PO (mod p),
—1
pz:(zkk H}g2) :_E.Hp—l 479 p2B, 5 (mod p?)
ot K2k T 16 p? 12807 - ’
e HEY 8 H, 268

k k. _ -1 2 3

k) k= 2 =2 02B, d
; 13k o p2 T 1apP s (mod  p%),
p—1 (2k

k) @2 3 Hp1 T 4
2 =75 Ty g Do (mod #)

1 H,_ 18
<3Hk_1 + ) =-2-2 "+ =9 Bps (mod p),

p—1
3H,—1/k _ _H,1 2, 3
T =i gt B (med )

= *HP, is’fﬂ,ﬁ?l o
el G0 B e i 2 G B2
o0 e} (2)

CH @ 3 AFHZ gt

Part (ii) of the conjecture is related to the author’s observation

3 3H, — 1k _ (g

2k
= G
(cf. Sun [93, Remark 3.1]) and his conjectural identity (cf. [93, (4.5)])

> +1/(5k3) 2
S0 = e

In 2016, Mao and Sun [44] determined > ¥_ (%) Hy/k and Y 7_ (kk) Hyy,/k modulo any
prime p > 3.
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Conjecture 54. (2010-03-02) Let p be an odd prime.
(i) If p=1 (mod 4) then

(p—1)/2 (2k)3 1 (p—1)/2 2k)3
> (jg)k%k —Hy) =5 Y S (Haw — Hy)
k=0 k=0
(r=1)/2 (23
1(2 (%) >
=—| - Hy, — H ;
when p = 3 (mod 4) we have
(p—1)/2 (2k)3 7 (p—1)/2 (2k)3
Z (_kT)k(H% — Hy) =— B Z ﬁ([‘bk — Hy) (mod p2),
k=0 k=0
(p—1)/2 (2k)3 9 (p—1)/2 (2k)3
k - — [ = k o 2
2 G4k (H2k Hk;) = <p) i (_512)k(H2k Hk) (mod P )

(ii) If p=1 (mod 3) then

(p-1)/2 (2k>3 1 /—1\ P2 (2k)3
k _ (=t k _ 2
;;) Lk ok — Hi) = 5 ( ’ > 2. 256" (Hap, — Hi) (mod p7).

If p=2 (mod 3) then

(p—1)/2 (2kk)3

256F

(Hop — Hy) =0 (mod p?).
k=0

(iii) If p > 3 and p = 3,5,6 (mod 7), then

(p—1)/2 2%\ 3
Z (k) (Ho — Hi) =0 (mod ).
k=0

Remark 54. In 2009, M. Jameson and K. Ono tried to prove the author’s conjecture
on EZ;%) (%f)j modulo p? with p an odd prime. As a by-product, they realized that

,?;01)/2 (Qkk) (Hop — Hy) = 0 (mod p) for any prime p > 3 but they did not have a proof
of this observation. When p > 3 is a prime with p = 3 (mod 4), the author [79] showed
that

(p—=1)/2 (2k)3 (p=1)/2 (2k:)3
k=0 k=0

Recall that the Apéry numbers are those integers

ST e
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which play a central role in Apéry’s proof of the irrationality of ((3) = >°°°, 1/n3.
Another kind of Apéry numbers are give by

n 2
n n—+k
= N).
=% (1) (") wem
k=0
On August 14, 2013 the author conjectured that det[A;;;lo<ij<n and det|Bitj]o<ij<n
are always positive, which remains open up to now.

We define the Apéry polynomials by
n 2 2
B n n+k\" . B
Ap(z) = E <k‘> < I ) ¥ (n=0,1,2,...).
Note that A, (1) = A,.

Conjecture 55. (Sun [78])

(i) For any odd prime p, we have

pz_:lA 422 — 2p (mod p?) ifp=2%+2y% (z,y € Z),
k=
k=0 0 (mod p?) if p=>5,7 (mod 8).

(ii) Let p > 3 be a prime. If p=1,3 (mod 8), then
p—1 ( 4k )

p—1
_ k.k,k,k 3

If p=1 (mod 3), then

p—1 p—1 (2k)3
D (DA =) S (mod p?)
k=0 k=0

Remark 55. Let p be an odd prime. The author [78] showed the congruence in part (i)
modulo p. Sun [78] also proved that

= 2\ 5 (i)
Ap(x) = <> 2 (mod p
kzo w@) =5 £ (2562)" ( )
and
p—1 p—1 (2k)3
Z(—l)kAk(m) = 1I€6k 2% (mod p?)
k=0 k=0

for any p-adic integer = # 0 (mod p).

Conjecture 56. Let p be an odd prime and let n € ZT. Then

n—1

pn—1
nlg,< > Ck+)(=DF - (5)pd o2+ 1)(—1)7"AT> =0 (mod p%).  (4.1)
k=0 r=0
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If p > 3, then

1 pn—1 n—1
4<Z 2k+1Ak—pZ27’+1A>50(m0dp4), (4.2)

k=0 r=0

pn—1 n—1
<Z 2k+13Ak—pZ (2r+1 3A)EO(modpG). (4.3)

k=0 r=0
Remark 56. The author [78] proved that - “o(2k + 1) Ap(z) € Z[z] for all n € ZF
and that Y 7_ (2k + DA = p+ tp'Bys (mod D ) for any prime p > 3. Guo and
Zeng [25] confirmed the author’s conjecture that & o2k + 1) (1) Ag(z) € Z[z] for

all n € Z*. Motivated by the author’s work in [78], Guo and Zeng [26] proved that
n? | Z:Z;(%(Zk—l—l)‘gfl;g for alln € Z* and Ei;é@k—l— 1)3A4; = p? (mod p%) for any prime
p > 3. The author [94, (2.19)] proved that for any prime p > 3 we have

p—1

3 @k + 13 (—1)F Ay = _%’ (g) (mod p?).

k=0

The usual Franel numbers are given by

fa :zzn: <Z>3 (n=0,1,2,...).

k=0
There are some series for 1/m involving Franel numbers or Franel polynomials, see, e.g.,
[7] and [62]. B.-X. Zhu and Sun [112] proved that 67" det|fi};lo<ij<n IS a positive
odd integer for every n € N, which was first conjectured by the author in 2013. For

r=4,5,..., the Franel numbers of order r are given by
n T
n
fir) = ’;_0 <k> (n=0,1,2,...).

On August 14, 2013, the author conjectured that the Hankel-type determinant det| fi(_:)j]ogmgn
is positive for any integers n > 0 and r > 4.

Conjecture 57. (i) Let p be a prime and let n € Z. Then

= (pnz_l(—l)kfk - (%) n_1<—1>’“fr> =0 (mod %), (44)

k=0 r=0
pn—1 n—1
% ( S GE+2)(-)F i —p? Y (3 + 2)(—1)’“1»;) =0 (mod p). (4.5
k=0 r=0

If p > 2 then

J(Z ()“J“;); 0 (mod ). (1.6
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(ii) (2014-07-07) For any prime p > 3, we have
L o 2 1

ks =(E 252 - 3
>0 fe=(5) + 577 B2 <3> (mod p°),
p—1 2

fe _(p\_p 1
25 = (5) ~ 1l <3) (mod %),

1

Z(—l =-— Z H(Q) =_-B, <3> (mod p).

(iii) (2019) For each odd prime p, we have

p_l f
fo—
Z kSk—ll = —p’B,_3 (mod p®) (4.7)
k=1
and
ok = 30(2) — 50 5p(2)° +p7p(2)° (mod p°). (4.8)
k=1

Remark 57. In the case n = 1, (4.4) was first established by the author [85, (1.5)]. Sun

[85] also proved that
1

p—l (_1)k p— 1
p fr =0 (mod p?) and Z 2 x =0 (mod p)
k=1 k=1
for each prime p > 3. The author’s conjecture (cf. [86, Conjecture 1.3]) that
p—1
> Bk +2)(—1)* fi = 2p*(2” — 1) (mod p°)
k=0

for any prime p > 3, was confirmed by Guo [21]. (4.6) with n = 1 was conjectured by
the author in [85, Remark 1.1]. Both (4.7) and (4.8) hold modulo p by [85, Remark 1.1].

For n € N we define
B g

=0
It is known that g, = > p_, (}) fx for all n € N (cf. [2]).

Conjecture 58. Let p be an odd prime p and let n € Z*. If max{p,n} > 3, then

pn—1

)2 Z gk = ( ) (;) gn—1 (mod p)
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and

ot 2 =5 (5) B (5 v ot

When p > 3, we have

p—1
Pl = — () g,(9) (mod p?) (4.10)
k 3
k=1
and
! p”zlgk_(p)’f% = O (2) 9 (mod p)
(pn)?\ = 9F  \3/ 9 )~ 8§77 \3) 9 ‘

Remark 58. Mao and Sun [44, Theorem 1.2] proved the first congruence and the second
one in this conjecture in the case n = 1, which extend the author’s previous results
(cf. [94, Theorem 1.1(i)] and [77, Corollary 1.5]). The congruence (4.10) and that the
left-hand side of the last congruence with n = 1 is p-adic integral, were conjectured by
the author [94, Remark 1.1].

Conjecture 59. (Sun [86, Conjecture 1.2]) Let p > 3 be a prime. Whenp =1 (mod 3)
and p =z + 3y? with x,y € Z and x =1 (mod 3), we have

o _ g p
ko ko 2
- = p—y 2 -
3 =L T = o (mod p?)
k=0 k=0
and
— 9k — 9k 2
T = (k+1)3—52(k+1)(_3)k (mod p?)
k=0 k=0
If p=2 (mod 3), then
o g 3p
2255 = (=3)F — (w12 (mod p°).
k=0 k=0 (p+1)/6

Remark 59. The author [86] determined Zi;:‘) g/ (£3)* modulo a prime p > 3.

The author [94] introduced the polynomials

gn(z) = Zn: <Z>2<2:)xk (n=0,1,2,...),

k=0
and proved that
1 p—1
-1
1 gk(k ) =0 (mod p?) and kzl

=
|

gr(—1)

k:; =0 (mod p)

i
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for any prime p > 5. Guo, Mao and Pan [23] confirmed the author’s conjecture that
n—1
1
- 2(4/@’ +3)gr(z) € Z[z] foralln € Zt.
k=0
Conjecture 60. (i) Let p be an odd prime and let n € Z+. Then
1 pn—1 1 n—1
712( Z ge(—1) — () Zgr(—1)> =0 (mod p?),
k=0 p r=0
1 pn—1 P n—1
n2( > gr(=3) - (g) Zgr(—i%)) =0 (mod p?).
k=0 r=0

(i) For any n € Z*, the number

i
L

1

”(2:—_ 11)

2k
(16k + 5)324"—1—k< . )gk(—QO)

B
Il

0
s an odd integer.

Remark 60. The two congruences in part (i) with n = 1 were proved in [94, Theorem

1.1(i)]. Part (ii) is related to the author’s conjectural series (cf. [84, Conjecture 7.9])

e 9]

16k + 5 2k 189
ORTY —20) = 27,
kz_o 324F <k >g’“( )= 55x

For n € N we define

n

F(n) ::Z(Z)g(—s)k and G(n) := <Z>2(6k+1)0k.

k=0 k=0
Conjecture 61. Let p be an odd prime.
(i) For any n € Z*, we have
1 pn—1 P n—1
n2( > (—DFEmR) - (3) Z(—l)’”F(r)) =0 (mod p?), (4.11)
k=0 r=0
and
1R 1= 4
_ 3 _
3 kz G(k) =0 (mod p°) and o k Z 1 G(k) = —3Bp-3 (mod p) (4.12)

provided p > 3.
(i) (2014-07-17) We have
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When p > 3, we also have

p—1

Y (-DFF(K)

k=0

(5) = fops(5) (oo
SO FwE = 5y (;) (mod p).

ZGkH =

Remark 61. (4.11) and (4.12) with n = 1, were first stated in [85, Remark 1.1] and [94

Conjecture 4.3] respectively.

P, = ki:o <Z> (2:) (2(:__;)) (n=0,1,2,...).

The author [91, Remark 4.3] observed that 2" P, coincides with the Catalan-Larcombe-
French number given by (2.32). See [91] for some congruences and series for 1/7 related
to P,.

B,— 3(modp)

C»D\Cn

Define

Conjecture 62. Let p be an odd prime and let n € ZT. If p> 3 or 3{n, then

pn— 1 P
o - n—1
n)? § 4k = () 2Ep—34n7_1 (mod p)

and
-1

(pn) o

Remark 62. This conjecture with n = 1 was stated in [87, Remark 3.13] and proved by
Mao [43].

Those integers
" /n\ (n+k " (n+k\ (2K
n = = N
P ;@( v %(%)(k)me )

are called central Delannoy numbers; they arise naturally in many enumeration problems
in combinatorics. For n € N we define

b3 (1) -5 () (1)

Note that D, (1) is the central Delannoy number D,,. Actually D, ((x —1)/2) coincides
with the Legendre polynomial P, (z) of degree n.
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Conjecture 63. Let p be a prime, and let n € Z". Then

pn—1
;(Z(%H Dy(x pz (2r +1 >—0(m0dp) (4.13)

k=0
for any p-adic integer x # 0 (mod p). For each p-adic integer x, we have

pn—1 n—1
nlg< > 2k +1)Dg(x)® - p* Y (2r + 1)Dr(x)2> =0 (mod p%). (4.14)
k=0 r=0

Also, for any p-adic integer x # 0, —1 (mod p), we have

pn—1 n—1
ng( > (2k+1)Dy(x)® - p (‘”‘3> > @+ 1)D,,(x)3> =0 (mod p*)  (4.15)

k=0 p r=0
and

pn—1
1< Z (2k + 1) Dy (x —pz (2r+1 ) =0 (mod p?). (4.16)

n2
k=0

Remark 63. The congruences (4.13) and (4.14) with n = 1 were obtained by the author
[89, Theorem 1.5(ii) and Theorem 1.8(ii)]. The congruences (4.15) and (4.16) withn =1
were first conjectured by the author [89] and later confirmed by Guo [22].

Conjecture 64. (i) (Sun [78]) For any n € Z*, the numbers

— 1
Z 2k + 1)(—1)* A, <4>
k=
and
1 n—1 i 1 3

k=0

are rational numbers with denominators 222" gnd 23(n—14v2(n)=va(n) regpectively.
(i) (Sun [78]) Let p be a prime. For any n € Z" and p-adic integer x, we have

v, (711 S 2k 1 1)(- 1) 4 (x)) > min{u,(n), v, (4e — 1)}

k=0
and

S|

( i 2k +1)(—=1)F Dy ()? > > min{vy(n), vp(4e + 1)}

k=0

(iii) (Sun [94]) Let n be any positive integer. Then

n—1

yg(z (2k 4 1)( Ak> = 3u3(n) < z/3<:2§)(2k: + 1)3(—1)kAk>.

=0
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If n is a positive multiple of 3, then

n—1
Vs < D (2k+ 1)3(—1)’“Ak> = 3u3(n) + 2.
k=0
Remark 64. Though this conjecture appeared in the author’s papers for several years,

it seems that nobody has studied it seriously.

Conjecture 65. (Sun [74]) Let p > 3 be a prime. Then

p—1 p—1
Dy(=3)* = ) (=1)"Dy(2)°
k=0 k=0
p—1 3 p—1 3
1 -2 1
= v (1) = () Zevtn(g)
k=0 k=0
_J (5 (Ea* —2p) (mod p?) ifp=1(mod 3) & p=a®+3y(z,y € Z),
o (mod p?) if p=2 (mod 3).
Also,
p—1 3
5) ()
P /=
422 — 2p (mod p?) ifp=1,7 (mod 24) and p = z? + 6y? (z,y € Z),
=4822 —2p (mod p?) ifp=5,11 (mod 24) and p = 22% + 3y? (z,y € Z),
0 (mod p?) if (_76) =-1
And

§Dk<3>3 Sy <_p5> pzl(—l)ka <_116)3

k=0 k=0 k=0
422 — 2p (mod p?) ifp=1,4 (mod 15) and p = 2% + 1592 (z,y € Z),
=4 1222 — 2p (mod p?) ifp=2,8 (mod 15) and p = 322 + 59 (z,y € 7Z),
0 (mod p?) if () = —1.
Remark 65. It is known that (—1)"D,(x) = D,(—z — 1) (cf. [74, Remark 1.2]).

The central trinomial coefficients are given by

T = [0")(1 + & + %) = Lnf <2’;> <2:) (n€N).

k=0
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Conjecture 66. For any prime p >3 and n € Z", we have

pn—1 (2k n—1 /2p
s (e ()5 159 = () 5% 5 a0

k=0

Remark 66. The conjecture with n = 1 was first stated by the author in [90, Conjecture
2.1] and recently confirmed by C. Wang and the author.

Conjecture 67. Let n € Z*. Then

= 2k 2
n 1-k +
(105K + 44 T, € 7.
2n 2n Z + )<l€) S
n k=0
Also, for any prime p =1 (mod 3), we have
S (105K + 44) (—1)F (3H) T3 — p SUZ L (1057 + 44) (1) ()T

2
()2 (1) (4.18)
= (—1)"6¢,(3)T,,—1 (mod p).
Remark 67. Let p > 3 be a prime. The author [84, Conjecture 1.3] conjectured that

p—1 9

(105k + 44)(—1)* <k)2T = (2o+24 (9) (2—3p—1)) (mod p%)
2 k k=D 3 b ).

. 2
[84, Conjecture 1.3] also contains the determination of Zz:é(—l)k(%f) T}, mod p? via

binary quadratic forms.

Those numbers
[n/2]

n
M, = kzo <2k>ck (n=0,1,2,...)

are called Motzkin numbers. They play important roles in enumerative combinatorics.

Conjecture 68. (i) (Sun [89]) For any prime p > 3, we have

p—1
> M =(2—6p) (%) (mod p?),
k=0
p—1
> kME=(9p—1) () (mod p?),
k=0

S s =5 (5) 5 (1-9(3)) o 17
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(ii) (2017-11-14) For any n € Z* we have

n—1 k2
2 _ —
g (8k + 9)Wi = n (mod 2n), where Wy, : E (2]_) 51

k=0 Jj=0

Also, for any odd prime p we have

;:;:(814: +OWE=24+10 <_p1> —9(%) -1 (;) (mod p?).

Remark 68. The author [89] proved that Zi;é ¢ = (*71) (mod p) for any odd prime

p. For any prime p > 3 the author [97] showed that
p—1
Z(Qk +1)ME =12p (g) (mod p?)
k=0
and hence the first and the second congruences in Conjecture 68 are equivalent.

For b,c € Z and n € N, as in [89] we define the generalized central trinomial coefficient
ln/2] 2%
T, — [ 2 n _ n—2k k
(b,c) := [z"](z* + bx + ¢) ,;:0 (2k><k>b

Conjecture 69. (i) Let p be an odd prime and let n € Zt be odd. If p > 3, then

1 <(Im—1)/2 ( ) (n—1)/2 ( ) ,
1 i Top(4,1) — =T (4, 1)> =0 (mod p“).
n2 (" )1/2) kzzo 16~ g@ 16
We also have
(n—1)/2

(pn—1)/2

11)< 3 ()T%(gg <> > 16TT2r89>EO(modp2).

n? ((nnq)/z 16"

k=0 r=0

(ii) (Sun [90]) Let p > 3 be a prime. Then

L 4(() () e

k=0
(r-1)/2 )
> (4k) T5(3,4) = <_pl> ! _43 (mod p?).

k=0

(iii) Let p > 3 be a prime. If p = 1 (mod 3) and p = x> + 3y? with x,y € Z and
x =1 (mod 3), then
(p—1)/2 ( ) p—1 (
_ —1 p 2
S = LT, -3) = (p> (295 %) (mod p).

k
k=0 16 k=0
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When p = 2 (mod 3), we have

(p— 1)/2 )

-2 E ,3) = (p_gl)/Q ( )T (4,-3) = “y_ 3 (mod 2)
e 16k % p ) (07 P
k=0 (p+1)/6

Remark 69. Part (i) with n = 1, and the first assertion in part (iii), also appeared in
Sun [90].
Conjecture 70. (Sun [89]) Let p be an odd prime. We have

Plnee? THE)’ [0 med p) ifp=1(mod 4)

k k .
e = 8 0 (mod p%) ifp=3 (mod 4).
If p > 3, then
p— 2 p—1 2
Tp(4,1)° o Te4,1)* (-1 2
=2 e = () med P,
k=0 k=0

Remark 70. The author [89] proved that for any prime p > 3 we have

p—1 2 2
T(6,-3)* _ (=1 . p ;
2 ag <p> 75 Eps (mod P,

SR (=2 (o g, 5 BE(2) (oo 1)
k=0

k=0

Conjecture 71. (Sun [89, ConJecture 5.7]) Let p > 3 be a prime. Then

3\ &= Th(2,3)° _ R~ Tu(2,3)°
() Z & =
CRT2,93 /3 Ba Th(2,9)

=2 (Conr - =(5) X i

422 — 2p (mod p?) ifp=1,7 (mod 24) and p = z? + 6y2,
=42p—82% (mod p?) ifp=5,11 (mod 24) and p = 222 + 332,
0 (mod ) if (5) = -1,
where x,y € 7. And
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Also,
n—1

> (3k +2)T5(2,3)%8" 7 = 0 (mod 2n)

and

for alln € Z*.
Remark 71. See Sun [90] for more such conjectures.

Conjecture 72. Let p be an odd prime.
(i) We have
=gty Tk 7 CH)T(7,12)?

k=0
422 —2p (mod p?) ifp=1 (mod 12) & p = 2% + 92,
= { 4zy (mod p?) ifp=5(mod 12) & p=a2+y? 3|z —vy),
0 (mod p?) if p=3 (mod 4),

where x,y € Z. If p # 3, then

f’i (%) Tk (7,12)" 2 (D733 (mod pE+G12)

k=0 k=0
(ii) We have
pi (%) T2k (9,20)>

=0

422 — 2p (mod p?) ifp=1,9 (mod 20) & p = x2 + 25y,

=4 4zy (mod p?) if p=13,17 (mod 20) & p=22+y% (5 |z —y),
0 (mod p?) if p=3 (mod 4),
where x,y € Z. If p # 11, then
2k _ ke ( 2
Z—=Z 0, * (mod 7).
k=0 =0

Remark 72. Note that Tj(7,12) = Dy(3) and T;(9,20) = Dy(4) for all k£ € N. The

conjecture essentially appeared as Conjectures 4.24 and 4.25 of Sun [90].
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Conjecture 73. Let p > 3 be a prime.
(i) (Sun [84, Conjecture 7.13]) We have

gty Tk CHT(3,-3)?

£ (-108)F

422 — 2p (mod p?)  if
1222 — 2p (mod p?) if ) =1 & p =322+ Ty?,

(
( G
222 — 2p (mod p?)  if ( )=-1, (&) =1 & 2p = 2% + 2132,
(
(

622 — 2p (mod p?)  if =1, (5)=(5) =—-1&2p =327+ T7y%
0 (mod p?) if (57)=-1,
where x,y € Z. Also,

Z_: 6ﬁ38u)<2k>1%6%—3) 552(21(7)-+17) (mod p?).

(ii) (2011-06-18) We have

pl WM@?K?)
n*O prt 64%

322 —2p (mod p?) if (§) = (&) = -1 & 4p = 3% + 172,
(mod p?) if () = -1,

where x,y € Z. Also,

=

{:U —2p (mod p?) if (§) = (&) =1 & 4p = 2% + 5132,
§

Z<><>Z“““<<> ) et

Remark 73. There are many similar congruences and related series for 1/ (cf. [84, 90]).
The author’s some conjectural series for 1/7 involving central trinomial coefficients (cf.
[76, 90]) were confirmed by Chan, Wan and Zudilin [8], Wan and Zudilin [108], and
Zudilin [115]. Motivated by Sun [90, Conjecture 4.17], in 2011 the author believed that

o0
15k +2 [(2k\ (3K
T5(2, -1
SONE (D) (e
is an algebraic number; on the author’s request, Prof. H. H. Chan got in 2015 that

1
:§Jm+ﬁ4%L+m$§
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Conjecture 74. Let p be an odd prime
(i) (Sun [90, Conjecture 4.20]) If p # 3,7,11,17,31, then

”i (**)T3.(73, 576)>

prt 4342k

(402 — 2p (mod p?) if
822 — 2p(mod p?) if

(

( —1, p =222+ 51y?
=4 1222 — 2p(mod p?) if (

(

(

She
~—
Il
—
hSA[N
SN—
Il
—
Wi
N—
Il

Bl =1() =) =1 p=3c"+34y°
24x% — 2p (mod p?) if %) =1,(8) = (&) = -1, p=62® + 17y?
0 (mod p?) if ((2) = —1,

where x and y are integers.

(ii) When p # 7,31, we have

P71 9800512k + 435257 <2k

2
yer § )Tk(73, 576)

=

=0
466752 < ) - 31495) (mod p?).
For any n € Z, the number

2k
k

n—1
) > 280051%+435257)4342(”_1_k)( >Tk(73,576)2
k:O

s an odd integer.

Remark 74. This corresponds to the author’s conjectural series (cf. [90, VIIT])

p—1

10406669
2V/6 7 .

2800512k + 435257 <2k

2 _
yer k)Tk(73,576) =

B
Il

0

Sun’s another similar conjectural identity (cf. [90, VII2])

o~ 24k + 5 (2 5 49
—_— Te(4,9)* = —(V3+V6

was motivated by [90, Conjecture 4.18], for this one we also conjecture that

— 2
(n—l) Z (24k + 5)28%(n—1- k)<:>Tk(4,9)2.
k=0

)

)

i
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Conjecture 75. (2011-10-01) (i) Let p > 5 be a prime. Then

<—p1>p Tp(22,21%)3 ( >]§Tk22 212)3

(—80)3 163
422 — 2p (mod p?) ifp=1,4 (mod 15) & p = 2> + 1592 (z,y € Z), (4.19)
=14 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 5y® (x,y € Z),
0 (mod p?) if (&) =—1, i.e., p=7,11,13,14 (mod 15).

1

k=0

=
Il

0

Also,

p! 126k +31
80 T(__N\3k

M

-5
1(22,21%)% = 31p <> (mod p?).
k=0 p

(i) For any n € Z*, we have

n 1 n—1
) (126K + 31)(—80)*(" 1 MTy(22,21%)% € ZF,
k=0
1 n—1
- D (66K + 17)(2M3%) 1 F T (10,11%) € ZT,
k=0
()"

(3990k + 1147)(—288)3" 1=y, (62,95%)% € Z+.

Remark 75. This conjecture is related to the author’s conjectural formula

> 126k + SlTk(22,212)3 _ 880V5
— (—80)3k 217w

(cf. [90, (VI2)]). The author [90] promised to offer 300 US dollars as the prize for the
person (not joint authors) who can provide first rigorous proofs of this formula and the
two other identities (cf. [90, (VI1) and (VI3)])

[e.e]
66k + 17 o3 H40v/2
- T3(10,112)3 =
Z (21133)F 1(10,117) 11
k=0
o= 3990k + 1147 3 432
o Tr(62,95%)% =2 (195V14 4 94/2).
kzo (—288)3F k(62,957)" =g ( +94v2)

The Domb numbers in combinatorics are given by

pannt =3 () (1) (1) e
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Conjecture 76. (Sun [84, Conjecture 5.1]) Let p > 3 be a prime. Then

p—1 p—1

- Domb(k)
> Domb(k) =) —
k=0 k=0

42% — 2p (mod p?)  ifp=1,4 (mod 15) & p = 22 + 15y? (z,y € Z),
=14 2p — 1222 (mod p?) if p=2,8 (mod 15) & p = 322 + 5y® (z,y € Z),

0 (mod p?) if (&) =—1, i.e., p=7,11,13,14 (mod 15).
Remark 76. Such conjectures can be easily checked via a computer.

Conjecture 77. (i) For any n € Z", the numbers

n—l n—1
1 1 n—1—k
k:O k=0
1 n—1 1 n—1
= "(2k + 1)Domb(k)8" 1%, = "(2k + 1)Domb(k)(—8)" ' ~*
n n
k=0 k=0

1 n—1n—1 1 n—1
(BL > (2K + 1)Domb(k)(—32)" ¥, - > (5K + 1)Domb(k)64™ ' ~*
k=0 k=0

are all positive integers.

(ii) For any prime p > 3, we have

p—1
4 (P M 1 4
k:0(5k + 4)Domb(k) = 4p (3> + "By <3) (mod pb),
p—1
3k +2 —1
=L - Domb(k) = 2p (p) + 6p°E,_3 (mod p*),
k=0
Pk 41 p\ 5 1
= Z 3 - 4
2 L Domb(k) =p (3) + 5P p°Bp—2 (3) (mod p*),
p—1
3k+1 -1
Z (_32)kDomb(k:) =p () +p*E,_3 (mod p*),
k=0 p

p—1 3
bk +1 _,(P_P 1 4
E oIk Domb(k) =p (3) 3 By_2 <3> (mod p*),

Domb(k) =p + 3—p B,_3 (mod p°).

65
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iii) Let p be a prime and let n € Zt. Then
(iii) Let p P

1 (pn_l — _ 3
il Z (5k + 4)Domb(k ( ) Z 5r 4+ 4)Domb(r )> =0 (mod p°).
r=0

n’ k=0

If p > 2, then
1 (N (g oy RombR) (=Y KR Domb())
”3<kzo(3k+2) 2)F (p)p;(B +2) = >_0( d p?),

1= ) DombE) _ 2y Sy Domb()Y _ g s
n3<k20(2k+1) 8 <3>p;(2 +1) & >—0< dp),
L gy Romb(R) (1) X2 Domb(r)
n3( kzzo(?)k‘—i—l) (32)F (p )p2(3 +1) (—32)" >

r=0

0 (mod p?),

-1

1(%:(5“1)])0?]0 ( )p 205 +1W>50(modp3)-

n3
k=0

When p > 3, we have

1A , Domb(k) = . Domb(r)\ _ A

Remark 77. Note that
5k +1 8 3k —I— 1 2
kzzo 1k ———Domb(k) = Jin and Z Domb(k) = -
by H.H. Chan, S.H. Chan and Z.-Liu [6], and M.D. Rogers [61]. The supercongruence
Zi;(l)(f)k + 1)Domb(k)/64% = (8)p (mod p?) for primes p > 3 was first pointed out by
Zudilin [114, (34)]. Other congruences in part (ii) modulo p3, as well as 4n | > j_ (5k:+
4)Domb(k) for all n € Z", were posed by the author [84, Conjectures 5.1-5.3].

Conjecture 78. Let p be an odd prime. For any n € Z™, we have

20 D, = 22 Dombn — 1) (wmod p).

n\ 2
(pn)3 (%)
where
Do pnzl 40K + 26k + 5 (2k QDomb Z 407« +26r +5 2Domb(r)
b £ (-256)F k —256)" r '
Moreover,

p—1 9 2
40k2 4 26k + 5 (2k
> — e ( k) Domb(k) = 5p? + 2p%¢,(2) — 3p*p(2)? (mod p°),  (4.20)

k=0
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and

(=)! = 2 2k n—1—k +
) (40K’ + 26k + 5) . ) Domb(k)(—256) Y/

n? ()" k=0

for everyn =2,3,....
Remark 78. This corresponds to the author’s conjectural series
00 2

40k + 26k + 5 (2k 24

—_— Domb(k) = —
2 (—256)F (k) omb(k) = 75
k=0
stated in [75, Conjecture 1.4]. The congruence (4.20) modulo p* was conjectured by Sun
[75, Conjecture 5.15].

Conjecture 79. (i) For any odd prime p, we have
p—1
Domb(k) D\ 2 1 9
——=(2)=pB,2| = d p*).
; 2 <3) 5P Pp-2 <3> (mod p7)

(ii) (Sun [75]) For any prime p > 3, we have

3n2+n
Z g Domb(n) = —4p'q,(2) + 6p°gy(2)” (mod p°).
n=0

(iii) (2013-08-20) For any prime p, we have
det[Domb (i + j)]o<ij<p—1
(5142 = 2p) (mod p?) if p=2a®+3y° (z,y € Z), (4.21)
0 (mod p?) if p=2 (mod 3).

Remark 79. Part (i) was found by the author in 2019. The congruence in part (ii)
modulo p® was proved by Y.-P. Mu and the author [53]. For the Catalan-Larcombe-
French numbers given by (2.32), the author has proved that

~1
det[Pitj]o<ij<p—1 = <p> (mod p?)

for any odd prime p.
Conjecture 80. (i) (2013-08-22) For n =0,1,2,... let

H(TL) = det [hi+j]0<i,j<n .
Then H(n) is always positive and odd, and not congruent to 7 modulo 8. For any prime

p=1 (mod 3) withp =22+ 3y? (x,y €Z and x =1 (mod 3)), we have

Hip—1) = <pl> (20— ) (mod p?)

T
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For any odd prime p =2 (mod 3), we have

_ —1 3p 2
Hp—-1)=- (p> W (mod p?).
(p+1)/6
(i) (2013-08-24) Forn € N let a, = Yo (1)(,2)). Then

det[a;;]o<ij<p—1 = 0 (mod p?)  for any prime p > 3.

Remark 80. Recall that h, = >} _, (Z)2Ck for all n € N. On August 17, 2013, the

author also conjectured that for any m,n € Z* we have

(—1)” det[H'(_Tj)]0<i,j<n >0 and det[Bi2+j}0<i,j<n <0< det[Ei2+j]O<i,j<n'

)

Conjecture 81. (2013-08-23) Forn =0,1,2,... let

Ln/BJ kon—3k n Qk 3k
Wn = Z (_1) 3 3k i i and W(n) = det [wi+j]0<i’j<n .

k=0

(i) When n = 0,2 (mod 3), the number (—1)L+V/3W (n) /6" is always a positive
d

integer.

od

(ii) For any prime p = 1 (mod 3), if we write 4p = 2% + 27y* with z,y € Z and
x =1 (mod 3), then
-1\ /p 2
Wp-1)=(— (f - ) d p?).
(p—1) (p) - — ) (mod p7)
Remark 81. The sequence (wy)n>0 was first introduced by D. Zagier [109]. On August
23, 2013, the author observed that W (3n+1) =0 for all n = 0,1, 2, ..., which was later

confirmed by C. Krattenthaler in a private message.

Conjecture 82. (2016-11-13). For n =0,1,2,... define

Y an/%J(_l)k<27;> <n ; k:>7

k=0

[n/2] N2k
=3 (1) (1)
k=0
[n/2] 2
n n—k
=3 (o) (")

k=0
Let n be any positive integer. Then
Gpn — @
Lgn € Zy for each prime p > 3.
(pn)
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Also, for any prime p > 5 we have

bpn — b

n Cpn — Cn
S Z and —_—
(pn)s —F

(pn)?

Remark 82. One may consult Osburn, B. Sahu and A. Straub [55] for some known

€ Zyp.

supercongruences of similar types. For any prime p > 5 and n € Z™, we are able to show

that

by, — b Cpn, — C
pn = 7, and P

- - € Z,.
pn pn pn P

For n =0,1,2,..., Sun [95] defined
"\ (2 [z +k " /n NEAWES
w0 =2 () ) -Z G (G )
k=0 k=0
Note that s,(—1/2) coincides with

Jo(n) := En: (Z) (_1)k<_}€/2>2 _ E”: (D (1) (}Z?j

k=0 k=0

defined by K. Kimoto and M. Wakayama [37, (3.4)]. Long, Osburn and Swisher [42]
proved that

() =) e

for any odd prime p, which was conjectured by Kimoto and Wakayama [37]. Sun [95]
conjectured further that

Sk <—;>2 = <_p1) (1—7p°B,—3) (mod p*)

for any odd prime p, which was later confirmed by J.-C. Liu [40].

p—
k=
1

p

k=0

Conjecture 83. (i) (Sun [95, Conjecture 6.10]) For any prime p > 3 and p-adic integer

x # —1/2, we have the congruence

p—1
> splx)?
k=0

(—1)@? + 22(;:;1@%) (mod ).
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(ii) (Sun [95, Conjecture 6.11]) For any prime p > 3, we have

S () -5 ()5 () st
(r-n (2ot
(-2 () (2) it

(iii) Let p be an odd prime and let n € Z*. Then

B - GIE()) v

»

>

|
>~ =
~_
[\&)

I

e
Il
o
w
>
|
| =
N
[\&)
Il

k=0
and
1 R 1\2 [2\ = 12 s
(Zo(-5) - (G)rze(-3) ) =omoar)
k=0 r=0
If p > 3, then
1 pn—1 1 2 n—1 1 2
_ 3
s(Z () rEv () ) =0 e
k=0 r=0
and

(B () () m

k=0

Remark 83. Sun [95] proved the congruence in part (i) modulo p2.

Sun [95] introduced two new kinds of polynomials

o (z) = Zn: <Z> @') 2% and t,(z) 1= kzijo <Z> <£> <x ’ ’“) 2% (neN).

k=0
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Conjecture 84. (i) Let p be an odd prime and let n € Z+. Then

B~
;(p:_:dk (—;)2 - (j) z;éd (—5)2) =0 (mod p?),
HEA -GS () o
(e (- () v
(B2 Q)5 () o
() G () v
Ifp >3, then - a
(B - (3)) v
(E A () o
pn—1 n—1
e (-3) et (-5) ) =0 troast
and
(E () G)Fre () v
=0 —
(B2 Q)5 () o
(E (OB () o
~ Z

(ii) (Sun [95]) For any odd prime p and p-adic integer x, we have

(—1)<m>”% (mod p?) otherwise.

pzltk(x)2 = {(pl) (mod p?) if 2z = —1 (mod p),
k=0

71
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Also, for any n € Z+ and x € Z, the number
1= )
- kZ_O(8k +5)tx(z)
1 always an integer congruent to 1 modulo 4.

Remark 84. Sun [95] determined S-P_ (£1)*dy ()% and S-P_1 (2k + 1)dx(x)? modulo p?
for any odd prime p.

5 Congruences Involving Lucas Sequences

Recall that the Fibonacci numbers Fy, F1, F3, . .. and the Lucas numbers Lg, L1, Lo, . ..
are given by

Fo=0, Fi=1, Fop1 = Fy+ Fp1 (n=1,2,3,...),
and

Lo=2 Li=1, Lnpi=Lp+ Lo (n=1,2,3,...)
respectively. Actually, F,, = u,(1,—1) and L,, = v,(1,—1) for all n € N.

Conjecture 85. (i) (Sun [90]) Let p > 5 be a prime. Ifp = 1,4 (mod 15) and
p=a2+15y% (2,y € Z) with x =1 (mod 3), then

k k) :z p 2
i B =15 (g; 237) (mod p),
p—1 (2k\ (3k
(k2)7(kk ) Ly =42 — = (mod p?)
k=0

and

gty 0

If p=2,8 (mod 15) and p = 32> + 5y? (z,y € Z) withy =1 (mod 3), then

p—1 (2k) (3k) D
A DAY, WA AR 2
Z ok F =5y 4y (mod p*)
k=0
and
p—1 , r2k\ (3k p—1 4 (2k\ (3k
kGO () o= kG) G, 4

k=0 k=0
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(i) (2011-09-29) Let p > 3 be a prime. If p=1,7 (mod 24) and p = 2% +6y* (x,y € Z)
with x =1 (mod 3), then

3

< ()

_1 _p 2
2 T0gk ku(4,2) =5 (230 x) (mod p?),
p—1 2K\ (3k
(ﬁgé,f)vk(él, 2) =4z — P (mod p?),
k=0 v
p—1 (Qk) (3k)
Z(Sk —1) k108’§ vx(4,2) = — 22 (mod p?).

=2r — — 2
o (4,2) =20 — - (mod p?),
k=0
p—1 (Qk:) (Sk)
k) \k - 2
4.2) =—
k=0
p—1 (Qk:) (Sk)
k k 2
4.2) =—
> gt ue(4,2) =5 (mod £

ok 10k v(4,2) =0 (mod p?)

for each odd prime p = 2 (mod 3). For more such conjectures, one may consult Sun [80]
and [90, Conjectures 4.1-4.2].
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Conjecture 86. (2012-11-03) Let p # 2,5 be a prime. If (%) =(2) =1 (ie., p=
1,9 (mod 20)) and p = 2% + 5y? with x,y € Z, then

p—1 (2k)3
o For =0 (mod p?),
k=0
p—1 (2k)3
Z 6k4k Ler =(—1)¥(822 — 4p) (mod p?),
k=0
p=1; 2k\3
k 1
éik) Fgp E( 10) (3p — 42?) (mod p?).
k=0

p—1 (2k)3 p—1 (2k)3 p—1 k(2k)3
6k4k s = 6k4l<: Ler = 0 (mod p?), and Z GZ’“ Fsr, =0 (mod p).
k=0 k=0 k=0

Conjecture 87. (2012-11-03) Let p # 2,5 be a prime. If (_?2) = (%) =1 (ie, p =
1,9,11,19 (mod 40)) and p = 2 + 10y? with x,y € Z, then

p—1 (2k\3 i
prd (E%i)klek = (p) (822 — 4p) (mod p?);

p—1 (2k)3
(_%4)kF12k =0 (mod p?).
k=0

If (_?2) = (5) = —1 (i.e., p=7,13,23,37 (mod 40)) and p = 22> + 5y> with x,y € Z,

P
then

—1 3
S (2kk) — ;1 2 _ m 2
2 (_64)kF12k: = 16( » > (427 —p) (mod p7)
and
1 3
X (Qkk) — -1 ~ 422 (mod p2
2 (_64)kL12k = 36< 5 > (p — 427) (mod p?).

p—1 (2k)3 p—1 (2k)3
(_k64)kF12k = (_k64)kL12k =0 (mod p2)
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Conjecture 88. (2012-11-03) Let p # 2,5 be a prime. Then

3 I
p—1 (2k)3 0 (mod p°) if p=1,9 (mod 20),
6k4k Foup =40 (mod p?) if p=3,7,11,19 (mod 20),
k=0
288(p — 22%) (mod p?) if p= 2%+ 4y?> =13,17 (mod 20),
and
5 (=1)¥(3p — 422)/6 (mod p?) if p =22 +25y%> = 1,9 (mod 20),
k)
gak Foak = 11022/3 (mod p) ifp=a+4y> & (8) = -1,
k=0

0 (mod p) if p=3 (mod 4),

where x and y are integers. Also,

-1 3 .
5~ () Lo, = (81 —80()) (82> — 4p) (mod p?) if p = a® + 4¢?,
k=0 64* 0 (mod p?) if p=3 (mod 4),
and
p—1, (2k\3
64k 24k
k=0

—1)¥(3p — 42?)/2 (mod p?) if p = 2?4+ 25y> = 1,9 (mod 20),
—8222 (mod p) ifp=a*+4y* & (%) = —1,
0 (mod p) ifp>3&p=3(mod 4),

—

where x and y are integers.

The Pell sequence (P,),>0 and its companion (Qy)n>0 are given by
Py=0, =1, and P41 =2P,+ P, (n =1,2,3,.. .),
and

QO - 27 Ql - 27 and Qn-‘rl - 2Qn + Qn—l (TL == 172737 .- )

In other words, P, = u,(2,—1) and @, = v,(2,—1) for all n € N.
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Conjecture 89. (2012-11-02) Let p be an odd prime. When p = 1,3 (mod 8) and
p = 2% + 2y? with x,y € Z, we have

S8 = (2= (1)) ) o
= 2—()) 8x* — 4p) (mod p“),
o (—)F p
SR G ifp=1(mod 8),
=0 (=8)* 4p — 82% (mod p?) if p=3 (mod 8),
141)2_5 k(%f): Py = 3p — 422 (mod p?) if p=1 (mod 8),
= (=8) 2022 + 21p (mod p?) if p=3 (mod 8).
If p=1 (mod 8), then
p—1 (2k)3
> (Tk+2) (_kg)k Qsi, = 4p (mod p®);
k=0
if p=3 (mod 8), then
p—1 (2k>3
> 21k +4) s )kQ% —132p (mod p?)
k=0
and - (2k)3
Z(28k + 5)( 3 + Psi = 62p (mod p 3).
k=0
If p=5,7 (mod 8), then
p—1 2k)3 p—1
E = Z x =0 (mod p?),
k:O 0
p—1 k(2k)3 1
14 kL _py=—p|16 15()) d p?),
and

pi(zm 1 1) ((Qk); Ou = 12 (5 e ( p1>> ol ).

k=0

Conjecture 90. (2013—03—12) Let p be an odd prime. If (=

=0y = 1, then
2

p—1 3 p—1 (Qk)
k= 0 k=
If p=1,7 (mod 24) andp:x2—|—6y (x,yEZ), then

SN

« (~64)F

|
—_

Py =0 (mod p?)

i
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and
p—1
Z kQ4k = (—1)¥(82% — 4p) (mod p?).
k:0

When p = 5,11 (mod 24) and p = 22% + 3y? (x,y € Z), we have
p—1 (2k)3 1
s oy () (p — 42%) (mod p?)
— (—64) p

and

p—1  (2k\3
—1
kZ:O (E’éi)k Qup =12 <p> (42° — p) (mod p?).

Conjecture 91. (2013-03-11) Let p be an odd prime. If (%) = —1, then
p—1 (2k)3

p—1 (2k)3
—60)F 7 Prok = Z kikQuk =0 (mod p?).

— (—64)
If(z%) = () =1 and p = 2* + 22y (x,y € Z), then

p—1 (2k)3
k — 3
Py =0 (mod p?)
_ k
k:O( 64)
and
p—1 3
Z ka (—1)¥(822 — 4p) (mod p?).
k=
When (3) = (&) = -1 cmdp = 22° + 11y* (x,y € Z), we have
p—1 (Qkk)3 1 , )
Piop =140 | — —4 d
par (—64)k 12k < D > (p X ) (mo p )
and
p—1 (2}5)3 1
=396 — | (42® — d v2).
2 (—64)"3Q12k ( . ) (42 — p) (mod p°)

Conjecture 92. (2011-11-03) Let p be an odd prime. If (7713) = —1, then

p—1 (2k)3 p—1 (2k)3
6k4k uer(3,—1) = 6k4k vk(3,—1) =0 (mod p?).

0

il
o
i

If (1) = (&) =1 and p = 2® + 13y* (z,y € Z), then

p—l 3

Z

k=0

—uek(3,—1) =0 (mod »°)

7
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and ,
-1
- ()
64

ver(3,—1) = (~1)¥(82° — 4p) (mod p?).

Conjecture 93. (2012-11-03) Let p be an odd prime. If (_758) = —1, then

7V126(5, —1) = 0 (mod %)

and

-1
2 (_%4)/%”12’@(5’ -1) = (p) (822 — 4p) (mod p?).

If (32) = (&) = —1 and p = 222 + 29y (2, y € Z), then

_%4)ku12k(5’ —1) =7280 <_pl> (42° —p) (mod p?)

and

—1
7 U12k(5, —1) = 39204 (p) (p—42?) (mod p?).

Conjecture 94. (2012-11-03) Let p be an odd prime. If (%) = —1, then

p-1 (2k)3 p—1 (2k)3
62’“ uer(12,—1) = 6k4k ver(12,—1) = 0 (mod p?).

>
Il
o
>
Il

0
If (8 = () =1 and p = 2® + 37y (z,y € Z), then

P P
p—1 (2k)3
k — 3
2 Gk uer(12,—1) =0 (mod p°)
and
p—1 (2k)3
6k4k: ver(12, —1) = (—=1)¥(82% — 4p) (mod p?).

Conjecture 95. (2013-03-12) Let p be an odd prime. If p=5,7 (mod 8), then

p—1 (2k)3 p—1 (2k)3
k — k — 2
uqr(10,1) = v4%(10,1) =0 (mod p~).
= (64" = (64"
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Ifp=1,19 (mod 24) and p = 2% + 2y* (z,y € Z), then

p—1 (2k:)
Z(_24)ku4k(10, 1)=0 (mod p?)

k=0
and
p—1 (2k)3
> ( ’%4)kv4k(10 1) = (-1)Y(82% — 4p) (mod p?)
k=0
If p=11,17 (mod 24) and p = 2* + 2y (z,y € Z), then
p—1 (2k)3 1
ko 4,(10,1) = 20 (p —2z%) (mod p*)
(—64)
k=0
and
SN 1Y (9,2 :
k —
— L va(10,1) = 196 <> (2z* — p) (mod p?).
— (—64) p
Conjecture 96. (2013-03-12) Let p be an odd prime. Then
p—1 (2k)3
Z (_Sl2)ku4k(5’8) =0 (mod p?).
k=0
When (£) =1 (i.e., p=1,2,4 (mod 7)), we even have
p—1 (2k)3
(7]2“12)]6114/%(5,8) =0 (mod p*).
k=0
Also,
p—1 (2k)3
k
— kv4k(5,8)
£ (~4096)
8z% —4dp (mod p?) if (8)=1& p=2a?+Ty* (z,y € Z),
o (mod p?) if () = —1.
If (8) = =1 and p > 3, then
p—1 (2k)3 p—1 k(2k)3
k — k —
—8L = — 5,8) =0 d p).
kz_o (1096 “4+(5:8) kz_o (— 1096y 4+(5,8) = 0 (mod p)
If () =1and p=a*+T7y* (z,y € Z), then
p—1 (2k)3 3 A2
k _op— % 2
k) A
kz_o (—4096)F “4+(5:8) p (medp)
and
p—1

3
(39 3

— 222 d p?).
k,o ~1096)F v4k58) 2p z* (mod p*)

79
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Conjecture 97. (2013-03-13) Let p > 3 be a prime.
(i) Assume that (8) = —1. Then

p—1 3 p—1 3
3 (2:) (—1)Fugy,(16, 1) = kz (2:) (—1)*03(16,1) = 0 (mod p).

=0

2 2k° ELook?
k (=1 Fuse(16,1) = > & (=1)*v34(16,1) = 0 (mod p)
Z ( k:) 3k kz (k:) 3k b

=0
provided p # 19.

(ii) Suppose (£) =1 and write p = x? + Ty? with x,y € Z. Then

k=0
] 0 (mod p?) if p=1 (mod 4),
| (—1)¥32(p — 222) (mod p?) ifp=3 (mod 4),
d
B 2k —1
< > (—1)Fv3,(16,1) = <64 <> - 63) (822 — 4p) (mod p?).
k=0 k p
Also,
pi k<2k>3(_1)ku3k(16 1) = 395 (3p — 42?) (mod p?) ifp=1 (mod 4),
= \k ’ —23-(349222 + 4535p) (mod p?) if p=3 (mod 4),
and

§k<2k>3(—1)kv3k(16 1) = 57(3p — 4o%) (mod p%) if p=1 (mod 4),
7 %(660932 +857p) (mod p?) of p=3 (mod 4).

Conjecture 98. Let p be an odd prime.
(1) (2013-03-14) If p > 7 and p =3 (mod 4), then

p—1 (2k\2 3k p—1 /202 /3%
Z ((k_)72()]2)“k(24a —3) = ((k_)72()’7€)’0k(24, —3) =0 (mod p?).

k=0 k=0
Ifp=1 (mod 12) and p = 22 + 9y? with x,y € Z, then
p—1 (2k)2(3k)

> kL (24,-3) = 0 (mod p?)
— (—T72)k
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and

p—1 (Qk:) (3k)
Z(kT 1(24, —3) = 827 — 4p (mod p?).
k=0

Ifp=>5 (mod 12) and p = 2 + y? with x,y € Z, then
p—1 (2k) (3k) )
k = — y
kEO 7( ) up(24,-3) = - ( )a:y (mod p?)

and
p—1 2k) (Sk) .

k(24, —3) = —32 (%) zy (mod p?).

k=

(i) (2013-03-18) We have
1 k
G DGR 4 (720, —5)

o

and

p—l (Sk)(Gk) (720, —5)

2 819200’“
0 (mod p?) if ($)=-1,
(mod 1) i (51) = (§) = (8) = 1 & 4p = a? + 355,
0 ( modp if(8)=(8)=1&p=3 (mod 4

where x and y are integers.

Conjecture 99. (2011-10-02) Let p > 3 be a prime.
(i) If () = —1, then

P p—1

D Apu(7,1) =Y Apop(7,1) =0 (mod p?),
= k=0

p—1

ZkAkuk(Z 1) = é% (25 (g) + 27) (mod p?),

k=0

p—1

Zk‘Akvk(?, 1) = —g (5 (g) + 3) (mod p?).

k=0
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When p=1,4 (mod 15) and p = 2% + 1592 (z,y € Z), we have

p—1
S Apug(7,1) = 0 (mod p¥),
k=0
= 3p — 4a?
D kAu(7,1) = pT (mod p?),
k=0
p—1
Z Ay (7,1) = 822 — 2p (mod p?),
k=0
p—1
Z(Qk: + 1) Apvi(7,1) = 2p (mod p?).
k=0
If p=2,8 (mod 15) and p = 322 + 5y° (z,y € Z), then
p—1
ZAkUk(7, 1) = 2p — 122% (mod p?),
k=0
p—1
(45K + 19) Apui(7,1) = 26p (mod p?),
k=0
p—1
Z Apvg(7,1) = 8422 — 14p (mod p?),
k=0
p—1

(Tk + 3)Apvr(7,1) = —28p (mod p?).
=0
(ii) If p=3 (mod 4), then
1

Ed

p— p—1
(—1)FApur(14,1) = Z(—l)kAkvk(M, 1) =0 (mod p?),
k=0 k=0
= p p
k:O( Dk A (14,1) = — 2 (15 (3) v 16) (mod p?),
p—1
S0 kA (14,1) = p (5(2) +4) (mod 7).
k=0 3
When p=1 (mod 12) and p = 2% + 9% (z,y € Z), we have
p—1
Z(—l)kAkuk(lél, 1) =0 (mod p?),
k=0
p—1

2

—4
S D kAug(14,1) = P (mod p?).
k=0
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1

p

(]

(—1)*Apvp(14,1) = 822 — 4p (mod p?),
0

bl
s
~ |l

(—1)*(2k 4 1) Agvr(14,1) = 2p (mod p?).

il
o

Ifp=>5 (mod 12) and p = 2% +y? (x,y € Z), then

1

p

(]

(—1)FApug(14,1) = —4azy (%) (mod p?),

=

|

~ |l
o

(=1)*(48k 4 17) Apug(14,1) = 31p (mod p?),

ol
| ©

p—1

(]

(—1)* Apvp(14,1) = 562y (%) (mod p?),
0

3
-1

(—1)F(14k + 5) Agvy,(14,1) = —126p (mod p°).
=0

ol

Conjecture 100. (2011-09-30) Let p > 3 be a prime. If (5) = —1, then

p—1

p—1
Z Diug(6,1) = ZDzvk(G, 1) =0 (mod p?).
k=0 k=0

Ifp=1,7 (mod 24) and p = 2 + 6y (v,y € Z), then

p—1
ZD%uk(G, 1) =0 (mod p?),
k=0
= 11
ZkD,?;uk(& 1) = —%xQ (mod p?),
k=0
p—1
ZD,?;vk(G, 1) = 822 — 4p (mod p?),
k=0
p—1

Z(Qk’ + 1)Djvi(6,1) = —g (mod p?).
k=0

83
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If p=>5,11 (mod 24) and p = 22% + 3y? (x,y € Z), then

p—1
Z D3ui(6,1) = 822 — 2p (mod p?),
k=0
p—1
(128k + 53) D3uy(6,1) = 30p (mod p?),
k=0
p—1
D3y (6,1) = 12p — 4822 (mod p?),
k=0
p—1
> (144k + 61) Djvg (6, 1) = —186p (mod p?).
k=0
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