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Abstract: This article describes the mathematical economic model of a commu-
nication web portal. To create the model, we use Cluster analysis as one of the
areas of artificial intelligence. Based on real data obtained from the operation of
the communication web portal and the subsequent identification of the individual
data clusters, a model is created that mathematically describes the dependence of
economic variables (income from sales of services and selling price of services) on
other variables (time of sales of services and field of offered services). Using this
analysis, the model clusters together all data to parameterized sets of given prop-
erties. The main purpose of creating a model is the suitable classification of data.
Consequently, it is possible to streamline the sale of the services and maximize the
profits of web portals offering this type of service.
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1. Introduction

The main purpose of creating this model is the suitable classification of data.
Consequently, it is possible to streamline the sale of the services and maximize the
profits of web portals offering this type of service. Using the model, we should
determine when (day / hour) and at what prices it is best to offer the counseling
services, so that the income is as high as possible while optimizing the work of
consultants (quantity reduction of services offered – saving time for consultants).

By using the economic-mathematical model it will be possible with some degree
of probability (according to the Normal distribution using the Gaussian function)
to assign fundamental economic quantities of the new service to already created
parameterized clusters. These clusters determined by the center and defined by
given properties are based on knowledge of the real historical data using the Cluster
analysis method [1].
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Individual clusters in the model consist of data records with similar properties
and in a certain way define the given set. The basic parameter is a required
income, which is here dependent on the time of sale of the service and the price of
the provided service. With the knowledge of this model it is possible to indicate
closer or even optimally adjust relevant quantities (especially the time and price of
the provided service) depending on the desired income or according to pre-defined
prices and times to include the given service in a certain parameterized set.

The real data are obtained from the testing operation of the web communication
portal [2]. The web portal offers paid online audio-video consultations that are
provided by experts in individual branches of science.

2. Methodology of model creation

To create a mathematical-economic model we have available historical data from a
testing version of a web communication portal offering online web consultations [3].
All consultations in individual branches have been in the testing period of one year
set at 2 different sales prices, with which the applied analysis subsequently works.
These real historical data form the basis for the model creation.

In the calculation and further description of the model we work with incomes
/ revenues [4], because the notion of profit is rather a part of accounting and in
addition its calculation would be relatively difficult (we would have to take into
account, for example charges for transferred data depending on the total time
segment of the sales and other quantities) [5].

The aim of the model is to create parameterized sets of data records created
from real data, which will then form the basis for the inclusion of future data
records (here a data record means input values of the new service). Furthermore,
the model is able to find a particular optimum (i.e. the best possible solution) to
achieve maximum incomes of the web portal. To create the model is used one of the
methods of artificial intelligence – namely the Cluster analysis. This method looks
for certain relationships within a given set of data records. For input quantities of
the model see the Tab. I below.

Index description explanation value

x price of consultation CZK per hour 100, 150 . . . 800
y time (hour) start of consultation 9, 10, 11 . . . 20
z commission (income) commission (20 %) 1, 2, 3 . . .

Tab. I Basic quantities.

The aim of the article is to optimize the prices of provided e-consultations [6]
with regard to the times and the given profession with the resulting maximizing
revenues [7] for the operators of this kind of web portals [8]. The Scilab application
[9] was used for the mathematic calculation, which is a freeware for numerical
computations with the option of graphical representation.
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3. Cluster analysis

Cluster analysis works in two phases. In the first phase, so called preparatory
phase – learning, clusters in the data space is generated on the collected data, that
characterize a certain way similar data records and thus a certain working mode
of the monitored system. In the second phase, the newly arrived data records are
compared to the individual clusters and these records are then assigned to clusters
that have the highest similarity (in terms of the likelihood function) [1].

The algorithm of model estimation of mixture of distributions was used for
classification. Each component here describes a particular cluster. Components are
considered as normal. The pointer that is part of the model, indicates the active
component relative to the measured new data record. Based on the collected data
classification models for each profession offered were created and their classification
ability was tested on an independent date.

The applied algorithm operates with the parametric estimation of the proba-
bility density. Based on a some prior information, a certain type of probability
distribution is considered whereas in the own calculation it only works with the
necessary parameters such as normal distribution median value (µ) and standard
deviation (σ) [10].

One of the most important clustering tasks is the initial initialization, respec-
tively, the estimation of mixture of components. It is necessary to properly define
the initial centers of components, which are actually the centers of the individual
Gaussian curves [1]. Another important step is to determine the width of the co-
variance, respectively, a description of the covariance matrix. Incorrect setting of
these values may lead to a total erroneous result and calculated values of weights
wt approaching zero (values xe−yy). We used several calculation methods to a set
of initial centers of clusters – homogeneous distribution, distribution with random
selection, distribution with random selection in a block. During the testing of each
variant of the initial initialization of the determination of the centers of clusters,
it has been verified that the distribution with own choice is the most appropriate.
The following calculations will be working with this initialization.

The model performs the entire clustering process on the basis of the algorithm
repeatedly on the basis of so-called iteration cycles, when the final centers of all
clusters move and refine their optimal / best location. After a certain number of
cycles the center of clusters has not changed much and we can interrupt an iterative
process and determine these values for the final and the best possibility.

4. Use of the clustering algorithm

During my own testing of various options of the initial initialization of the de-
termination of the centers of clusters we verified that the best option is with the
distribution by own choice. Therefore, in consequent calculations we work with
this initialization. For the own calculation, we use obtained input data specified
by quarters (aggregate data in 4 quarters). At the same time, it is always neces-
sary for each variant of the calculation (for individual fields of consultation and
the resulting price differences of consultations) to have the covariance matrix set
correctly.
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We consequently use the method of cluster analysis separately for individual
professions. In relation to the number and distribution of measured data, we choose
a reasonable number of clusters (range 3–6) for the calculation. Their number can
be freely changed according to the current needs and requirements. However, it
is necessary to adjust the number of clusters appropriately, as for example in case
of a small number of data and a large number of clusters some of these clusters
could be occupied by one data record, which is in terms of statistics an entirely
unacceptable value. Individual clusters are in charts always marked by different
signs. Furthermore the chart illustrates the movement of cluster centers, which
vary during the given calculation.

Clustering is created separately for individual fields of consultation, because
each area has a totally different time indication, customers want to buy every area
of consulting at different times and even end users themselves are another target
group of people.

We perform the analysis for two offered fields – legal consulting and English
language teaching. These fields differ from each other both in terms of focusing on
the target group of people and the price of offered service. Therefore, the results
of the performed analysis in these two fields are different and also more vivid.

The analysis carried out five fields of consultation, this data was collected over
1.5 years and the data was used for classification over a period of 1 year. Data
are classified by individual days over a period of 12 months. Each day includes
times from 9 am to 8 pm, ie. 12 lines of data records (time, cost and number of
consultations purchased). The data file has about 4300 data records in each field.
The figures show reduced data with total income / profit for the portal for the
whole year.

In the calculations it is assumed that the consultant has 80 % of the cost of the
consultation and the web portal has 20 %. Always considered in the calculations is
income for the web portal, the sum for the whole year.

5. Clustering – legal consulting

In this field, very different testing selling prices of consultations have been set (CZK
400/hour and CZK 800/hour). We therefore chose the total number of clusters to
be 6 with the assumption of subsequent distribution of clusters being even between
the two price ranges (3 clusters in one and three clusters in the other one).

During each iteration cycle, the final centers of clusters move and refine their
optimal / best location. We have completed the iteration process after the third
cycle. This number of cycles was sufficient.

The final state after the third iteration is shown below. Of course, using testing
you can check that at the suitably chosen initialization even after the first iteration
the data are appropriately classified and with a repeated iterative process, centers
of clusters do not really move much.
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Fig. 1 3D representation, legal consulting, creating 6 clusters after the 3rd iteration.

6. Clustering – english teaching

Since in this field a different distribution of sales prices of consultations has been
set up (CZK 180/hour and CZK 230/hour), with only very little difference in
prices, we decided to implement two variants of analysis implementation. The first
option is to set a smaller number of clusters (selected 6/2 = 3 ) and higher width
of covariance. Only in the second variant is there a higher number of clusters
(selected 6) and a smaller width of the covariance. The initial initialization data
determining centers of clusters must of course be different.

A) For the first option we consider all the data to determine the best price of
the provided consultation. Individual clusters include data from various price
levels (only 3 clusters common to both levels (CZK 180 and CZK 230).

Initializing setting of the covariance matrix:

Est · Cy (j) · sd = [50 × 50, 0, 0; 0, 2 × 2, 0; 0, 0, 150 × 150]

The final state after the fourth iteration is shown in Fig. 2.

B) For the second option we also consider all the data, but we estimate the
inclusion of data in clusters in various price ranges (6 clusters – 3 times in
CZK 180 and 3 times in CZK 250).
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Fig. 2 3D representation, English teaching, creating 3 clusters after the 4th itera-
tion.

Initializing setting of the covariance matrix:

Est · Cy (j) · sd = [5 × 5, 0, 0; 0, 2 × 2, 0; 0, 0, 150 × 150]

The final state after the third iteration is shown in Fig. 3.

Fig. 3 3D representation, English teaching, creating 6 clusters after the 3rd itera-
tion.
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Kratochvil R., Jánešová M.: Use of clustering for creating economic-mathematical. . .

7. Evaluation of results

Based on the cluster analysis we created for two selected branches of offered services
(legal consulting and English language teaching) sets of data records, can conse-
quently form the basis for the correct setting or including the required parameters
of the newly offered services. Data records in each of these clusters always have
very similar properties and at the same time quite visibly differ from other clusters.

7.1 Legal consulting – determining of 6 clusters

The analysis obviously indicates that always three clusters are created in each level
of value x1 (i.e. 3 times for x1 = CZK 400 and 3 times for x1 = CZK 800), and
it is clearly seen that the clusters are also distributed according to the amount of
revenues with a clear spacing (e.g. for x1 = 400 values it is the distribution of
centers at 257.1, 579.5 and 880.8).

The performed cluster analysis indicates that the highest incomes are achieved
for the price of CZK 400/hour around the center of the cluster with the coordinates
[400.1, 10, 880.8] and for the price of CZK 800/hour around the center of the cluster
with the coordinates [799.9, 18.5, 625.2], i.e. around 10 hours / 18–19 hours.

7.2 English teaching – determining of 3 clusters

The analysis shows that each cluster includes the data records from various price
levels x1 (CZK 180 and CZK 230), and it is clearly seen that the clusters are
divided according to the amount of income with a distinct spacing.

The performed cluster analysis indicates that the highest incomes are achieved
at the average price of CZK 208/hour around the center of the cluster with the
coordinates [208.1, 10.1, 696.1].

7.3 English teaching – determining of 6 clusters

The analysis obviously indicates that always three clusters are created in each level
of value x1 (i.e. 3 times for x1 = CZK 180 and 3 times for x1 = CZK 230), and
it is clearly seen that the clusters are also distributed according to the amount of
revenues with a clear spacing (e.g. for x1 = 180 values it is the distribution of
centers at 356.8, 546.0 and 707.6).

Clusters centers probability

1 [400.1, 10.0, 880.8] 0.0700112
2 [400.3, 14.1, 257.1] 0.2728525
3 [400.2, 18.1, 579.5] 0.1472782
4 [799.8, 10.6, 476.9] 0.1472782
5 [799.9, 15.0, 270.0] 0.2310426
6 [799.9, 18.5, 625.2] 0.1197723

Tab. II Legal consulting – determining of 6 clusters.
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Clusters centers probability

1 [208.1, 10.1, 696.1] 0.2296971
2 [205.0, 14.5, 331.3] 0.5114558
3 [204.3, 18.5, 528.1] 0.2588471

Tab. III English consulting – determining of 3 clusters.

The performed cluster analysis indicates that the highest incomes are achieved
for the price of CZK 180/hour around the center of the cluster with the coordinates
[180, 10.1, 707.6] and for the price of CZK 230/hour around the center of the cluster
with the coordinates [230, 10.3, 670.0], i.e. around 10 hours for both.

Clusters centers probability

1 [180, 10.1, 707.6] 0.0821087
2 [180, 14.1, 356.8] 0.2661987
3 [180, 18.5, 546.0] 0.1414885
4 [230, 10.3, 670.0] 0.1464508
5 [230, 15.3, 330.7] 0.2753323
6 [230, 18.7, 556.6] 0.0884210

Tab. IV English consulting – determining of 6 clusters.

8. Conclusion

A model mathematically describing the web communication portal was created
using the cluster analysis method. This analysis is applied for two selected services
provided via online consultations, namely for legal consulting and teaching English
[11]. Clusters created through the analysis contain data records describing the
prices of consultations, the times when the service is provided, and the resulting
income from this realized service.

This analysis creates for each field of provided services several parameterized
sets (pre-defined 3 or 6 clusters) having some common characteristics, while dif-
fering from other sets as much as possible. These resulting sets of data records
determined by the center and having a certain probability of inclusion define how
often is the offered service used and what is the income arising from it. At the same
time these individual clusters determine sets with the highest or lowest incomes.

The aim of the model is to create thus parameterized sets of data records
created from real data, to which it is consequently possible with a certain degree
of probability (according to the Normal distribution) to assign the input quantities
of the new service.

Using the model, we can determine when and at what prices it is best to offer the
given counseling services so that the income is as high as possible. Simultaneously,
we can optimize the work of consultants, for example by reducing their services.
With the proper setting of the number of clusters, we can divide in a desired way
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the time period (in our case a day) to individual zones / sets of data records. These
resulting sets are crucial in determining the generated income.

The article analyzes 2 offered services – English language teaching and legal
counseling. For the inclusion of new services, a model illustrating similar services
can be used. For example, a model for the English language may be used for Ger-
man language teaching, the result will probably be very similar. On the contrary,
the legal counseling model can be used for accounting and financial advice. This
was verified by a service analysis. Similarly, we can create a model for mathematics
for university or high school, this model will be very similar for physics or chem-
istry for university or high school. It is very important to identify a target group
of buyers – students, retirees, people of working age, people / companies, etc.

By analyzing and subsequently creating the model it was verified that the num-
ber of variables was sufficient. Using the model, we can optimize the times and
costs of consultations and save time for consultants. Creating a model has positive
benefits for the provider of a communications web portal in terms of maximizing
profits and saving time.

With knowledge of the model, selling prices and offered times of provided ser-
vices can be preset in a sophisticated way with an emphasis on maximizing incomes
or classify the given service according to predetermined prices and times into a pa-
rameterized group. This model is – in terms of its focus – designed for providers
of online consultation Web portals or vendors of other similar services.
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