JMLR: Workshop and Conference Proceedings vol 23 (2012) 40.1-40.24 25th Annual Conference on Learning Theory

Autonomous Exploration For Navigating In MDPs

Shiau Hong Lim SHONGLIM @ GMAIL.COM
Peter Auer AUER @ UNILEOBEN.AC.AT
Montanuniversitdit Leoben, Franz-Josef-Strafse 18, 8700 Leoben, Austria.

Editor: Shie Mannor, Nathan Srebro, Robert C. Williamson

Abstract

While intrinsically motivated learning agents hold considerable promise to overcome limitations of
more supervised learning systems, quantitative evaluation and theoretical analysis of such agents
are difficult. We propose to consider a restricted setting for autonomous learning where systematic
evaluation of learning performance is possible. In this setting the agent needs to learn to navigate
in a Markov Decision Process where extrinsic rewards are not present or are ignored. We present a
learning algorithm for this scenario and evaluate it by the amount of exploration it uses to learn the
environment.

Keywords: autonomous exploration, reinforcement learning, optimism in the face of uncertainty,
computational learning theory

1. Introduction

Learning agents with intrinsic motivation have been studied in many different settings (Schmid-
huber, 1991, 2010; Oudeyer et al., 2007; Oudeyer and Kaplan, 2007; Baranes and Oudeyer, 2009;
Singh et al., 2004, 2010). However, there is no well-defined performance measure or systematic the-
oretical analysis of actual, implementable autonomous learning agents. In the most general setting
this is certainly a formidable task. We make a step in this direction by considering a restricted yet
reasonably rich class of environments for which we can give tractable algorithms with well-defined
performance guarantee.

The learning scenario and the learning algorithm that we analyze have some of the properties
encountered also by biological learners: the environment is potentially infinite and the learner ob-
serves only a small part of it by autonomous exploration; the learner selects exploration paths which
are the most promising to reveal new relevant information; the learner checks if its current knowl-
edge of the environment is sufficiently accurate; the learner incrementally extends its knowledge
about the environment by moving from simpler intrinsic goals to more complicated ones.

2. Problem Definition

We consider learning a discrete-time Markov Decision Process (MDP) M with no external rewards.
We assume a countable, possibly infinite state space S, a finite set of actions A with |A| = A, and
an unknown transition function P where P(s'|s, a) gives the probability of reaching next state s if
action a is executed in state s. A learner can gain knowledge about its environment only by choosing
an action in its current state and following the resulting trajectory.

The learner is expected to explore this environment autonomously. Such autonomously moti-
vated exploration, however, should ideally be as efficient as possible, wasting no time or resources
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on parts of the world that are already known to the agent. As suggested in (Schmidhuber, 2010),
a quantitative measure of exploration progress is needed. We believe that a natural measure is in
terms of the set of states that can be confidently reached by the agent from a designated reference
or “neutral” starting state.

Definition 1 (Reachability) Ler sg be the designated neutral starting state. For any (possibly non-
stationary) policy m, let T(s|m) be the expected number of steps before reaching s for the first time,
when executing policy m starting from s.

Trying to reach a specific state s can be viewed as a subtask whose complexity is measured by
the average number of steps necessary to reach s. Grouping states according to their reachability,
we can consider the states reachable in L steps, '

Sr={se€ S :min7(s|m) < L}.

A natural question is: how many exploration steps are necessary (or sufficient) to learn, for every
s € Sp, apolicy 7s with 7(s|ms) < (1 + &)L for some € > 0?

Since the state space can be infinite, it is possible that a learner wanders off in some direction
or gets stuck, without the ability to return to the starting state. To address this issue, we make the
following assumption.

Assumption 1 In every state there is a designated RESET action available, that will transition
back to the starting state sq with probability 1.2

The motivation for this learning scenario is that it captures interesting properties of an undirected
exploration problem. In contrast to a standard MDP learning problem, where the goal is to find a
good policy for a single problem, in the proposed scenario the learner has to find good policies for
a set of problems: it needs to find a good policy for each reachable state. Still, what is learned by
finding a good policy for one state, might be used to find a good policy for another state. The learner
gets to know its environment in an efficient way.

We believe that this scenario cannot be solved efficiently by a simple adaptation of existing
reinforcement learning algorithms. One problem is to deal with a potentially infinite state space
and to concentrate exploration on a reachable subset of states. Our algorithm solves this problem
by incrementally increasing the search area. Another problem is to generate appropriate reward
functions that can be fed to a reinforcement learner. Our algorithm solves this by implicitly using
a different reward function for each state that is to be reached. Still the question is when to switch
from one reward function to a new one.

2.1. Negative Results

Ideally, one would look for a learning algorithm where the total number of exploration steps is poly-
nomial in [S(14.)z|, A, L, and 1/¢. The reason that the larger |S(; .| instead of Sy | is expected
to appear in the exploration bound, is that the learner might be unable to distinguish between states

1. In all the following we assume that the starting state so is fixed and we omit it from any notation.
2. It is possible to relax this requirement in several ways, such as a RESET that requires multiple actions or needs to be
learned, but this mostly clouds the main ideas with unnecessary details.
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reachable in L steps and those reachable in (1 + )L steps (given a reasonable amount of explo-
ration). Thus the learner might learn also policies to reach states in S(1.)z, Which needs to be
reflected in the bound. Nevertheless, the following result shows that even with the larger |S(1+5) ol
efficient learning is not possible in general.

Proposition 2 For any learning algorithm, any L > 2, and any T > 0, there is an MDP M with
actions A = {ag, a1, RESET} and the following properties:

e there is only one state sy, (besides s) that is reachable in L steps, St = {so, s}, and there
is no other state reachable in %L steps,

e after I’ exploration steps, the probability that the learning algorithm outputs a policy for
reaching sy, in %L steps is less than 2V~ L.

The proof (given in the Appendix) uses a construction such that sz, is reachable in L steps only by
a policy that touches upon an arbitrarily large number of intermediate states. To find this policy the
intermediate states need to be explored, which takes time proportional to the number of intermediate
states. Thus for a large number of intermediate states, sy, is reached only by luckily choosing the
right L actions, which happens with exponentially small probability.

To avoid the problem with non-reachable intermediate states, one could attempt to learn only
policies for states in the subset S; C Sz, where each state in S7 can be reached in L steps by a
policy staying in S7.

Definition 3 (S7) A policy m on &' is a policy with w(s) = RESET for any s ¢ S'. Let S be the
largest set such that all states in S7 are reachable in L steps by policies on S .

Unfortunately, learning S7 may still require an exponential number of exploration steps.
Proposition 4 For any learning algorithm, any L > 14, and any T < %, there is an MDP M
with actions A = {ag, a1, RESET} and the following properties:

° |Sz| < 42, and there are no other states reachable in %L steps,

o there exists go € S7 such that after T' exploration steps, the probability that the learning
algorithm outputs a policy for reaching g in %L steps is less than 1/ L.

The proof (given in the Appendix) exploits the difficulty in distinguishing reachable states (which
need to be explored) from unreachable states (which should be ignored). The construction of the
proof yields an exponential number of unreachable states that are indistinguishable from reachable
states (without extensive exploration). Thus the learning algorithm spends an exponential number
of exploration steps on unreachable states.

2.2. Positive Results

By concentrating on MDPs that allow for an incremental discovery of reachable states, we arrive at
a definition for a subset of states S}~ that can indeed be learned efficiently.

Definition 5 (S;”) Let < be a partial order on S. The set ST* of states reachable in L steps incre-
mentally in respect to =, is defined as follows:
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® 50 ST,
e ifthereis apolicymon {s' € S : s’ < s} and 7(s|7) < L, then s € Sf'.

The set S;” of states reachable in L steps in respect to some partial order is given by
S =St
<

Proposition 6 The set S;” is finite for any L. Furthermore, there exists a partial order < with
- _ §=
L —°L-

The proof is given in the appendix.

Remark 7 The definition of S}’ captures some intuition about the ability to incrementally learn
navigation tasks. A partial order — unknown to the learner — ranks the difficulty of the navigation
tasks, such that a learner that is adaptive to this difficulty might incrementally extend its skill to
navigate in the environment.

Our main result bounds the number of exploration steps necessary to learn policies for the states in
S;7, using our new algorithm UcbExplore presented in the next section.

Theorem 8 When algorithm UcbExplore is run with inputs so, A, L > 1, ¢ > 0, and § € (0,1),
then with probability 1 — §

SAL3 ( SAL
53

. . 3 .
e it terminates after O ( log 8—5) ) exploration steps,

e discovers a set of states K O S;7,
e and for each s € K outputs a policy s with T(s|ms) < (1 +¢€)L,

where S = |K| < \SHJFE)L\.

By running algorithm UcbExplore with increasing L = 1,(1 + ¢), (1 + €)2,.. ., nearly optimal
policies (in respect to some partial order) will be discovered for all reachable states.

Corollary 9 If UcbExplore is run with L, = (1 + €)* and 6}, = Mfor k=0,1,2,..., then
with probability 1 — 0, for any L > 1 and any s € S;7, the algorithm will discover a policy s with
7(s|ms) < (14 €)2L after O (%F (log %)3> exploration steps where S = |S(_1>+5)2L"

3. Algorithm UcbExplore

Figure 1 presents our algorithm UcbExplore. The main idea of the algorithm is to consider reaching
a particular state as a task, and to choose an “optimistic” task in each iteration of the algorithm. By
optimistic we mean choosing the easiest state to reach — the one that seems to be reachable in the
shortest number of steps from s, based on information collected so far. The environment will then
be explored using an optimistic policy for this optimistic task.

The algorithm keeps a set C of “known” states and a set I/ of “unknown” states. A state is
“known” when a (1 + €)L-step policy for that state has been found (with high confidence). The
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Input: A confidence parameter § € (0, 1), an error threshold e > 0, L > 1, A and so.
Output: A set of known reachable states KC and corresponding policies 75 for all s € IC.

1. Sete «

mine.) and initialize k < 1, U + {}, K + {}, and spew < So.

2. For each round,

(a)

(b)

(©

State Discovery

If Spew ¢ K, add spew to I, then sample each action a € A in Spew {L log %—‘

times, adding any newly discovered states into /.
Stop the algorithm if ¢/ is empty.

Compute Optimistic Policy

For each s € U, compute a I'-step optimistic policy 75 and its corresponding value
iir(so|7s, M), where T' = [(1 + 2)L]. Let

u* = max ap(so|7s, Ms).
seuU

Stop the algorithm if &* < I' — L. Otherwise choose a state § € U as the target state

satisfying ar(so|7s, M) = @* and set the policy 7 «+ 7;.

Policy Evaluation

Run 7 forup to A = L% log (%ﬂ episodes. Each episode begins at sp and ends

either when s is reached or I' steps have been executed. The average number of steps 7
to reach s, and the fraction p of episodes that failed to reach s, are updated after each
episode. Policy evaluation is terminated before finishing all A\ episodes, if one of the
following happens:

o If % > (1 + 8¢)L after any episode, then k < k + 1 and a new round is

started (the current round has been a failure round).

e For any state-action pair (s,a), a # RESET, let N(s,a) be the total number of
times (s, a) has been executed in previous rounds, and let v(s, a) be the number of
times (s, a) has been executed in the current round. If v(s,a) > max{1, N(s,a)},
then start a new round (the current round has been a skipped round).

If the current round is neither a failure nor a skipped round (it is a success round), then
remove s from U, set spew < S and output 7, 4 7.

Figure 1: Algorithm UcbExplore

states in U are states that have been discovered as potential members of S, but the algorithm has
yet to produce a (1 + ¢) L-step policy for any of them. All observed state transitions are recorded,
to be used as samples for computing future policies.

For any state s*, we define an induced MDP M« such that all actions in the state s* in Mg+
give reward 1 and transition back to s* with probability 1. All other states and actions in M4+ behave
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exactly as in M, and give zero rewards. Thus maximizing the total rewards in M~ is equivalent to
minimizing the number of steps to reach s*.3

Each major iteration of the algorithm is referred to as a “round”. In each round, a new optimistic
target state § € U is chosen. The optimistic policy for M3 will then be executed for a number of
episodes where each episode can be up to I' = [(1 + 2)L] steps. The outcome of a round can be
either a success or a failure. If it is a success, § will become “known”. The algorithm stops when it
is highly likely that all states in S;” are already known. Otherwise a new round will begin.

The following subsections describe each of the three major steps in the algorithm in more details.

3.1. State Discovery

Since the state space is unknown and possibly infinite, there is a need for state discovery. Whenever
there is a new “known” state spey, this step is performed in order to discover any states reachable
from spew. By definition of a known state, the algorithm has found a policy 7, ., that can reach
Snew 10 (1 + €) L steps. Using this policy, it is possible to sample any action a € A in spey by first
resetting to sp and then executing 7, until syey is reached. Each sample requires on average at
most (1 + )L + 1 steps.

3.2. Computing Optimistic Policies

Let T = [(1 4 £)L] and let 7 be a policy with horizon I'. For i € {0,...,T'}, let u;(s|m, M=) be
the expected total ¢-step reward if 7 is followed for ¢ steps beginning at state s in M~. Let

uy (5| Mgx) = max u; (s|m, Mgx)

be the expected i-step total reward for an optimal policy (restricted to the known states).

Central to the algorithm is the computation of an “optimistic” policy, which is an optimal policy
with respect to an optimistic estimation of u} (s|M«). The optimistic i-step reward ;(s| M) is
an upper confidence bound of u (s| M) computed based on an approximate transition function
]51-(-|s, a) using transitions observed in the past. Figure 2 gives the algorithm for computing an
optimistic policy.

Note that one of the inputs to the algorithm in Fig. 2 is a round index k. As explained in the
next section, the index k is incremented only after a “failure” round.

3.3. Policy Evaluation

In each round, once an optimistic target state s is chosen, the corresponding optimistic policy is
evaluated. The evaluation is performed in a number of episodes. In each episode, the policy is
executed, starting at sg, until either s is reached or I' steps have been executed. If s is reached the
episode is considered a success, otherwise it is a failure.

After each episode, the average number of steps per episode (regardless of success) is lower

bounded by
Z?:l 7j

A

3. Losses instead of rewards can be used by assigning loss 1 to any action taken in states other than s™, the results would
be mathematically equivalent. Although losses might be more natural in this setting, we use rewards for compatibility
with UCRL2 (Jaksch et al., 2010), from which we borrow some ideas.

7/\—:
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Imput: A, K, U, L, T, ¢, 6, sg, target state s* € U, anindex k € {1,2,...} and foreach s € K,a €
A, aset of N(s,a) > 0 independent transitions.
Output: An optimistic policy 7 for M+ and its corresponding I'-step value ar(s).

1. Foreach s € K, a € A, divide the set of N(s,a) transitions into I' disjoint sets, each with
at least LMJ transition samples. Let N;(s, a) be the total number of transitions in the i-th
sample set and v;(s|s, a) be the number of transitions that end up in state s’ in the i-th sample

set. If Ni(s,a) > 0, let P;(s/|s,a) = ”;é_s('f;)‘) for all s'. Otherwise let P;(s*|s,a) = 1 and

Pi(s'|s,a) = 0 for all other states s'.
2. Letup(s) = 0 for all s.
3. Leta;(s*)=ifori=1,...,T.
4. Foreachi=1,...,T
e Foreach s € K and each a € A, let

Gi(s,a) =min< i, | Pi(-|s,a)ii_1(- Sy >}
qi(s,a) { ( ([s,a) 1()+\/max{1,N(S,a)}

and

5
where o, = 4/log %.

e Forall s ¢ IC, s # s*, let t;(s) = @i—1(s0)-

U;(s) = max g;(s,a)
a

5.Forse€ Kandi=0,...,I' = 1,let 7;(s) = arg max, gr—;(s, a).
(After executing I" steps the policy resets to sg and restarts.)

For each s ¢ IC, let 7;(s) = RESET.

Figure 2: Algorithm for computing an optimistic policy

where A\ = L% log (16|(’5C|2 ﬂ ,n < A is the number of episodes so far, and 7; is the actual number

of steps taken before the episode ends. Also, the failure rate is lower bounded by

oot
A

where f is the number of episodes (out of n) that have failed to reach § so far.
At the end of each episode, a performance check is carried out. If
~ L L4 b
H'G—W > (14 86)L
L—(p+e)

then the round is considered a “failure” and a new round will begin, with k£ incremented. If A
episodes have been executed without failing the performance check, then this is a successful round
and the target s will become a new “known” state.
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To prevent potentially bad state-action pairs from getting executed too many times in a single
round, a round is terminated early when this happens (resulting in a skipped round, see Step 2c in
Fig. 1).

4. Analysis of Algorithm UcbExplore and Proof of Theorem 8

We can classify each round in the main algorithm into 3 types based on its outcome:
1. A successful round where a new known state is removed from I/ and gets added to /.
2. A failure round, which is terminated due to a failed performance check (Section 3.3).

3. A “skipped” round, which is terminated due to frequent visits to a possibly bad state (Section
3.3).

Note that the index £ in the algorithm only gets incremented in a failure round. It will be shown
that the number of rounds for the other two types can be easily bounded. When we mention “round
k” it will mean failure round k.

For most of the lemmas in the subsequent sections we give a “proof sketch”, which is a short,
intuitive version of the proof, while the full proof is given in the appendix.

4.1. Bound on the Number of Steps in Each Round

We first give a useful bound on the maximum number of steps that can actually be executed in each
round of the algorithm (Lemma 10). A consequence of this is that we can then bound the number
of “skipped” rounds (Lemma 11).

Lemma 10 Assuming e € (0, %] the number of actual steps executed in any round is at most 2L\

where A = L% log lﬁ‘flr‘.

Proof Sketch For a successful round, since it passed the performance check (to verify that it can
reach the target in L + O(eL) steps) in all \ episodes, the average steps per episode must be at most
L + O(eL) steps. For a failure or “skipped” round, suppose a policy failed the performance check
after some n < )\ episodes, it means that it passed the check in all the previous n — 1 episodes, and
the last episode only adds at most O(%) = O(eLA) steps to the total. [ |

Lemma 11 Ar any round, there can be at most logy 4L\ previously skipped rounds due to any

articular state-action pair, where A = | S 1o 16|
p pair, = |=3108 —5 |

Proof By Lemma 10 the total number of steps in any round is at most 2L\. In order for a round
to be skipped due to a particular state-action pair (s, a), it must be that N (s,a) < v(s,a) < 2L,
which means that its total previous visits must be at most 2L .

Since, after every “skipped” round, the total number of visits for this state-action pair will be
doubled, it follows that this can only happen at most log, 4L times. |
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4.2. State Discovery

Since S7” is unknown, an important aspect of the algorithm is to ensure, with high probability, that
none of the states in S;” are “missed”. In particular, we need to ensure that in every round, unless
all of S;” is already known, at least one of the states in S}’ is also in ¢/ and that it is reachable
in L steps with a policy restricted to JC (RESET will be performed in all other states). Lemma 12
provides the necessary guarantee.

Given any state s € S;7, we define S« = {s' € S;” : s’ < s} with respect to a partial order <
such that there is a v on S~ with 7(s|7¥) < L. Proposition 6 guarantees that there is at least one
such partial order on S;”.

Lemma 12 With probability at least 1 — g, at any round, either S;” C K or there exists s* € S}’ \K
such that s* € U and S~ C K.

Proof In any round such that S;” \ K is not empty, there is an s* € S;7 \ K with S<s+ C K. To
show that s* € U, first note that since S<s+ C K, there exists a policy on K that can reach s* in L
steps. Thus there is an s € K and an action a with P(s*|s,a) > %, and hence with high probability
s* is found during the state discovery phase for s (see Step 2a in Fig. 1). This is made formal by
Lemma 17 in the appendix. |

4.3. Policy Evaluation and Performance Bound

In each round a new optimistic policy 7 for an optimistic target state s is computed and then eval-
uated on M. If 7 passes the performance check (Section 3.3) then § will become known. The
following lemma ensures that with high probability, all policies that pass the performance check
can reach the target state in (1 4 8¢) L steps.

Lemma 13 Let 75, 7s,, ..., s, be any sequence of policies output by the algorithm for the cor-
responding target states S1,S9,...,8p. For any 0 < € < %, with probability at least 1 — g,
T(si|ms;) < (1 + 8¢)L for all policies 75, in the sequence.

Proof Sketch Let 7 be a policy output by the algorithm and let 7t be a random variable denoting
the total number of steps that it takes before reaching either the target state or the end of an episode
(T steps). Since m must have passed the performance check, it’s empirical performance satisfies
% < (1 + 8¢)L where 7 is the empirical average of T and p is the empirical failure
rate (of reaching the target state). Since 7T is bounded between 0 and T, it is possible to bound
its variance, and to show by applying Bernstein’s inequality that passing the performance check
implies E(Tr) < 7 4 €L and the true failure rate p < p + € with high probability.

It is then possible to show that a non-stationary, infinite-horizon policy can be derived from 7
by simply performing the RESET action (and repeat the same policy) whenever the target is not
reached after I' steps, and the expected number of steps to reach the target state with the resulting
policy will be at most (1 + 8¢)L. [ |
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4.4. Optimistic Policy

The following lemma shows that the value estimate using the empirical transition probabilities
Pi(+|s, a)ii—1(-) is close to P(:|s, a)@;_1 () for large N (s, a). Note that we omit the target state s*
in the notation whenever it is clear based on the context, where ;(s) means ;(s|Msg+) and u(s)
means v (s|Mg+). One consequence of this lemma is that the policy computed by the algorithm in
Fig. 2 is optimistic with high probability.

)

Lemma 14 At round k, with probability at least 1 — 55, for every target s* € U such that

uf(so|Mg+) > T — L, for every state s € K, every action a € Aand everyi € {1,...,T'},

Uk(L + 1)\/f

Ails,a)iia() = Pl a)iia()] £ —=t o M
and
i(s) > u;(s) : 2
Proof Sketch The proof makes use of two key ideas:
1. First, by construction, P(-|s,a) and @;_1(-) are independent for any i € {1,...,T} since

they are computed using separate samples of past transitions (see Step 1 in Fig. 2).

2. Second, due to the RESET action, the value of ;(s) for any s is lower bounded by ;_1(so).
Since ; is also upper bounded by 4, and assuming that @;_1(s¢) is optimistic, the range of
values for 4;(s) is at most L + 1.

With the above, we can obtain inequality (1) by applying Hoeffding’s inequality. By using the same
reasoning inductively for ¢ = 1,..., I, (2) can be easily derived and a union bound can be applied
to obtain the total failure probability. |

4.5. Regret Bounds

We make use of regret bounds to bound the number of failure rounds. The regret in a I'-step episode

is defined as
r-1
r-L-Yn
i=0

where 7; is the reward received at step ¢ in the episode. We consider the regret only in failure rounds.
First we establish that the total regret of a failure round is at least some Agajjure — this is provided
by Lemma 15. Next we upper-bound the total regret after m failure rounds by some A — this is

provided by Lemma 16. It follows that the number of failure rounds is bounded as m < Afl .

Lemma 15 In any failure round, the total regret is at least \e L where A = L% log 16|§C|2 —‘

Proof Sketch This follows from a failed performance check (see Section 3.3), implying that the
target state is reached only after (1 + €) L steps on average. |
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Lemma 16 Ler S = \S(Y +86) |- Then, with probability at least 1 — §, the average per-round regret

in m failure rounds is at most

L2J/SA
17375 log m
e2\/m )

forallm > SAL.

Proof Sketch Lemma 14 provides the key inequality needed to bound the regret. The rest of the
proof borrows ideas from Jaksch et al. (2010). Please refer to the appendix for details. |

4.6. Proof of Theorem 8

Proof First, we count the total steps in successful rounds. By Lemma 13, with probability at least
1 — 4/4 all the policies output by the algorithm have 7(s|ms) < (1 + 8¢)L. Therefore there are

most S = \S(Y +80) 1| successful rounds, each taking at most O(EL3 log %) steps (by Lemma 10).

Additionally, for each new known state and each action, there are O(L? log #) discovery steps.
We therefore have a total of O (2 ‘gg,LZ log %) steps.

Next, we look at the number of “skipped” rounds. Since for each state-action pair there are at
most O(log Lﬁ—f) skipped rounds (Lemma 11), each with at most O(EL3 log %) steps (Lemma 10), the
total number of steps is O(2 SL log %)

We now focus on the number of failure rounds. We show that

1525 AL\ ?
M =9-152SAL* (log >
€
is an upper bound on the number of failure rounds. Let o« = 152SAL2. Using the fact that z >
3log x for all x > 5, it follows that

o] <o ey (3] >0 (o) = ()

By Lemma 16, the per-round total regret after m > M failure rounds is bounded by

L?\/SA < m L*V/SA
Z V22 (1o 7) <1737V
e2\/m €0 e2\/a

where A\ = L% log %1. Hence there is a failure round k£ < m with total per-round regret less
than \ieL. This, however, contradicts Lemma 15, which states that such a round cannot be a failure
round. We conclude that the number of failure rounds is at most M = O(SAL? (log %) 2). Thus,
by Lemma 10, the total number of steps in failure rounds is O( S f?jLs (log S :(lSL )3)

Finally, Lemma 12 guarantees that if the algorithm stops, all states in S;’ are known, and
Lemma 13 gives the performance guarantee for all policies output by the algorithm, using the fact

that € = % ]

L
173 125 < e,
€
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4.7. Discussion

Our algorithm employs the idea of optimism under uncertainty, which underlies many PAC-MDP
algorithms (Kearns and Singh, 1998; Brafman and Tennenholtz, 2002; Kakade, 2003; Strehl et al.,
2006; Szita and Szepesvari, 2010). A particular point that we need to clarify is regarding the notion
of “known” states. The meaning of a “known” state in UcbExplore is very different from that in
the R-MAX algorithm (Brafman and Tennenholtz, 2002; Kakade, 2003). In UcbExplore, a state is
“known” if we have learned a good policy to reach it. On the other hand, in R-MAX, a state is
“known” if we have sampled its actions sufficiently often.

It remains an open question if the exploration bound for our algorithm is optimal. One would

expect that the bounds can be improved to O (S ‘32L2 ) , but this has not been achieved. New methods
will be necessary to obtain such an improvement.
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Appendix A. Proofs for Section 2
A.1. Proof of Proposition 2

Proof Letn > T and n > L, and consider the state space

S = {so,sgl),...,sgn),sgl),...,sén),...,S(lel,...,S(anl,sL}

For the transition function, let
o P(s\"|sg,a;) = 1/nfork € {1,...,n}andi € {0,1},

e and foreach [ € {1,...,L — 1} and k € {1,...,n} there is an index I(l,k) € {0,1}
with P(sﬁ)l\sfk), ark)) = 1 and P(so\sl(k), ai—r(,k)) = 1 (for notational convenience let

s(Ll):...:sLn = sr).

We consider an independent and uniform random choice of the indices I(l, k). After T exploration
steps, any learning algorithm has explored at most 7" of the n paths sg — sgk) — = S(Lkl 1~ SL.
The probability of hitting such an explored path by the random transition from s is at most 7'/n.
The probability — in respect to the random indices I (I, k) — of reaching s;, on an unexplored path
is 2L, Thus for large n the probability of reaching s, in %L steps is at most 2' 7. Hence for any
learning algorithm there is a fixed choice of indices I (I, k), such that the probability — in respect
to the randomization of the learning algorithm — of reaching sz, in %L steps is less than 21~ %.

For any fixed choice of indices (I, k) state sz, can be reached in L steps, and for large n no
other state can be reached in %L steps. |

A.2. Proof of Proposition 4

Proof Consider an infinite state space S that is partitioned into a binary tree where each node is
a disjoint subset of S. Let Sy be the root node. Let S ©) and M be the two child nodes of So.
Similarly, let S®®) and S®V) be the child nodes of S(®) where p encodes the binary “path” leading
to S®). So, an example node at depth 5 would be S(101),

Let Sp = {so}. For any other nodes, let S ) = {sgp ), e sgpL) }. For the transition function, let
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o P(s\|s0,a;) = 5 fork=1,...,2L andi = 0, 1.

o P(s"|s% a;) = S forj=1,...,2L k=1,...,2Land i = 0, 1.

Note that it is possible to deterministically reach any specific node at depth d within d steps
from sg, but not any particular state within the node.

Now we expand S by adding an additional set of states 7. The states in 7 are organized in a
binary tree of depth log,(2L?) such that each node contains exactly one state. Let gg be the root
node of 7 and (2 be a node encoded by its path ¢. All transitions within 7 are deterministic such
that P(t(9) |t a;) = 1 for i = 0, 1. There are 2°¢2(2L*) — 21,2 Jeaf nodes in T,

Consider a uniform random choice over all paths of length L — 1 — log,(2L?) (in the original
S) starting from Sy. Let p* be a particular choice. Let $* be the set of all states in every node
along this path up to node S?*). For each state in S®"), modify the transition function such that
P(g0|s§p*), a;) = 1forj =1,...,2L and i = 0, 1. Since each node from S contains at most 2L
states, the total number of states in S* is at most 2L2. Let each of these states be a unique leaf node
of T.

We now show that in this modified state space, all states in S* can be reached in L steps. To see
this, first note that it is possible to reach any one of the states in S®*) in L — 1 — log, (2L2) steps.
After that, any action will deterministically transition to gg, and from g it only takes logs(2L?)
steps to reach any leaf node — each corresponds to a node in S*. Adding up, the total number of
steps is L.

We therefore have S7 = S* U7 since it contains all the states that are reachable in L steps with
a policy on S* U T . Furthermore, |S9| < 4L2. All other states require at least 2L steps (on average)
to reach.

Suppose a given learning algorithm stops and outputs 7 before reaching the node S**). Since
p* is unknown to the algorithm, it is possible to choose p* such that 7 has the probability of at most
(%)Lflflogz(%Q) = % of reaching S®). It follows that to output an %L—step policy the node
S®") must be visited at least once.

There are n = 2L~1-1og2(2L%) — % nodes at depth L — 1 — log2(2L2), each requires > L /2
steps to reach from sg. For any learning algorithm there is a choice of p*, such that the probability

— in respect to the randomization of the algorithm — of reaching go after 7' < 3 L2 exploration steps
isatmost 1/L. [

A.3. Proof of Proposition 6

Proof Since S; C &Sy, for any partial order <, we have S;” C Sr,. Thus for finiteness of S;” we
show that Sy, is finite.

Let pi(s) be the probability of being in state s after exactly & steps by following the policy that
maximizes this probability. Then

prr1(s) < Zpk maXP "Is,a)

< Zpk ZP (s']s,a)
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and

N

Y mra(s) < ZZpk(s)ZP(s’\s,a)
= Zpk 21
< AZPk

Since Y, po(s) = 1, we have >, pi(s) < A*. By Markov’s inequality, for any state s € Sy,
the probability that it is reached by its optimal policy within 2L steps is at least 1/2, therefore
Zzio pr(s) > 1/2. Consequently,

2L
A2L>2Ak>22pk > 3 S ) > glsi]
k=0 s s€St, k=0

which implies |Sy | < 4A2F.

Since S;” is finite, it can be represented as the union of finitely many S;*. Thus it is sufficient
to show that for any partial orders <, and < there is a partial order <, with S;** U S;B c S
We define <, on S;‘” U S;ﬁ as the transitive closure of

{s <y st={s' <as:8,s€S/IU{s =5s:5¢ S}

Since <., extends <, by adding only relations s’ <, s with s ¢ S;“, =, 1s a partial order on
S US;B. Since {s' : s’ <, s} = {s':8' <, stforse S;fand {s' : &' <55} C{s:5 <, s}
for s ¢ S, we get that S7* U S’ QS;"’. |

A.4. Proof of Corollary 9

Proof The corollary follows from Theorem 8 by observing that for any L > 1 there is a K with
Li/(1+¢€) <L < Lk, and that

ZL3< SALk> _O<L: <logsé§K>3>.

Furthermore, ) ", < dr < 4. [

Appendix B. Proofs for Section 4
B.1. Proof of Lemma 10

Proof Let ¢ be the total number of steps executed and 7 =

Sles
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If the round is a success, then it passes the failure check

T+eL+p

=G0 < (1+8¢)L

for all n = X episodes, which gives 7 < (1 + 7¢)L.

If the round is a failure or “skipped” after n < X episodes, it must pass the failure check in the
first n — 1 episodes and therefore the total steps in the first n — 1 episodes is at most (1 + 7¢) L.
The last episode adds at most I' = [(1 +1)L] < €L steps for a total of less than (1+ 8¢) L steps.
Since € € (0, 1/8] the proof is complete. [ |

B.2. Proof of Lemma 12

The following Lemma is used in proving Lemma 12.

Lemma 17 Let s1, S2, ... be any sequence of distinct states. Suppose that for every s; in the se-
. . . ;2

quence, each action a € A is executed [ L¢;| times, where ¢; = log SA%. Let S’ si,a be the set of

all next states visited during the | L¢;| executions of (s;,a). Then

1 )
Pr <E|i,5,a : P(s|si,a) > 7 Ns ¢ S/Si,a> < 1

Proof The probability that a particular (s;, a) fails to discover a particular s with
P(s|s;,a) > 7 is at most

1 [Lpi] 1\ £ ¢ 1\ % S
1—-—= < 1—-—= <|- =—7"
L L e SALj?

Note that for any (s;, a), there can be at most L next states with probability at least % (since
the probabilities must sum up to 1). Taking the union bound over all s; in the sequence, all actions
a € A and all valid next states s, the probability of any failure is at most

o0 5 e R

IS 8AL¢2528?=§272§1-

i=1 a  sesp, i=1 i=1
P(s|sj,a)>

1
L

B.3. Proof of Lemma 13

Proof We use ¢ as the index for the sequence of successful rounds, each with an associated target
state s; and policy T, .

In any given round where the chosen target is s;, let 7; be the total number of of steps in the
j-th episode of that round (before reaching either the target or I' = (% + 1) L steps). Let f; be the
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total number of failed episodes in that round. Recall that for the algorithm to output a policy 7, its
empirical performance after \; episodes must satisfy the following:

Frel+pte

- < (14 8¢)L 3
where \
o .
T = Z])\; 7 and p= )f\z

This trivially implies that for a successful round it must be that 7 < (1 + 8¢) L.

Let It be the random variable denoting the total number of steps before reaching either the
target s; or I' steps, when we run 7, for one episode. Clearly the range of 7t is between 0 and I'.
Note that 7Tt < T" implies a success while 7T = I' can mean either successfully reaching s; after
I" steps or a failure episode. Let E(7r) and Var(71T) denote the expectation and variance of Tt
respectively.

Let

€T+ /(e°T)? + 48¢3Var(Tt)
B 12

By Bernstein’s inequality, we have that

)\2'042 1)
Pr (E(Ty) > 7 - _
(B(Tr) > 7 +a) < oo < 9Var(Tt) + I‘a> 1622

where we use « as defined above and

6 1642
A= g log =5

)

162> We have

Therefore, with probability at least 1 —
E(Tr) <7 +a

Now, note that

T

I
> Pr(Tp =t)* <T) Pr(Tp = t)t = TE(Ty)
t=0 t=0

o
=
I

and therefore
Var(Tr) = E(T{) — [E(Tr)]* < TE(Tr)

Using this bound for Var(7t1) and the fact that for a successful round 7 < (1 + 8¢)L, it is straight-
forward to show that E(T1) < 7 + « implies E(11) < 7 + €L.

Let p be the true probability of failure to reach s; within I" steps. With Hoeffding’s inequality it
is straighforward to show that with probability at least 1 — &, p<p+e

We therefore have that when the algorithm outputs 7, with probability at least 1 — %, E(Tr) <
T+ eLandp < p + €. Let T' be the (random) number of steps to reach s; with 75,. Note that g,
executes the RESET action whenever s; is not reached after I' steps and repeats the exact same

policy until s; is reached. We therefore have that for any ¢ > 0,

Pr(Il' =T +1+t) =pPr(T'=1)
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The expected number of steps to reach s; is therefore

T(silms) = Y _Pr(T =t}

t=0
r 00
= (Z Pr(T = t)t) + ) Pr(T=t)
t=0 t=I+1
r
_ (ZPr(T: t) —i—ZPr T=T+1+t)(T+1+1)
t=0 t=0
r 00
— (Z Pr(T = t)t) + ) pPr(T =t)(T+1+1)
t=0 t=0
T
_ (Z Pr(T = )t) +pl +p(1 + T(s@mz))
t=0

Rearranging, we have

E(Tp)+p _ 7+el+p+e
1-p = 1—(p+e

T(si|ms;) = < (14 8¢)L ) )

Applying the union bound over 7 = 1, ..., n, the total probability of failure is at most

5 1

00\0'1
IR

B.4. Proof of Lemma 14

Proof We first prove that for a fixed target s* € U equations (1) and (2) hold for all s, a, ¢ with
probability at least 1 — u Tk5 Since there can be at most |I/| possible targets, taking the union bound
will complete the proof.

Fix the number of previous visits N (s, a) for every state-action pair and fix a target s* € U. This
proof relies on the fact that for any particular state-action pair (s,a) and i € {1,...,T'}, Pi(-|s,a)
is independent of ;1 (+) since they use different, independent past transitions by construction.

The case for ¢ = 1 is trivially true. We will prove by induction that it is true for all¢ > 1up to I'.

Assume now that (1) and (2) hold for¢ = 1,...,[ for some 1 <! < I' with probability 1 — IUZT%’

we need to show that it is true for ¢ = [ 4 1 with probability of failure at most |Z/{|i“5k5
Fix a state-action pair (s,a). Recall that P (-|s,a) is based on n = LMJ independent

past transitions from (s, a). Let s), ..., s}, be the corresponding next states in these transitions. Let
w() =w()—(—1=1L). Let( = P(|s,a)i () — w(s)).
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Due to the RESET action and the fact that u{.(sg) > I" — L, we have that for any s},
11[( ) Z ( RESET) = 7:6[,1(80> > [—1-—-L

Thus

and therefore |(;| < L + 1.

In other words, (1, . .., (, are independent bounded random variables with expected value
E(G) = E[P(]s,a)i(-) —w(s})]
= E[P(s,a)w() = Iy ()u()]
= E[P(|s,a) = Ly ()E[w()] Q)
0

where [ is an indicator vector. Note that equation (5) holds due to the fact that w(-) is independent

. _ _op(L+D)VT P -
of I 83_( ). Leta = vty T By Hoeffding’s inequality,

S G 2na’ )
Pr | |=—> 2 — <
' (' |7 eXp( (L+1)2> = AU[KITK

where we make use of the fact that n = {N(lf’a)J > %max{l’lﬂv(s’a)}. It follows that with probability
at least 1 — W,

. - G op(L+1 \/f

PuaCls. ) = P(ls,a)in( )] = |22 < o = 2 :

 /max{L, N(s,a)}

Taking the unlon bound over all states in C and all actions, we have that the probability of failure is
at most IMIFk5
For (2), note that for any state-action pair (s, a),

~ O’k<L—‘r )\E
Gie1(s,a) = r(s,a)+ Pya(]s,a)u() + Jmax(L N (s, )]
> r(s,a) + P(:|s,a)u(-)
> r(s,a) + P(-|s,a)u; ()
= Ql*+1(57a)

and therefore
Ui41(s) = max Gii1(s, @) > max giy, (s, a) = ujy(s)
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B.S. Proof of Lemma 15
Proof Let 7; be the actual number of steps executed in episode j, for j = 1,...,n where n < Ais
the actual number of episodes executed in this round. Recall the failure check in the main algorithm

N

(Section 3.3), which is based on the following empirical performance measure
n
A o
Zj_l J and ]3 _ {

T=—

where f is the number of failed episodes (where I' steps have been executed without reaching the

target state s).
Suppose 7 < (1 + ¢€)L. Then 7 = (1 + %) L < T Since the total number of steps must be at

least fI", we have
n
PAL = fT <> 7 =7

j=1

<e

=i~

and therefore
p <

It is straightforward to verifty that this implies
T4+elL+p+e
~ < (14 8¢)L
1-(+e ( )

which means that this must be a successful round.

Therefore if this is a failure round, 7 > (1 + €)L. Let u; = I' — 7; be the total rewards that
would have been received in episode j if the optimistic policy is run in M. For a failure round we

=Y T'—#=nl = A <nl = A(1+¢)L.

therefore have
n
> i
j=1 j=1

The total regret in a failure round is therefore
n
S r—L-ij>nl-L)- (nF—A(1+e)L> > AcL.

=1

B.6. Proof of Lemma 16
Lemma 16 makes use of the following two lemmas:
Lemma 18 Let
ik ik gkN~ ~
X% = P(|s7", a7 )ir—i—1 () — Gr—i—1(s74)
where sf’k denotes the actual state visited at step i in episode j of round k and af’k denotes the

actual action taken at step i in episode j of round k (according to the policy in round k). Let ny, be
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the actual number of episodes executed in round k and 7% be the actual number of steps executed
in episode j of round k. Then

m ng 7k-1
Zi > X7k < 2(L+1)\/Lmlog4?2

k=1j=1 =0

with probability at least 1 —

4m2
Proof For any state sand any [ € {1,..., '}, let w;(s) = @(s) — (I — 1 — L). Itis easy to see that
A7k ‘7k“ Avk 7y 7y Avk;
X" = P(lsi™, af ) bp—ia () = dr—i-a(siyy).
Similar to the reasoning in the proof for Lemma 14, we have that | X ZJ k| <L+1

Note that E[.X & k|50 7a(1) L., 8% a?™ = 0 and therefore Xg * is a martingale difference

’%r 0T

sequence where | X Z] < (L+1)forallk, jandi. LetT = >, >0, 73:% be the total number
of steps, and o« = 2(L + 1)/ LAm log %. By the Azuma-Hoeffding inequality,

m ng Lkj—1 ) o2
X..>« < expl| —————

233 ze) < oo ()

= exp (_2LAml g4m >
T )
<« 0
—  4m?
where we use the fact that 7" < 2L Am from Lemma 10. |

Lemma 19 Let vi (s, a) be the actual number of times state-action pair (s, a) is executed in round k
and Ny (s, a) be the total number of times (s, a) is executed before round k. After m failure rounds,

3 Z vk (s, a) < (V2 + 1)\/2[K| AL xm

s€K,aCA k=1 \/max{l Ni(s,a)}

Proof For a fixed s € K and a € A. Following the idea from Lemma 19 in Jaksch et al. (2010), we
prove, by induction, that the following statement holds for all m > 1

i”’“(s’a)) < (V2+1)

k=1

where Vi, (s, a) = max{1, Ni(s,a)} > Z L i(s,a).

We make use of the fact that vi(s,a) < Vi(s,a) for all k since otherwise it would result in a
“skipped” round. This immediately implies that the statement holds for m = 1. Now, assume that
the statement holds for some n > 1. Then

Z vk (s, a)
vV Vi(s,a)
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NG (s,a) Un+1(S, a)
< (V2+1) ; AT
= (V2 +1)2 ka s, a) 7vn+1(s,a) 2(vV2 +1) i UHH(S @)
Vn+1(s a) — \/m
< (V241)2 (Z vk (s, a > + Unt1(s,a) + 2(V2 4 1)vni1 (s, a)

n+1
= (V241 S ls,a)

and therefore it also holds for n + 1.
Summing up over all (s, a), we have

vi(s, a)
ZZ /max{1, Ny (s,a)}

s,a k=1

IN

k=1
(V2 +1)/2|K|ALAXm

IN

where we apply Jensen’s inequality in the last inequality using the fact from Lemma 10 that

Zivk(s,a) < 2|K|ALAm.

s,a k=1

Proof (Lemma 16)
We first consider the total regret in the j-th episode of round k. Let 3" be the chosen optimistic

target. Let 77°* be the actual number of steps executed in this episode and sy”, 531 k, Y j ’k be the

actual states visited. If 77°F < T then it must be the case that sj % = §F (reaching 5" is the only way
to stop before I steps). Note that we simulate running the 0pt1m1st1c policy in M where the state
3k is absorbing with reward 1. Let 7o, 71, ...,rr—1 be the rewards that would have been collected
in this episode. It follows that 7o =11 = ... =74y = 0and 75 = ... = rp—; = 1. Also
Z{ le p1ri = — 798 = G-, (8%). The regret is then given by

-1
AP = T—L->r

=0
-1
< ar(spt) =Y i
=0
ko - ik
= UF({) ) — up,ff,k(sz:j,k)
~ k ~ Uk;(L + ]‘)\/f -~ '7k
= Prllsp", wo(sh)ar-1() + — Uy i (5Tin)

\/max{l Ni| 80 ,ﬁO(S%k)]}
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20%(L + 1)V/T

< PLIsh®, wo(sh)ar-a () + -
Vmax{1, Ni[s5", 70 ()]}
PR 204 (L + VT ) .
= Xl s 2BV g 6k o
\/max{l Ny [st®, 7o (s3]}
7ok —1
, . 201(L + 1)vT
< > | X+t ek (Lt VT ®
i=0 \/max{l,Nk[S{ , (s Jk)]}

Equation 6 is due to Lemma 14 (we will consider the failure probability later). In equation 7, we
use the definition for Xg * as in Lemma 18. In equation 8, we recursively apply the same set of
arguments to ﬂp_i(sg’k) fori =1,2,...,79% — 1, at which point the last term gets canceled. The
extra term /s Ik e K] is an indicator function that is 1 if sg * ¢ K and 0 otherwise. The reason

for this is that 7;(s; 4 k) = RESET for all states outside K and its transition is always to so with
probability 1 (see also Fig. 2).

Let ny be the actual number of episodes run in round k. The total regret in round & is obtained
by adding A% forj =1,...,ny

ng
AR = N ATk
j=1
g R -1 . ‘ 205(L +1)VT
SN [ X 10sit e kN :
j=1 i=0 \/max{l,Nk[Si’ (s jk)]}

ng #9k—1

_ {Z > Xg"k}+{2ak(L+1)x/f > vk(s’a)(sva)}}

j=1 i=0 s€k,acA \/max{l, Nk

IN

where in the last equation we regroup the steps into number of visits for each state-action pair.
Finally, the total regret after m failure rounds is given by

A = ZM
k=1
2L\ e2m + Z AF
k=ey/m+1

< 2Lxem+{ Z ffz X”’}

k=ey/m+1j=1 i=0

{ZUm(L"i‘l)\/fZ Z \/ma;{kl(j\c;k)(saa)}}

$,a k:Em-‘rl

4 2
< 2LXev/m +2(L + 1)\/L)\mlog% +
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(20 (L + 1)VT)(V2 4+ 1)V2SALMm )
L2\/7 m
< (173 = \ﬁ )

where we apply Lemma 18 and Lemma 19 in equation 9. In the last inequality we simplify the
terms by using the fact that m > SAL, ¢ < 1L\ < [6 log 165 -‘ < glogg and 0,, <

/log 2A\L{|SFm <3 /r)g .

We now bound the probability that some of the inequalities may fail. \
By Lemma 14, the probability that inequality (6) fails for a particular k£ is bounded by ;—g.
Taking the union bound over all k = (e\/m + 1), ..., m, the total failure probability is at most

& 646</m do, 0
k5 x_4m2

5
xr
k—ey/m+1 vm

The inequality (9) fails with probability at most ;> by Lemma 18.

For any m > S AL, the whole inequality therefore holds with probability at least 1 — 5>~ 9. Since
Yoo 9 7,2 < 1, taking the union bound over all m > SAL, the total failure probability is at most
5/2.

Finally, |KC| < S if all the known states are indeed reachable in (1 + 8¢) L steps. By Lemma 13
the probability of failure is at most 6 /4. Adding up all the failure probabilities completes the proof.
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