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An Improper Integration 

F (s) = ∫
0

∞

f (t)e−s t dt

Complex Number Real Number

ℜ{s} ℑ{s}

s = σ + iω t Integration Variable

Real Number Real Number

real 
part

imag 
part

The improper integral converges if the 
limit defining it exists. 
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Laplace transforms of 1 and exp(–at)

L1

e−a t

1
s

1
s+a

L

F(s) = ∫
0

∞

1⋅e−s t dt = lim
b→∞ [−1

s
e−st ]

0

b

= lim
b→∞ [−1

s
e−sb

+
1
s
e−s 0]

lim
b→∞

e−s b = 0−s < 0 s > 0 F(s) =
1
s

F(s) = ∫
0

∞

e−a t⋅e−s t dt = lim
b→∞ [− 1

(s+a)
e−(s+a) t ]

0

b

= lim
b→∞ [− 1

(s+a)
e−(s+a)b +

1
(s+a)

e−(s+a)0]
lim
b→∞

e−(s+a )b
= 0−(s+a) < 0 s >−a F(s) =

1
(s+a)
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Laplace transforms of exp(+at) and exp(–at)

e+a t 1
s−a

L F (s) = ∫
0

∞

e+a t⋅e−s t dt = lim
b→∞ [− 1

(s−a)
e−(s−a )t ]

0

b

= lim
b→∞ [− 1

(s−a)
e−(s−a )b +

1
(s−a)

e−(s−a )0]
lim
b→∞

e−(s−a)b
= 0−(s−a) < 0 s >+a F (s) =

1
(s−a)

e−a t 1
s+a

L F(s) = ∫
0

∞

e−a t⋅e−s t dt = lim
b→∞ [− 1

(s+a)
e−( s+a) t ]

0

b

= lim
b→∞ [− 1

(s+a)
e−( s+a)b +

1
(s+a)

e−(s+a)0]
lim
b→∞

e−(s+a )b
= 0−(s+a) < 0 s >−a F(s) =

1
(s+a)
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Converging Improper Integrals

= −
1
k

k < 0

k > 0

= −
1
k

∫
0

∞

e+k t dt = [+ 1
k

ek t ]
0

∞

= +
1
k
⋅(ek⋅∞ − e+k⋅0)

∫
−∞

0

e−k t dt = [−1
k
e−k t ]

−∞

0

= −
1
k
⋅(e−k⋅0 − e−k⋅∞)

k > 0

k < 0
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Existence of Laplace Transforms 

Left-sided function

−e+a tu (−t)−e−a t u(−t )

Right-sided function

e−a t u( t) e+a tu (t )

Right-sided function

σ

ω

σ

ω

Left-sided function

σ

ω

σ

ω

−a

−a

a

a

α > +a > 0

αα

β < −a < 0 β < −a < 0

β β

|e−a t |< M eα t

|−e−a t|< M eβ t |−e−a t|< M eβt

|e−a t|< M eα t
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ROC and Exponential Order

exponential order

exponential order

e−a t u( t)

−e+a tu (−t)

Laplace transform exists

β < 0

α > 0

Left-sided function

−e−a t u(−t )

exponential order β < 0

e+a tu (t )

exponential order α > 0

0 <+a < α

Right-sided function

α

σ

ω

β

σ

ω

σ

ω

σ

ω

α

β

Right-sided function

Left-sided function
ω

−a

−a

a

a

−a < β < 0

0 < α < aβ < −a < 0

s > −a s > + a

s < −a s < + a
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Improper Integrals of f(t)u(+t) and f(t)u(–t)

f (t ) F (s)

f (t ) G(s)

L

L̂

∫
−∞

0

⋅dt

left side of f(t) is used 

right side of f(t) is used 

(0− < t < +∞)

(−∞ < t < 0+)

F (s) = ∫
0

∞

f (t )⋅e−s t dt

G (s) = ∫
−∞

0

f (t )⋅e−s t dt

f (t)

t

f (t)

t

f (t )u(+t )

f (t )u(−t )

∫
0

+∞

⋅dt
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ea tu (t ) ea tu (−t)

F (s) = ∫
0

∞

e+a t⋅e−s t dt

s >+a

G(s) = ∫
−∞

0

e+a t⋅e−s t dt

s <+a

∫
0

∞

e+a t
⋅e−s t dt =

1
(s−a)

∫
−∞

0

e+a t⋅e−s t dt = −
1

(s−a)

∫
−∞

0

−e+a t⋅e−s t dt = F (s)

−eat u (−t)

F (s) = ∫
−∞

0

−e+a t⋅e−s t dt

s <+a

∫
−∞

0

−e+a t⋅e−s t dt =
1

(s−a)

t t

t

G(s) = −F (s)

= [− 1
(s−a)

e−(s−a) t ]
0

∞

= [− 1
(s−a)

e−(s−a) t ]
−∞

0

= [ 1
(s−a)

e−(s−a )t ]
−∞

0

Improper Integrals of eatu(+t) and eatu(–t)
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Two functions of s : G(s) = -F(s)

f (t )u(t ) f (t )u(−t )

s >+a s <+a

−f (t)u (−t)

s <+a

F (s)

s >+a s <+athe different ROC's 

the same function of s

f (t ) F (s) f (t ) G(s)L L̂ F (s)L̂−f (t)

F (s) = ∫
0

∞

f (t )⋅e−s t dt G(s) = ∫
−∞

0

f ( t)⋅e−s t dt F (s) = ∫
−∞

0

−f (t)⋅e−s t dt

∫
−∞

0

⋅dt ∫
−∞

0

⋅dt∫
0

∞

⋅dt
s >+a s <+a
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Improper Integrals of One-Sided Functions

e+a tu (+t)
1

s−a

F (s) = ∫
0

∞

e+a t⋅e−s t dt

s >+a F (s) =
1

(s−a)

e+a tu (−t )
−1
s−a

s <+a G(s) =
−1

(s−a)
= −F (s)

L

L̂

G(s) = ∫
−∞

0

e+a t⋅e−s t dt

a > 0

e+a tu (t )

exponential order α > 0

Right-sided function

a
σ

ω

Left-sided function

σ

ω

a

a > 0
exponential order

+e+a t u(−t)

α > 0
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The Same Formula with Different ROCs 

e+a tu (t )

exponential order α > 0

Right-sided function

a
σ

ω

Left-sided function

σ

ω

a

exponential order

+e+a t u(−t)

α > 0

Left-sided function

σ

ω

a

a > 0

exponential order

−e+a tu (−t)

α > 0

1
(s−a) s >+a

s <+a
1

(s−a)
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ROCs and one-sided functions

ea tu (t )ea tu (−t)

s > as < a
1

(s−a)

∫
−∞

0

e+a t
⋅e−s t dt

−1
(s−a)

∫
0

∞

e+a t⋅e−s t dt

ea t
(t > 0)ea t

(t < 0)

a

t < 0 t > 0

s < a s > a

ℜ{s}

ℑ{s}
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 Improper Integrals of f(t)u(+t) and f(-t)u(+t)

f (t )u(t ) f (t )u(−t )

L {f (t )u(t)} = F (s) L̂ {f (t )u(−t )} = G (s)

= ∫
0

+∞

f (t)⋅e−st dt = ∫
−∞

0

f (t )⋅e−s t dt

f (−t)u (t )

= ∫
−∞

0

f (v )⋅es v dv

L {f (−t )u(t )} = H (s)

= ∫
0

+∞

f (−t )⋅e−s t dt

= −∫
0

−∞

f (v )⋅e−s(−v ) dv

= G(−s)

L { f (+v) } = F (+ s)

L { f (−v ) } = G (−s)

L {f (−t )u(t )}= H (s)

= G(−s)

G(s) = H (−s)
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Improper Integrals : eatu(+t), eatu(–t), e–atu(+t)

e+a tu (+t )
1

s−a
F (s) = ∫

0

∞

e+a t⋅e−s t dt = lim
b→∞ [− 1

(s−a)
e−(s−a )t ]

0

b

= lim
b→∞ [− 1

(s−a)
e−(s−a )b +

1
(s−a)

e−(s−a )0]
lim
b→∞

e−(s−a)b
= 0−(s−a) < 0 s >+a F (s) =

1
(s−a)

e+a tu (−t )
−1
s−a

−(s−a) < 0 s <+a G(s) =
−1

(s−a)
= −F (s)

L

L̂

b > 0

b < 0

G(s) = ∫
−∞

0

e+a t⋅e−s t dt = lim
b→−∞ [− 1

(s−a)
e−(s−a )t ]

b

0

= lim
b→−∞ [− 1

(s−a)
e−(s−a )0 +

1
(s−a)

e−(s−a )b ]
lim
b→−∞

e−(s−a)b
= 0

L{e+a t
} = F (+s) =

1
(s−a)

∫
0

∞

⋅dt

∫
−∞

0

⋅dt

L{e−a t
} = G(−s) =

1
(s+a)

L { f (+v) } = F (+ s)

L { f (−v ) } = G (−s) G(+s) =
1

(−s+a)
= −

1
(s−a)

L̂{e+a t
} = G(+s) = −

1
(s−a)
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Unilateral and Bilateral Laplace Transform

Unilateral Laplace Transform

F (s) = ∫
0

+∞

f (t )e−s t dt

f (t ) =
1

2π j ∫
σ− j∞

σ+ j∞

F (s)e+s t ds

Bilateral Laplace Transform

F (s) = ∫
−∞

+∞

f (t )e−s t dt

f (t ) =
1

2π j ∫
σ− j∞

σ+ j∞

F (s)e+s t ds

(t > 0) (t > 0)ROC ROC

includes all 
singularities

includes all 
singularities

(t < 0)

includes all 
singularities
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ROCs and two-sided functions

ea tu (t )ea tu (−t)

ea t
(t > 0)ea t

(t < 0)

a

t < 0 t > 0

s < a s > a

ℜ{s}

ℑ{s}

no overlapping ROC

No Convergence∫
−∞

+∞

e+a t
⋅e−s t dt

∫
−∞

0

e+a t
⋅e−s t dt ∫

0

∞

eat⋅e−s t dt

s >−as < a
1

(s−a)

−1
(s−a)

Bilateral Laplace Transform
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ROCs and two-sided functions

ea tu (t )ea tu (−t)

∫
−∞

0

e+a t
⋅e−s t dt ∫

0

∞

e−a t⋅e−s t dt

e−a t
(t > 0)ea t

(t < 0)

a

t < 0 t > 0

ℜ{s}

ℑ{s}

∫
−∞

+∞

e+a t
⋅e−s t dt

s >−as < a
1

(s+a)

−1
(s−a)

−a

=
1

( s+a)
−

1
( s−a)

= −
2a

s2
−a2

ROC

Bilateral Laplace Transform
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ROCs and two-sided functions

ea tu (t )ea tu (−t)

ea t
(t > 0)e−a t

(t < 0)

a

t < 0 t > 0

s <−a s > a

ℜ{s}

ℑ{s}

no overlapping ROC

No Convergence∫
−∞

+∞

e+a t
⋅e−s t dt

∫
−∞

0

e−a t⋅e−s t dt ∫
0

∞

eat⋅e−s t dt

s > as <−a
1

(s−a)

−1
(s+a)

Bilateral Laplace Transform

−a

ROC
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ROCs and two-sided functions

ea tu (t )e−b t u(−t )

a

t < 0 t > 0

ℜ{s}

ℑ{s}

−b

ROC

e−b t u( t)ea tu (−t)

a

t < 0 t > 0

ℜ{s}

ℑ{s}

−b

ROC

0 < b < a 0 < b < a

1
(s+b)

1
(s−a)

−1
(s−a)

−1
(s+b)

s >−b s > as < a s <−b
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ROCs and two-sided functions

e−a t u( t)e−b t u(−t )

−a

t < 0 t > 0

ℜ{s}

ℑ{s}

−b

ROC

eb t u(t )ea tu (−t)

a

t < 0 t > 0

ℜ{s}

ℑ{s}

b

ROC

0 < b < a 0 < b < a

1
(s+a)

1
(s−b)

−1
(s+b)

−1
(s−a)

s > bs <−b s < as >−a
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