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On Some Functions Involving the lcm and gcd of Integer Tuples

0. Bagdasar

Abstract: In this paper an explicit formula for the number of tuples of positive integers having
the same lowest common multiple n is derived, and some of the properties of the resulting
arithmetic function are analyzed. The tuples having also the same greatest common divisor are
investigated, while some novel or existing integer sequences are recovered as particular cases.
A formula linking the gcd and Icm for tuples of integers is also presented.
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1 Introduction

The least common multiple of two natural numbers a and b, is usually denoted by lem(a, b)
or [a,b], and is the smallest number divisible by both a and b [5, §5.1, p.48]. The dual
notion is the greatest common divisor, denoted by gcd(a,b) or (a,b) which is the largest
number that divides both a and b. The Icm and gcd can also be defined for any k-tuple of
natural numbers ay,...,a;, where k > 2.

For n = p{'py*... p}r, the number of ordered pairs (a,b) having the same lcm n is

{(a,b) : lem(a,b) =n}| = (2n; +1)2ny+1)---(2n,+1), (1)

where || is the cardinality of a set [10]. If n is square-free we have 30(1) [4, ex. 2.4, p.101]),
where @(n) denotes the number of prime divisors of 7.
The number of relatively prime ordered pairs (a,b) having the same lem 7 is (see [8])

{(a,b) : ged(a,b) = 1,lem (a,b) = n}| =22 2)
A property linking the lcm and ged of the integer pair (a,b) is (see [5])
ged(a,b)lem (a,b) = ab. 3)

The aim of this paper is to extend the above results to general tuples of integers.
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The number of k-tuples of positive integers with the least common multiple # is
LCM(n;k) = [{(ay,...,ax) : lem(ay,...,ar) = n}|, ()]

and some identities and inequalities involving the above arithmetic function are presented.
A few sequences indexed in the On-Line Encyclopedia of Integer Sequences (OEIS) [7],
are obtained as particular cases.

The number of ordered k-tuples with the same gcd d and lem 7 is defined by

GL(d,n;k) =|{(a1,...,a;) : ged(ai,...,ax) =d,lem(ay,...,a;) = n}|, 5)

and a number of properties of this function are analyzed. In the process, some families of
integer sequences not currently indexed in the OEIS are produced.

Finally, a property linking the lcm and ged for k-tuples of integers which generalizes
formula (3) is presented, accompanied by a brief proof based on [9].

2 Main results

In this section the proofs for the formulae of LCM and GL are provided, along with a result
linking the lcm and gcd computed for k-tuples of integers.

2.1 Tuples of integers with the same lcm

This section presents the formula for the number of ordered k-tuples whose least common
multiple is a natural number n. Some of the properties of this function are then investigated.

Theorem 2.1 Let k and n be naturals numbers. If n has the factorization n = p'' p5* ... pl'r,
the number of ordered k-tuples whose lcm is n is given by the formula

LCM(n;k) = H [(n; + 1) —nk|. (6)
i=1

Proof. Let {aj,...,a;} be a k-tuple satisfying [ay,...,ar] = n. The numbers aj,...,a;
need to be divisors of n, therefore they can be factorized as

aj=p\"py . pr =1,k (7
with 0 <a;; <n; (i=1,...,r). Because their Icm is n, one needs to have
max{a;i,...,ayx} = n, ()
for each divisor p;, i=1,...,r.

Foreachi € {1,...,r}, the total number of pairs 0 < a;; <n; (j=1,...,k)is (n; + l)k.
On the other hand, the number of ordered pairs 0 < a;; <n; — 1 (j = 1,...,k) not having n;

as a maximum is #¥. The number of pairs satisfying relation (8) is therefore (n; + 1)k —nk.

1

Multiplying this formula for i = 1,...,r one obtains (6). O
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Remark 2.1 For particular values of k, one recovers the following OEIS indexed integer
sequences: A048691 for LCM(n;2) (linked to numerous algebraic interpretations), and
A070919, A070920, A070921 for LCM(n;3), LCM(n;4), LCM(n;5), respectively.

The following result illustrates the independence of LCM(n; k) on the prime factors.

Corollary 2.1 Let k be a natural number and n = p\'p5*...plr, m = q\'qy* ...q}, such

that all numbers py,...,pr.q1,...,qy are distinct. Then LCM(m;k) = LCM(n;k).

Proof. From (6), LCM(n; k) only depends on the multiplicities of the prime factors, and not
on the prime factors themselves. In this case
r
LCM(m:k) = [(n,- +1)F— | = LeM(nsk)
i=1
0
Considering relatively prime numbers m and n, one obtains the consequence below,
which here is proved using a direct method.

Corollary 2.2 Let m,n be integers satisfying (m,n) = 1. The following property holds
LCM(m-n;k) = LCM(m;k) - LCM(n;k). ©)]

Proof. Consider the following factorizations of m = ¢ ¢ ...q}" and n = p\'p5*... pr.

As (m,n) = 1, it follows that p; # ¢;, for any combinationof i =1,...,rand j=1,...,s.
This implies that the prime factorization of the product mn is

ny n2

m-n=q\"qy"---qi" - pi'py--- Py,

with the prime factors not necessarily in an increasing order. By formula (6) one obtains

r A
LCM(m-n;k) =] [(m,. +1)f —mﬂ TI [(n, +1)f —n';.] = LCM(m;k) - LCM (3 k),
i=1 j=1
which ends the proof. U]
Here are recalled some well known properties of arithmetic functions [1, Chapter 2].
An arithmetic function f(n) of the positive integer n is multiplicative if f(1) =1 and for
any a and b coprime, then f(ab) = f(a)f(b). An arithmetic function is said completely
multiplicative if f(1) =1 and f(ab) = f(a)f(D), even when a and b are not coprime.

Remark 2.2 From Corollary 2.2, the function LCM(n; k) is multiplicative.

Remark 2.3 Let a,b be positive integers and f : N — N be a multiplicative arithmetic
function. The following property holds

[ (ged(a,b)) - f (lem(a, b)) = f(a) - f (). (10)
Proof. Let d = ged(a,b). The numbers d, a/d and b/d are coprime. Using (3) one obtains
f(d) f(lem(a,b)) = f(d)[f(d)f(a/d) f(b/d)] = [f(d)f(a/d)][f(d)f(b/d)] = f (a) f (D).
This ends the proof. U
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For LCM(n; k) we can check directly the property relative to lcm and ged.
Corollary 2.3 Let a,b be natural numbers. The following property holds:

LCM (ged(a,b);k) -LCM (Iem(a, b);k) = LCM (a; k) - LCM (b; k) . (11)
Proof. Assume that the factorizations of n,d,a,b are n = pl' pi2 ... plr, d = ph p% ... pib
and a = pY'pS...p%, b= py' pgz ...pP", where some of the powers may be zero. Using
the relation (6), it is sufficient to prove the formula for just one fixed value i from 1,...,r.

The contribution of the prime factor p; to formula (11) is

(ni+ 1) =] - [t 1) = af] = [(oa+1) = o - [(Bi+ 1)~ B

This relation is true, as d; = min{;, f;} and n; = max{ o, B;}. O

Some inequalities for LCM(n; k) can also be proved, for general values of m and n.
Theorem 2.2 Let k, m and n be natural numbers. The following inequality holds
LCM(m - n;k) < LCM(m;k) - LCM(n; k) (12)
To prove this theorem, we shall first prove the following result.

Lemma 2.3 Let k > 2, p be a prime number and o, B > 1 natural numbers. Then

LCM(p® P k) < LCM(p%;k) - LCM(pP k) (13)

Proof. The inequality (13) is then equivalent to
[(@+B+1) = (a+B)| < |(a+ 1) —a] - [(B+ 1)~ . (14)
From (6) we have LCM( ‘”ﬁ k)= (a+B+1f—(a+ B =%, ( )( Oc+[3 !, then
LCM(p%;k) = (a+ 1)¥ — af = Y¥° ! (*) &’ and LCM(pP; k) (B+1)k—pk= ( VB
For a fixed pair (7, j) with i, j chosen from the set {0,...,k— 1}, the term « [3] appears

in the right-hand side, and its coefficient is (%) ( ). On the other hand, the term o/ only

appears on the left-hand side if [ =i+ j < k— 1, and its coefficient is ( [) (f)
To finalize the proof it remains to be shown that the latter coefficient is smaller than the
former. One can check that

MG k(k—1)--(k—i+1)
Q) G Dle—j= D k—j—i+1) =

1

The computational details of the proof are left to the reader as an exercise. U
Consider the factorizations of m = p|"' p3?... p" and n = p{'py*... plr, where m;,n; > 0.
Using Corollary 2.2 for the prime factors pi,..., p, and their powers, and Lemma 2.3 for

each of the indices i = 1,...,r, one obtains (12). This ends the proof of the theorem. (Il

Remark 2.4 It is not difficult to prove that using particular values that the inequality in
Theorem 2.2 is strict for k > 2. For example, for p =2, oo = B = 1 one obtains the relation
3k -2k < (2% — 1%)(2k — 1%), which is true for all values k > 2. This also proves that
LCM(n; k) is not completely multiplicative.
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2.2 Tuples of integers with the same lcm and ged

This section evaluates the function GL(d,n;k) given by (5), enumerating the k-tuples with
fixed greatest common divisor d and least common multiple n. Some of its properties and
particular instances are also presented, along with some novel number sequences.

The following lemma represents the motivation for the results in this section.

Lemma 2.4 Let d < n be positive integers, such that d|n. The number of ordered pairs
(a,b) with the same greatest common divisor d and least common multiple n is

[{(a,b) : ged(a,b) = d, lem (a,b) = n}| =220/, (15)
where @(x) represents the number of distinct prime divisors for the integer x.

Proof. Let the numbers d,n,a,b have the prime decompositions

d=plipy-pl, n=ppRpy, a=plpspl, b=piph e pl,
where 1 <d; <nm;fori=1,...,r
Asd = (a,b) and n = |a,b], d; = min{a;, B;} and n; = max{ e, B;} foreachi€ {1,...,r}.
Also, the numbers a and b are distinct, or otherwise d = n. There are two possibilities.
When d; = n;, one has o; = ff; = d; = n;. Each choiceof ic I ={i € {1,...,n}:d; <n;}
generates two possible pairs (o, B;) € {(d;,n;), (ni,d;)}, hence in total there are 2/'! distinct
pairs of powers. As the prime decomposition of n/d is

o —dy ny—dy n—d, __ n;—d;
”/d—Pl 123 epy V_Hpi’ Y
i€l

one obtains that |I| = @w(n/d). This ends the proof. For d = 1 one recovers the result (2),
representing the number of unitary divisors, indexed as A034444 in the OEIS. ([l

The following result relates GL(d, n;k) to the set of relatively prime tuples, and shows
that finding GL(d,n;k) can be reduced to evaluating GL(1,n/d;k).

n ,n2

Lemma 2.5 Let k and d|n be natural numbers. If d = p1 p2 ..p¥rand n = PPy DY
the number of ordered k-tuples whose gcd is d, and lcm is n satisfies the property

GL(d,n;k) = GL(1,n/d;k). (16)
Proof. Let {ay,...,a;} be a k-tuple satisfying (ai,...,ay) =d and [ay,...,a;] = n. Num-
bers ay,...,a; are multiples of d and divisors of n, therefore they can be factorized as
alj Llr]

p] p pr 9 j:17"'7k7
withd; < a;j <n; (i=1,...,r). Because their gcd is d and Icm is n, one needs to have

min{a,-l, e ,aik} = d,‘, max{a,-l, ce ,a,-k} = nj, (17)
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for each p;, i =1,...,r. The number of tuples in (17) is the same as of the tuples satisfying
min{d},,...,d;} =0, max{d},...,ay}=n;—d,

which relate to the k-tuples having the properties (a},...,a;) = 1 and [d},...,a}] = n/d.

This ends the proof. U

Lemma 2.6 Let k and o be positive integers. The number of tuples (.. .., Q) satisfying
T(a;k) = [{(ay,...,0) : min(ey,...,0) =0, max (¢,...,0%) = o} (18)

is given by the formula
T(a:k) = (o + 1)F =20 + (a — 1)E. (19)

Proof. Consider the term T(o;k+ 1) representing the number of (k+ 1)-tuples (a1, ..., 0 1)
whose min is 0 and max is a. There are three distinct cases, depending on the value of 0.

l. o1 = 0. In this case the k-tuple (@q,...,0) has to satisfy max(ay,...,0%) = c.
Following the argument used in Theorem 2.1, the number of k-tuples having this
property is (o + 1)k — at.

2. o041 = n. Here the restriction on the k-tuple (o,...,0q) is min(Q;,...,0) = 0.

Similarly as above, the number of k-tuples with this property is (o + 1)k — a.

3. 0 < ay41 < n. Foreach of the (o — 1) possible values of oy 1, the k-tuples (¢t ..., 0%)
satisfy min(a, ..., ) = 0 and max (¢, ..., 04) = o, and their number is T(o; k).

By counting all the (k+ 1)-tuples for a fixed ¢, the terms T(a; k) satisfy the recurrence
T(a;k+1):2[(a+1)k—ak}+(a—1)T(a;k) (20)

For o > 1 one has T(a;0) = T(a; 1) = 0, while from the proof of Lemma 2.5, T(;2) = 2.
Writing the recursion until T(o; 1), one obtains

T(osk+1) = 2£(a 1y [(a+ 1)k ak—"] + (00— 11T (a;0)
i=0

ot [l a1 a1
i=0

B (OH— l)k—H _ ak—H ak—i—l _ (OC _ 1)k+1

_ 2[ ]

2 1
— (a+1)k+1—2ak+1+(a—l)k+1,

where the relation a1 — pF! = (a — b) (a* +d1b+ - -+ abt~! 4 b*) valid for any a,b
was used. The result proves (19), which could also be checked by mathematical induction.
Here the direct proof was preferred, as it shows how the formula can be derived. (Il
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For a simplified notation we may define L(n;k) := GL(1,n;k), for positive integers k, n.
The formula for L(n; k) now follows as a direct consequence of Lemma 2.6.

Theorem 2.7 Let k and n be naturals numbers. If n has the factorization n = p\' p5* ... pl'r,

the number of ordered k-tuples whose ged is 1 and lcm is n, is given by the formula

L(n;k) :Ir] [(ni+ 1) —2nf 4 (n; — 1)"] : 1)
i=1

Proof. Let {ay,...,a;} be a k-tuple satisfying gcd(ay,...,ax) = 1 and lem|ay,...,a;] = n.
The numbers aj,...,a; can be factorized as

a arj

ayj i .
aj:pll]‘pZZJ""pr ) ]:17"‘7k7
with 0 <a;; <n; (i=1,...,r). Because their gcd is 1 and Icm is n, one needs to have
min{a;,...,ax} =0, max{a,...,ax} =n;,

for each p;, i = 1,...,r, which from Lemma 2.6 produces (n; + 1) — 22 4 (n; — 1)* tuples.
By taking the product over all factors p;, i = 1,...,r one obtains (21). O

The following properties of L(n;k) are direct consequences of formula (21), similar to
the results obtained for LCM(n; k). For this reason these are presented here without proofs.
The first property suggests the exclusive dependence of L(n;k) on the prime factorization.

ny 2 n n

Corollary 2.4 Let k be a natural number and n = p|'py*...py", m = q,'qy" ...q}", such
that all numbers py,...,pr.q1,--.,qr are distinct. Then L(m;k) = L(n;k).

The following results states the multiplicity of the arithmetic function L(n; k) for k > 2.
Corollary 2.5 Let m,n be comprime integers and k > 2. The following property holds
L(m-n;k) = L(m;k)-L(n;k). (22)

The last result is a consequence of the multiplicity.
Corollary 2.6 Let a,b be natural numbers. The following property holds:

L (ged(a,b);k)-L(lem(a,b);k) =L (ask)-L(bsk). (23)
Remark 2.5 Choosing m =n =2 and k > 2 one may check that

L(m-n;k) =3—2.25 1 < (2F =2)- (2K —2) = L(m; k) - L(n; k).

This proves that L(n; k) is not completely multiplicative.

Preliminary investigations suggest that the inequality L(m - n;k) < L(m;k) - L(n;k) is true.
However, a complete solution is not known to the author.
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2.3 Integer sequences related to T(n;k) and L(n;k)

A number of integer sequences can be obtained from T(n; k), for particular values of k and n.
These novel, or existing OEIS number sequences have a unified interpretation, representing
the number of ordered k-tuples whose minimum is zero and maximum is .

For n = 1, one obtains T(1;k) = 2% —2, which is the number of nonempty proper subsets
for a set with k elements, indexed as A000918 in the OEIS. For n = 2, the sequence defined
by T(2;k—1) = 3k=1 — 2k -1, represents the Stirling numbers of the second kind, indexed
as A028243 in the OEIS. The first few terms of the sequences T(n; k) for n = 3,4,5 give

T(3:k) : 0,2,18,110,570,2702, 12138, 52670,223290,931502, . .. (24)
T(4:k) : 0,2,24,194,1320,8162,47544, 266114, 1448520,7727522,...  (25)
T(5:k) : 0,2,30,302,2550, 19502, 140070, 963902, 6433590, 41983502, . .. (26)

not currently indexed in the OEIS, suggesting that they are probably new number sequences.

For k = 1,2,3, one obtains T(n;1) =0, T(n;2) =2 and T(n; 1) = 3n, respectively. For
k = 4, the sequence defined by T(n;4) = 12n* + 2, represents the number of points on
surface of hexagonal prism, indexed as A005914 in the OEIS. Finally, for kK = 5 one obtains
T(n;5) = 20n> + 10n, which is A068236 (also, T(n + 1;5) produces A101098).

Several integer sequences are obtained from L(n;k), for particular values of k and n.
Some special cases worth mentioning. For a prime number p, one has L(p;k) = 2¢ — 2.
Also, the values L(n; 1) =0 and L(1;k) = 1 are produced, for a positive integer n and k > 2.

If n=p}'py?... p, the following results are obtained as particular cases:

L(n;2) = ﬁ_(ni+1)2—2nl~2+(ni—l)2_:2“’(”>, @7
=1 -

Los3) = T1[0u+1)? =203 + (i — 1)) :6“’(")ﬁn,~, 28)
i=1 - - i=1

L(nd) = ﬁ_(ni+1)4—2n?+(ni—l)4_:2‘”(")111[6%2—1-1], (29)
i=1- - i=1

L(n;5) = ﬁ:(ni+1)5—2nf+(ni—1)5_ TCOh g 213 +n;] . (30)

i=1 h i=1

For some particular values of k, a number of novel integer sequences can be recovered.
For k = 2, one obtains L(n;2) = 2°("), which is as seen before, is A034444 in the OEIS.
The first few terms of the number sequences L(n;k) for k = 3,4,5 give

L(n;3): 1,6,6,12,6,36,6,18,12,36,6,72,6,36,36, ... 31)
L(n;4) : 1,14,14,50, 14,196, 14,110, 50, 196, 14,700, 14,196,196,...  (32)
L(n;5): 1,30,30, 180,30,900, 30,570, 180,900, 30, 5400, 30,900,900, ... (33)

not currently indexed in the OEIS.
The enumeration of results in this section suggests that some of the sequences presented
are new. Also, some existing sequences were given a different interpretation.
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2.4 A link between the lcm and ged of k-tuples of integers

One can use the prime number factorization to prove the following relations, which link the
lem and ged of k-tuples of integers. Detailed proofs can be found in [9].

Theorem 2.8 Letk <2 and ay,...,a; be natural numbers. The following property holds

H ged(ai,, ..., a;,)

1<ii<...<i, <k

lcm(a],az,. .. ,ak) =
H ng (Clil yees 7Cl,‘v)

1<ii<..<ipy<k

; (34)

where u is odd and v is even.
The dual of this theorem can be written as

Theorem 2.9 Letk <2 and ay,...,a; be natural numbers. The following property holds

lem(a;,, ..., ai,)
1<ii<...<iy<k
ged(ay,ay, ... a;) = — ; (35)
Icm (a,‘] yous ,a,’v)
1<ip<..<i, <k
where u is odd and v is even.
Sketch of proof: Assuming that the multiplicities of p in ay,...,aq; are my,...,my, the
problem of proving (34) can be reduced to proving the identity below.
max(my,...,mg) = Y  min(m;,....m;)— Y, min(m;,....m;), (36)
1<i) <...<i,<n 1<) <...<iy<n

where u is odd and v is even.

3 Discussion

The research originated in the counting problem solved by the authors in [2]. There, the
Horadam sequences with a fixed period were enumerated using a formula involving all the
pairs of numbers having the same lcm, given by formula (1).

In this paper an explicit formula for the number of integer k-tuples with the same lcm
n denoted by LCM(n; k), was established. Some properties of this arithmetic function were
explored, being shown that LCM(n; k) is multiplicative, but not completely multiplicative.
The general formula plays a key role in the enumeration of generalized periodic Horadam
sequences, characterized in [3]. The integer sequences LCM(n;2), LCM(n;3), LCM(n;4)
and LCM(n;5) were found to be indexed in the OEIS.

The function GL(d,n;k) counting the k-tuples with same ged d and lem n was defined.
Most of the properties were linked to the arithmetic function L(n;k) := GL(1,n;k), whose
formula was given. Function L(n;k) was multiplicative, but not completely multiplicative.
Function T(n; k), enumerating k-tuples whose min is zero and max is n was also analyzed.
Novel, or existing OEIS integer sequences were produced from T(n;k) and L(n;k).

Finally, two dual properties linking the gcd and lem of k-tuples were presented.
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