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BACKGROUND

In his article on generating identities for Pell triples, which involve the two Pell sequences, Serkland [5]
modelled his arguments on those used by Hansen [1] for Fibonacci and Lucas sequences. Both articles suggest
generalizations in a natural way.

Consider the following pairs of sequences (1) and (2), and (3) and (4):

-n=0 1 2 3 4 b 6

(1) Fibonacci F, - 0 1 1 2 3 b 8
(2) Lucas L, 2 1 3 4 7 11 18
(3) Pell P, - 0 1 2 5 12 29 170
(4) Pell R, 2 2 6 14 34 82 198
for which the recurrence relations

(5) Fui2 = Fprgt Fy

(6) Lysz = Lpsg Ly

(7) Pu+2 = 2Pys1 +Py

(8) Ant2 = 2Ru+1* Ay

and the summation relations

(9) Fut1# Fuo1 = Ly,

(10) Pui1 #Pp1 = Ry

hold.

It is natural to examine pairs of sequences {A4,,} and {B,,} similar to (1) and (2), and (3) and (4) having the
properties:
() Ag=0 Ag=1 Ay = cAnsg+dA, (c#0,d#0)
(11) (ii) Byg =2, By =c¢, Byip =cBy+1+dB,
(i) Apss*Anq = By

Thus, A, =F, and B, =L, ifc=1,d =1, while A, =P, and B, =R, ifc=2 d=1.
Generally, n is any integer. From (11) (i)-and (ii), we may deduce that whend =7,

(12) Ay = (114,
(13) B, = (—7)”Bn
(14) Apr1 t A1 =By

Result (14) may be readily derived from (11) (iii), (12) and (13).
It looks as though ¢ = 7 is a condition for property (11) (iii), which generalizes (9) and (10), to exist. We pro-
ceed to establish this fact.
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GENERALIZATIONS
The Binet forms for A,, and B,, are
(15) Ay = C =
a—
(16) B, =a"+8" ,
where a, 8 are the (distinct) roots ofx2—ex—d = 0, so that
(17) =€—4—_-Q, B=€———Q, a+B=c¢ a-B=0, 0 =<J/c*+4d, aff = —d.

2 2
From (11) (iii), (15) and (16), we have
(an+1 _ ﬁn+1) " (an—J _ 671—1) = (a— B)(an "‘511)
(a1 _ " 1)(aB+1) = 0 onsimplification
ap+1=0 = a1 £0 (e, a#B)
(18) d=1 =+ af=-d by((17).
Thus, the required condition is d = 7 with ¢ unrestricted.
Consequently, there are infinitely many pairs of sequences {An} and {Bn} having the properties:
() Ap=0 A; =1 Ayz=cA1*tA, (c #0)
(11)’ (i) Bgp=2 Bi=c¢ Byiy=cBus +B,
(i) Ap41+Ang1 =B, .
Their Binet forms (15) and (16) now involve
an a=958 =20 aipec a-p=0 0=VFTL af=-1,

where a,8 are now the roots of x> —¢cx — 7 = 0.
Some terms of these sequences are:

n=-3 -2 -1 0 1 2 3 4
(19) A, 2+ 1 —c 1T 0 1 c c2+1 P+
(20) B, -~ —(c3+3c) c¢*+2 —¢ 2 ¢ c*+2 c*+3 c*+4c+2
Generating functions for these sequences are
(21) > Apx™ = x(1—ex—x2)7!
n=1

(22) Bux™ = (2—cx)(1—cx — x?)71

M
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The Theorems given in Serkland [5] follow directly for {4, } and {B,,} by employing his methods, though
in Theorems 1, 2, 3 use of the Binet forms (15) and (16) with (17)’ produces the results without difficulty.
Following Serkland's numbering [5], we have these generalized theorems:

Theorem 1. ApBy + Ap1Bm1 = Bipin—1

Theorem 2. AnAm + An1Amet = Amin-i

Theorem 3. BBy +Bm_1Bn_1 = Bumin * Biin-z = (€2 +4)Antn_1
gq-1

Theorem 4. ApAgBr = 3 (Akt1Bptbtri — Apthr1Bgert)

k=0
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r—1
Theorem 5. ApAqhAr = 2 (ApigtrkAlrt = Apskt1Agirt)
k=0
p-1
Theorem 6. ApBgB, = 3 ((c* +4)Agirik+1Ap-k = Batht1Bptrtc)
k+0

p—2
Tbeorem 7. BquBr = (6'2 +4) I: Z (Aq+r+k+13p_k - Ap+‘/—k8q+k+1)+ CAP""'Q’HJ
k=0

- 53p+qBr+1 .
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Of these theorems, we prove only the second part of Theorem 3 and all of Theorem 7 (taking the opportun-
ity to correct some typographical errors in the original). A neater form for the expression of Theorem 3 (second

part) is
Bui1 #8681 = (52 +4)A,

which should be compared with 11 {iii).
Proof of Theorem 3 (second part).
Bm#‘n * Bmm-Z = (Am+n+1 +Am+n-1) * (Am-f'n—1 * Am+n—3) by (11} Gii)

i}

Amin+1 * 2Am+n-1 + Am+n-3
(CAmﬁq +Amm-1}+2Am+n—1 +Am+n~3 by (117 (I)

CAmtn * 3Amtn-1 * Amn-3

= olcAmin_i * Amin-2) * SAmsn-1+ Aman-3 by {11} i)
(c* + 3JAmin-1* (CAmsn-2+ Amtn-3)

fc? +4)Am4n-1 by (11) (i) .

I

]

Proof of Theorem 7.
BpByB, = (Ap+1+ Ap 1)BqB, by (11)" (iii)

P
= Apr1BgBi# Ap 1BqBy = 3 (e #4)Agirikr1Ap-k+1 — Barkr1Bptri+1)
k=0

p—2
+ (fc* + 4)Aq+r+k+1 Ap~k—1 - Bq+k+1 Bp+r~k-1) by Theorem 6
k=0
p—2
= Z [(52 * 4)Aq+r+le+1 (Ap~k+1 +Ap—]€—1 )= Bq+k+1 (Bp+r~k+1 * Bp+r—k—1)]
k=0
(e +4)A2Ap+qtr = BprqBrea # (€* +4)A1 Apiqiris = Bpiqr1Brei
p—-2
= ¢ +4)(A B, -8B Aptr i) .
Z ket Tpnk T Bkt fped by (1) (i, (19)
and Theorem 3

+(c? +4)(5Ap+q+r +Ap+q+r+1) - (Bp+q Br+2 * Bp+q+1 Br+1)

[}

p—2

(¢ +4) {: 2 (Agtrkr1Bp-k = Barbs1Apsri) + CAprqir + Ap+q+r¢-1jI
k=0

- (CBp+qBr+1 * Bp+q8r +Bp+q+15r+1) =
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p—2

= (c*+4)| 3 (Agirik+1Bpk— Ap+r—k5q+k+1}+CAp+q+r]
k=0

— ¢By1gBris by Theorem 3.

Putting ¢ = 7 in Theorems 1—7 we obtain the theorems of Hansen [1] for the Fibonacci-Lucas pair of se-
quences. With ¢ = 2, the theorems of Serkland [5] for the two Pell sequences follow. The forms of Hansen’s
Theorem 5 and Serkland’s Theorem 5 should be compared.

The natural extension of the special cases considered by Hansen [1] and Serkland [5] occurs when ¢ = 3.
Call these sequences {X,,} and {Y,,}, some terms of which are:

n==3 =2 -1 0 1 2 3 4 5 6
(23) Xy o 0 -3 1 0 1 3 10 33 109 360
(24) Yo - 36 mn -3 2 3 11 36 119 393 1298

Theorems 1—7, and the associated background details, readily apply with ¢ = 3 (¢ + 4 = 13). Interested
readers may construct other pairs of related sequences from the infinitely many possibilities manifested in (19)
and (20).

CONCLUDING REMARKS

Examples of familiar pairs of sequences which are excluded from our considerations (i.e., for which d # 7) are

(a) the Fermat sequences {2" — 7}, {2"+ 1} (c=3 d = -2

(b} the Chebyshev sequences

_ _sinfn+1)8 _ -
{Tn = Zcosnﬁ}, {Un = ——m———} fc = 2cosf, d = —1).

(Obviously, in (a), 2" + 1= (2" — 1)+ 2, i.e., the two Fermat sequences are not independent of each other.)

Comments on the excluded degenerate case which occurs when a = §,i.e., 0 =/c? +4d = 0, may be found
in Horadam [3] .

Further information on the Pell sequences, as special cases of the sequence {Wn} for which

Wo=a Wi=5b W, =cW,q1+dW,

(which generalizes (11) (i} and (i)}, is given in Horadam [4]. For a partition of {Wn} into Fibonacci-type and
Lucas-type sequences the reader is referred to Hilton [2], which is generalized to r order sequences by Shan-
non [6].
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