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In [1] we studied the class of recurrence relations

K .
Gn-= Gn—l + Gn—z + Z a'nJ (1)
j=o0 ?
with G, = G, = 1. The main result of [1] consists of an expression for G, in

terms of the Fibonacci numbers F, and F,_,, and in the parameters Qgs wees Oy

The present note is devoted to the related family of recurrences that is
obtained by replacing the (ordinary or power) polynomial in (1) by a factorial
polynomial; viz.

K .
Hn = Hn—l + Hn—z + Z an(J) (2)
Jg=0

with #y =8, =1, n@ =nn - 1)(n=-2)... n =g+ 1) for j > 1, and n'¥ = 1.
The structure of this note resembles the one of [1] to a large extent.

As usual (cf. e.g., [2] and [4]) the solution Hg” of the homogeneous equa-
tion corresponding to (2) is

H;m = C107 + C,0;
with ¢, = %(1 +V5) and ¢, = 5(1 - V5).

Next we try as a particular solution
® _ & o @)
H' = 3 B;n'™,
=0
which yields

k , K . k . k .
LD - B0 -DP - LB 0-2-¥yn®=o0.
=0 =0 =0 =0

In order to rewrite this equality, we need the following Binomial Theorem for
Factorial Polynomials.

n
Lemma 1: (.’L‘ + y)(n) = E (Z)x(k>y(ﬂ-k).
k=0

Proof (A. A. Jagers):

n,x+y

n adt

(x + )(n)tm+y E
Y dg”

(Leibniz's formula)

n
tn Z <Z>x(k)tx_ky(n_k)ty_ H+k.
k=0
Cancellation of ¢%%¥ yields the desired equality. @
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Thus, we have

k . k 7 . . ] X .
,Z Bin@) -3 <7:E Bi(jyi)((‘l)(t_l) + (—2)“'“)74(2)) ,igonn(l) = 0;

1=0 =0

hence, for each 7 (0 < Z < k),
k
B; = 2 68uBp-Y; =0 (3)
m=1
with, form 2 <,
S = (1)(DTD 4+ (=)D,

Since (-z)™ = (-D)"(x + 7 - 1)@ and #n" = #!, we have

]

Sim (D(-l)”"‘((m DL+ (m-7+ DY

(?)(-1)’”“&(777 -1+ 2)m - i)}

- tm - 7 + 2)m" "D,

From the family of recurrences (3), we can successively determine By, ...,
By: the coefficient B; is a linear combination of vy, ..., v, . Therefore, we
set

k
By = -2 biY;
j=1

(cf. [1]) which yields, together with (3),
k k K
“Zbinj + }:dm( 2. blex) -v; =0.
Jj=1 m=1 L=m
Thus, for 0 < 7 < J < k, we have

bjj =1

b

j
= % Supbys if 7 < 4.

m=1+1

i

)

Hence, for the particular solution Hip of (2), we obtain

FP S g @ - S (@
n “’,Z Z 15 Y57 = -2 Z g™ e
1=0g=1 J=0 =0

As in [1] the determination of (¢, and (, from H, = #, = 1 yields

- ® (P (p) »
H, = (1 - HO )Fn + (—Hl + Hy )Fn_1 + 4,7,

Therefore, we have

Proposition 2: The solution of (2) can be expressed as
k
H, = (1 + M)F, + WwF, _, - Z_Yjﬁj(n),
i=0
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where M; is a linear combination of vy , ..., Yy, Uy is a linear combination of
Yis cees Ypo and for each j (0 < J < k), n;(n) is a factorial polynomial of
degree J:

k k j ]
My = L boi¥;e Mp= 2 by m;m) = L bon®. =
Jg=0 J=1 =0

Table 1

Wj(n)

1

n®+3

n®+6n®+10

n®+9n @+ 30n® + 48

n® 4122 ® +60n @ + 1920 D + 312
n® + 1509 4+ 100n @ + 4800 @ + 15600 D + 2520
n® + 182 + 150n @ + 960n @ + 4680n @ + 15120n ) + 24480

nP+217©@ + 210n® + 16807 @ + 109207 @ + 529207 @ + 171360 P + 277200

i iwlajlu|lb|lwiPw|=]|o|w

n® 4240 M 4 2807 + 26887 + 218407 @ + 141120 + 685440 P +

+ 22176007V + 3588480
9 | A9+ 27n® + 360n™ + 40320 © + 393120 ® + 317520 @ + 2056320 P +
+ 99792000 @ + 322963200V + 52254720

Table 1 displays the factorial polynomials m;(n) for Jg =0, 1, «c., 9.

The coefficients of vy, Yy» Yp» +-- in My and of vy, Y5 ... In W, are inde-
pendent of k; cf. [1]. As k tends to infinity they give rise to two infinite
sequences M and y of natural numbers (not mentioned in [3]1) of which the first
few elements are

M: 1, 3, 10, 48, 312, 2520, 24480, 277200, 3588480, 52254720,
p: 1, 6, 30, 192, 1560, 15120, 171360, 2217600, 322963 ,
Contrary to the corresponding sequences f and A in [1], M and u obviously show

more regularity. Formally, this is expressed in

Proposition 3: For each 7 and J with 0 < £ < g < k,

bej = J9 R, iE € <.
Consequently,
3 k
M, = Yo-+j§%j!£}+2yj and U = Yl-+jz%j!E}+1Yj.

Proof: The argument proceeds by induction on J -7
= = lyq:.1 = 4@
o1 = "8i1,5by = m(GDT 37 L = G,
Induction hypothesis: For all m with ¢ <m < J, bp; = j(J~m)53

Initial step (j =< =1): b

-m+2°
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J J-1
Induction step: b;; == ¥ Oupbmy = =Sz5bj; - > Sim Dmj
. m=1+1 m=1+1

Jg-1
~ e D) Cie1. -1y
= (1)t NG - ¢+ )V 4 Z;.f—l)m Prim - 4+ 2m" T by
m=1

From the induction hypothesis, it follows that
o4 j-i+1 il P+ 1
b = j<J-“<(—1)" -+ 2+ L DT m -1+ 2)Fj_m+2>.
m=i+1

As F, = F, = 1, we may replace j ~ 7 + 2 by Fy + (j -2 + 1)F;. Adding

G-yt -

J Q 1) (Fy+F, - F,)

j=1 .
+ E 1(—1)’”‘” m=2+ DEF; g+ Fi_pyy - Fj_m+2)> =0
m=1+

yields, after rearranging,

o= 4@-1) - 2d-1)
biJ J (Fj—i +Fj~i+1) J E,’j-i+2’

which completes the induction. =

Clearly, Proposition 3 provides a different way of computing the coeffi-
cients Qs (and hence the elements of the sequences A and A) from [1]; viz. by

J J s
sy = Lotom ( Lhusw.d) @<,
m=1 L=m

where s(Z,m) and S(L, J) are the Stirling numbers of the first and second kind,
respectively.
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