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1. Introduction 

In [1] and [2] we studied difference equations of the form 

Gn = Gn_! + Gn_2 + p(re) (1) 

where GQ = £]_ = 1 and p (n) is either a (ordinary or power) polynomial [1] or a 
factorial polynomial [2], i„e.3 

k 
E aini 

'. = 0 
or pin) •• 

k 
= E c ^ > 

i = 0 
p(n) = 22 ainZ o r pin) = E GLin{z), (2) 

i = 0 

respectively, where 

n{i) = n(n - 1) (ji - 2) ... {n - i + 1) for i > 1 and n(0) = 1. 

The main results established in [1] and [2] provide expressions for the 
solution of (1) in terms of the coefficients 04, ..., ak of (2) and in the 
Fibonacci numbers Fn , i.e., in the solution of the homogeneous difference 
equation 

Fn = ?„_! + Fn_2, (3) 

where ^ 0 = ^ 1 = 1; cf. also [5]. 
In this note we derive similar expressions for the family of differential 

equations corresponding to (1) and (2), viz. we consider differential equations 
of the form 

x"(t) + x'(t) - x(t) = p(t), (4) 

where x(Q) = c, x'(0) = d, 

k k 
p(£) = E aitz o r pW = E \^ 

i = 0 i = 0 

tf) 

and we express the solution of (4) in terms of the coefficients 04, ..., ak and 
in the solution of the homogeneous differential equation corresponding to (3), 
i.e., the solution of 

z/"(t) + yr(t) - y(t) = 0 (5) 

where z/(0) = y!(0) = 1. 
Essential in our approach is the following proposition in which p(£) now 

need not be a (factorial) polynomial at all; it may be an arbitrary function 
which, however, gives rise to a particular solution xp(t) of (4). 

Let F_l = 0 and F_n = (~l)nFn_2 for each n > 2. 
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Proposition 1.1: Let xpit) be a p a r t i c u l a r s o l u t i o n of ( 4 ) . I f x(0) = c and 
x!(0) = d, then the s o l u t i o n of (4) can be expressed as 

x(t) = (c - xp(0))( E F-n^)+ (d - x ^ ( 0 ) ) ( t F-n-lf^) + xp(t). (6) 

Proof: Using standard methods (cf. e.g., [3]), we first determine the solution 
xh(t) of the homogeneous equation corresponding to (4). To this end, we solve 
(5) with 2/(0) = yr(0) = 1: 

yit) = -(1 + c|)2)(/5)-1 expC-cj)^) + (1 + $i)(/5)~l exp(-<j>2£), 

where ^ = |(1 + /E) and 02 = i(l - ^5). Then we obtain 

\ n = o n! / \ «= o ^ i 

\ L) r xn-2 A.n-2\v - TT J? v 
y sz±z (<bn-2 - (bn-2)— = Y F Li — 
s=0 VD n- n=0 n ' 

since (1 + $2)0f = ^ anc^ ^ + ^iHt = "̂ Notice that 

n = 0 ^ °  n = 0 Ai' 

Now it is straightforward to show that for the solution x(t) of (4) we have 

oo(t) = xh(t) + xp(t) = (c - xp(0))yr(t) + (d - x^iO))y"it) + xp(t), 

which yields together with (7) the desired equality (6). D 

From Proposition 1.1 it is clear that we now need a particular solution of 
(4). As in [1] and [2] we distinguish two cases, viz. pit) is a polynomial 
(Section 2) and pit) is a factorial polynomial (Section 3). 

2. Polynomials 

Throughout this section, we assume that pit) is an ordinary or power poly-
nomial 

k 

pit) = E ^ t \ 
i = 0 

As a particular solution of (4) we try 

k 
xpit) = E ^ t \ 

i =0 

For p(t) and xpit), we write 

Pit) = E h 77 and xp(t) = tziJT' 

respectively, where 3̂  = i> I ô  and Bi = HA . for each i (0 < i < k) . Hence, (4) 
yields 

A: - 2 +i, k-1 A.i k <i k +i 

E Bi + 2 7T + £ 5i + l 77 ~ E 5t 7T = E ^ 77-
i = 0 ^ • i = 0 " " " 
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From a comparison of the coefficients of t i / i \ , i t follows that 

Dk Pfe» 

Bi = -B-. + Bi + 2 + Bi + 1, for 0 < i < fc - 2 . 
Thus, we can successively compute 5fc, 

Therefore, we write of 
?k-l ' ' ^0' is a linear combination 

, p k. 

~E a 
j = i 

^J MJ 

(cf. [1] and [2]), which gives 

" E o-u 
j = ̂  

k k 
li ~ . ? ^ + 2, A ~ E ai + l,^j' 

j = i + 2 j = £ + 1 

Comparing the coefficients of $j yields the following difference equation for 
each j (1 < j < k)i 

aid = ai + 2,ti + ai + i,j> f o r 3 - i * 2, 

_^ • = 1. But this me 

Fj_i9 for 0 < i < j , 

^here a;; = a.-_-, • = 1. But this means that 
d d J 1 , J 

and hence 

.(*) = E Si I T = ~E E / j - i J l «j 77 = - E «j( E jU-^Fo-it 
^=0 <" ^ = o j = ̂  <" j =0 \ i = 0 

which implies 

x (0) = 50 = -EMa,- and x'(0) 
j=o 

E J ^ -
J = i 

J - I C 

These equalities together with Proposition 1.1 yield the following propo-
sition. 

TABLE 1 

j 

0 

1 

2 

3 

[4 
5 

6 

7 

J 8 

9 

Pjit) 

1 

t + 1 1 
£2 + 2t + 4 | 

£ 3 + 3 t 2 + 12t + 18 ! 

t 4 + 4t 3 + 24t2 + 72£ + 120 ! 

t s + 5t4 + 40t3 + 180t2 + 600t + 9 6 0 

t 6 + 6 t s + 6Ot4+36Ot3+180O£2 + 5760t +9360 

t 7 + 7t6 + 84t s + 630t4 + 4200t3 + 20160t2 + 65520t + 105840 

t 8 + 8£7+ 112t 6 + 1008ts + 840Ot4 + 53760£3 + 262080t2+846720£ + 
+ 1370880 

£9 + 9 t 8 + 144t7 + 1512£6+ 15120£s+ 12Q960t4 + 786240£3+ 3810240t2+ ' 
+ 12337920* + 19958400 ' 
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Proposition 2.1: The s o l u t i o n of (4) wi th x(0) = c, x! (0) = d, and 

k 

i = 0 

can be expressed as 

x(t) = (o +Lfc)(f;^-n | T ) + W + Ak)(t^-n-l | T ) " E a^Pj(*). 
\w = 0 "•/ \n = 0 n° f j = 0 

where L̂ , and £fe are linear combinations of a0s . ••> ak, and for each j (0 < j < 
^) 5 p7- (£) is a polynomial of degree j: 

J = 0 j = 1 i = 0 

The polynomials p.(£) are given in Table 1 above for j = 0, 1, 2, . .., 9. 

The coefficients of OLJ in Z<fc and ik are independent of k ; cf. [1] and [2]. 
They give rise to two infinite sequences L and I of natural numbers (not 
mentioned in [4]) as k tends to infinity. The first few elements of these new 
sequences are 

L: 1,1,4,18,120,960,9360,105840,1370880,19958400,..., 
I: 0,1,2,12,72,600,5760,65520,846720,12337920,... . 

3. Factorial Polynomials 

This section is devoted to the case in which p(t) is a factorial polynomial 

p(t) = £ attw. 
i = 0 

In order to try 
k 

xPW = TL&itM (8) 
y i = o 

as a particular solution of (4) , we first ought to determine the derivative of 

Lemma 3.i: ^ - = £ (J)t(fc)(-1) <"-k-1> 

Proof: The argument is by induction on n. The basis of which (n = 1) is triv-
ial. Suppose the equality holds for n - 1: 

To perform the induction step, consider 

dt(n)/dt = <f(£(£ - l)(n~l))/dt = (t - 1)("-1) + £<f((£ - l ) ( n - X ) ) / ^ . 

Now, by the Chain Rule, we have 

d((t - l)^n~l))/dt = <f((£ ~ l){n-l))/d(t - 1). 

Applying the Binomial Theorem from [2] to (t - D^-^-and the induct ion hypoth-
esis (9) yields: 
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= (-i)(n-1} +"i;1(7yfc)(-i)(n"k'1) =nE1(?k(fc)(-D(n-/c-1) 

which completes the induction. D 
From Lemma 3.1, (4), and (8), we obtain 

k Ii - 1 , J: \ I m-\ 

E-
i = 2 

| 2 A ( z ( : ) ( E ; ( ; ) t ( » ( - i ) < - - ' ) ( - i ) ^ -

+ E^( l i :1(^)t ( B , ) (- i) ( i - 'B- i ) ) - ±Att^= ±ait 
„• _ i \ m = n \''i' / „• _ n „• _ n £ = 1 \ m = 0 N m ' / t = 0 i = 0 

Comparing the coefficients of t ^ yields 

Ak = -ak, 
Ak-1 = -afc-i + kak, 

n = i + 2 \ m = i + l V 7 7 7 / V 7 ' / / = i + 2 
for each i (0 < i < k - 2) . As (-x)(n) = (-l)n(x + n - l)(n) and n(n) = n!s this 
latter recurrence can be rewritten as 

Ai ot̂  + E ^ ( - l ) * ^ " 1 n 

n - v 
= ̂  + 1 

/ n-1 _/_o n ( n " ~ ^ \ 
+ E ^n ( E (~Dn ' ( „ /??)(m __ i ) ) 

n =^ + 2 \/77 = ̂  + l v / v ' I 
or 

4, = -a, + (i + 1 ) ^ + 1 + E ^inK> (1Q) 
n = i + 2 

where 

Cin = (-l)n-i"1w(n-° ((n - i)"1 - ^ E (w " ^)_1(^ - i)~M. 
\ m = i + 1 ' 

Now (10) enables us to compute Ak, . .., ^.0: -^ is a linear combination of o^, 
..., ak. Thus 

j =^ 

and (10) becomes 

E ^-a- = <*i + (̂  + D E bt + i^CL- + E ^n E ^nja
(7" 

j = i j='i + l rc=£'+2 «/ = « 

From the coefficients of CLJ , it follows that 

2?,v = 1, 
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Hence, 

and 

Since 

^i, i+ 1 ~ ̂  + 1 ' 
J 

bi;j = (i + Dbi + Uj + £ tinhj f o r J ^ ^ + 2 . 
n = i + 2 

fc fc ... k 1 3 
i = o j = i j = o \ i = o / 

^ ( « = - z « J - f z ^ ( l i : 1 ( i ) t a ) ( - i ) ( i - i - 1 > 
j = i \ i = i 

E 
J' = 0 

^(0) = -EZ^c^ and ^(0) = - £ ( £ (-1)c* _ 1 ) 2^ . ) c^-, 
k / 3 

E 
i = i \ i = i 

we have the following result. 

Proposition 3.2: The s o l u t i o n of (4) wi th x(0) = c, xr(0) = <i5 and 

P(t) = E ^ t 
i =0 

(i) 

can be expressed as 

x(t) = (c + M^) 
\ n = 0 n' / \ n = 0 n- I j = 0 

where M^ and mk are linear combinations of a0? ...» a^, and for each j (0 < J < 
/c) , TT7-(£) is a factorial polynomial of degree j : 

E ( E (-i)(i-1)z>^)aJ.; ^.(t) = E^,;*( i ) - a 
J = 0 j 

For j = 0, 1, ..., 9, the factorial polynomials i\j(t) are given in Table 2. 

TABLE 2 

7 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

i r , ( t ) 

1 

t < « + l 

t ( 2 ) + 2 f ( D + 3 

£ ( 3 ) + 3 t ( 2 ) + 9 f ( l ) + 8 

t «> + 4 t (3) + l g £ ( 2 ) + 3 2 t ( l ) + 5 0 

t(s) + 5t( 4 ) + 30*(3) + 80*(2) + 250*(1) + 214 

t « ) + 6£(s) + 4 5 t(4) + 1 6 0 t (3) + 150tV) + 1284£(1) + 2086 

((7) + 7 f (6) + 6 3 t ( s ) + 280t(4) + 1750*(3) + 4494*(2) + 14602*(1) + 11976 

£(8) + gt(7) + g4t(<j) + 4 4 8 t ( s ) + 3500* «> + 11984*(3)+ 58408*(2) + 

+ 95808*( 1 )+162816 

*( 9 ) + 9*(8) + 108*(7) + 672*(<J) + 6300£(s) + 26964*(4) + 175224*(3) + 
+ 431136*(2) + 1465344*(1) + 1143576 
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As i n the p r ev ious s e c t i o n and [1] and [ 2 ] , the c o e f f i c i e n t s of OLJ i n Mk 
and 77?fc a r e independent of k. The f i r s t few e lements of t he l i m i t sequences 
(not mentioned i n [4]) M and m ( ob ta ined from Mk and mk for k -> °°) a r e 

M: 1 , 1 , 3 , 8 , 5 0 , 2 1 4 , 2 0 8 6 , 1 1 9 7 6 , 1 6 2 8 1 6 , 1 1 4 3 5 7 6 , . . . , 
m: 0 , 1 , 1 , 8 , 1 6 , 2 2 4 , 6 0 8 , 1 3 3 2 0 , 4 1 7 6 0 , 1 3 6 6 1 5 2 , . . . . 

Finally, we remark that the coefficients bij (and hence the elements of the 
sequences M and m) can also be computed from a^i by means of 

'bin = S W > "0 ( L <Ves(£5 j) ) (i < j), 

where s(£, j) and S(i9 m) are Stirling numbers of the first and of the second 
kind, respectively. 
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