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Abstract — The binary quadratic equation represented by the

negative pellian y2 =72x%-8 is analyzed for its distinct integer

solutions .A few interesting relations among the solutions are also
given. Further, employing the solutions of the above hyperbola,
we have obtained solutions of other choices of hyperbolas,
parabolas and special Pythagorean triangle.
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1. INTRODUCTION

Diophantine equation of the form y2 = Dx? +1, where D is a

given positive square-free integer is known as pell equation and
is one of the oldest Diophantine equation that has interesting
mathematicians all over the world, since antiquity,
J.L.Lagrange proved that the positive Pell equation

y2 =Dx?2 +1 has infinitely many distinct integer solutions

whereas the negative pell equation y2 = px2 -1 does not
always have a solution. In [1], an elementary proof of a
criterium for the solvability of the pell equation
x2 —Dy? =—1where D is any positive non-square integer has
been  presented. For  examples the  equations

y2 —3x?2 -1, y2 —7x2 —4 have no integer solution whereas

y2 = 65x 2 -1, y2 =202x2 —1 have integer solutions. In this

context, one may refer [2- 12].More specifically, one may refer

“ The On-line Encyclopedia of integer sequences ”

(A031396,A130226,A031398) for values of D for which the

negative pell equation y2 — Dx2 —1 is solvable or not. In this
communication, the negative Pell equation given by
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y2 =72x2 -8 is considered and infinitely many integer

solutions are obtained. A few interesting relations among the
solutions are presented.

2. METHOD OF ANALYSIS

The negative pell equation representing hyperbola under
consideration is

y2=72x%-8 1)
Whose smallest positive integer solution is Xy =2, yg =17

To obtain the other solutions of (1),consider the pell equation
y2 - 72x% ~8 whose general solution is given by

R = g, Gy == f
nzmnrnzn

fy=f7+ 2072 472072
gn =7+ 2472 -7 -2v72 ™

Applying Brahamagupta Lemma between (xg, yo) and (X, )
the other integer solutions of (1) are given by

72%p41 =36 + 44729,
2Yn11=8fn + 729,

where,

The recurrence relations satisfied by the solutions X&Y are
Xn+3 —34Xn42 + Xni1 =0

given by
Yn+3 —34Yn+2 + Y1 =0
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Some numerical examples of X &Y satisfying (1) are given in

the table below

n X, Yo

0 1 8

1 33 280

2 1121 9512

3 38081 323128
4 1293633 10976840

From the above table, we observe some interesting relations
among the solutions which are presented below

1)

2)

3)

4)
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X, is always odd

Yy, is always even

Each of the following expressions is a perfect
square

i) 18xon+2 —2Y2n+2 +2

1189%Xon42 — Xon44 + 68

i
) 34
iif) 18Xon42 —2Y2n42 +2
iV) 1189X2n+3 - 35X2n+4 +2
V) 66yon+4 —2242y3n43 +32
16
vi) 18X2n+3 —70yon+2 +34
17
Vii) 2276X2n+2 —8y2n+3 +136

68

18X,,,5 —2Yan.s +102 s
integer.

a cubical

6)
7)
8)
9)
10)
11)
12)
13)
14)
15)

16)

17)

18)

19)

20)
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Xnig = 34Xn+2 —Xnn

2Yn1 =Xn+2 —17Xnn
2Yn+2 =17Xp12 —Xn41
2yn4+3 =57 7Xny2 —=17Xn4q
S7T7Xn+1 = Xn+3 —68Yni1
288Xn12 =34yns2 —2Yna
288Xn+2 = 2yn+3 _34yn+2
Xn+2 =161Xp43 —24yny3
576Xn+2 =2Yn+3 —2Yn41
17Xn+2 =Xn+3 —2Yn+l

S77Xny2 =17Xn43 = 2Yn41

9792Xp 41 =2Yn+3 —1154yn41
2
577X1 12 =17Xn43Xn+2 —2Yns1Xn+2

2
577Xp41 = Xn+1Xn+3 —68Xn41Yn41

288Xn+1Xn+2 = 2Yn+2Xn+2 —34Yn+1Xn+2

288Xn11%Xn+2 =34Yn+2Xn1 —2Yn+1Xn+l

3. REMARKABLE OBSERVATIONS

1. Employing linear combinations among the solutions of (1),
one may generate integer solutions for other choices of
hyperbolas which are presented in the table 1 below

2. Employing linear combinations among the solutions of (1),
one may generate integer solutions for other choices of
parabolas which are presented in the table 2 below
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TABLE:1
S.NO HYPERBOLA (X,Y)
1 16X2-Y2 =64 (18Xn+1 = 2Yn41,V72Yn41 _8\/ﬁxn+l)
2 79% 2 _y2 _33098 (1189%41 — Xn43.9%n43 —10089%,41)
3 72X2 _y2 — 288 (18Xn41 — 2Yn41.18Yns1 —144Xn,1)
4 79%2 _y2 _ 288 (118942 — 35%43,297 X3 —10089x .2 )
5 72X2 Y2 =73728 (66yn+3 — 2242y, 19024y, » —560Yp,3)
6 72X 2 _y2 =83232 (18Xn12 = 70Y 141,594y n41 —144%n42)
7 72X 2 _y2 21331712 (2376111 —8Yn+2,72Yn42 —20160xp,1)
TABLE:2
S.NO PARABOLA (X,Y)

1 v2-16X —64 (18%,,., — 2Y,0., + 2,472y, ~8v72x, , )

2| Y2 - 2448X —332028 (1189%,,,., — Xyp.s +68,9X,,5 —10089X,,, )

3 Y2 = 72X — 288 (18%yn,2 = 2Y5nz +218Y,,; —144X,,,)

4 Y2 =72X — 288 (1189X2n+3 —35Xon,4 +2,297X, 5 = 10089Xn+2)

5 Y2 =1152X — 73728 (66X,,., — 2242y, 5 +32,19024y,,., —560Y,.5)

6 Y2 —1224X —83232 (18%y.5 = 70Y,,,, +34,594y,,, —144X,, )
T y2 - 4806x ~1331712 (2376X,,, —8Y,,.; +136,72,., — 20160X,, )

. Consider pP=X.,;+VY,4,,d=X,, observe that triangleT(a,ﬁ, )/),Where
p>q>0.Treat p,qas the generators of the pythegorean =2pq, = p2 —q2,5 = p% +q°

Then the following interesting relations are observed.
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4. CONCLUSION

In this paper, we have presented infinitely many integer
solutions for the hyperbola represented by the negative Pell

equation y2 = 72x2 —g.. As the binary quadratic diophantine
equations are rich in variety, one may search for the other
choices of negative Pell equations and determine their integer
solutions along with suitable properties.

REFERENCES

[1] R.A.Mollin and Anitha Srinivasan “A Note On The Negative Pell
Equation”, International Journal of Algebra, 2010, Vol4, no. 19, 919-
922.

[2] E.E.Whitford, “Some Solutions of The Pellian Equations
X2 - Ay2 =44 ” JSTOR: Annals of Mathematics, Second Series,
(1913-1914). Vol. no. 1 (157-160).

[3] S. Ahmet Tekcan, Betw Gezer And Osman Bizim, “On The Integer
Solutions of The Pell Equation X2 - dy2 = 2t ”, World Academy of
Science, Engineering and Technology 2007,1,(522-526).

[4] Ahmet Tekcan “ The Pell Equation X2 —(k 2 _ k) y2 = 2t ”, World

Academy of Science, Engineering and Technology 2008,19,(697-701).
[5] Merve Guney, “Solutions of the pell equations

X2 - (a2b2 + 2b)y2 = Zt when N € (£1,44) 7 , Mathematica

Aterna, 2012,Vol 2, no.7(629-638).
[6] V.Sangeetha, M.A.Gopalan and Manju Somanath, “On the Integral

Solutions of the pell Equation X2 =13y2 —3t ”, International
Journal of Applied Mathematical Research, 2014,Vol 3 issue 1(58-61).

ISSN: 2454-6410 ©EverScience Publications 28



