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1. INTRODUCTION 

Diophantine equation of the form ,122  Dxy  where D is a 

given positive square-free integer is known as pell equation and 

is one of the oldest Diophantine equation that has interesting  

mathematicians all over the world, since antiquity, 

J.L.Lagrange proved that the positive Pell equation 

1y 22  Dx  has infinitely many distinct integer solutions 

whereas the negative pell equation 1y 22  Dx  does not 

always have a solution. In [1], an elementary proof of a 

criterium for the solvability of the pell equation 

1x 22 Dy where D is any positive non-square integer has 

been presented. For examples the equations 

47,13y 2222  xyx  have no integer solution whereas 

1202,165y 2222  xyx  have integer solutions. In this 

context, one may refer [2- 12].More specifically, one may refer 

“ The On-line Encyclopedia of integer sequences ” 

(A031396,A130226,A031398) for values of D for which the 

negative pell equation 1y 22  Dx  is solvable or not. In this 

communication, the negative Pell equation given by 

872y 22  x  is considered and infinitely many integer 

solutions are obtained. A few interesting relations among the 

solutions are presented. 

2. METHOD OF ANALYSIS 

The negative pell equation representing hyperbola under 

consideration is 

            872 22  xy   (1) 

Whose smallest positive integer solution is 17,2 00  yx  

To obtain the other solutions of (1),consider the pell equation 

872 22  xy  whose general solution is given by 
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Applying Brahamagupta Lemma between  00, yx  and  nn yx ~,~ , 

the other integer solutions of (1) are given by 
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The recurrence relations satisfied by the solutions yx &  are 

given by  
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Some numerical examples of yx &  satisfying (1) are given in 

the table below 

n  
nx  ny  

0 1 8 

1 33 280 

2 1121 9512 

3 38081 323128 

4 1293633 10976840 

From the above table, we observe some interesting relations 

among the solutions which are presented below 

1) nx  is always odd 

2) ny  is always even 

3) Each of the following expressions is a perfect 

square 

i) 2218 2222   nn yx  

ii) 
34

681189 4222   nn xx
 

iii) 2218 2222   nn yx  

iv) 2351189 4232   nn xx  

v) 
16

32224266 3242   nn yy
 

vi) 
17

347018 2232   nn yx
 

vii) 
68

13682276 3222   nn yx
 

4)    102218 3333   nn yx   is a cubical 

integer. 

5)  123 34   nnn xxx  

6) 121 172   nnn xxy  

7) 122 172   nnn xxy  

8) 123 175772   nnn xxy  

9) 131 68577   nnn yxx  

10)  122 234288   nnn yyx  

11) 232 342288   nnn yyx  

12)  332 24161   nnn yxx  

13) 132 22576   nnn yyx  

14) 132 217   nnn yxx  

15) 132 217577   nnn yxx  

16) 131 115429792   nnn yyx  

17) 2123
2

2
217577 

 nnnnn
xyxxx  

18) 1131
2

1
68577 

 nnnnn
yxxxx  

19) 212221 342288   nnnnnn xyxyxx  

20) 111221 234288   nnnnnn xyxyxx  

3. REMARKABLE OBSERVATIONS 

1. Employing linear combinations among the solutions of (1), 

one may generate integer solutions for other choices of 

hyperbolas which are presented in the table 1 below 

2. Employing linear combinations among the solutions of (1), 

one may generate integer solutions for other choices of 

parabolas which are presented in the table 2 below     
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TABLE:1 

S.NO HYPERBOLA ),( YX  

1 6416 22 YX   1111 72872,218   nnnn xyyx  

2 33292872 22 YX   1331 100899,1189   nnnn xxxx  

3 28872 22 YX   1111 14418,218   nnnn xyyx  

4 28872 22 YX   2332 10089297,351189   nnnn xxxx  

5 7372872 22 YX   3223 56019024,224266   nnnn yyyy  

6 8323272 22 YX   2112 144594,7018   nnnn xyyx  

7 133171272 22 YX   1221 2016072,82376   nnnn xyyx  

TABLE:2 

S.NO PARABOLA ),( YX  

1 
64162  XY   112222 72872,2218   nnnn xyyx  

2 
33292824482  XY   134222 100899,681189   nnnn xxxx  

3 
288722  XY   112222 14418,2218   nnnn xyyx  

4 
288722  XY   234232 10089297,2351189   nnnn xxxx  

5 
7372811522  XY   323242 56019024,32224266   nnnn yyyx  

6  8323212242  XY   212232 144594,347018   nnnn xyyx  

7 
133171248962  XY   123222 2016072,13682376   nnnn xyyx  

III. Consider 111 ,   nnn xqyxp  observe that 

0 qp .Treat qp, as the generators of the pythegorean 

triangle   ,,T ,where

2222 ,,2 qpqppq    

Then the following interesting relations are observed. 
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a) 83536    

b) 8
4

3637 
P

A
  

c)  2112
4

2   nn yx
P

A
  

d) 2
1

2
4




n
y

P

A
  

e) 11
2

 nn yx
P

A
 

Each of the following expression is a nasty number 

1. 









P

A4
6   

2. 







 

P

A4
26  

3. 







 

P

A4
3  

4. CONCLUSION 

In this paper, we have presented infinitely many integer 

solutions for the hyperbola represented by the negative Pell 

equation 872y 22  x . As the binary quadratic diophantine 

equations are rich in variety, one may search for the other 

choices of negative Pell equations and determine their integer 

solutions along with suitable properties. 
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