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Þ±ßyàYá�â�ß à	ßyà�ã$â�ä±á�ß�å�æ�ä&âçLàéè¯ê�ëíìïî�ðLá�å	ñyð>â�ßLâäoá�ß²å(æ�ä&âçLàYç6à	ñ²â�ç6ò	ñ²ó�ôïõ�åéß²â�ð>å(äöñWç6î�ð
âõ�ó&÷�çLò	ñ²ó�ô	ø�çLà�ä�÷(ß�à	ñ$ù5ú�â�âõô�à	ßyàQû�óûàDß²â�ä&à	ñ²ó&ü�à�ç6âõ5ñJá�å�ô�ðJß�â�ð²ú�äöñyà¯ñyð�ý°å�ß²ñ�ð®âõLä�àbþ�ó�ß�â�ô�ô�ó&ÿ
þ�âQß²â�ð>å(ä&þ�ß²â�� äSã(á�å	ñ±ð²âß�â�ê�á�ä&ó�ôà¯ñ�àíú�õ�ó&õ�ý«à�õ(ñ±ù5ú�âQûà^à	á�ß���ð¤à6þ�ó&ü5ó�þ�ó&ß�á�â�ß��Dó�çíú�äöñ�ó�áä�ó�ôà�ß
á�â�ß´è����$à	úä
	Jßyþ��5ð±ä�àWü¯àLâõ�ô�âß²ñ�à�ßoà�ä}þ�ó&ß´ù5ú�â��ä�à���à	ñ²â�ç6ò	ñ²ó�ôàLõåWâ�ð>ñ�ò á�ß²â�áà	ßyà�þà6á�â�ß
à6à�ù5ú�â�ð>ñ�ð�áß²å(æ�ä�â�ç6â�ð�� �

∗
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	Jä®á�ß�å�æä�â�ç6à�â�ðGô�å�õâó�ê�ñ�à�çGæ�î6ôå�ç âä$á�ß�å�æ�ä&âçLà
3n + 1

óJð�� à�ð�ð>å�ô�ó�àÃà	ä�ðQõ�å�çLðbþ�â
� å�ä&ä&à	ñ��(ã���à(ð²ð²â�ã��bà��0ú�ñ�à�õ�óSã��±ä�à	çïã! !"0ß�à(ô�úð²â�ã(ó$#�û!%¤à�óöñ�â�ð��?	®ð®á�å�ñ¤à�õ5úõô�ó�à	ß®þ�â�çLà	õ�â�ß²â�ð
ç6å�ä�ñ±ü�à�ß²ó�à�þ�â�ð��!��õà6þ<� âä&ä�â�ð�î�ð�þ�â'&õ�ó&ß±ä�à)(�*+�,��-/.��0���21�3�4��536�ô�å(ç

C(x) =

{

3x + 1 x ≡ 1 (
ç6å0þ

2)
x/2 x ≡ 0 (

ç6å�þ
2),

ä&à´ô�å(õ7�â�ô�ñ²ú�ßyàoâ�ð>ñ�à	æä�â�óöêGù5ú�â�á�âß$àoô�à�þ�à
m ∈ Z+

ã¯û�ó�ûàoú�õà
k ∈ Z+

ñ�à�ä�ù5ú�â
C(k)(m) =

1
ã�î�ð�à^þ�ó�ß�ãù5úà	ä�ð²âü�å(äkâõ5ñ²â�ß�á�å5ð>ó�ñ²ó&ú ñ�âõþ�ó�ßyò^âü�â�õ5ñ²úà�ä�ç6âõ5ñ±à

1
�$8oæð²âß�ü�â�ú�ù5ú�âbä � ó�ñ²â�ß�à	ñ

þ<� ú�õéõ�å�çíæ�ß²âLð²âõà�ß
m
î�ð

3m + 1
ã�ä � óöñ�âßyà¯ñGþ�â�äJù5úà	äJî�ð

(3m + 1)/2
��Þ±ä&â�ð²û�å�ß�â�ð�ã�û�å(ç

á�å�ñ >ôå�ç6á�ß�ó�ç6ó&ß �´ä&à6þ�ó&õò	ç6ó�ôà6ô�å(õð²ó&þ�â�ß�à�õ5ñ¤ä � à�á�ä&ó&ô�à�ô�ó&ÿ

T (x) =

{

(3x + 1)/2 x ≡ 1 (
ç6å�þ

2),
x/2 x ≡ 0 (

ç6å�þ
2).

Þ ä&à^ä&óöñ�âßyà¯ñ�ú�ß�àã�ð'� úð�àíáß²âý°âß�âõ5ñ²ç6âõ5ñ�ä � à�á�ä�ó�ôà(ô�ó&ÿ
T
�

	Jõ6ç^å(äöñ�ç6âõ�å(ß�ç^â�ð>úß�àã�à�ä�÷(ú�õðµà	ú�ñ�å�ßyð}ñ²ß�âæà�ä�ä&âõ^à	çGæíä&à�ý°ú�õôó�ÿ
3 x+1

á�ß²å(ä�å(õ�÷(à(þ�à
à	ä�çLò¯ê�ó&ç þ�ó&õò�ç^ó�ôà�ç6âõ5ñ�ã

F : Z+ð²âõà�ß → Z+ð>â�õà	ß ã�þ�â�&õó&þ�àLôå�ç

F (x) =
3x + 1

2m(x)
, 9 ì;:

å�õ
m(x)

ô�å(ß²ß�â�ð²á�å(õ à�ä�õ�å(çGæ�ß�â�þ�â�ý«à�ô�ñ�å�ßyðWþ�â
2
ô�å�õ5ñ�ó�õ�÷(ú�ñ�ðWâõ

3 x + 1
�<#}å	ñ�ó´ù5ú�â

ñ²ß�âæà�ä�ä�à	ßQà	çíæ
F
á�â�ß²ç6â�ñDôâõ!"0ó�ß�=»ð²âGõå�ç6î�ðQà	ä�ð´âõ5ñ²â�ß�ðQð²âõà�ß�ðoá�å(ð²óöñ�ó�úð�ã�ä�à ü¯à	ß�ó�à	æ�ó&ä�ó�ñ�à	ñ

þ�â
m
ð²âçGæä&à6ù5ú�âQó�ç6á�â�þ�â�óöê!ù5úà	ä�ð²âü�å(ä�à�õò	ä&ó�ð>óPð²ú�æð>ñ�à�õô�ó�à	ä �

Þ�ù(úâ�ð>ñ�à±à(ô�ñ²ú�à	ä&óöñ>��à�ôó�ÿ�ß�â�?�â�ô�ñ�âó�ê´â�ä(áú�õ5ñµþ�âJü0ó�ð�ñyà±þ�â�ä � à	ú�ñ�å�ß+þ�â�ô�å(ç ô�à	ä(â�ð>ñ²ß�úô�ñ�ú�ß�à�ß
ä&à�ý°â�ó�õàïâ�õhà�ù5ú�â�ð>ñDá�ß�å�æ�ä&âçLà��@#�ó�õô^ú�õ þ�âú�ñ�âLâõ�å(ß²ç6âLà	çíæBA(â�CED}à	÷5à	ß�ó&à(ð�ó<F)Gõ(ñ�û�âß
H ó�ßyð�ôyû�ó�õ÷íá�âß±ä�àGñ�à�ð�ôà^ó&ç6á�å(ß>ñyà	õ5ñ±ù(úâ´û�à	õÃß²â�à	ä&óöñ>��à¯ñ¤ñ²ó&ßyà	õ5ñ�âõþ�à�ü¯à�õ(ñ±à(ù(úâ�ð>ñ¤á�ß�å�æä�â'=
çLà �0D � à�ß>ñ�ó&ôä�â�þ�âID}à	÷(à�ß²ó�à�ðKJ LNMPO 9 ìPQ0RNM0:}ôà¯ñyà	ä&å�÷5à�ü�àoâ�ê�ûà�úð>ñ²ó&ü�à�ç6âõ5ñ$âä�ð$ß²â�ð>úäöñyà¯ñ�ð�áß²â�ü5ó�ð�ãâ�ð>ñ�à�æ�ä�ó�à±õå�çGæß²å5ð>â�ð+ô�å(õ�õ�âê0ó&å�õ�ðã�ó�þ�â�ð²âõ0ü�å(ä�úáà�ü¯à�ç^å(äöñ�â�ðµõ�å¯ü(â�ðPä�S&õ�ó�â�ð�þ<� à	ñ�à(ô�T¯ð'� ûàoô�å�õ�=
ü�â�ß>ñ�óöñ�à�çGæLñ�å	ñyàU7�úð>ñ�S�ô�ó�àDâ�õWä&àDß²âý°âß��õôó&àDôä&ò(ð²ð²ó�ôàQá�âß�àGà�ù5ú�â�ð�ñ�á�ß²å(æ�ä&âçLà ��	Jäkä�ä&ó�æß²â�þ�â
H ó�ßyð�ôyû�ó�õ÷�J R!VWO 9 ìWQ�Q0RN:±ô�å(ç6âõYX�àWà	çíæ�ú�õ�ß�âá�ò�ð±áß²å�ý°ú�õþ�ãkð>â�÷�ú�ó�ñoá�âßbþ�ó&ü�â�ß�ð²å(ð�ôà	áYSöñ�å�ä�ðþ<� à	õò�ä�ó�ð>ó�á�ß>Z�á�ó�à�ã�þ�ó�÷(õàDþ�âoç^â�õô�ó&å�õ�à	ß��0D+à�÷(à	ß�ó�à�ðµñ�à�çGæ�î�ûàGà	õà	ñ®çLà	õ5ñ²â�õ�ó�õ5ñ¤ú�õàbæ�ó&æ�ä&ó[=
å�÷(ß�à�&�àoà�õ�å	ñyà�þ�à\J L�R;O 9 ìPQ0Q�R�:}þ�âä�ðJà�ü�â�õYX�å5ð�âõLà�ù5ú�â�ð�ñ$á�ß�å�æä�â�ç6àã¯ú�õàbà�äöñ�ß�àoý°å�õ5ñ®ü¯à�ä�ú�å5ð²à��D+àïá�ß�â�ð²âõ5ñDß�âü0ó�ð>ó&ÿïûà	ú�ß�ó�à�â�ð�ñyà¯ñGç6å(äöñDç6î�ðíþ�ó�ý]S&ôó�ä¤þ<� â�ð²ôß²ó&ú�ß�â6âõ à	æ�ð ��õô�ó�àïþ<� à(ù5ú�â�ð>ñ²â�ð
ô�å(õ(ñ�ß²ó&æ�úôó�å(õð�ð>ó&÷�õó[&�ô�à¯ñ�ó�ü(â�ð��

^ � à	ä�ñ²ßyàbæà�õþ�à�ã0à�ù5ú�â�ð�ñyàQß²â�ü0ó&ð²ó�ÿbõåGá�ß�â�ñ�îõWð²âß®âê�ûà	úð>ñ²ó&ü¯à�ã5ð>ó&õ�ÿDç6î�ð¤à�ü0ó&à	ñ®ô�å(ç^áä�â'=
ç6âõ5ñ�ò�ß²ó�àWà	ä�ð�ñ²ß�âæà�ä�ä�ðoþ�â_D+à�÷(à�ß²ó�à�ð�ó H ó&ß�ð�ôyû�ó&õ�÷��@`oúà	õ�û�âíôß²â�÷�ú�ñQù(úâGû�ó�ûà�ü0ó�àLõ�å¯ü�â�ð
à	á�å�ß²ñ�à(ô�ó&å�õð�ß²â�ä�ä&âü¯à�õ(ñyð¤âõïú�õà6ò	ß�â�àíþ�å�õ�à�þ�àã�û�âQó�õôä4Z5ð¤ä�â�ð�ô�å�õ5ñ�ß²ó&æ�úôó�å(õð�à	õ5ñ²â�ß²ó&å�ßyð®â�õ
ý«à�ü�å(ß´þ�âLä�àïô�å(ç^áä�âñ²â�ð�à �aD � å(ß²ó&÷�â�õ þ�â�ä$á�ß²å(æ�ä&âçLà ó�à	ä&÷�ú�õ�â�ðQò	ß�ââ�ðQù5ú�â6õ�åïûà�õ âê0á�âß�ó4=
ç6âõ5ñ�à	ñ¤ôà�á þ�â�ð>â�õ5ü(å�ä&ú�áà�ç^â�õ5ñ®ß²â�ô�â�õ(ñ�ç6âõ5ñ�ã5ô�å�ç à�ß�àbä�àDó&õ5ñ²â�ß²â�ð²ð�à	õ5ñJñyà�ð�ôàbä&ä�ó&÷(à(þ�àDàGä�â�ð
â�ù5úà(ô�ó&å�õð�ý°ú�õôó�å(õà	ä�ð�åLà	ä�ð�à	ú�ñ>Z�çLà¯ñ�â�ð�ô�â�ä � ä&ú�ä&à�ß�ð�ã0õ�å6ûà	õÃâ�ð>ñ�à	ñ±ç6âõôó�å(õà¯ñyð'�-	JäPä&â�ô�ñ²å(ß
á�å�ñ�ô�å(õð>úäöñyà	ß�âäPä&ä&ó�æ�ß�âbþ�â H ó&ß�ð�ôyû�ó&õ�÷�J RNVPO 9 ìWQ0Q�R�: �
b c x+�kx$w�d±Ý�xPz {¤Ý<egf$w��hd�Ýµx+zm��|	xiekj�z Ü)l�~µ|�Ý¤w�~$Ü�~
D5� â�ð>ñ²ß�úô�ñ�ú�ßyà^þ�âä�ð±âõ5ñ�âßyð�á�å5ð>ó�ñ²ó&úð�ý°å(ß>X�àLù5ú�âQñ²å�ñ²â�ð�ä�â�ðUZ�ß�æ�ó�ñ²â�ð±þ�â

T
à�ô�à	æ�ó&õïâõ!ú�õàLþ�â

ä�â�ð�ð>â�÷0G�â�õ5ñ�ð�ð²óöñ�úà�ôó�å(õðø
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3x + 1

è

9 ìP: â�ä+ô�ó�ô�ä&âQñ²ß�ó�ü0ó�à	ä {1, 2} � T
9 �0: ú�õ!ôó&ôä�âbõ�å^ñ�ß²ó&ü0ó&à�ä T
9 è�: ó&õ+&õ�ó�ñ 9 Z�ß�æ�óöñyà6þ�ó�ü(âß�÷�â�õ(ñ�:&�
	Jä�á�ß�å�æ�ä&âçLà

3x+1
ôå�õ7�â�ô�ñ�ú�ß�à´ù5ú�â¤â�ð$þ�ÿ(õà�ä � å�ákô�ó&ÿ 9 ìP:}âõGñ²å	ñyð�âä�ð�ôà�ð²å(ð���8oä�ó&ü�â�ó�ßyà±ó 0ó&ä�ü¯à J ��ì	ã����PO 9 ìPQ0Q0Qã ��������:ü�à�õQá�ß²å¯ü¯à�ßPù(úâ®à	ó�ê+Z¤î�ð+ôâß²ñPá�â�ß+à�ñ²å�ñ�ð�â�ä&ð+õ�å�çíæ�ß�â�ð n < 100×

250 ≈ 1.12× 1017.
��å6ü�à�õÃà(ô�å(õð>â�÷�ú�ó&ß�à	çGæïþ�å5ð�å�ßyþ�ó�õ�à�þ�å(ß�ð ^ 	 � Þ±ä&á�ûàLà�ì�è(è?��� �oó

þ�å(ð}à �����?� �I�Jó5úð�à	õ5ñ�ìWL�� L�à	õ!"�ð+þ�â � � � �¯Þ�ù5ú�â�ð�ñ�ôò	ä�ô�úä(â�ð+ü¯à±à(ôà	æ�à	ß+ä � Þ±æ�ß�ó�ä0þ�â�ä-���������
	 å0å(ð²âõþà�à	ä�J ��MPO 9 ������èN:Pà(ð²ð²â÷(ú�ß�à�û�à�ü�âß�=»û�å±ç6ó�ä&ä&å�ßyà¯ñ &õð�à n = 195×250 ≈ 2.19×1017
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ü¯à^þ�â�þ�ú�ó&ß±à	çíæ�ä � à7�ú�ñ±þ�âQß�â�ð²ú�äöñyà¯ñyð�õ5úç ��ß²ó�ôð�ôå�ç â�ä&ð�â�ð>ç6âõ5ñyà¯ñ�ð�à�äkáà	ßyò	÷(ß�à	ý+à	õ5ñ²â�ß²ó&å�ß�ã
7�ú�õ5ñ�à�ç^â�õ5ñ®à	çGæíä&àoñ�âå�ß�ó�à´þ�â�ý°ßyà�ô�ô�ó&å�õð�ôå�õ5ñ�S&õ0ú�â�ð�Dü�â�÷�âú^ä�à  �â�ôôó�ÿ Moá�â�ß®àoç^î�ðJþ�âñ�à	ä&ä�ð
ð>å(æ�ß�â´ôó&ôä�â�ð'�

�±óJûàÃú�õéà	ä&÷�å(ß²ó�ð²ç^âíõà¯ñ�ú�ßyà	ä�á�â�ßDô�å(ç^áß²å¯ü¯à	ßQù5ú�â6âä�ð´óöñ�âßyà¯ñ�ðbþ�âíñ�å	ñyðQâä�ðQõ�å�çíæ�ß²â�ð
ç6âõ�å(ß�ð6ù5ú�âïú�õ

N
þ�â�ñ²â�ß²ç6ó&õà¯ñ6ñ�âõþ�â�óöê�â�õ¸à ì�� �Jß²ó&ç6âßWþ�âÃñ�å	ñ�ã�ô�å�ç6á�ß�å¯ü�â�úmù5ú�âÃñ²å�ñ

âõ5ñ²â�ß±á�å(ð²óöñ�ó�ú!ç6âõå�ß±ù5ú�â
N − 1

ñ²âõ�þ�âó�êïàïì�Tà	ä&â�ð²û�å(ß²â�ðã�ôå�õð²ó&þ�âß�âúÃâä�ð�óöñ�âßyà¯ñyð±þ�â
N
�

 0ó�ú�õ þ � â�ä�ä�ð6ôà	úmá�â�ß6ð²å	ñyà�þ<�
N
ã�å�ä&ó¤âõmúõmä&ä�ú�ç�� ��âß6à�ù5ú�â�ð�ñ^ç6å	ñ²ó&úPã�û�å(ç ô�å�õ�ð>ó�þ�âßyà

ä � à	õå�ç6âõà	ñ�5 �'����� ��� ��5 *+�����0� þ<�
n
ã®î�ð�à þ�ó&ß�ã®âä�õå�çGæß²â�þ � ó�ñ²â�ß�à(ô�ó&å�õð6õ�â�ô�â�ð²ð�à	ß�ó&ðWá�â�ß

å�æ�ñ�âõ�ó&ß�ú�õïõ�å(çGæ�ß�âQá�â�ß±ð>å�ñ�à6þ<�
n
ø

σ(n) = inf{k : T (k)(n) < n}.
�±õ�ôå�õôâá�ñ�âDß�âä�à�ô�ó&å�õ�à¯ñ±î�ð�âä�þ�â 5 �������_5 1�5 ��� ��� ��5 *+�>�0�0�	ãkâäµõ�å�çíæ�ß²âDþ � ó�ñ²â�ß�à(ô�ó&å�õð�õ�â�ô�=
â�ð�ð²à�ß²óká�âß�à�ß²ß�ó&æà	ß�àÃì�ø

σ∞(n) = inf{k : T (k)(n) = 1}.
#}à�çGæ�îQâ�ð±ôå�õð²ó&þ�âßyàGä �h�����;�0�0�Dþ<�

n
ãâäPá�úõ(ñ±ç6î�ð�à	ä�ñ�þ�âä�ð�óöñ�âßyà¯ñyð�þ<�

n
ø

h(n) = sup{T (k)(n) : k ∈ Z+}.
� óöê�âú�=Sü(å(ðJù5ú�â´ð>ó

n
á�â�ß>ñyà	õ!"^àDú�õàbñ�ß�à�7�â�ô�ñ�Z�ß�ó�àbþ�ó�ü(âß�÷�â�õ(ñ�ã	ä&ä&à�ü(å�ßyð

σ∞(n) = h(n) = ∞ �
Þ�ù5ú�â�ð>ñ²â�ð¤ý°ú�õô�ó&å�õ�ð�á�å�þ�â�õÃáß²â�õþ�ß�â´ü¯à�ä�å(ß�ð�ð²å�ß�á�ß²â�õ�âõ5ñ�ç^â�õ5ñ�à�äöñyðK&õð�ó�ñ�å	ñ�á�âß�à^ü¯à	ä&å�ßyð
á�âñ²ó�ñ�ð±þ �

n
� ��â�ß�â�ê�âç6á�ä&â�ã

σ(27) = 59, σ∞(27) = 111, h(27) = 9232.

D5� Z�ß�æ�ó�ñ�à^þ�â+��Víð�� ó&ä � ä&úð�ñ�ß�à6à^ä�à � ó&÷�ú�ßyàÃì?�
	 å0å(ð²âõþ�à(à	äKJ �NMPO 9 ������èN:�ûà�ôà	ä�ô�úä&à	ñQþ�ó&ü�â�ß�ð²å(ð �ß���ôå�ßyþ�ð �bá�âßQàÃà�ù5ú�â�ð>ñ²â�ð±ý°úõô�ó&å�õð��!���âß^ä&à ð>â�ü�à�æà	õþà�ã H ó�ßyð²ôyûó�õ�÷ J R!V5ã}á � ��ì������;O 9 ìPQ0Q0RN:oûà�ô�à¯ñ�à�ä�å(÷(à	ñGþ�ó�ü(âßyð>å5ðbß�â�ð²ú�äöñyà¯ñyðð>å(æ�ß�âoõ�å(çGæ�ß�â�ð�ôå�õð²â�ôú�ñ²ó&úð�à�çGæÃä&à^çLà¯ñ�âó�ê�à6à�ä�X�à�þ�à��

���}�y�S�¤�����0Õ��N�y�������N��� 9 ½ � �¤�����>¬� ���� T (1) = 2
�
T (2) = 1

¨
É��+�� � ���������y�����S���«³�������¢ � ��� � �>�«���� � ���y ���� � �S� �+� �����>����� � ¬��5�>� � �y¡������>��� C(x)

¨
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� ��5 *Y��[-3536P�0�'-/. ����������1����������
3x + 1

M

����� ���	��
	��������������	��

D5� à	ä&÷�å(ß²ó�ð>ç6â�õà	ñ²ú�ßyà	ä(ç^â�õô�ó&å�õ�à¯ñ+ç6î�ðµà	çíú�õ5ñ+â�ð+á�å�ñ}ß�â�ý°å(ß²çíú�ä&à�ßPô�å(çÃø�âä(á�ß�å�æ�ä&âçLà
3x+1î�ðLôâß²ñ ð>óSã$ó±õ�å(ç^î�ðWð²óNã�ñ�å	ñWâõ5ñ�âßLá�å(ð²óöñ�ó�ú ñ²î!úõ ñ�âç6áðWþ � à	ñ²ú�ßyà�þ�à &õóöñ�� #+â�ß²ßyà�ð J V0V5ã

VR;O 9 ìPQNV���ã&ìWQNV�Q�:µü¯àGþ�âç6å(ð>ñ²ßyà	ß¤ù(úâoâ�äkôå�õ7�úõ(ñ�þ<� âõ5ñ²â�ß�ð�á�å(ð²óöñ�ó�úð�à�çGæWñ�âç6áð�þ<� à¯ñ�ú�ß�à(þ�à&õ�ó�ñ�ñ²îDþ�â�õð²óöñyà¯ñ±ú � �!î�ð±ô�å(õô�ß�â�ñyà	ç6âõ5ñ�ã5ü¯àLþ�â�ç6å(ð>ñ²ßyà	ß�ù5ú�âQâäPä�S�ç6ó�ñ

F (k) := lim
m→∞

1

m
|{n ≤ m : σ(n) ≤ k}|

â�ê�ó�ð�ñ�âó�ê¸á�âßïà ô�à�þ�à
k ∈ Z+

óbù5ú�â
limk→∞ F (k) = 1

� 	Jü(âß�â�ñ²ñ J è�ì�O 9 ìPQNV0V0:^âõ ü�àþ�å�õ�à	ß�ú�õàLþ�âç6å(ð>ñ²ßyà�ôó�ÿ6ç6î�ð±ôú�ß²ñ�à �$D+à	÷5à	ß�ó&à(ð J LNMO 9 ìWQ�R�M0:�ü¯à6á�ß�å¯ü¯à	ß�ú�õ!ß�â�ð²ú�äöñyà¯ñ�ð²å�æ�ß�âä&à^ü(âä&å0ôóöñyà¯ñ±þ�âDôå�õ0ü�â�ß²÷��õôó&àø

F (k) ≥ 1 − 2−ηk

á�â�ßWà�ñ�å	ñyà
k ∈ Z+

ã$å�õ
η = 1 − H(θ)

ã
H(x) = −x log(x) − (1 − x) log(1 − x)

ó
θ = (log2 3)−1

�Y�±åLú�ñ²ó&ä�ó�ñ���àíá�âßoàíß�â�ð>ñ²ß�ó&õ�÷�ó&ß�ä�â�ð�á�å5ð²ð²ó�æä�â�ð Z�ß�æ�óöñ�â�ð�þ�ó&ü�â�ß²÷(âõ5ñ�ð�ø
∣

∣{n ∈ Z+ : n ≤ x, σ(n) = ∞}
∣

∣ ≤ c1x
1−η

á�â�ß�àGà	ä&÷�úõàGôå�õð>ñ�à�õ(ñ¤á�å5ð>ó�ñ²ó&ü¯à
c1
��Þ±ó�ê+Zíó&ç6á�ä�ó�ôà^ù5ú�âQù(ú�à	ä�ð>â�ü�å�äñ²ßyà7�â�ô�ñ�Z(ß²ó�àDþ�ó&ü�â�ß²÷(âõ5ñ

õ�åïá�å�ñGþ�ó&ü�âß�÷�ó&ßQçLà�ð�ð²à�ä�â�õ5ñ�à	ç6â�õ(ñ�� 	Jõéä�àïç6à	ñ²â�óöê�àïþ�ó&ß²â�ôô�ó&ÿã@FQà�ß�ô'S&àÃó2#µà	äIJ è�è;O 9 ìPQ0Q�Q�:ûà	õ^á�ß�å¯ü¯à¯ñ$ß²â�ô�â�õ(ñ�ç6âõ5ñJù(úâ¤ä�àQþ�âõ�ð>ó�ñ�à	ñ®þ�â�ù(ú�à	ä�ð>â�ü�å�ä!Z(ß²æ�ó�ñ�àQþ�ó&ü�â�ß²÷(âõ5ñ�î�ð �â�ß²åA�	Þ�ù5ú�â�ð>ñ
ß²â�ð>úäöñyà¯ñ�â�ð�çLà	õ5ñ�îbá�â�ß±à^ôå�õ7�úõ(ñyð�óký°ú�õôó�å(õð�ç6î�ð�÷(âõ�â�ß�à�ä&ð��

 0â÷(ú�ó�õ5ñ´ä4S&õ�ó&â�ðQþ�ó�ý°âß�âõ5ñ�ð�ã��$â�õ5ñ²ú�ß�ó�õó<J R�ì�O 9 ìPQ0R�Q�:�ü¯à þ�âç6å(ð>ñ²ßyà	ß�ù5ú�âíá�â�ß´à�ôà(þ�à ρ >
0
ãJâ�ä�ô�å(õ7�ú�õ5ñ {n ∈ Z+ : T (k)(n) < ρn

á�â�ß�à6à	ä&÷�ú�õàB� } ñ²î þ�âõð²ó�ñ�à¯ñWú ��Þ±ä&ä&å�úôyû�âJ�ì�O 9 ìWQNV�Q�:Jü�àGá�ß�å¯ü�à�ß®ù5ú�â {n ∈ Z+ : T (k)(n) < nc
á�âßoà^à�ä�÷(ú�õà � } ñ²îoþ�âõð²óöñyà¯ñ�ú á�âß�à

c > 3/2− log2 3 ≈ 0.869
ã�ý°âñ®ù5ú�â�ü¯àbð>â�ßJç6ó�ä&ä�å(ß�à	ñ$á�â�ß ��å(ß²â�ô J è0QO 9 ìWQ0Q0LN:µù5ú�â�ü¯àQå�æ�ñ�âõ�ó&ßâäPçLà	ñ²âó�ê ß�â�ð²ú�ä�ñ�à¯ñ±à�çGæ
c > log4 3 ≈ 0.7924

�
� å â�õð±û�àWþ�âíð²å�ß�á�ß�âõþ�ß²â(ã�ñ�à�ç^á�å�ô	ã�ù(úâíà	æú�õþ�ó&õ�ß�â�ð²ú�äöñyà¯ñyð±þ�âíô�à	ó&ß²âbáß²å(æà	æ�ó&ä�S&ð>ñ²ó�ô

à	äµü�å(äöñyà	õ5ñ´þ<� à�ù5ú�â�ð�ñ�â�ð±ý°ú�õô�ó&å�õ�ð
3x + 1

�,�±õ�à ð²ú�á�å5ð>ó�ô�ó&ÿ�ù5ú�â^ð>å¯ü0ó&õ5ñoâ�ð�ý°å�ß�çGúä&àLî�ðQù(úâ
þ�â�ð²á�ß�î�ðÃþ�âYç^å(äöñ�â�ð�óöñ�âßyà�ôó�å(õðã¤âäQá�ß�å�á�âßÃó�ñ²âßyà¯ñ�ñ²îYä&à çLà¯ñ�âó�ê�àmá�ß�å�æà�æ�ó�ä&ó�ñ�à¯ñïþ�âéð>â�ß
áà	ß�âä&äPù5ú�âDð²âõà�ß�� H à	÷�å(õ J R�L�O 9 ìWQ0RNM0:¤à	ß�÷�úç^â�õ5ñ�à^ù(úâ´â�ä�ñ²â�ç6áð±þ<� à¯ñ�ú�ß�à(þ�à^ç6óöñ 7>ò6á�â�ß�àú�õ�õ	��ç6â�ß²åïð>â�õà	ß

n 9 à	çGæ ä&àWý°ú�õôó�ÿ C(x)
:´ð'� à	áß²å(áà à ú�õàÃô�å�õ�ð�ñyà	õ5ñ�ã�ô�å(õô�ß�â�ñyà	ç6âõ5ñ�ã

à	ä�õ	��ç6âß�å
∞
∑

i=1

[1 + 2i + i log2 3]
ci

2[i log
2
3]

≈ 9.477955

å�õ
ci
î�ð$âäõ�å�çíæ�ß²â�þ�âoð>úô�ô�â�ð²ð²ó�å(õð�ù5ú�â±ô�å(õ(ñ�âõ�â�õ

3/2
ó
1/2

à�çGæ6â�ê�à(ô�ñ�à�ç6âõ5ñ
i
ü�â�÷(à(þ�â�ð

3/2
ã�ñyà	ä�ð+ù5ú�â®â�ä(áß²å�þ�úô�ñ²â¤þ�âJñ�å	ñ�à±ä&àoð>úô�ô�â�ð²ð²ó�ÿ�î�ð+ç6â�õ�å�ßµù(úâ

1
ã�á�â�ß�Zoù(úâ®âä5á�ß�å�þ�úô�ñ�â®þ�â

ù5úà	ä�ð>â�ü�å(äkð²úô�ô�â�ð�ð²ó�ÿ6ó&õ�ó&ôó&à�äPî�ð±ç^î�ð�÷�ßyà	õÃù5ú�â
1
��8oæ�ð>â�ß²ü(âúïù(úâDà�ù5ú�â�ð>ñ�àíý°ÿ(ß²çíú�ä&à^áà(ð²ð�à

á�â�ß¤à�äöñ�ä � âõ0ú�ñ 7�ÿ(ð 
+1

��þ�âä�
+1

�yã�á�å�ñ�ð²âß 7�úð�ñ�ó[&�ôà¯ñ�à�ð²ó�ç6á�ñ>Z	ñ�ó&ô�à	ç6âõ5ñ��5Þ±ó�ê+ZGð>â�çGæ�ä�àGù5ú�â
â�ð�ôå�õ+&ß�çLàDâ�õ�ä&â�ð�ôå�ç6á�ß�å¯ü�à(ô�ó&å�õð�õ0ú�ç��ß�ó&ù5ú�â�ð�þ�â H à�÷�å�õÃð>å(æ�ß�âoâ�ä&ð�ñ²â�ç6áð±þ<� à¯ñ�ú�ß�à(þ�à
á�â�ß±à^õ�å�çíæ�ß²â�ð�ð>â�õà	ßyð<&õð�à

n = 109
ã�ä�à^ù5úà�ä�ô�å(ð�àíä�ä&ó�÷5à6à	çGæÃâäPà�á�ß�å�ê0ó&çLà�ôó�ÿGþ�å�õà(þ�à

ç6î�ð�à	çíú�õ5ñ��



� ���������
	����������������

��� � ���	��
	� � � � ���  ����� � ���	��

^ â�ß²â�ð>úäöñyà¯ñ�ðGà	ä®ü(å�ä�ñ�à�õ(ñ^þ�âä®ñ²âç6áðGñ²å�ñ�à�ä�þ<� à¯ñ�ú�ß�à(þ�àÃñ�à�çGæ�î õ � û�ó�ûà!á�âß6þ�å�õà�ßDó¤á�â�ß
ü�â�õþ�ß�â?�kÞ±á�á�ä&â÷5à¯ñ�âíóiD+à�÷(à�ß²ó�à�ð J QO 9 ����� �0:�ý«à�õ �ðQþ�â6þ�ú�â�ð´õ�å¯ü�â�ð�ý°ú�õôó�å(õðQà	ú�ê�ó&ä�ó�à	ßyð�ø�ä�à
���0.��0�_5 ������� ��� ��5 *+�����0�

γ(n) :=
σ∞(n)

log n
,

ó�ä�à �,��1��Y1���'-/. ��� *+� �
ρ(n)

á�â�ßíà�ð²úô�ô�â�ð�ð²ó�å(õðGôå�õ0ü�â�ß²÷(âõ5ñ�ð�ãPþ�â�&�õ�óöñ6ô�å(ç ä�à!á�ß�å�á�å�ßyô�ó&ÿ
âõ5ñ²ß�âGâ�ä}õå�çGæß²â^þ�âDñ�âß�ç^â�ðoð²âõ�à	ßyð±âõ�âä�ð�á�ß�ó&ç^â�ß�ð

σ∞(n)
ó�ñ²â�ß�à	ñ�ð´þ�ó�ü0ó�þ�ó�ñ´á�âß

σ∞(n)
�

� ðLð²âõ���ó�ä&ä±þ�âïü�â�ú�ß²âÃù5ú�â
γ(n) ≥ 1/ log 2

á�â�ßLà�ñ�å	ñyà
n
ãJà�çGæmó&÷�ú�à	ä�ñ�à¯ñLõ�å(ç6î�ð6ù5úà	õ

n = 2k
��	®ð�ô�å(õ�âó�ê�âõïþ�â�ð²ó�÷(úà	ä�ñ�à	ñ�ð�ç6î�ð¤ý°å(ß>ñ�â�ð�ôå�ç à�ß�à

γ(n) ≥ 1

log 2 − ρ(n) log 3

á�â�ß´à ù(ú�à	ä�ð>â�ü�å�ä+ñ²ßyà7�â�ô�ñ�Z(ß²ó�àLô�å(õ0ü�âß�÷�â�õ5ñ�ã�ç6âõ5ñ²ß�âíù5ú�â^ð>ó
ρ(n) ≤ 0.61

ã�à	ä&â�ð²û�å�ß�â�ð±á�â�ß´à
ñ²å�ñ

ε
á�å5ð>ó�ñ²ó&úPã

γ(n) ≤ 1

log 2 − ρ(n) log 3
+ ε

á�â�ßíàïñ�å	ñyà
n
ð>ú+&�ô�ó&âõ5ñ²ç6âõ5ñG÷(ß�à�õ �  0ó�û�å�ç à�ð�ð²ú�ç6âó�êYù5ú�â ä�àïá�ß�å�á�å�ßyô�ó&ÿ�þ<� ú�õðDî�ð

1/2
9 ù5ú�âLâ�ù(úó�ü¯à	äJàÃä � â�ù5ú�ó�áß²å(æà	æ�ó&ä&óöñyà¯ñbþ�â6ñ²ß�å�æà�ßQú�õéáà	ß�âä&ä�åÃúõéð²âõ�à	ßbþ�â�ð²á�ß�î�ðbþ�âLç6å(äöñyðóöñ�âßyà¯ñyð>:�ãPñ²â�õ�ó&ç ù(úâWâä¤ü¯à	ä&å�ßGç6ó�ñ/7>ò þ�â

γ(n)
î�ð

2/ log(4/3) ≈ 6.95212
ãkñyà	ä¤ô�å�ç ü¯à	õ

å�æð²âß�ü¯à	ß  0ûà	õY�0ð\J �0Q;O 9 ìPQ��NM0:�ã � ßyà	õþà	ä&ä<J ���;O 9 ìPQNV�R�:�ã,D+à�÷(à�ß²ó�à�ð J L!MPO 9 ìWQ�R�M0:�ã 	 à;%±ð�ñ�û�å�ß�õ�âJ �0LO 9 ìWQ�R�M�:�ãaD+à�÷(à	ß�ó�à�ðoó H â�ó&ð�ð J L!VWO 9 ìPQ0Q���:�ãkó��¤å�ß�å¯ü!��å¯üÃó �$ý°âó�ý°âß�J�ì;MPO 9 �������N:&�a�±óJû�à�â�üN=ó&þ �õôó�â�ð®âê0á�âß�ó&ç^â�õ5ñ�à	ä�ð®ù5ú�â�ß²âý°å�ßyô�âõWà(ù5ú�â�ð>ñ�àbå(æð²âß�ü�à(ô�ó&ÿ�� � å(ç^á�à	ß�âú+=»û�åDà	çíæWä&â�ði&ñ²â�ð
ð>úá�â�ß²ó&å�ßyð�ð>ú�÷(÷�â�ß²ó�þ�â�ð¤á�âä�ð�ç6å�þ�âä�ð�â�ð>ñ²å�ôò(ð�ñ�ó&ô�ð�þ�â D+à�÷(à	ß�ó�à�ð�ó H â�ó&ð�ð J L!VWO 9 ìPQ0Q���:�ø

lim sup
n→∞

γ(n) ≈ 41.677647.

Þ±á�áä�â�÷(à¯ñ�âhó D+à�÷(à�ß²ó�à�ðBJ Q;O 9 �������0:�ü¯à	õ å(æð>â�ß²ü¯à�ß�ã±à áà�ß>ñ�ó�ß�þ�â þ�à�þ�â�ð�þ�â 	 å0å5ð>â�õþ�à�à�ä
J �NMPO 9 ������èN:�ã0âä+ù5ú�âbà�áà	ß�âõ5ñ²ç6â�õ(ñ�î�ð�âäPü¯à	ä&å�ß�ôå�õ�â�÷�ú�ñ�ç6î�ð�÷(ß�à�õ�þ�â γ

ø

n = 7 219 136 416 377 236 271 195

þ�ú�ú¸à
σ∞(n) = 1848

ó
γ(n) ≈ 36.7169

�}Þ±á�á�ä&â÷5à¯ñ�â�óID}à	÷(à�ß²ó�à�ðGûà	õ ô�â�ß�ô�à¯ñGñyà	çíæ�î
ú�õà�&�ñyà�ó&õ�ý°â�ß²ó&å�ßDþ�â

γ
ù5ú�â6â�ðbþ�å�õ�ó$ó&õ+&õ�ó�ñ²â�ðbü�â�÷(à(þ�â�ð����oð²à�õ5ñQâ�ä�ý°â�ñDæ�âõhô�å(õ�â÷(ú�ñDù(úâ

T (k)(2k − 1) = 3k − 1 9 ü�â�÷�âú+ã�á�â�ß±â�ê�â�ç^áä�â(ã��Qú�ñ>ñ�ä�â�ß J L�LO 9 ìWQ�Q�L!: :�ã�á�å(ð²âõ!þ�âbçLà�õ�óöý°â�ð�ñù5ú�â

γ(2k − 1) ≥ log 2 + log 3

(log 2)2
≈ 3.729.

#}à�õ�çLà¯ñ�âó�êkã¤ü¯à	õ ç^î�ð â�õ�ä&ä&òmç^å5ð�ñ�ß�à�õ5ñÃù5ú�â�ûó´û�à ú�õ õ�å�çíæ�ß²â ó�õ�&õ�ó�ñïþ�âYü¯à	ä&å�ßyð þ<�
nô�å(õ5ü(âß�÷�â�õ(ñyð�ä�à á�ß�å�á�å�ßyô�ó&ÿWþ<� ú�õðQþ�â�ä&ðQù5úà	ä�ðoî�ðQô�å(ç à�ç S�õó�ç

14/29
T�á�âß´ñ�à�õ(ñ�ãkä&à &�ñ�à

ó�õ�ý°âß�ó�å(ß

γ(n) ≥ 29

29 log 2 − 14 log 3
≈ 6.14316
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3x + 1

V

â�ð}þ�ÿ�õà�á�â�ß}à�ú�õDõ�å(çGæ�ß�âJó&õ+&õ�ó�ñµþ�â�ü¯à	ä&å�ßyð+þ<�
n
�P#}å	ñµó(ù5ú�â�ä&àoþ�âç6å(ð>ñ²ßyà�ôó�ÿ�ó&õ0ü�å(ä�úôß�à�úõà

ô�â�ß�ô�à�ô�å�ç6á�ú�ñ�à�ôó�å(õà	ä�â�ê0ñ²â�õð²à�ð>å(æ�ß²â$ä �3��'�'���U�0� �21��3�4�5]6
&õð}à�á�ß�å	ý°ú�õþ�óöñyà¯ñ ����ãâ�ä&ð}à	ú�ñ�å�ßyð
å�æð²âß�ü�â�õ à	çíæmð>å(ß²áß²â�ð²à�ù5ú�â�ä&à ç6óöñ 7>à	õà�á�ß�å�æà�æ�ó�ä�S�ð�ñ�ó&ô�à�þ�â

γ(n)
� à	á�ß�å�ê�ó�çLà�þà	ç6âõ5ñ

� � Q�M���ì�� �Wç6à�ó�õ�åWð�� à(ð²ð²å�ä&âó�ê<�
	 å0å(ð²âõþ�à(à	ä2J ��M;O 9 �����(è�:¤þ�â'&õ�âó�êïú�õà6ý°ú�õ�ô�ó&ÿ ù5ú�âGà	õå�ç6âõà6â�ä ��� ��-/�*Lþ<� ú�õ!õ�å(çGæ�ß�â

x ∈ Z+
ã+ó�ù5ú�âWþ�âõ�å(ç^ó&õà 	 â�ð

(x)
�  0ú�á�å(ð²âú ù5ú�â

x
î�ðDúõà

C
=Nñ�ß�à�7�â�ô�ñ�Z�ß�ó�àÃôå�õ0ü�â�ß²÷(âõ5ñ

à	çíæ
P
ñ²âß�ç6â�ð�áà	ß�âä&ä&ð±ó

S
ñ�âß�ç^â�ð�ð²âõà�ß�ð�à	æà�õð�þ<� à	ß�ß�ó�æà�ß±àWä ��ì���Þ�ä�â�ð>û�å(ß²â�ðãâäµß²â�ð>ó�þ�ú

â�ð�þ�â'&õ�â�óöêïô�å�ç
	 â�ð

(x) :=
2P

x3S
.

	 å0å(ð²âõþà�à	ä}à	á�ß�â�ôó&àLù5ú�â 	 â�ð
(993) = 1.253142 . . .

ã�ó�ù5ú�âGà(ù(úâ�ð>ñ�î�ð�âäµß²â�ð>ó�þ�ú!ç6î�ðoà	ä�ñ
à�ð�ð>å(ä�ó�ñ�á�â�ß�ñ²å�ñ�ð�âä�ð

x < 232
����ô�å(õ7�â�ô�ñ²ú�ßyà6ù(úâQà�óöê+Z6â�ð�çLà�õ(ñ�îQá�â�ß�àíñ²å	ñyà

x ∈ Z+
�

� à	ß�õ�å%±ð��5ó J R�Q;O 9 ������ìP:�ß²â�âç6á�ß��õ!âäµá�ß�å�æ�ä&âçLà 3x + 1
à�çGæ!ä&ä�â�õ�÷�úà	ñ²÷(âGþ�âíô�à�þ�â�õ�â�ð

þ�â ��à�ß��(å¯ü �+ 0ó&÷�ú�ó
g
ä&àíý°ú�õôó�ÿLä&ä&âú�÷(âßyà	ç6âõ5ñ�à	ä�ñ²âßyà�þà

g(x) =







(3x + 1)/2 x ≡ 1 (
ç6å�þ

2), x > 1,
x/2 x ≡ 0 (

ç6å�þ
2),

1 x = 1,

en
â�ä�ü(â�ô�ñ²å�ßíô�å�ä&ú�ç6õàïå(õhä �

n
= ��ð>ó&çLà�ô�å(ç6á�å(õ�âõ5ñGü¯à	äoìWó®ä&â�ðíà	ä�ñ²ß�â�ð ��ã+ó�ä&à�ç6à	ñ²ß�ó�ú þ�â

ñ²ßyà	õð²ó�ô�ó&ÿ
P
þ�â�&�õ�ó&þàíá�âß

Pij =

{

1
ð>ó

g(i) = j,
0
à	ä�ñ²ßyà	ç6âõ5ñ��

Þ�ù5ú�â�ð>ñ²â�ðoþ�â'&õ�ó�ô�ó&å�õð´þ�å(õ�âõ�úõà ôå�ß�ß²â�ð>á�å�õþ �õôó&àLþ�ó&ß�â�ô�ñyàLâõ5ñ�ß²â
g(k)(n)

ó
e

T
nP k ã�óµâäá�ß�å�æ�ä&âçLà

3x + 1
ß�â�ð²ú�ä�ñ�à6ð²âß±ô�â�ß>ñ±ð²ó

lim
k→∞

P k = [1 0 0 · · · ],

å�õ
1
ó
0
ß�âáß²â�ð>â�õ(ñ�âõÃü�â�ô�ñ²å(ß�ð�ô�å�ä&ú�ç6õàLôå�õð>ñ�à�õ(ñyð'� � à	ß�õ�å%±ð��5ó�ü¯àLç6î�ð±âõä�ä�òLç6å(ð>ñ²ßyà	õ5ñ

ù5ú�âWä � â�ð�ñ�ß²úô�ñ²ú�ßyà!þ<� ú�õà�ôâß²ñ�àïó&õ0ü�âßyð�à�÷(âõ�â�ß�à�ä�ó�ñ���à�þ�à
X
þ�â

I − P
þ�ú�ú ô�å5þ�ó4&�ôà	ñ�ðDâ�ä&ð

ñ²â�ç^á�ð�ñ²å�ñ�à	ä�ð�þ<� à¯ñ�ú�ß�à(þ�à^þ�â
Z+ �

�µâ�ßJà�ß�âáß²â�ð>â�õ(ñyà�ôó�å(õð+÷(ß�ò�&�ù5ú�â�ðµþ�â�ä&ðµñ�âç6áð$þ<� à¯ñ�ú�ß�à(þ�à�þ � ú�õ�àoâê0ñ²âõ�ð>ó&ÿ´þ�â
T
ã�ü(â÷(âú

^ úç^å(õ5ñ±ó 	 âó�ñ²â�ß J �0Q;O �
����� � ��� ���	�  ��
 � � � ������ � � ��� ����� � � � ��
 ���  ��� � � � � � �
D+à6ùNG�â�ð>ñ²ó&ÿWþ�â�ä&ð�ñ�âç6áð±þ � à	ñ²ú�ßyà�þ�à^â�õ�ä�ä�à0X�à6þ�âbçLà	õ�â�ß�à6ô�å(ç6á�ä�âê�à^à�çGæïä�àLþ�âbä �3��'�'��� �0�
�21�3�4��536'��D5�3��'�'��� �����21�3���5]6¤î�ð�âäk÷�ßyà¯ýPþ�ó&ß�ó�÷(óöñ�âä�ð®ü��ß²ñ²âêLþ�âäkù(ú�à	äkð>ÿ(õWá�ß�â�þ�â�ô�â�ð�ð²å�ßyð®þ<�&ì
ü0ó&à^ä � à�á�ä�ó�ôà(ô�ó&ÿ

T
�Y 0â?� õïá�å�ñ±ü�âúß²â´ú�õà6ß�âá�ß�â�ð²âõ5ñyà�ô�ó&ÿGá�à	ßyô�ó�à	ä�à^ä&à � ó&÷�ú�ßyà � � è��

D5� â�ð>ñ²ß�úô�ñ�ú�ß�àÃþ�â�äJ÷�ßyà¯ý�þ�â � å(ä�ä�à¯ñ>�íû�àÃà	ñ²ß�â�ñDô�â�ß>ñyà�à	ñ²â�õô�ó&ÿ��PÞ�õþ�à	ä&å�ß�å J L�O 9 ����� �0:�ûàâ�ð>ñ²úþ�ó&à	ñ�ß�â�ð²ú�ä�ñ�à	ñ�ð�ð²å�æ�ß�âoä�à6ô�å(õ�õ�â�ô�ñ²ó&ü0óöñyà¯ñ�þ�âbð²ú�æ�ôå�õ7�úõ(ñyð±þ�â�ä�÷�ßyà¯ýµþ�â � å(ä�ä�à¯ñ>�?����ß²ü(å"
J V�Q;O 9 �������N:�ü¯à´á�ß²å¯ü¯à�ß}ù5ú�â�âä�÷(ß�à	ýþ�â � å�ä&ä&à	ñ��¤î�ðµõ�å´ß²â�÷�ú�ä�à	ß�ã�â�õíâ�ä�ð>â�õ5ñ²ó�ñ�ù5ú�â�õ�å´á�å5ð²ð²ââ�óöêú�õàGñ²â�å�ß�ó&àíþ�â´ð²â÷(å�õWå(ß�þ�ß²âoç^å(õò�þ�ó&ô�àGþ�â�ô�ó�þ�ó�æä�â�T0à�óöê+Zíâ�ð>ñ�òíß²â�ä&à(ô�ó&å�õà	ñ¤à	çíæWä�àDñyà�ð�ôàGþ�â
� å�õ!%�à;"Lç^â�õô�ó&å�õ�à�þ�à^à^ä&à� 0â�ôô�ó&ÿ L��
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3x + 1

Q

	JõWä&ä�å�ô±þ<� à	õ�à	ä&óöñ>��à	ßJôå�ç þ�â±ßyò	á�ó�þ^âõð�à�ôå(ð>ñ²âçBàbúLá�â�ä&ð®óöñ�âßyà¯ñyðã	á�å�þ�âç ô�å(õð²ó&þ�â�ß�à�ß
âä¤ô�å�õ�7�ú�õ5ñíþ�âWõ�å(çGæ�ß�â�ðGù(úâ ð'� à�ôå(ð>ñ²â�õéàïúõ õ�å�çíæ�ß�âWô�å�õ�ô�ß�â�ñ

a
ã+î�ðíà!þ�ó&ß�ã}âä)��1�����*+�Y5

���������>��� � ��1��_���
a
ø

PT (a) := {b ∈ Z+ : T (k)(b) = a
á�â�ß±àLà	ä&÷�ú�õð

k ∈ Z+}.
� å�ç ù(úâ6à�óöñyà	ä�ðbô�å(õ7�ú�õ5ñ�ðDð²ÿ�õ Z(æ5ü0ó�à	ç6âõ5ñQó�õ�&õ�ó�ñ�à	ç6â�õ(ñí÷�ßyà	õð�ãkû�å�ç á�å�ñDç^â�ð>úß�à�ßbâä�ð
ñ²â�ß²ç6â�ð®þ�âä�ô�å�õ�7�ú�õ5ñJá�ß²â�þ�â�ôâ�ð�ð>å(ßJù5ú�â�õ�åGð²å�æ�ß�âá�à�ð�ð>ó&õGú�õ�àDþ�â�ñ�âß�ç6ó�õà(þ�à &�ñ�à

x
ã�î�ðJàDþ�ó&ß�ã

Za(x) := |{n ∈ PT (a) : n ≤ x}|.
	JäPü¯à	ä&å�ß±þ�â

Za(x)
ü¯àLð>â�ß�â�ð>ñ²úþ�ó�à¯ñ±á�âß�á�ß²ó&ç6âßyàGü(â÷5à�þ�àíá�â�ß � ßyà	õþ�à�ä�äiJ ���O 9 ìWQNV�Q�:�ã�ù(úâü¯àíáß²å¯ü¯à	ß�ä � âê�ó&ð>ñ"��õô�ó�à6þ<� à�ä�÷(ú�õ�â�ð

c > 0
ñ�à	ä�ð�ù5ú�â

Z1(x) > xc,
à�çGæ

x
ð²ú+&�ô�ó&âõ5ñ�ç^â�õ5ñ�÷(ß�à�õ �

H ó�ßyð�ôyû�ó�õ÷_J RNV5ã¯á � L0O 9 ìWQ0Q�R�:Pâõðµý«àoü�â�ú�ß²â�ù5ú�â�à�ù5ú�â�ð�ñ�ß²â�ð>úäöñyà¯ñ$ð'� â�ð>ñ²î�õ^à Za(x)
á�â�ß$à�ñ�å	ñyà

a 6≡ 0
ç6å�þ

3
����ð�à	õ5ñ�âä�ç���ñ�å�þ�âbþ�âDô�â�ß�ô�àGá�âß±à�ß²æ�ß�â�ð¤þ�â � ßyà	õþà	ä&ä�ó
 �à	õþ�â�ß J �!VWO 9 ìWQ�Q��N:ü¯àmþ�å(õà	ßÃú�õà &�ñ�à ó�õ�ý°âß�ó�å(ßÃôå�õôß²âñ�à�ã

c = 0.25
ã�óQÞ�á�á�ä&â÷5à¯ñ²â ó D+à	÷5à	ß�ó&à(ð J �O 9 ìWQ�Q�M�:ä&àmü¯à	õ â�ð�ñ�âõþ�ß�â à

c = 0.643
� � âõ5ñ!ð>â�ß²ü0ó&ß�þ�â�ð>ó&÷�ú�à	ä�ñ�à¯ñyðLý°ú�õ�ô�ó&å�õà�ä&ð�âõ þ�óöý°â�ß"��õô�ó&â�ð�ã

�Qß�à(ð>ó���å¯ü_J L�ì�O 9 ìWQ�R0QN:Pü¯àoó�õ5ñ²ß�å�þ�ú�ó&ß�ú�õíõå�úGâ�õ�ý°å�ôà�ç^â�õ5ñµó�ü¯àoå�æ�ñ�âõ�ó&ß c = 3/7 ≈ 0.42857
�

H ó�ßyð�ôyû�ó�õ÷ J R�MPO 9 ìPQ0Q�èN:Pü¯àoâç6á�ßyà	ßµâä0çLà¯ñ�âó�êGâõ�ý°å�ô�à	ç6âõ5ñ�á�â�ßµå(æ�ñ²â�õ�ó&ß�ù5ú�â c = 0.48
��Þ�á+=

á�ä&â÷(à	ñ²âíó D}à	÷(à�ß²ó�à�ð J VWO 9 ìPQ0QNM0:�ü¯à�õ�ð>úá�â�ß�à�ßoà�ù5ú�â�ð�ñyð�ß�â�ð²ú�ä�ñ�à	ñ�ð�à�çGæ Z1(x) > x0.81
ãká�â�ß

à
x
ð²ú+&�ô�ó&âõ5ñ�ç^â�õ5ñ�÷�ßyà	õ�ðã5æ�åíókç^ó&ä&ä�å(ß�à�õ(ñ¤ä � âõ�ý°å0ô�à	ç6âõ5ñ�þ�â �Qß�à(ð>ó���å¯üGà�çGæ�á�ß²å(÷�ßyà	çLà�ôó�ÿ

õ�å ä&ó&õ�â�à�ä � 	 â�ôâõ5ñ²ç6â�õ(ñ�ã��Qßyà�ð²ó���å¯üWó D+à�÷(à	ß�ó�à�ð J L �PO 9 ����� �0:¤ü¯à	õ�á�âß²ý°â�ô�ô�ó&å�õà�ßoà(ù(úâ�ð>ñoâõ�=ý°å�ôà	ç6â�õ(ñ�óPå(æ�ñ²ó&õ�÷(ú�âß�âõïù5ú�â

Z1(x) > x0.84,
á�â�ß�à

x
ð>ú�&�ô�ó&âõ5ñ²ç6â�õ(ñ±÷(ß�à�õð

.

H ó�ßyð²ôyûó�õ�÷ J RNVWO 9 ìPQ0Q0RN:bûàYþ�â�ôà	õ5ñyà¯ñLà�ù5ú�â�ð>ñ�à�ç6âõàYþ�âïß²â�ð>úäöñyà¯ñ�ð^ôà�á à ú�õà õ�å¯ü¯àþ�ó&ß²â�ôô�ó&ÿ��+ 0â�÷�ú�ó&õ5ñ¤ôà�ç6ó�õð¤à	á�à	ß�âõ5ñ²ç6âõ5ñ�þ�óöý°â�ß²â�õ(ñyðã�þ�â'&õ�â�óöê
Rj,k

ã0á�âß�à
j, k ∈ Z+

ã�ô�å�ç
âä+ôå�õ7�úõ(ñ±þ�âQñ�å	ñ�â�ð�ä&â�ð±ð²ú�ç6â�ð�þ�âbä�àíý°å�ß�çLà

2α0 + 2α13 + 2α232 + · · · + 2αj 3j

å�õ
j + k ≥ α0 > · · · > αj ≥ 0

��	Jä+ôå�õ7�úõ(ñ
Rj,k

ñ�îbç^ó�þ�à

|Rj,k| =

(

j + k + 1
j + 1

)

.

��âß6ñ�à�ä�þ�â!çLà¯ê�ó&ç6óöñ>��à	ßWà(ù5ú�â�ð>ñ�à ç6ó&þ�àã®ôà�ä�á�ß�âõþ�ß�â |Rj−1,j | = (2j
j )

� H ó&ßyð²ôyû�ó&õ�÷éü¯à
á�ß�å�á�å(ð�à	ß�ä�àLð>â�÷0G�â�õ(ñ ²ô�å(õ7�â�ô�ñ²ú�ßyà6ß�â�ô�å(æ�ß�ó&þ�å(ß�à��yø0âê0ó�ð>ñ²âó�ê�úõàWô�å(õð>ñ�à	õ5ñ

K > 0
ñyà	äµù(úâ

á�â�ß±à^ñ²å�ñ�à
j, ` ∈ Z+

â�ð�ñ�îQä&à6ó&ç6á�ä�ó�ôà(ô�ó&ÿ

|Rj−1,j | ≥ K · 2 · 3`−1 =⇒ Rj−1,j
ô�å�æß²â�óöê ä&â�ð�ôä&à(ð²ð²â�ð¤ß�â�ð²ó&þ�úà	ä�ð�á�ß�ó�ç6âß�â�ð¤ç Z�þ�ú�ä

3`.

Þ�ù5ú�â�ð>ñ�à6ô�å(õ7�â�ô�ñ²ú�ßyà^ó�ç6á�ä&ó�ôà^ú�õà^ü�â�ß�ð²ó&ÿíç6î�ð�ý°å�ß²ñ�à6þ�âQä�â�ð±þ�â�ð>ó&÷�úà�äöñyà¯ñyð�áß"��ü5ó&â�ð�ø

lim inf
x→∞

(

inf
a6≡0

ç^å�þ
3

Za(ax)

xδ

)

> 0
á�âß±àíñ²å�ñ�à

δ ∈ (0, 1).
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H ó�ßyð�ôyû�ó�õ÷6à�ß²÷(ú�ç6âõ5ñ�à^ù5ú�â�ãó�õ5ñ²ú 
«ñ�ó�ü¯à	ç6â�õ(ñ�ã�ä�àLð>ú�çLàLþ�âbá�å	ñ��õôó�â�ð±ô�å(çGæ�ó&õà(þ�â�ð¤â�ð±á�å�ñ
ó�õ5ñ�âß�á�ß²âñ�à�ß�ôå�ç à6à(ô�ú�çíú�ä&à(ô�ó&å�õð¤õ�åLä&ó&õ�â�à�ä&ð�þ�âQä�à6óöñ�âßyà�ôó�ÿ6þ�âbä � à�á�ä�ó�ôà(ô�ó&ÿ

T
�

�±õàíæ�å(õàDá�à	ß²ñ¤þ�â�ä�ä&ä&ó�æ�ß�âoþ�â H ó&ß�ð�ôyû�ó&õ�÷ J RNVPO 9 ìWQ0Q�R�:$ð�� å0ôú�áàíþ<� úõ â�ð>ñ²ú�þ�ókç^î�ð2&ïþ�âäô�å(õ7�ú�õ5ñ�þ�âQá�ß�â�þ�â�ô�â�ð�ð²å�ßyð�ú�ð²à�õ(ñ�ä&â�ð¤ý°ú�õ�ô�ó&å�õð

e`(k, a) = |{b ∈ Z+ : T (k+`)(b) = a, k
ó�ñ²â�ß�à	ñ�ð�áà�ß²â�ä�ä�ðã

`
óöñ�âßyà¯ñyð�ð>â�õà	ßyð }|.

^ â'&õ�ó&õ5ñ±ä �
n �
� ��-3��� � � ��-/�\� ��5 -3���0��1���Dô�å�ç

sn(a) :=

∞
∑

`=1

e` (n + b` log2(3/2)c, a) ,

H ó�ßyð�ôyû�ó�õ÷6þ�âç6å(ð>ñ²ßyàGä�à^ó�ç6á�ä&ó�ôà�ôó�ÿ

lim inf
n→∞

sn(a)

βn
> 0 =⇒ Za(x) ≥ C

(x

a

)log
2

β

,

á�â�ß±àLà	ä&÷�ú�õ�àíôå�õð>ñ�à�õ(ñ
C > 0

óPá�âß±à
x
÷�ßyà	õ�ð'�

� å�ç ù5ú�â
e`(k, a)

þ�â�áA��õ þ<�
a
õ�å�ç6î�ð^à�ñ²ßyà�ü�î�ðíþ�âÃä�à�ð²âü¯à ôä&à(ð²ð²â ß�â�ð²ó�þ�úà	ä¤ç Z�þ�ú�ä

3`
ã H ó�ßyð�ôyû�ó�õ÷ïôå�õð²ó�þ�âßyà ä&â�ðbý°ú�õô�ó&å�õ�ð

e`(k, ·) â�ä®þ�å(ç^ó&õ�ó®þ�âLä�â�ðbù(ú�à	ä�ðbî�ð Z3
ãPâ�äJ÷�ß�ú�á

þ�âä�ðÃâõ5ñ²â�ß�ðÃè=�ò�þ�ó&ô�ð'� � å�çEù5ú�â
e`(k, a) = 0

ð²âç6á�ß�â ù5ú�â
` ≥ 1

ó
3|a ã�âäbô�å(õ7�ú�õ5ñ

{e`(k, ·) : ` ≥ 1, k ≥ 0} î�ð®ú�õàQý«à�ç\S&ä&ó&àDþ�â±ý°ú�õôó�å(õð®ð²å�æß²â�â�ä÷�ß�ú�á6ñ�å�á�å�ä�Z�÷�ó�ô�ô�å(ç6áà�ô�ñ²â
Z∗

3

þ�âä�ð®â�õ(ñ�âßyð®è�=»ò(þ�ó&ô�ð$ó&õ5ü(âß²ñ²ó&æ�ä&â�ð��(Þ�ù5ú�â�ð>ñ�àGà	á�ä&ó&ô�à�ôó�ÿDþ�â�ä&ð�âõ5ñ�âßyð®è=�ò�þ�ó&ô�ðJà	ä�á�ß²å(æ�ä&âçLà
3x + 1

ü¯à�ð²âßíþ�â�ð�ô�ß�óöñyà!á�â�ßíáß²ó&ç6âßyà!ü�â�÷(à�þà!à H ó�ßyð�ôyû�ó�õ÷ J R��;O 9 ìWQ�Q�L!:�ã+ó�Þ±áá�ä�â�÷(à	ñ²âWóD+à�÷(à	ß�ó�à�ð J R;O 9 ìPQ0QNM0:®ñ�à�çGæ�î´ü¯à�õïþ�ú�ß±àíñ²âß�ç6âbú�õà6à	õ�ò	ä&ó&ð²óPð>ó&ç6ó�ä�à	ß���DPâ�ð¤ý°ú�õôó�å(õð e`(k, ·)ð>ÿ(õWó&õ(ñ�â÷(ß�à�æ�ä�â�ðJß�â�ð²á�â�ô�ñ�âoä � �õ�ó&ô�àGç6â�ð>ú�ßyàDþ�â ��à(à	ß¤õ�å�ß�çLà	ä&óöñ>��à(þ�àDþ�â
Z∗

3

� ð�ã(ó�þ�å(õ�âõ�á�â�ú
à^ä&à^ç6óöñ 7>à	õàLè�=»ò(þ�ó�ôà

ē`(k) :=

∫

Z
∗

3

e`(k, a)da =
1

2 · 3`−1

(

k + `
`

)

.

�±óPû�à^þ�ó�ü(âßyð>å5ð�ß�â�ð²ú�ä�ñ�à	ñ�ð�âõïà�ù5ú�â�ð�ñ�ä�S�õó&àãô�å(ç à	ßyà

lim inf
n→∞

1

2n

∫

Z
∗

3

sn(a)da > 0,

ý°â�ñDù5ú�â^ó�ç6á�ä&ó&ô�à�ù5ú�âíñ²å�ñQôå�õ7�úõ(ñbá�ß�â�þ�â�ô�â�ð²ð²å�ß
PT (a)

à	çGæ
a 6≡ 0

ç6å0þ
3
ñ�î^þ�â�õð²óöñyà¯ñ

á�å5ð>ó�ñ²ó&ü¯à �

� c xij$wyxPz(xJ{}|	~$�}�&Û±{µzhÜ�x���z ��|	xJw�~µ|	z Ü lSÝ�{�~ ~Kj��°���k~$�}���
3x + 1

	Jä�ß�â�ð²ú�ä�ñ�à¯ñ$ô�ó�ñ�à	ñ$ç^î�ð$ð>å¯ü0ó&õ5ñµâ�õ^à(ù(úâ�ð>ñ�à´ò	ß�â�à±î�ð$þ�â÷(ú�ñJà � �(û�ç óY 0å(õ(ñyà�ô�ôyû�ó,J�ìWLO 9 ìWQ!VR�:�øâäká�ß�å�æ�ä&âçLà
3x + 1

î�ð�â�ù5ú�ó&ü¯à	ä&âõ5ñ�à^þ�â�ç^å5ð�ñ�ß�à�ß�ù5ú�âQôà(þ�à
n ∈ Z+ â�ð¤á�å	ñ�â�ð�ô�ß�ó�úß²â´ô�å�ç

n =
1

3m

(

2vm −
m−1
∑

k=0

3m−k−12vk

)

,



� ��5 *Y��[-3536P�0�'-/. ����������1����������
3x + 1

ì(ì

å�õ
m ∈ Z+

ó
0 ≤ v0 < v1 < · · · vm

ð>ÿ(õ!âõ5ñ²â�ß�ð��Þ±ç6ó&÷�ÿ�J �0ãA�Jß²å(á � L�� �;O 9 ������ì;:®å(æ�ñ²ó&õ�÷(ú�îß²â�ð>úäöñyà¯ñ�ð�ð²ó&ç^ó&ä�à	ßyð'�
 0ó�õ�à	óUJ V �O 9 �����(è�:�â�ð�ñ�úþ�ó�àÃä&à�ý°ú�õôó�ÿ F

ãPþ�â'&õ�ó�þ�àïà 9 ìP:�ãPð>å(æ�ß�âíâ�äJô�å�õ�7�ú�õ5ñ u þ�â'&õ�ó�ñô�å(ç

u = {1} ∪ u+ ∪ u−, u±1 = 6Z+ ± 1.

� å�õð²ó�þ�âß�âç
k1, k2, . . . , km ∈ Z+

ó
ε = ±1

T�à	ä&â�ð²û�å�ß�â�ð�ã(â�äPô�å(õ7�ú�õ5ñ±þ�â
x ∈ uε

à	ä�ð�ù(ú�à	ä�ð
û�å�ç á�å�ñ�à	á�ä&ó&ô�à	ß

F (k1)F (k2) · · ·F (km)
î�ð�ú�õà^á�ß�å�÷(ß²â�ð²ð²ó�ÿ^à	ß�óöñ�ç���ñ²ó�ôà

σ(k1,k2,...,km,ε) = {6 · (2k1+k2+···+km + qm) + ε}
á�â�ß±àLà	ä&÷�ú�õ�ð

qm
ñ�à�ä&ð�ù5ú�â

1 ≤ qm ≤ 2k1+k2+···+km
�Þ ç6î�ð�ã

F (k1)F (k2) · · ·F (km)(σ(k1,k2,...,km,ε)) = {6 · (3mp + r) + δ}
á�â�ßbàÃà�ä�÷(ú�õð

r
ó
δ
ù5ú�âLð�à¯ñ²ó�ð>ý«à	õ

1 ≤ r ≤ 3m
ã
δ = ±1

�@ 0â�÷�ú�ó&õ5ñQä�à�ç6à	ñ²â�óöê�à &ä�å5ð>å0&�à�ã
â�ð´á�å0þ�âõ ñ²ß�å�æà�ßoß�â�ð²ú�ä�ñ�à¯ñyðQà�Þ�õþ�ß�âó �'5 ���� J M;O 9 �������N:�ó2�Qú�ñ²ñ²ä&âß J L�LO 9 ìWQ�Q�L!:&�a 0ó�õ�à	ó$úð�àà�ù5ú�â�ð�ñ¤ß²â�ð>ú�ä�ñ�à	ñ®á�âß�å�æ�ñ�âõ�ó&ß®ó&õ�ý°å(ß²çLà�ôó�ÿíþ�ó&ð>ñ²ß�ó&æ�úô�ó&å�õ�à	äkþ�â�ä&â�ð®ñ²ßyà7�â�ô�ñ�Z(ß²ó&â�ð�þ�â

F
�+ 0ó&÷�ú�ó

1 ≤ m ≤ M
ã
x0 ∈ u ó

ω
(m

M

)

=
log(F (m)(x0)) − log(x0) + m(2 log 2 − log 3)√

M
.

 0ó
0 ≤ t ≤ 1

ã�à	ä&â�ð²û�å�ß�â�ð
ω(t)

â�ð±ô�å(ç^á�å�ß²ñ�à^ô�å(ç ú�õà^ñ�ß�à�7�â�ô�ñ�Z�ß�ó�àGþ�â H ó&âõ�â�ß��
D+à6ô�å(õ�õ�â�ê�ó&ÿDý°âñ�à^á�â�ß �¤ä�â�ô��0ð²ç6óöñ�ûB�'5K�����@J&ì�èO 9 ìWQ0Q�R�:Jâõ5ñ²ß�âoâ�ä�á�ß�å�æ�ä&âçLà 3x + 1

ó�ä&â�ð
ß²â�á�ß�â�ð²âõ5ñ�à(ô�ó&å�õðoè=»ß²â�÷�ú�ä�à	ßyð�þ�â^õ�å(çGæ�ß�â�ð´â�ð>ñ�ò�ß�âä�à�ô�ó&å�õ�à�þ�àWà�çGæYà�ù5ú�â�ð>ñ�ð´ß�â�ð²ú�ä�ñ�à¯ñyð'� 	®ð
þ�ó&úÃù5ú�âQú�õÃõ�å�çíæ�ß�â

n ∈ Z+
ñ²îQú�õà ��� ���>���'�'�Y5 �0�'-/.��

�
�>���0*+�4����ð²óNã�ó�õ�å(ç6î�ð�ð>óSã�â�ê�ó�ð�ñ�âó�ê�âõ

âõ5ñ²â�ß�ð {ai}
ó {bi}

ñ�à�ä&ð�ù5ú�â

n =

k
∑

i=1

2ai3bi , a1 > a2 > · · · > ak ≥ 0, 0 ≤ b1 < b2 < · · · < bk.

� óöê�âú�=Sü(å(ð�à�çGæ ä&à�ð>â�çGæ�ä�à	õYX�àWà	çíæ�â�ä&ð�ñ²â�ß²ç6â�ðQôå�õð²ó&þ�âßyà¯ñ�ð�á�â�ß H ó&ßyð²ôyû�ó&õ�÷�âõ�ä�àÃþ�à	ß�=
ß²â�ß�à�ð>â�ôô�ó&ÿ��$Þ�ù5ú�â�ð�ñyðGõ�å(çGæ�ß�â�ð 7>à ü�à�õ ð²âß^â�ð>ñ²úþ�ó&à	ñ�ð6à	ä&ç6âõ!"�ðGá�âß 	 à�ç6à�õ0ú7>à	õ � �±õ�à
ß²â�á�ß�â�ð²âõ5ñ�à(ô�ó&ÿíè=»ß�â÷�úä&à�ß¤þ<�

n
î�ð � � �Y����-/��� ��� �$-��;�'�3�

k
ð>ó

n = 3k + 3k−12a1 + · · · + 3 · 2ak−1 + 2ak ,

å�õ^û�ó�à�áà	ß�âó�êGôà(þ�à´á�å�ñ"��õô�ó�àQþ�â
3
&õðJà

3k
�!��âß®à´ú�õà

k
&�ê�à(þ�à�ã	ô�à�þ�à

n
ñ�î±ô�å�ç à´ç^å(äöñ

ú�õà�ñ�à�äJß�âá�ß�â�ð²âõ5ñ�à(ô�ó&ÿ ��ü(â÷�â�ú D}à	÷(à�ß²ó�à�ð_J L��;O 9 ìPQ0Q��N:�ãPù5ú�óJà	ñ²ß�ó�æ�úâó�ê ä�àÃþ�âç6å(ð>ñ²ßyà�ôó�ÿïà^ å(õ � å(á�â�ß�ð²ç6óöñ�û � �¤ä�â�ô��0ð²ç6óöñ�û �'5 �����&ã	á�ß�å�á�å(ð²âõGà�ä�ä�â�ô�ñ�å�ß�ù(úâ¤áß²å¯ü0ó0ù(úâ
m ∈ Z+

ð'� óöñ�âßyà
&õð$à^ì�á�â�ßJä � à�á�ä�ó�ôà(ô�ó&ÿ

C
ð²óNã¯ó�õ�å(ç6î�ð$ð²óNã	âê�ó&ð>ñ²â�óöê�âõ^âõ5ñ�âßyð

e
ó
f
ñ�à�ä&ð$ù5ú�â�ä � â�õ5ñ²âß$á�å(ð²ó�ñ²ó&ú

n = 2e − 3fm
ñ�îDß²â�á�ß�â�ð²âõ5ñ�à(ô�ó&ÿ6è�=Sß�â÷(ú�ä�à	ß�â�ð²á�â�ô�ó�à	ä+þ�âDõ�ó&ü�âä&ä

k = f − 1
��D+à^ñ²ß�ó�àLþ<�

e
ó

f
õ�å6î�ð ��õ�ó�ôàã�ð>óPî�ð�ù5ú�âQâ�ê�ó&ð>ñ²â�óöê<�



ì�� ���������
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2

1

0 0

3

1

2

�$� ��� �0��� ø�� � 25:�4 � � � � � ,�� � 2 ��� � ��� �	�
mod 3

� � 
�
mod 4

-

� c x+Ü�Ý����}��� ~ � �&~µz5z5xPzhÜ®xBw�x+z��.Ü±Ý�z ��~���|�w�xPz �kÛ±{�0Ý¤{}|	z
�±õ^ô�å�áíû�å�ç â�ðµôå�õ0ü�â�õYXJù5ú�â¤âä0á�ß�å�æ�ä&âçLà

3x+1
î�ð�ô�âß²ñ�ã�ú�õà´þ�ó&ß²â�ôôó�ÿoõà¯ñ�ú�ß�à�ä(î�ð}ôâßyôà�ß

ð>úæ�ôå�õ7�ú�õ5ñyðã�ù5ú�âbà	õå�ç6âõà�ß²â�ç à	ßyà ²ð>ú�&�ô�ó&âõ5ñ�ð	�¯ã
S ⊂ Z+ ñ�à�ä&ð�ù5ú�âQá�ß�å¯ü¯à	õ5ñ�ä�à6ô�å(õ7�â�ô�=ñ²ú�ßyàDð²å�æ�ß�â

S
ó&ç6á�ä&ó&ù5ú�ókù5ú�âoð²ó�÷(ú�ó�ôâß²ñ�àíð>å(æ�ß²â

Z+
� � ð�å�æ0ü0ó�ù5ú�â

S = {x : x ≡ 3
ç6å�þ

4}î�ð�ð²ú+&�ô�ó&âõ5ñ 7>à6ù5ú�âoâ�ä&ð�õå�çGæß²â�ð�þ�âQä&â�ð�à	ä�ñ²ß�â�ð�ôä&à(ð²ð²â�ð�ß²â�ð>ó�þ�úà�ä&ð�þ�â�ô�ß�âó�ê�âõ�þ�â�ð²á�ß²î�ð�þ � ú+=
õà å þ�ú�â�ð^óöñ�âßyà�ô�ó&å�õ�ð'�
�Júþ�þ�ú J ��è;O 9 ìPQ0R��N:bó � à�þ�å�÷(à�õgJ�ìPQ;O 9 ìWQ�R�L!:bü¯à	õmþ�âç6å(ð>ñ²ßyà	ß6ù5ú�â
S = {x : x ≡ 1

ç6å�þ
4} ñ�à�çGæ�îíâ�ß�àWð²ú+&�ôó�â�õ5ñ���Þ�ù5ú�â�ð>ñ´ß�â�ð²ú�ä�ñ�à	ñ´â�ð�á�å	ñbà	á�ß�â�ôó&à�ß�ç6å�ä�ñý«ò�ôó�ä&ç6âõ5ñ´àLä�à � ó&÷�ú�ßyàLè	æPã�æ�åWóµôå�õð²ó�þ�âßyà	õ5ñ±ä�àWþ�ó&õò	ç6ó�ôàWþ�â�ä&ðoâõ5ñ�âßyð±à

Z4
�A	Jä}ñ²ß�âæ�à	ä&ä

þ�â � ��û�ç ó
 0å(õ5ñ�à�ô�ôyû�ó J�ìWLO 9 ìWQ!VRN:$ó&ç^áä�ó�ôà6ù5ú�â m
óöñ�âßyà¯ñyð¤ð²âõ�à	ßyð®á�âß

T
þ<� úõ�õ�å(çGæ�ß�â

xô�å(õþ�ú�â�óöê�âõïà
(3/2)m(x + 1) − 1

óSã�âõïô�å(õð>â�ùNG �õôó&àã�ù(úâ´â�ä&ð�ð²âõ�à	ßyð�â�ð²þ�âü�â�õ�âõ�âü(âõ+=
ñ²úà�ä�ç6â�õ(ñQáà�ß²â�ä�ä�ð'��Þ27�ú�õ5ñ�à	õ5ñ�=Sû�åïà	çíæ�ä�à�þ�ó�õò�ç6ó&ô�à þ�â�ä&ðQâ�õ(ñ�âßyðoà

Z4 9 ü(â÷�â�ú�ä�à � ó&÷�ú�ßyàè	æ$:�ã�ð�� å�æ�ñ�îDñ�à�õ5ñ´ù5ú�â
S = {x : x ≡ 1

ç6å�þ
4} ô�å�ç ù5ú�â S = {x : x ≡ 2

ç6å�þ
4} ð>ÿ(õð>ú�&�ô�ó&âõ5ñ�ð�� ^ âWçLà	õ�â�ß�àÃð>â�çGæ�ä�à	õ5ñ�ã�ä&à � ó�÷(ú�ßyàÃè(àÃó�õþ�ó&ô�àÃù5ú�â

S = {x : x ≡ 1
ç^å�þ

3}å
S = {x : x ≡ 2

ç6å�þ
3} ñ�à	çíæ�îLâ�õhð>ÿ(õ �PÞ±õþà	ä&å�ß�åBJ è;O 9 �������N:oû�åïûàïç6ó�ä&ä�å(ß�à	ñDà	çGæ

S = {x : x ≡ 1
ç6å0þ

16} ��#}å	ñyð�à�ù5ú�â�ð>ñ�ð�ô�å�õ�7�ú�õ5ñ�ð�ñ�âõ�â�õÃúõàLþ�âõ�ð>ó�ñ�à	ñ±á�å5ð>ó�ñ²ó&ü¯àLù(úâbâ�ðá�å�ñGôà�ä&ôú�ä&à�ß´ý«ò�ô�ó&ä&ç^â�õ5ñ�ãPä�àïç6î�ðbæà�óöê�àÃþ�âLä&â�ðDù5úà�ä&ðQî�ðbä&àïþ�â�ä®ô�å(õ7�ú�õ5ñ
S
þ<� Þ±õþ�à�ä�å(ß²å�ã

þ<�
1/16

�+��å(ß²â�ô±ó � õ�à	ç J L��O 9 ìPQ0R!V�:®ü�à�õ�ç6ó&ä�ä&å�ßyà	ß�ð²ó�÷(õ�ó4&�ôà	ñ²ó&ü�à�ç6âõ5ñ�à(ù5ú�â�ð>ñ�ß²â�ð>ú�ä�ñ�à	ñ±þ�â�=ç6å(ð>ñ²ßyà	õ5ñbä&à�ð²ú+&�ôó ��õô�ó�à!þ�â�ä®ô�å(õ7�ú�õ5ñ
S = {x : x ≡ a

ç^å�þ
pn} å�õ p

î�ðDú�õhõ�å�çíæ�ß�â
á�ß�ó�ç6âßbð²âõà�ß�ã

a
î�ð´ú�õ�àÃà�ß²ß�âäµá�ß�ó�ç6ó�ñ²ó&ü¯à�ç Z�þ�ú�ä

p2
ã
p 6 |a ã�ó n ∈ Z+

�PÞ�ù5ú�â�ð>ñbô�å�õ�7�ú�õ5ñ
ñ²îDþ�â�õð²óöñyà¯ñ

p−n
ãù5ú�âQâ�ð�á�å	ñ�ý°âßoù(úâQð²ó&÷�ú�óPà�ß²æ�ó�ñ²ßyò	ß�ó�à	ç6âõ5ñ�á�â�ñ�óöñyà �, 0â÷(ú�ó�õ5ñ�ä�àíçLà	ñ²âó�ê�à

ü�âñ�à�ã��®à�õ�÷ J R�R;O 9 ìWQ�Q0RN:Jü¯à6á�ß�å¯ü¯à	ß¤ä&àLð²ú+&�ôó ��õô�ó�à6þ�âäPôå�õ7�ú�õ5ñ

{

n : n ≡ 3 +
10

3
(4k − 1)

ç6å�þ
22k+2

}

á�â�ßDà!ù5úà	ä�ð>â�ü�å(ä
k ∈ Z+

&�ê�à¯ñ��@��å(ß²â�ôGó � õà	ç à�&ß�ç^â�õ�ñyà	çíæ�îWù5ú�â6ûà�õ å(æ�ñ²ó&õ�÷�ú�ñDú�õ
ô�å(õ7�ú�õ5ñÃð²ú+&�ôó�â�õ(ñÃà	çGæ þ�âõð²óöñyà¯ñ �âß�åã®á�â�ß�Z õå õ � ûà	õ¸ý«à(ô�ó&ä�ó�ñ�à	ñ�âä�ð þ�â�ñ�à�ä�ä�ð��¤Þ�çGæ âä
çLà¯ñ²â�óöêhá�ß�å�á�Z(ð²ó�ñ�ã+úõ ß²â�ð>úäöñyà¯ñíß�â�ôâõ5ñíþ�â��!å�õY�0ð J MNVWO 9 ��������:Qî�ðíþ�ó�÷(õ�â�þ�â ç6âõôó�ÿA� D}àþ�à	ß�ß�âßyàLð>â�ôô�ó&ÿWç6å(ð>ñ²ßyà ôå�ç î�ð´þ�â^þ�óöý]S�ô�ó&äµñ²ß�å�æà�ß�ú�õ�àWâ�ê�á�ß�â�ð�ð²ó�ÿLñyà	õô�à�þ�à úð�à	æ�ä&âGá�âßQà
T (k)(x)

�! 0ó�âä-�ëíì ��ð�� å(ç6â�ñ²î�ðJâ�õLä�â�ð®ó�ñ²â�ß�à(ô�ó&å�õð�ã�à	ó�ê+Zbá�å(ß>ñyà	ß�ó&àbà
T (k)(x) = 3mx/2k

ã5å�õ
m
î�ðµâä�õå�çGæß²â¤þ�â¤ñ²âß�ç6â�ð�ð²âõà�ß�ðµâõ^ä&â�ð

k
á�ß�ó&ç^â�ß²â�ð+ó�ñ²â�ß�à(ô�ó&å�õð�þ�â

x
���!å�õ���ðKJ M�VWO 9 ��������:ûà^á�ß�å¯ü�à	ñ�ù5ú�â´â�ê�ó�ð�ñ�âó�ê ú�õÃõ�å�çíæ�ß�â´ó&õ+&õóöñ±þ�â >ü�âßyð²ó�å(õð®ä&ó&õ�â�à�ä&ð �´þ�â�äPá�ß�å�æ�ä&âçLà

3x + 1
�
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3x + 1

ì�è

�±õïâ�ê�â�ç^áä�âbù5ú�âbâõ!þ�ÿ(õàíî�ð�ä � à�á�ä&ó&ô�à�ô�ó&ÿ

R(n) =































































n/11
ð²ó

11|n,
136 n/15

ð>ó
15|n ó CDA,

5 n/17
ð²ó

17|n ó CDA,
4 n/5

ð²ó
5|n ó CDA,

26 n/21
ð²ó

21|n ó CDA,
7 n/13

ð²ó
13|n ó CDA,

n/7
ð²ó

7|n ó CDA,
33 n/4

ð²ó
4|n ó CDA,

5 n/2
ð²ó

2|n ó CDA,
7 n

à�äöñ�ß�à�ç^â�õ5ñ
,

å�õ
CDA

ð²ó&÷�õ�ó4&�ôà´ù5ú�â >ô�à	áíþ�â¤ä&â�ð�à�õ(ñ�âß�ó�å(ß�ð �®ô�å(õþ�ó�ô�ó&å�õðµð>â�ð�à¯ñ�ó&ð>ý«ò �1�!å�õY�0ðµç6å(ð>ñ²ßyà´ù(úâ
âäPáß²å(æ�ä�â�çLà

3x + 1
î�ð�ôâß²ñ�ð>óSã�óPõ�å(ç6î�ð�ð²óNã�á�âß±àLô�à�þ�àíâõ5ñ�âß�á�å(ð²óöñ�ó�ú

n
ä�à

R
= Z(ß²æ�ó�ñ�à^þ�â

2n
ô�å�õ5ñ�îbâä ���$D+à6þ�âç6å5ð�ñ�ß�à(ô�ó&ÿíâ�ç^áß�àíâäPä&ä&âõ�÷(úà¯ñ�÷�â��a�>�0�'5 �����Lþ�â � å�õ!%�à;" J ��MPO 9 ìWQ�RNV�:�ãù5ú�â 7>à ü¯à ð²âßïúð�à¯ñïá�âäQçLà¯ñ²â�óöê � å(õ!%¤à;" J ��LO 9 ìWQ!V!��:Lá�âßïá�ß�å¯ü�à�ß�ä � â�ê�ó&ð>ñ"��õô�ó�àmþ � ú�õ�àà	á�ä&ó�ôà�ôó�ÿÃð>ó&ç6ó�ä�à	ßQâ�ä�ôå�ç6á�å�ß²ñ�à	ç6â�õ(ñQð>å(æ�ß�âíâ�ä&ð´âõ5ñ�âßyðoþ�â6ä�à�ù5úà�äNã�à�ä�ä�à	ß�÷Wñ�âß�ç6ó�õ�óSãkâßyà

à	ä&÷�å(ß�S�ð>ç6ó�ôà�ç^â�õ5ñ}ó&õþ�â�ôó&þ�ó�æ�ä&â?� � å�õ�õ�â�ô�ñyà	õ5ñJà�ù5ú�â�ð>ñ�ç6à	ñ²â�ß²ó�à	ä�à�çGæ^âä�ð�7>àoü0ó�ð�ñ�å(ð$ôå�õ7�ú�õ5ñyð
ð>ú�&�ô�ó&âõ5ñ�ð�ã�û�å�ç þ�âñ²â�ô�ñ�à�ù5ú�âíä�à þ�âõð²óöñyà¯ñbþ�âä$ôå�õ7�ú�õ5ñ {2n : n ∈ Z+} î�ð)��âß�å 9 á�âßQæ�îù5ú�âQâ�ð�ñ�ß�à(ô�ñ�à^þ<� ú�õàLà�á�ä�ó�ôà(ô�ó&ÿíç6å(äöñ±ç6î�ð�ôå�ç6á�ä&ó&ô�à�þ�àN:&�

� � ��� �&xPz
D5� â�ð>ñ²úþ�óoþ�â�ä � â�ð>ñ²ß�úô�ñ�ú�ß�àhþ�â!ñ²å�ñ�ðLâ�ä&ð�ô�ó�ô�ä&â�ðWþ�â

T
á�å(ð�ð²ó�æ�ä&â�ð ûàéß�âæ�ú�ñ ñ�à	çíæ�î�ç^å(äöñyà

à¯ñ�âõôó�ÿA�
 0ó�÷(ú�ó

Ω
ú�õÃô�ó�ô�ä&â´þ�â

T
ã5ó

Ωsen
ã
Ωpar

â�ä&ð�ôå�õ7�ú�õ5ñyð¤þ�âä�ðJñ�âß�ç^â�ð�ð>â�õà	ßyðJó�þ�â�ä&ð�ñ²â�ß²ç6â�ð
áà	ß�âä&ä�ð�â�õ

Ω
�Y�±å(ç á�å�ñ±ß²â�â�ð�ô�ß�ó�úß²â´ä � â�ù5úà(ô�ó&ÿ

∑

x∈Ω

x =
∑

x∈Ω

T (x)

óPå�æ�ñ²âõó�ß±ù5ú�â
∑

x∈Ωpar

x =
∑

x∈Ωsen

x + |Ωsen| .

Þ�ù5ú�â�ð>ñ�ý°â�ñ�ü¯à6ð>â�ß�å�æð²âß�ü¯à¯ñ�á�â�ß � ûà�çGæ�âß�ä&à�õþ�J ��ì�O 9 ìPQ0Q�Q�:�ó �!å�õY�0ð J M�VPO 9 ����� �0: ���ð�à	õ5ñ�à�ß²ó�ñ²ç��ñ²ó�ôàDç6å�þ�ú�ä�à	ß�ã5ä&à � ó�÷(ú�ß�àíèDó&õþ�ó�ôàíä&à^þ�ó&õò	ç6ó�ôàíþ�âä�ð¤âõ5ñ²â�ß�ð�á�â�ß�ä � à	á�ä&ó4=
ôà(ô�ó&ÿ

T
ã	ñyà	õ5ñ�à

Z3
ô�å(ç à

Z4
� � å(ç ù5ú�âoõ�åDû�ó�ûàDôó&ôä�â�ð®ù5ú�â±áú�÷�ú�ó&õLñ�âõ�ó&ßJñ�å	ñ�ð�âä�ð®ð²âú�ð

âä&âç6âõ5ñyðµþ�â�ä�à�ý°å(ß²çLà
0 mod 3

ã
0 mod 4

ã�å
3 mod 4

ã�ä&â�ð &÷(ú�ß²â�ð+ó&ç6á�ä&ó&ù5ú�â�õíù5ú�â¤õ�å�û�ó�û�à
ô�ó�ô�ä&â�ð�þ<� âõ5ñ�âßyð 9 â�ê�ô�â�á�ñ²âbâ�äPþ�âä {0} :�ù5ú�â´ñ²ó&õ�÷�úó�õïâä&âç6â�õ(ñyð�þ�âQä&àíý°å(ß²çLà 0 mod 3

��Þ±ó�ê+S
çLà¯ñ²â�óöê�ãkâä$õå�çGæß²â^þ�âGñ�âß�ç6â�ð´âõYú�õéô�ó�ô�ä&â^ôå�õ�÷(ß²ú�â�õ5ñ´à

1 mod 4
î�ð´ó&÷�úà�äµà�ä�õ�å�çíæ�ß²â

ô�å(õ�÷�ß�ú�âõ5ñ�à
2 mod 4

��Þ�ù5ú�â�ð>ñ�à^à	õò�ä�ó�ð²ó�ý°å(ú�áß²â�ð>â�õ(ñyà�þ�àíá�âß � ûà�çGæ�âß�ä&à�õþ�J ��ì�O 9 ìPQ0Q�Q�:&��±õ�ß�â�ð²ú�ä�ñ�à	ñ�á�ß�ó�ç6âß�âõ�ôGð²å�æ�ß�âGô�ó�ô�ä&â�ð±ý«àWß�â�ý°â�ß"��õô�ó�àWàWä�àWôä&à(ð²ð²âDâ�ð²á�â�ô�ó�à	ä�þ�â
T
=»ôó&ôä�â�ð

à	õ�å(ç6âõà(þ�àbô�ó&ß�ôú�ó�ñ�ð��N��õ ��-3�>��*+-35�î�ð�ú�õ ôó&ôä�â´ù(úâ±á�å�ñ�ð²âß�â�ð�ô�ß�óöñ¤ô�å�ç
k
âä&âç6â�õ(ñyð�ð²âõ�à	ßyð
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ð>â�÷�ú�ó�ñ�ð�á�âß
l
âä&âç6âõ5ñ�ð�á�à	ß�âä&ä&ð�� ^ à�ü0ó�ð>å(õ J ��VPO 9 ìWQNV���:�ü¯àLþ�âç6å5ð�ñ�ß�à�ß�ù5ú�âbûóPûà6ú�õàLôå�ß�=ß²â�ð>á�å�õ�þ��õôó&àíú�õ+=�à=»ú�õÃâõ5ñ²ß�âbô�ó&ß�ôú�ó�ñ�ð�óPð²å�ä&úô�ó&å�õ�ð

(k, l, h)
âõÃâõ5ñ²â�ß�ð�á�å(ð²óöñ�ó�ú�ð�ñ�à�ä&ð�ù5ú�â

(2k+l − 3k)h = 2l − 1. 9 �0:
�!î�ð�âõ�þ�à�ü¯à	õ5ñ�ã(â�ð�ü�àGá�ß�å¯ü�à�ßJúð�à	õ5ñ®ý°ßyà�ô�ô�ó&å�õð®ô�å�õ5ñ>S�õ0ú�â�ðJó�ñ²â�å�ß�ó&àDþ�â�õ�å(çGæ�ß�â�ðJñ²ßyà	õð�ô�â�õ+=
þ�âõ5ñyð 9 ü(â÷(âú  5ñ�âó&õ�âß�J V�ì�O 9 ìWQ!V0V�:�ã 	 å��ó&âß J ���O 9 ìWQ0Q���:�:bù5ú�âWä � â�ù(ú�à�ô�ó&ÿ 9 ��:Qñ�î õ�å(ç^î�ðDä�àð>å(ä�ú�ô�ó&ÿ

(1, 1, 1)
��Þ±ó�ê!Z6ó&ç6á�ä�ó�ôàLù5ú�â {1, 2} î�ð�ä � ��õ�ó�ôbô�ó&ß�ôú�óöñ���µâ�ßÃàmô�ó�ô�ä&â�ðW÷(âõ�â�ß�à�ä&ð þ�â

T
ã � ��û�çeó  �å�õ5ñ�à(ôôyû�ó_J�ìWLO 9 ìWQ!VR�:^ü¯à�õ þ�âç6å5ð�ñ�ß�à�ß ù5ú�â

x ∈ Z+
á�âß²ñ�à�õN"!à�ú�õ

n
=�ô�ó�ô�ä&âíþ�â

T
ð²óSã�ó�õ�å(ç6î�ðQð>óSãkâ�ê�ó�ð�ñ�âó�ê0â�õ�âõ5ñ�âßyð

0 ≤ v0 ≤ v1 ≤
· · · ≤ vm = n

ñyà	ä�ð�ù5ú�â

x =
1

2n − 3m

m−1
∑

k=0

3m−k2vk

� �Y 0âó�ý°âß²ñ J ��R;O 9 ìWQ�R0RN:®ü¯à^å�æ�ñ²âõó�ß�ú�õïß�â�ð²ú�ä�ñ�à¯ñ±ð²ó�ç6ó&ä&à�ß��	Jä�ó�à	ûå�ú J è��;O 9 ìPQ0Q(è�:´ûà�þ�å�õà	ñíà	ä&÷�ú�õ�ðDß�â�ð²ú�äöñyà¯ñyðDá�å	ñ²â�õ5ñ�ðGð²å�æß²â ù5úà�ä&ð²âü(å�äJôó&ôä�â�õ�åñ²ß�ó�ü0ó�à	ä
Ω
þ�â

T
�Y 0ó+þ�âõ�å�ñ²âç á�â�ß

Ω0
âä�ð¤ñ²â�ß²ç6â�ð�ð²âõ�à	ßyð¤þ �

Ω
ã�ü¯àLþ�â�ç6å(ð>ñ²ßyà	ß�ù(úâ

log2

(

3 +
1

M

)

≤ |Ω|
|Ωo|

≤ log2

(

3 +
1

m

)

9 èN:
å�õ

m
ó
M
ð²ÿ�õÃâä�ð¤ñ²â�ß²ç6â�ð�ç^î�ð�á�âñ²ó�ñ±óPç6î�ð�÷(ß�à�õPã0ß²â�ð>á�â�ô�ñ²ó&ü�à�ç6âõ5ñ�ã�þ<�

Ω
��8oæð²âß�ü0ó � ð�ù(úâ

á�â�ß±àLô�ó�ô�ä&â�ð5>÷�ßyà	õð �oà�ù5ú�â�ð�ñ�ý°âñ±ó�ç6á�ä&ó&ô�àLù5ú�â

|Ω|
|Ω0|

≈ log2 3.

	Jä&ó&à�û�å�ú û�å�ú�ñ�ó�ä&ó�ñ���àYâ�õ ô�å(õ7�ú�õôó�ÿYà	çíæmä � à�á�ß²å�ê�ó&çLà�ô�ó&ÿ�þ�ó&å	ý«à�õ(ñ�ó�õ�à þ�â
log2 3

ó�ä�à &�ñyà
õ0ú�ç��ß�ó&ô�à

m > 240
á�âß±þ�â�ç^å5ð�ñ�ß�à�ß�ù(úâ

|Ω| = 301994 a + 17087915 b + 85137581 c,

å�õ
a, b, c

ð²ÿ�õYâõ5ñ²â�ß�ðQõåÃõâ÷(à	ñ²ó&úð�ã
b ≥ 1

ó
ac = 0

� � û�ó�ð²à�ä&àBJ �?�PO 9 ìPQ0Q0LN:�ó ��à�ä�æ�âó�ð>â�õéó�±ú�õ÷�âß�æ�G�ûä�â�ß<J è�MPO 9 ìPQ0Q!V�:�ü¯à�õ^à�ß²ß�ó�æ�à	ßPñyà	çíæ�î�à�ß�â�ð²ú�ä�ñ�à	ñ�ðµð>â�çGæ�ä�à	õ5ñ�ð��;#+â�ç^áY�5ó&õ^ó0Þ�ß>ñ�â�à�=÷(à J V0MPO 9 ìWQ�QNV�:�ü�à�õDâ�ð²á�ß�îç6âß�à�ù5ú�â�ð�ñµâõ�ý°å�ô�à	ç6âõ5ñµà�ä(çLò	ê0ó&ç � �Jà	õDâ�ð�ñ�ß"��õN"(âß}ä�â�ð+ß�âä�à�ôó�å(õðù5ú�âbà	áà�ß²â�óöê�âõÃà 9 èN:®ó+ü�à�õïúð²à�ß�ú�õà_&�ñ�à6ó&õ�ý°â�ß²ó&å�ß�ç6ó&ä�ä&å�ß±þ�â m
á�âß±à�ß²ß�ó&æà	ß�à^å�æ�ñ�âõ�ó&ß

|Ω| = 187363077 a+ 272500658 b + 357638239 c,

å�õ
a, b, c

ð²ÿ�õÃâõ5ñ²â�ß�ð�õ�å6õ�â�÷(à	ñ²ó&úðã
b ≥ 1

ó
ac = 0

�
� å�î�ðP÷(âõð�â�ü0ó&þ�â�õ5ñµô�å(ç â�ðPá�å	ñ+â�ð�ñ�âõþ�ß²âJä�à±þ�ó�ô�å�ñ²å(ç^ó�à�áà�ß²â�ä�ä4=»ð²âõ�à	ßPþ<� ú�õGôó&ôä�âJú�ð²à(þ�à

âõYà�ù5ú�â�ð>ñ�ðoß�â�ð²ú�äöñyà¯ñyð´à ú�õàÃþ�ó�ð²ð²â�ô�ô�ó&ÿ ç6î�ð &õàÃþ�â�ä&ðoñ²â�ß²ç6â�ð´þ � ú�õYô�ó�ô�ä&â�ãká�âßQâ�ê�âç6á�ä&â�ã
ç Z0þ�ú�ä,L�� 	 âä�à�ôó�å(õà¯ñ�à�çGæ à(ù5ú�â�ð>ñ�ô�å(ç6âõ5ñ�à�ß²óSã �¤ß�å�ê�J&ì;VWO 9 ��������:�ûàGá�ß�å¯ü�à	ñ¤ù5ú�âoâ�ê�ó&ð>ñ²â�óöêú�õïõ�å�çíæ�ß�â &õóöñoþ�âQôó&ôä�â�ð�ñ�à�ä&ð�ù5ú�â

σ1 < 2 log(σ1 + σ3)

å�õ
σi
î�ð�âäPõå�çGæß²âbþ�â´ñ²â�ß²ç6â�ð�âõïú�õ!ô�ó�ô�ä&âbô�å�õ÷�ß�ú�âõ5ñ±à

i
ç6å0þ

4
�
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3x + 1

ì;M

� ��� |	x${�z���Û�{�z Ü®x
T
~ xPzYj�~��&z e��Pz���wy~¤{µz

�±õàoñ���ô�õó&ô�àoôå�çGúõà�á�âß�ß�â�ð²å�ä�þ�ß�â®á�ß�å�æ�ä&âç6â�ð}î�ð �ó&ç6ç6âß�÷�ó&ß =»ä�å5ð ��âõQú�õàQôä&à(ð²ð²â®ç6î�ð$ò�ç\=
á�ä&ó&àoþ�âJá�ß�å�æ�ä&âç6â�ðPó5úð²à�ß+ä&â�ð+ñ"��ô�õ�ó�ù5ú�â�ð}à	á�ß�å�á�ó�à�þ�â�ðPà�ä(õ�å(úbâ�ð²áà	ó �'	®õGâä5á�ß�å�æ�ä&âçLà

3x+1
ã

ð'� ûàíý°â�ñ±ç6å(äöñyà^ý°âó&õà^âõ!à�ù5ú�â�ð�ñyà^þ�ó�ß�â�ô�ô�ó&ÿ��+DPâ�ð±ð>úæð>â�ôôó�å(õð�ð>â�÷0G�â�õ(ñyðã�å(ß²÷5à	õ�ó�ñ���à�þ�â�ð®â�õ
å�ßyþ�ß�â´ôß²â�óöê�âõ5ñ±ð²â÷�å(õð¤ä&à^ç6ó�þ�àLþ�âä�ð�â�ð²áà�ó&ð�ã�þ�â�ñyà	ä&ä�â�õïä&àíñ�à(ð²ô�àGß�â�à�ä�ó�ñ���à�þ�à��
����� � � ��� � � �����

ZD+à á�ß�ó�ç6âßyà�âê0ñ²âõ�ð>ó&ÿ õ�à¯ñ²úß�à�ä�þ�â
T
î�ð6à�ñ�å	ñ

Z
�2D+à þ�â�&�õ�ó&ôó�ÿhþ�â

T
î�ð6ð>ú+&�ô�ó&âõ5ñLá�â�ß

ô�å(æ�ß²ó&ßoà(ù5ú�â�ð>ñQô�à�ð�����å�ç ñ�ß²å(æàWæ�âõYà�ü5ó�à¯ñoñ²ß�â�ðoõ�å�ú�ðoôó&ôä�â�ðø {0} ã {−5,−7,−10} ã0ó�ú�õô�ó�ô�ä&âQä�ä�à	ß�÷

{−17,−25,−37,−55,−82,−41,−61,−91,−136,−68,−34}.
Þ�ù5ú�â�ð>ñ�ð^õ�å(úð6ô�ó�ô�ä&â�ð^â�ðíá�å�þ�ß�ó&âõ å�æ�ñ�âõ�ó&ß 9 ð²âõð²â�â�ä�ð>ó&÷�õ�âÃç6âõ!"�ð>:íð²ó¤ûå�ç ô�å(õð²ó&þ�â�ß²î�ðä � à	áä�ó�ôà(ô�ó&ÿ þ�â�&�õ�ó&þà á�âß

T ′(n) = −T (−n)
ã�ä&à�ù(ú�à	ä�ô�å�ß�ß�â�ð²á�å(õ�à	äµá�ß²å(æ�ä&âçLà/

3x − 1
�&�

	®ð�ô�å(õ7�â�ô�ñ²ú�ßyàDù5ú�âoà(ù5ú�â�ð>ñ�ð¤ô�ó�ô�ä&â�ð¤ð>ÿ(õ6ñ²å�ñ�ð¤âä�ð�ôó&ôä�â�ð�þ�â
T
â�õ

Z
��Þ�ù(úâ�ð>ñ�á�ß�å�æ�ä&âçLàQý°å(ú

ô�å(õð>ó�þ�â�ß�à	ñ¤á�âß  �âó�ý°âß²ñ J �0RO 9 ìWQ0R�R�: �
��� � 	 � ��
�� � ����� � � ��� � � � � ��
� � ��� � � � �	 � � � � � � � � �
Þ±ó�ê+S¤ôå�ç ä � â�ð>ñ²úþ�ó¤þ�â�ä®á�ß�å�æä�â�ç6à 

3x − 1
�Wþ�âWä&à þ�à	ß�ß�âßyàÃð²ú�æð²â�ô�ô�ó&ÿ!î�ðíâ�ù5ú�ó&ü¯à	ä&âõ5ñíà	ä

á�ß�å�æ�ä&âçLà
3x+1

à
Z−
ã�D}à	÷(à�ß²ó�à�ð J L��O 9 ìWQ0Q���:}ûàbâ�ð�ñ���ð®âäáß²å(æ�ä�â�çLà 3x+1

à	ä�ð$ßyà�ô�ó&å�õ�à	ä�ð
ô�å(õð>ó�þ�â�ß�à�õ(ñ�ä�à^ôä&à(ð²ð²âbþ<� à	á�ä&ó&ô�à�ôó�å(õð

Tk(x) =

{

(3x + k)/2
ð²ó

x ≡ 1 (
ç^å�þ

2),
x/2

ð>ó
x ≡ 0 (

ç6å�þ
2),

à	çíæ
k ≡ ±1

ç6å�þ
6
á�å(ð²óöñ�ó�ü¯à ó�ñ�à�ä±ù(úâ

(x, k) = 1
�2�oà�á�ß�å¯ü¯à¯ñ6ù(úâ�ãJà	ä&â�ð²û�å(ß²â�ðãµâä�ð

ô�ó�ô�ä&â�ð�þ�â
Tk
â�ðJôå�ß�ß²â�ð>á�å�õâõLàDô�ó�ô�ä&â�ðJß�à(ô�ó&å�õà�ä&ð

x/k
þ�â�ä�àQý°ú�õ�ô�ó&ÿ

T
�0D}à	÷(à�ß²ó�à�ð$þ�âç6å(ð>ñ²ßyà

ù5ú�â!â�ê�ó�ð�ñ�âó�ê0â�õ ôó&ôä�â�ðLâõ5ñ�âßyðLþ�â
Tk
á�âß àYú�õ õå�çGæß²âïó&õ+&õ�ó�ñ þ�â!ü¯à	ä&å�ßyðLþ�â

k 9 à�çGæâ�ð>ñ²ó&çLà�ô�ó&å�õ�ð^ð²å�æß²â�âä�õ�å(çGæ�ß�â�þ�â!ôó&ôä�â�ðíó &ñ²â�ðLþ�â�ä&â�ðLð²âü(â�ðíä�å(õ�÷�ó�ñ²úþð>:íó�ô�å(õ7�â�ô�ñ²ú�ßyà
ù5ú�âDâ�ê�ó�ð�ñ�âó�ê�âõ�ô�ó�ô�ä&â�ð±âõ5ñ²â�ß�ð�á�â�ßoà^ñ²å�ñ�à

k
�$��à�ä�æ�âó�ð²âõ!ó ��ú�õ�÷�â�ß²æYG�û�ä&âß J è�M;O 9 ìWQ0Q!V�:¤ûà�õþ�âß�ó&ü�à	ñ2&�ñ�â�ð®ð²ó&ç^ó&ä�à	ßyðJàbä&â�ðJþ<� 	Jä&ó&à�û�å�ú J è��;O 9 ìWQ�Q�è�:�ð²å�æß²â�ä&å�õ�÷(óöñ�úþ�ðJþ�â�ô�ó�ô�ä&â�ð®á�â�ß�àDôó&ôä�â�ðß�à(ô�ó&å�õà�ä&ð��

�����  ��� � � � � �� � ��� � � ����� 2 ��� �� � � Z2D+àGá�ß²å(á�â�ß�àDâ�ê0ñ²â�õð>ó&ÿ^î�ð¤àDä � à�õ�âä&ä
Z2
þ�â�ä&ð¤â�õ(ñ�âßyð �=»ò(þ�ó�ôð�ã(ù5ú�âQô�å�õ�ð>ó�ð�ñ�âó�êLâõ ä&â�ð¤ð²úôôâ�ð =

ð>ó&å�õ�ð�æ�ó�õ��Jß²ó&â�ð�ó&õ+&õóöñ�â�ð±þ�âbä�àíý°å�ß�çLà

a = a0 + a12 + a22
2 + · · · =

∞
∑

j=0

aj2
j

å�õ
aj ∈ {0, 1} á�âß^àÃñ²å	ñíâõ5ñ²â�ßDõ�å�õ�â�÷(à	ñ²ó&ú j

� D+à!ô�å(õ�÷�ß�ú ��õô�ó�àÃü�âWþ�â'&õ�ó�þ�à!á�âß
a ≡

a0
ç^å�þ

2
�



ì�� ���������
	����������������

� û�ó&ð�à	ä�à J �?�PO 9 ìPQ0Q�L!:´â�ð>ñ²î�õ C
à

Z2
á�â�ß�Z�à�ä�â�ð>û�å(ß²â�ðQß²â�ð�ñ�ß²ó&õ�÷(âó�ê�ä&à!ð²âü¯à!à	ñ²âõ�ô�ó&ÿ�à	ä�ð

ß�à(ô�ó&å�õà�ä&ð�� ^ â�ß²ó&ü¯à ß�â�ð>ñ²ß�ó&ô�ô�ó&å�õðoó&õ(ñ�âß�â�ð�ð²à�õ5ñ�ð´ð>å(æ�ß²â^ô�ó�ô�ä&â�ð´ßyà�ô�ó&å�õ�à	ä�ð'T�á�â�ßDà âê�âç6á�ä&â�ãPð²ó
m
î�ð�ä � âä&âç6âõ5ñ±ç S�õó�ç þ<� úõïôó&ôä�âQßyà�ôó�å(õà	äká�å(ð²óöñ�ó�úPã�à	ä&â�ð²û�å�ß�â�ð

m > 2

dm log2 3e
m − 3.

�±õà´â�ê0ñ�âõð²ó�ÿoç6î�ð�þ�â�ð²âõ0ü(å�ä&ú�áà�þà±þ�â
T
ã�ó�õ�ó�ô�ó�à�þà�á�âßiD+à�÷(à�ß²ó�à�ðiJ LNM;O 9 ìWQ0RNM0:�ã�þ�â'&õ�â�óöê

T : Z2 → Z2, T (a) :=

{

a/2
ð>ó

a ≡ 0
ç6å0þ

2,
(3a + 1)/2

ð²ó
a ≡ 1

ç6å�þ
2.

 � ûàLþ�âç6å5ð�ñ�ß�à	ñ 9 ü�â�÷�âú ��à	ñ²û�âW%±ð�ó H à	ñ>ñyð J M��PO 9 ìWQ�R�L!:®ó
� G�ä&ä�â�ß J M0Q;O 9 ìWQ�Q�ìP:�:¤ù(úâbä � à	á�ä&ó4=ôà(ô�ó&ÿ!â�ð>ñ²â�ð�à
T
î�ðGâ�ê�ûà	ú�ð�ñ�ó�ü¯à�ã}õ�å!ó&õ7�â�ô�ñ²ó&ü�àãµþ�óöý°â�ß²â�õô�ó�à	æ�ä&âWú�õhõå�çGæß²âLó&õ+&õ�ó�ñ^þ�âWü�â'=

÷(à(þ�â�ð�ã�õåïà�õà	ä�S�ñ²ó�ôà�ãkù5ú�â6á�ß�â�ð²âß�ü�à ä&à�ç6â�ð²ú�ßyà�þ�â ��à(à	ßQó$ù5ú�â6î�ðoý°å�ß²ñ�à�ç^â�õ5ñ´ç6â�ð�ô�ä�à	õ5ñ��
	 â�ð²ú�ä�ñ�à	ñ�ðWð²ó�ç6ó&ä&à�ß�ð6ð²å�æ�ß�âïâä�ðLó�ñ²âßyà¯ñyðLþ�â

T
â�ð6á�å0þ�âõ¸ñ²ß�å�æ�à	ßLà D+à	÷5à	ß�ó&à(ð J L!MPO 9 ìWQ�R�M0:�ã� G�ä&ä�â�ß J M�Q;O 9 ìPQ0Q�ì;:�ã,J ���;O 9 ìPQ0Q�L!:�ó
#+â�ß²ßyà�ð)J V0VWO 9 ìPQNV���:&� ^ â�&õó�õ5ñ�ä � à�á�ä&ó&ô�à�ô�ó&ÿ6þ�â�ð²á�ä�à0Xà�ç6âõ5ñ

9 ��	!- (�53: σ : Z2 → Z2
ô�å�ç

σ(x) =

{

(x − 1)/2
ð²ó

x ≡ 1 (
ç6å�þ

2),
x/2

ð²ó
x ≡ 0 (

ç^å�þ
2),

D+à�÷(à	ß�ó�à�ð J LNMPO 9 ìPQ0R�M�:�ü¯à�á�ß�å¯ü�à�ß+ù5ú�â T
î�ð}ôå�õ7�ú�÷5à�þ�à�à

σ
à�ñ²ßyà�ü�î�ðPþ�â®ä � à	á�ä&ó&ô�à�ôó�ÿ�ü(â�ô�ñ�å�ß�ó&à�ä

áà	ß�ó�ñ�à¯ñ
Φ−1 : Z2 → Z2

þ�â'&õ�ó�þ�à6á�âß

Φ−1(x) =
∞
∑

k=0

2k (T k(x)
ç6å0þ

2).

�¤âß�õð�ñ�âó&õ J&ì�ì�O 9 ìWQ0Q0LN:�þ�ÿ�õ�àíúõà^ý°ÿ�ß�çGú�ä�àíâ�ê�á�ä�S&ôóöñyàíá�âßoàíä�à6ô�å(õ7�ú�÷(à(ô�ó&ÿíó&õ0ü�â�ß�ð�à Φ
ã

Φ(2d0 + 2d1 + 2d2 + · · · ) = −1

3
2d0 − 1

9
2d1 − 1

27
2d2 − · · ·

å�õ
0 ≤ d0 < d1 < d2 < . . .

�Y#µà	çíæ�îGþ�âç6å(ð>ñ²ßyà6ù(úâDâäPáß²å(æ�ä�â�çLà
3x + 1

î�ð±â�ù5ú�ó�ü¯à�ä�â�õ(ñ
àLñ�âõ�ó&ß

Z+ ⊂ Φ
(

1
3Z
) � �¤âß�õð>ñ²âó&õ�óiD+à�÷(à�ß²ó�à�ð J&ì��PO 9 ìPQ0Q���:�ü¯à�õ�á�ß�å¯ü�à�ßoù5ú�âíâäµá�ß²å(æ�ä&âçLà

3x+1
õ�åDñ�î Z(ß²æ�ó�ñ²â�ð®þ�ó&ü�â�ß²÷(âõ5ñ�ð�ð>ó

Φ−1(Qsen) ⊂ (Qsen)
ã0â�ð�ð>â�õ(ñ

Qsen
î�ðJâäkô�å(õ7�ú�õ5ñ¤þ�â

ß�à(ô�ó&å�õà�ä&ð�ä�à^ý°å�ß�ç6àíß�â�þ�ú�
»þ�à6þ�â�ä&ð�ù5úà�ä&ð¤ñ�îbâä+þ�â�õ�å�ç6ó&õà�þ�å�ß�ð>â�õà	ß��
�!å�õ���ð}ó�®à��ó&õð��0ó$J M�R;O 9 ����� �0:�û�à	õGà�á�å(ß>ñyà¯ñ}õå�úðµà�ü�â�õYX�å5ðPâõíà�ù5ú�â�ð>ñ²â�ð+ä�S&õ�ó�â�ð'�1�$à	ß²ñ²ó&õ5ñþ�âä±ý°â�ñÃù5ú�â���â�þ�ä&ú�õþkJ è��O 9 ìWQ���Q�:íü¯àéá�ß�å¯ü�à�ßWù5ú�â!âäo÷�ß�ú�á þ � à�ú�ñ²å(ç^å(ß &�ð>ç6â�ðLþ�â σ

î�ð�ã
ð>ó&ç6á�ä&âç6âõ5ñ�ã¤Þ±ú�ñ

(σ) = {id, V } ã®å(õ id
î�ðLä � à�á�ä&ó&ô�à�ô�ó&ÿhó�þ�âõ5ñ²ó�ñ�à	ñ ó

V (x) = −1 − x
ã

�!å�õY�0ð�ó �®à��ó&õð��0óPþ�â�&õâó�ê0â�õ�úõà^ý°ú�õôó�ÿ
Ω
ô�å�ç

Ω = Φ ◦ V ◦ Φ−1.

Þ±ä&â�ð²û�å�ß�â�ð�ã�ñ²â�õ�ó�ç ù(úâ
Ω
î�ðQä � ��õó&ô�àÃà�ú�ñ²å�ôå�õ7�ú�÷5à�ôó�ÿ�õ�å ñ�ß²ó&ü0ó&à�ä$þ�â6ä � à	á�ä&ó�ôà�ôó�ÿ

3x + 1
ã

î�ðWàéþ�ó&ß�ã
Ω ◦ T = T ◦ Ω

ó
Ω2 = id

�K 0ó±û�åhà7�úõ(ñ�âçeà	ä�ðLß²â�ð>úäöñyà¯ñ�ðLþ�â ��â�ß²õ�ð�ñ�âó&õ ó
D+à�÷(à	ß�ó�à�ð�ã�ß²â�ð>ú�ä�ñ�à�ù5ú�â�âä�ð+à�ú�ñ²å(ß�ð�â�ð�ñyà	õDþ�â�ç6å(ð>ñ²ßyà	õ5ñ+ù5ú�â$ñ²ß�â�ð+âõ0ú�õôó&à	ñ�ð}ð>ÿ(õbâ�ù5ú�ó&ü�à�ä�â�õ5ñ�ð�ø



� ��5 *Y��[-3536P�0�'-/. ����������1����������
3x + 1

ìV

Φ−1(Qsen) ⊂ (Qsen)
ã
Ω(Qsen) ⊂ (Qsen)

ãµó�ù5ú�â ô�à	á >âõ5ñ²â�ß/�;=�ò�þ�ó�ô6ßyà�ô�ó&å�õ�à	ä �yñ²îLúõà
T
=Sñ²ßyà7�â�ô�ñ�Z(ß²ó�àDþ�ó&ü�â�ß²÷(âõ5ñ��
�!å�õ���ð´ó �®à���ó�õð��0ó+ñyà	çíæ�î^â�ð>ñ²â�õ�âõ âä�ð�ß�â�ð²ú�ä�ñ�à¯ñyðoþ�â/	Jä&ó�à	û�å(ú J è��;O 9 ìPQ0Q�èN:�óiD+à�÷(à	ß�ó�à�ðJ L!MPO 9 ìWQ�R�M�:�ð>å(æ�ß²â�ä�àbþ�â�õð>ó�ñ�à	ñ�þ�â�ä&ð®á�ú�õ5ñ�ð >ð²âõà�ß�ð ��þ � ú�õ�à Z�ß�æ�ó�ñ�à �N 0ó�÷(ú�ó κn(x)

âä�õ�å�çíæ�ß�â
þ<� ú�õð±â�õ!âä�ð�á�ß�ó�ç6â�ß�ð

n
=�þ+S&÷�ó�ñ�ð±þ�âäPü(â�ô�ñ�å�ß±á�à	ß�óöñyà¯ñ

x
�, 0ó

x ∈ Qsen
âõ5ñ�ß�à6â�ü�âõ5ñ�úà	ä&ç6âõ5ñ

âõïú�õà
n
= Z�ß�æ�ó�ñ�àíá�â�ß²ó�Z�þ�ó&ô�à�ã�à�ä�â�ð>û�å(ß²â�ð

ln(2)

ln(3 + 1/m)
≤ lim

n→∞

κn(x)

n
≤ ln(2)

ln(3 + 1/M)
,

å�õ
m, M

ð²ÿ�õmâä�ðGâ�ä�â�ç^â�õ5ñ�ð^ô�S�ô�ä�ó�ôðíç6âõ�å(ßGó�çLà7�å(ßíþ�â�ä � âü(âõ5ñ²úà�ä¤ôó&ôä�â��  �ó
x ∈ Qsenþ�ó&ü�âß�÷�â�óöê�ã�à	ä&â�ð²û�å(ß²â�ð

ln(2)

ln(3)
≤ lim inf

n→∞

κn(x)

n
.

�!å�õY�0ð®ó �®à0�ó&õð �0ó�þ�â�&õâó�ê0â�õWú�õàGà	ä�ñ²ßyàbâ�ê0ñ²â�õð²ó�ÿDþ�â
T
ã(ù5ú�â�ä�ókþ�ó&ú�âõ

ξ : Z2 → Z2
ã0ô�å�ç

ξ(x) =

{

Ω(x) x ≡ 1 (
ç^å�þ

2),
x
2 x ≡ 0 (

ç6å0þ
2),

ó�á�ß�å¯ü�âõWù5ú�âQâ�ä�áß²å(æ�ä�â�çLà
3x + 1

î�ð¤â�ù5ú�ó&ü¯à	ä&âõ5ñ�àDñ�âõ�ó&ß�âä�õ	��ç6âß�å ì´âõÃä&à
ξ
= Z(ß²æóöñyàGþ�â

ôà(þ�à^âõ5ñ²â�ß�á�å5ð>ó�ñ²ó&ú �

����� � � ��� � � ������ ��� � �	� � �
Z2[i]A�å5ð>â�á�ûBJ è�R;O 9 ìWQ�Q0R�:®â�ð>ñ²î�õ T
ç6â�ð�â�õ�ä&ä&òã�à

Z2[i]
ãþ�â�&õ�ó&õ5ñ

T̃
ôå�ç

T̃ (α) =















α/2,
ð>ó

α ∈ [0],
(3α + 1)/2,

ð²ó
α ∈ [1],

(3α + i)/2,
ð²ó

α ∈ [i],
(3α + 1 + i)/2,

ð²ó
α ∈ [1 + i],

å�õ
[x]
þ�â�õ�å	ñyàíä�à^ô�ä�à�ð�ð>âbþ<� â�ù5ú�ó&ü¯à	ä �õôó&à^þ�â

x
âõ

Z2[i]/2Z2[i]
��A�å5ð>â�á�û�þ�â�ç6å(ð>ñ²ßyàíù5ú�â

T̃õ�åGî�ð�ôå�õ7�ú÷(à¯ñ�à
T ×T

á�â�ß¤ô�à	áWó�ð>å(ç6å�ß�&�ð>ç6â
Z2
=»ç\Z�þ�úäNã0á�âß>Zíù5ú�â�î�ðJñ�å�á�å�ä�Z�÷(ó&ô�à	ç6âõ5ñ

ô�å(õ7�ú�÷(à	ñJà
T ×T

�	Þ±çíæLà	ß�÷�ú�ç6âõ5ñyðµð²âçíæ�ä�à	õ5ñ�ð$à�ä&ð$þ�â�ä&ðJß²â�ð>ú�ä�ñ�à	ñ�ð$þ�â�ä�àbþ�à	ß�ß�âßyà�ð²ú�æð²â�ô�=
ô�ó&ÿã+A(å(ð²âá�û�ç^å5ð�ñ�ß�àíù5ú�â

T̃
î�ð�ô�à�Z	ñ�ó&ô�à 9 âõÃâäPð²âõ5ñ²ó�ñ±þ�â ^ â�ü�à�õ�â'"�: ���Qúô�ó&õð��5ó J L(è;O 9 ��������:â�ð>ñ²úþ�ó&à6ô�ó�ô�ä&â�ð�þ�âbä � â�ê0ñ²â�õð²ó�ÿLþ�â A(å(ð²âá�û

T̃
ß�â�ð>ñ²ß�ó&õ�÷�ó�ñ�ð�à�ä&ð�â�õ(ñ�âßyð�þ�â FQà	úð�ð

Z[i]
�

����� 	� � �	� � � � �����
RDPâ�ð®âê5ñ�âõð²ó&å�õð¤þ�â

T
àDä�àGß�â�ô�ñ�àGß²â�à	ä

R
ð>ÿ(õWó�õ5ñ�âß�â�ð�ð²à�õ(ñyð$ñyà	çGæ�î´âõ ä�àDç6â�ð>ú�ßyàGù5ú�â´á�âß�=

ç6â�ñ²â�õ�â�ç6á�ß�à�ß�âó&õ�â�ð�ù5ú�âQá�ß�å¯ü�â�õ�âõ þ�â´ä � â�ð>ñ²úþ�ó}þ<� ó�ñ²â�ß�à(ô�ó&å�õð¤â�õÃà�á�ä�ó�ôà(ô�ó&å�õð¤ô�å(õ5ñ�S&õ5úâ�ð��
	Jõ!ú�õ!à	ß²ñ²ó�ô�ä&âQõ�åLá�ú�æä�ó�ôà	ñ�ãY#}âç6á��0ó&õ J V��;O 9 ìWQ�Q�è�:®â�ð>ñ²ú�þ�ó&à6ä�à6ç6î�ð±ð²ó&ç^áä�â(ãþ�â�ð�þ�âäPáú�õ5ñþ�âïü0ó&ð>ñ�àY÷�â�å�ç���ñ�ß²ó�ô	ã$þ<� à	ó�ñ�à�ä&ð^âê5ñ�âõð²ó&å�õð�ø$ä � â�ê0ñ�âõð²ó�ÿYâõ >ä4S&õ�ó�à�ß�â�ô�ñ�à ��þ�âÃä&à ý°ú�õ�ô�ó&ÿéþ�â
� å�ä&ä&à	ñ��

C
ø

L(x) =

{

C(x), x ∈ Z,
C(bxc) + (x − bxc)(C(dxe) − C(bxc)), x 6∈ Z.

=

{

−(5n − 2)x + n(10n− 3), x ∈ [2n − 1, 2n],
(5n + 4)x − n(10n + 7), x ∈ [2n, 2n + 1].
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#+â�ç6á��0ó�õïá�ß�å¯ü¯à^ù5ú�âDð²å�æß²âQôà(þ�à^ó�õ5ñ²â�ß²ü¯à�ä
[n, n + 1]

ã
n ∈ Z+

ã
L
ñ²îbáú�õ5ñ�ð�á�âß�ó4Z�þ�ó�ôð�þ�â

ñ²å�ñ�ðQâä�ðQá�âß>S�å�þ�â�ðQá�å5ð²ð²ó�æä�â�ð'�PÞ�á�ß²å0&�ñ�à�õ5ñ´â�ä$ý°â�ñDù5ú�âLâä�ðQó�ñ²âßyà¯ñyðQþ�âLä�â�ð´ý°ú�õôó�å(õðQä�ó&õ�â�à	ä�ð
àLñ�ß²å5ð²ð²å(ð�ñyà	çíæ�î^ð>ÿ(õ!ä�ó&õ�â�à�ä&ð´à6ñ�ß²å5ð²ð²å(ð�ã�ñyà	çGæ�îíþ�âç6å(ð>ñ²ßyàWù5ú�âDñ�å	ñ´á�ú�õ5ñoâ�ü�âõ5ñ�úà	ä&ç6âõ5ñ
á�â�ß²ó�Z�þ�ó�ô�þ�â

L
î�ðWßyà�ôó�å(õà	äSãJù5ú�â�ñ�å	ñ ßyà�ôó�å(õà	ä�î�ðWå æ�î�â�ü�âõ5ñ�úà	ä&ç6âõ5ñWá�â�ß²ó�Z�þ�ó�ô!å æ�î

þ�ó&ü�âß�÷�â�õ5ñ�ã0ó+ù5ú�âQâä�ð�ßyà�ô�ó&å�õ�à	ä�ð�þ�âbä�àíý°å�ß�çLà
k/5
ã�à	çíæ

k 6≡ 0
ç6å�þ

5
ã�ð²ÿ�õïþ�ó�ü(âß�÷�â�õ(ñyð'�

#+â�ç^áY�5ó&õÃñ�à�çGæ�îbç^â�õô�ó&å�õ�àíúõà^â�ê0ñ²â�õð>ó&ÿ6ß²â�÷�ú�ä�à	ß�þ�â
C
ã

E(x) :=
7x + 2

4
+

5x + 2

4
cos(π(x + 1)),

á�â�ß�Zïõ�å!â�õYý«àÃô�à	áhà	õ�ò	ä&ó&ð²óJô�å(õô�ß�â�ñyà � � ûà	çíæ�â�ß²ä�à	õ�þ J ���;O 9 ìPQ0Q���:oâ�ð>ñ²úþ�ó&àÃú�õàïâê0ñ²âõ�ð>ó&ÿð>ó&ç6ó�ä�à	ß±þ�â
T
ø

f(x) :=
x

2
cos2

(πx

2

)

+
3x + 1

2
sin2

(πx

2

)

= x +
1

4
− 2x + 1

4
cos(πx).

� ûà	çíæ�â�ß²ä�à	õ�þÃþ�âç6å(ð>ñ²ßyàLù5ú�âbñ²å�ñoô�ó�ô�ä&âGà
Z+
ûà þ�âGð²âß±ä&å�ôà	ä&ç6âõ5ñoà	ñ²ßyà�ô�ñ�å�ß�� � å�ç ù5ú�â

ä&àQþ�â�ß²ó&ü¯à�þ�à  �ôyû!%�à	ß>�ó�à	õàoþ�â
f
î�ð�õ�â÷5à¯ñ�ó�ü¯àQà

R+
ã�à	ó�ê+Z´ó&ç6á�ä&ó&ô�à´ù5ú�â�ä�àQþ�ó&õò	ç6ó�ôàQàQä�ä�à	ß�÷

ñ²â�ß²ç6ó&õ�ó®þ�âL÷5à	ó&ß²â�æ�î^ñ²å�ñ�ðQâ�ä&ðbáú�õ5ñ�ðDôå�ó&õô�ó�þ�âó�ê à�çGæéä&àïþ�ó&õò�ç^ó�ôà!àÃä&ä&à�ß²÷Ãñ�âß�ç^ó&õ�ó®þ�âä�ð
á�ú�õ5ñ�ð�ô�ß>Söñ�ó&ô�ð'����å�ç ñ�ß²å(æà^ß�ò�á�ó&þà	ç6âõ5ñ±ù5ú�âQâ�ê�ó&ð>ñ²â�óöê�â�õÃþ�å5ð�ô�ó�ô�ä&â�ð�à	ñ²ßyà�ô�ñ�å�ßyðã

A1 := {1, 2}, A2 := {1.192531907 . . . , 2.138656335 . . .}.
� ûà	çíæ�â�ß²ä�à	õ�þÃôå�õ7�â�ô�ñ�ú�ß�àLù5ú�âDà(ù5ú�â�ð>ñ�ð±ð²ÿ�õïâ�ä&ð ��õ�ó�ôð�þ�å(ð±ôó&ôä�â�ð±à¯ñ�ß�à(ô�ñ²å(ß�ð�þ�â

f
à

R+
�

Þ�ù5ú�â�ð>ñ�à�à&ß�çLà�ô�ó&ÿWî�ðoâ�ù5ú�ó�ü¯à�ä�â�õ(ñQà	ä�á�ß�å�æ�ä&âçLà
3x + 1

�,#µà	çíæ�îíâ�ð´á�ß�å¯ü¯àWù5ú�âíâê�ó&ð>ñ²â�óöê
ú�õà Z�ß�æ�óöñyà�þ�ó&ü�âß�÷�â�õ5ñ+ç6å�õ�Z�ñ²å�õ�à	ç6âõ5ñ}ôß²â�óöê�âõ5ñ�� � ûà�çGæ�âß�ä&à�õþbô�å(ç^á�à�ô�ñ�ó[&�ôà�ä � à�á�ä&ó&ô�à�ô�ó&ÿ
àÃñ²ßyà�ü�î�ðbþ�âWä � û�å(ç6âå�ç6å(ß &�ð²ç6â

σ(x) = 1/x
ð>å(æ�ß²â

[µ1,∞) 9 µ1
î�ðbâ�ä®á�ß�ó�ç6â�ßbá�ú�õ5ñ &�ê

á�å5ð>ó�ñ²ó&ú þ�âWä � à	á�ä&ó&ô�à�ôó�ÿ
f
:�ãPý°â�ñ6ù5ú�â þ�ú�ú à�ú�õà!à	áä�ó�ôà(ô�ó&ÿ�þ�ó�õ�ò	ç6ó&ô�à	ç6âõ5ñGâ�ù5ú�ó�ü¯à�ä�â�õ(ñ

hþ�â�&�õ�ó&þàLð>å(æ�ß²â
[0, µ1]

ô�å(ç

h(x) =

{

4x/(4 + x − (2 + x) cos(πx)), x ∈ (0, µ1],
0, x = 0.

^ à�ß²ß�âßyà	ç6â�õ(ñ�ã � ûà	çíæ�â�ß²ä�à	õþ ð'� â�ð>ñ�òéþ�â�þ�ó�ôà	õ5ñ àYâõ0ú�õ�ô�ó�à¯ñ�ðLð²å�æß²âïù5úà	ä�ð>â�ü�å(ä¤âê0ñ²âõ�ð>ó&ÿ
÷�â�õ�âßyà	ä�þ�â

f
ø�û�à�þ�âíñ²â�õ�ó&ß´úõ è=�ô�ó�ô�ä&â�ãkú�õ�à Z(ß²æ�ó�ñ�à û�å�ç6å�ô�ä�S&õ�ó&ô�à 9 âõYä&à�ä�ó�ñ²â�ß�à	ñ²ú�ßyàWç6î�ðà	õ5ñ²ó&÷(àã�ô�å�õâ÷�ú�ñ�ôå�ç à�>ß�âá�ú�ä�ð²å�ß �������

�
���0��� �W:�ã�óPúõà^ñ²ßyà7�â�ô�ñ�Z(ß²ó�àGþ�ó�ü(âß�÷�âõ5ñ�ç6å�õ�Z�ñ²å�õ�=

à	ç6âõ5ñ±ô�ß�âó�ê�âõ5ñ��
�µâ�ßïó�ä � ä&úð>ñ²ßyà	ß!ô�å(ç â�ðÃçLà	õ�ó�ý°â�ð>ñ�à âäbô�à	å(ð�âõ à�ù5ú�â�ð�ñyà âê5ñ�âõð²ó&ÿãU�Qâõ �!å�õ���ðÃü¯à

ð>úæð�ñ�óöñ�ú�ó&ß
x
á�âß

z
àbä � à	á�ä&ó&ô�à�ôó�ÿDþ�â � ûà	çíæ�â�ß²ä�à	õþ6ó�ü¯àb÷�â�õ�âßyà	ßJõ0ú�ç���ß²ó�ôà�ç^â�õ5ñ®ô�å�õ�7�ú�õ5ñ

þ�â A(ú�ä�ó�à^á�ä&â?���±õ�à6á�å(ß�ôó�ÿLþ�â�äPô�å�õ�7�ú�õ5ñ�ð'� ó�õ�þ�ó&ô�à6àíä�à � ó�÷(ú�ßyà LA�
	Jõ�ú�õ�à�ß>ñ�ó&ôä�âGç^î�ð�ß�â�ôâõ5ñ�ã ^ úç^å(õ5ñ�ó 	 âó�ñ²âß_J �0R;O 9 ������èN:�ûà	õ�à(ô�å(õð>â�÷�ú�ó�ñ±ß�â�ð²ú�äöñyà¯ñyðð>ó&ç6ó�ä�à	ßyð¤á�â�ß�à^ä � â�ê0ñ�âõð²ó�ÿ6ß�â�à�ä

f(x) :=
1

2

(

3sin2(πx/2)x + sin2(πx/2)
)

.

	Jä�ð±çLà¯ñ�âó�ê0å5ð�à	ú�ñ�å�ßyð�ûà	õ!ôß²â�à¯ñ�à	ä�ñ²ß�â�ð�âê0ñ²âõ�ð>ó&å�õð�þ�ó�ü(âßyð>â�ðã�à�óöê+S+ôå�ç &÷�ú�ß�â�ð�ù5ú�âbß�âá�=
ß²â�ð>â�õ5ñ²âõÃâäkñ�âç6áð±þ � à	ñ²ú�ßyà�þ�àYT�ü�â�÷�âú ^ úç^å(õ5ñ±ó 	 âó�ñ²â�ß J �0Q;O 9 ������ì;:&�



� ��5 *Y��[-3536P�0�'-/. ����������1����������
3x + 1

ìPQ

�$� �����0��� ø � *�2�� � 2 � � ��� � , � � � � , � ��� , � � � � �	� � � ��
 � 4  � � , � 2 � � � ��� � � � , � , � � *�4 � , �� -

Þ±ß�÷�ú�ç6âõ5ñyà	õ5ñGù5ú�âLä � à	áä�ó�ôà(ô�ó&ÿÃî�ðQñ²úß²æ�úä�â�õ(ñyà 9 âê0ó�ð>ñ²âó�ê�âõéó&õ(ñ�âß�ü¯à	ä�ðDô�å(ç^á�à�ô�ñ�â�ð A1ó
A2
ñyà	ä�ð ù5ú�â

A1 ∪ A2 = f(A1) ∩ f(A2)
:�ã �¤å�ß�å¯ü!��å¯ühó �$ý°âó�ý°âß J&ìPMPO 9 �������N:íñ�à�çGæ�îþ�âç6å5ð�ñ�ß²â�õ¸ù5ú�â�ù5úà�ä&ð²âü(å�ä�âê5ñ�âõð²ó&ÿéôå�õ5ñ�S&õ0úàhþ�â

T
ñ²î Z(ß²æóöñ�â�ðLá�âß�ó4Z�þ�ó�ù5ú�â�ð þ�â�ôà(þ�à

á�â�ß�S&å�þ�â?�
��� � � ��
 � � � � ��
 � ���

CDPâñ²û�â�ß²çLà	õ+ã� �ôyû�ä&âó�ôyû�â�ß±ó H å0å0þ J M��;O 9 ìWQ�Q0Q�:¤å�ý°âß�âó�ê�âõïâä�ð>â�÷0G�â�õ5ñ±ß²â'&õà	ç6â�õ(ñ´þ<� à(ù5ú�â�ð>ñâõ�ý°å�ô�à	ç6âõ5ñ�ø�â�ð�ñ�âõ�â�õ
T
à�ä�á�ä&à6ôå�ç6á�ä&â�ê�à�çGæ

f(z) :=
z

2
+

1

2
(1 − cos(πz))

(

z +
1

2

)

+
1

π

(

1

2
− cos(πz)

)

sin(πz) + h(z) sin2(πz).

� óöê�âç\=»õ�å(ð�ù5ú�âbâ�ä&ð�þ�å(ð�á�ß�ó&ç^â�ß�ð¤ñ�âß�ç6â�ð 9 ð²ú�æð>ñ²ó�ñ²úó�õ5ñ z
á�âß

x
:�ô�å(ó�õ�ô�ó�þ�âó�ê�âõïà	çGæïä � âê!=

ñ²â�õð>ó&ÿ þ�â � ûà	çíæ�â�ß²ä�à	õþ � ^ â�ð�þ�âäµá�ú�õ5ñ´þ�âGü5ó�ð>ñ�àWþ�ó&õò�ç^ó�ô	ã�ä � à�ü¯à	õ5ñ�à	ñ²÷(âDô�ä�à	ß�þ<� à�ù5ú�â�ð�ñyà
õ�å¯ü¯à!ý°ú�õ�ô�ó&ÿYî�ð6ù(úâ�â�ä�ôå�õ7�úõ(ñLþ�âïá�ú�õ5ñyð^ôß�S�ñ²ó�ôð6ð²å�æ�ß�â ä�à ß²â�ô�ñ�à�ß²â�à	ä¤î�ð^â�ê�à(ô�ñ�à�ç6âõ5ñ
Z
� �!ó&ä�ä&å�ß�âõ âä�ß�â�ð²ú�ä�ñ�à¯ñWþ�â � ûà�çGæ�âß�ä&à�õþ áß²å¯ü¯à	õ5ñLù5ú�â!à ä � ó�õ5ñ²â�ß²ü¯à�ä

[n, n + 1]
ãJà	çíæ

n ∈ Z+ ã�û�óµûà ú�õ�ô�å(õ7�ú�õ5ñ´þ�â � à	õ5ñ�å�ß�þ�âíá�ú�õ5ñ�ð´ù5ú�âíþ�ó�ü(âß�÷�âó�ê�âõïç6å�õ�Z�ñ²å(õà	ç6âõ5ñ���Þ±äá�ä�àDô�å(ç^áä�âêkã�DPâ�ñ�û�âß�çLà	õ��'5i�����0úð²âõ^ñ���ô�õó&ù5ú�â�ð®þ�â�þ�ó�õò�ç6ó&ô�àDô�å(ç^áä�âê�à´á�âß�â�ê0ñ²ß�âú�ß�â?� õ
ß²â�ð>úäöñyà¯ñ�ð�ð²å�æ�ß�â¤ä�â�ð$ô�å�ç6á�å�õ�â�õ5ñ�ð$þ�â � à	ñ²å(ú ��	Jõ6áà	ß²ñ²ó�ô�úä&à�ß�ã�þ�âç6å5ð�ñ�ß²â�õ^ù5ú�â�õ�åQû�ó�ûàQô�à	á
âõ5ñ²â�ß$âõ^ú�õLþ�å�ç6ó&õ�óþ�â ��à��(âß 9 þ�å�ç6ó�õó�àoä � ó�õ+&�õ�óöñ�:&��	®ðJô�å(õô�ä&å�ú^à	ä&â�ð²û�å�ß�â�ð�ù5ú�â�ù5úà	ä�ð²âü�å(äâõ5ñ²â�ß$åQæ�î�á�âß²ñ�à�õN"íàoúõà Z�ß�æ�ó�ñ�à´á�â�ß²ó�Z�þ�ó�ôàQð>úá�â�ß�à	ñ²ßyà�ô�ñ�å�ßyà�åbæ�î±àoúõ6þ�å�ç6ó�õóþ�â�á�ú�õ5ñ�ð
âß�ß�à�õ5ñ�ð��

� � xJ{µx$wy~��°�&|���~$�}��Û�{µzYÜ®x ��~BÜ��S{��Ke ���k~ Ü®x
3x + 1

 � ûàQþ�ú�ñ®àoñ²â�ß²ç6â�ç6å�ä�ñ�à´ß²â�ô�â�ß�ô�à±âõ6à	áä�ó�ôà(ô�ó&å�õð�ù5ú�â�á�ß�â�ð²âõ5ñ²â�õíú�õ�à´þ�ó�õò�ç6ó&ô�àoð²ó�ç6ó&ä&à�ßJà
ä&àQþ�â

T
á�â�ß�Zbù5ú�â�õ�åbð>ÿ(õíâê0ñ²âõ�ð>ó&å�õð�þ�â

T
��	®õ^à(ù(úâ�ð>ñ�ð$ôà(ð>å5ðã�û�å(çBà�ôå(ð>ñ²ú�çLàoà´ô�à	õ0ü0ó&à�ß

ä&à (�*+���'-/.¯ã�ôå�õ5ñ²ßyò	ß�ó&à�ç6âõ5ñ�àDä�àGþà	ß�ß²â�ß�àDð²â�ô�ô�ó&ÿGå(õWâßyàDä �h� � ����-â�äkù5ú�âoâ�ð¤ç6å�þ�ó[&�ôà�ü¯àGà�çGæ
ú�õà^â�ê0ñ�âõð²ó�ÿA�

��â�ä&à�÷(àbó �!ó&÷�õ�å�ñ>ñ�â J&ì��;O 9 ìPQ0Q0RN:�ü¯à	õ ôå�õð²ó�þ�âßyà	ßJâ�äká�ß²å(æ�ä&âçLà� 3x + d
�yã�ókôå�õ7�â�ô�ñ�ú�ß²â�õ

ù5ú�â á�âß6à�ù5úà�ä&ð²âü(å�ä®ð²âõà�ß
d ≥ −1

õ�åYþ�ó�ü0ó�ð>ó&æ�ä&â á�âßíñ²ß�â�ð�ã+ñ�å	ñ�â�ðíä�â�ð Z(ß²æ�ó�ñ²â�ðDâ�õ(ñ�âß�â�ð
âõ5ñ²ß�âõíâõ^ú�õ6ô�å�õ�7�ú�õ5ñ &�õ�óöñ 9 âõ6ô�å(õð>â�ùNG �õ�ó�ôàãñ�å	ñyà Z(ß²æ�ó�ñ�àoî�ð�â�ü�â�õ(ñ�úà	ä&ç6âõ5ñ�á�â�ß²ó�Z�þ�ó&ô�à�: �



��� ���������
	����������������

8oæð²âß�ü�âç ù5ú�â�â�ä�á�ß²å(æ�ä&âçLà 
3x−1

�®î�ð�â�ù5ú�ó&ü¯à	ä&âõ5ñJà	ä0á�ß�å�æ�ä&âçLà
3x+1

ð²å�æ�ß�â�â�ä&ð�â�õ5ñ²âßyð
õ�â÷5à¯ñ�ó�úð�ã�ô�å(õð²ó&þ�â�ß�à	ñ�à^ä�à6ð>â�ôô�ó&ÿ6á�ß��ü0ó&à��

�±õàïà	ä�ñ²ßyà�÷�âõâßyà	ä&óöñ>��à�ôó�ÿ�Z�æ0ü0ó&à�î�ðQä�àÃô�ä�à�ð�ð>â6þ�â6á�ß�å�æ�ä&âç6â�ð 
qx + 1

�&�@ 5ñ²â�ó�õâß�J V!�0ã
V¯è;O 9 ìPQ0RìP:�ü¯àDâ�ð�ñ�âõþ�ß²âoâä�ð¤ð²âú�ð®ß�â�ð²ú�ä�ñ�à¯ñyð®ð²å�æ�ß�âoôó&ôä�â�ð®ó�ü¯àGþ�â�ç6å(ð>ñ²ßyà	ß�ù5ú�â´á�âß�à q = 5

ã
û�ó�ûà õ�å�ç6î�ðíúõ ôó�ßyô�ú�ó�ñ6õ�åYñ²ß�ó�ü0ó�à	ä 9 13 → 208 → 13

:�ãµç6â�õ(ñ�ß²â
q = 7

õ�åéá�ß²â�ð>â�õ5ñ�à
ô�ó&ß�ôú�ó�ñ�ðDõå!ñ²ß�ó�ü0ó�à	ä�ð'� � ßyà	õôå!ó ��å(ç^â�ß�à�õô�â J è��;O 9 ìWQ0QNM0:´ü¯à	õ þ�âç6å(ð>ñ²ßyà	ßíù(úâ ð>ó q

î�ðGú�õ
õ	��ç6âß�å^þ�â H ó&â�ý°â�ß²ó�ôyû��	ã�à�ä�â�ð>ûå�ß�â�ð�û�ó�ûà

x ∈ Z+
ù5ú�âQçLà	ó�õ�åLà	ß�ß�ó�æ�âõÃà ìQá�âß�ó�ñ²âßyà�ôó�ÿA�

� ß�à�õþ�à�ä�ä J ���;O 9 ìWQ!VR�:´ü¯à ô�å�õ�7�â�ô�ñ�ú�ßyà	ßíù5ú�â�à	ó�ê!Z�î�ð^ô�âß²ñGá�âß6à��'*Y�� �'� �;1��}ð²âõà�ß
q ≥ 5

�
H ó�ßyð�ôyû�ó�õ÷ J R!VWO 9 ìWQ�Q0R�:oå�ý°âß�âó�ê ú�õ à�ß²÷(ú�ç6âõ5ñDû�âúß�S�ð�ñ�ó&ôWúð²à�õ5ñDç^ó�ñ/7>à�õ�â�ð p

=�ò�þ�ó�ù5ú�â�ðDá�â�ß
à&ß�çLà	ß±ù5ú�âDá�âß´à

q ≥ 5
ãâ�ä+á�ß�å�æä�â�ç6à

qx + 1
à(þ�ç6â�ñ�åLæ�îDú�õàLñ²ßyà7�â�ô�ñ�Z(ß²ó�à6þ�ó�ü(âß�÷�â�õ(ñ

å6æ�îbú�õïõ�å(çGæ�ß�âQó�õ�&õ�ó�ñ�þ<� Z(ß²æóöñ�â�ð�á�âß�ó4Z�þ�ó�ù5ú�â�ð�þ�ó�ý°âß�âõ5ñyð'�
�!ó�÷(õ�å(ð²óiJ M0MPO 9 ìPQ0Q�M�:�ü�à^ó&õþ�à�÷(à	ß�â�õÃúõà^÷�âõâßyà	ä&óöñ>��à�ôó�ÿíß²â�ä&à(ô�ó&å�õà(þ�à�ã�þ�å(õà�þàGá�âß

Tβ(n) =

{

dβne n ≡ 1 (
ç^å�þ

2),
x/2 n ≡ 0 (

ç^å�þ
2),

á�â�ß�àDù5úà�ä&ð²âü(å�ä
β > 1

ó
r ∈ R

�?	®ä�ô�à�ð
β = 3/2

î�ðJâ�ù5ú�ó&ü�à�ä�â�õ5ñ�à
T
�?��ó�÷(õ�å(ð²óô�å(õ7�â�ô�ñ²ú�ßyà

ù5ú�â�á�âßLàYù5úà	ä�ð>â�ü�å(ä
β > 1

ã�âê0ó�ð>ñ²âó�ê ú�õ õ�å�çíæ�ß²â�ó�õ�&õ�ó�ñLþ � Z(ß²æ�ó�ñ²â�ð^á�â�ß²ó�Z�þ�ó&ù5ú�â�ð'�i��å
á�ß�å¯ü�à^á�âß´à

β =
√

2
ó+â�ä&à�æ�å(ß�à^ú�õ�à�ß²÷(ú�ç6âõ5ñ�û�âúß�S�ð�ñ�ó&ôGþ�âGù5ú �Gà(ù(úâ�ð>ñ�àLô�å(õ7�â�ô�ñ²ú�ßyàLð²â

ð²à	ñ²ó�ð�ý«ò^á�âß±à6ù5úà�ð²ókñ²å�ñ�à
β ∈ (1, 2)

� �¤ß�å�ôô�å J&ì��;O 9 ìPQ0Q�M�:Jç6å�þ�ó4&�ôà^ä � à�á�ä&ó&ô�à�ô�ó&ÿ6á�ß�âõ�â�õ(ñ

Tα,r(n) =

{

dαn + re n ≡ 1 (
ç6å�þ

2),
x/2 n ≡ 0 (

ç6å�þ
2),

á�â�ß¤à
1 < α < 2

� ^ âç6å5ð�ñ�ß�àã�á�âß�àGä&àGð>â�ü�àGà	á�ä&ó&ô�à�ôó�ÿ�ã(ù5ú�â�ä�àDôå�õ7�â�ô�ñ²úß�àDþ�â �!ó&÷�õ�å5ð>ó�î�ð
ý«à	ä�ð²àíð>ó�ä � ó&õ5ñ²âß�ü¯à	ä

((r− 1)/(α− 1), r/(α− 1))
ôå�õ5ñ²îoú�õ â�õ(ñ�âß�ð>â�õà	ß�ó

α
î�ð¤ú�õ õ��ç^â�ß²å

þ�â  �à�ä�â�ç å6ú�õïõ��ç^â�ß²å�� �����
��à¯ñ²ñ²û�âW%±ð�ó H à¯ñ²ñ�ð J M?�0ã�M	è;O 9 ìPQ0R�L�ã�ìPQ0RNM0:$â�ð�þ�â�þ�ó&ù5ú�â�õ�à^à�á�ä&ó&ô�à�ô�ó&å�õ�ð�ß�à�ç^ó4&�ô�à�þ�â�ð¤þ�âä&àíý°å(ß²çLà

T (x) :=
mix − ri

d
,
ð>ó

x ≡ i
ç6å�þ

d,

å�õ
d ≥ 2

î�ðPúõbâõ5ñ²â�ß�ã
m0, m1, . . . , md−1

ð²ÿ�õQâõ5ñ²â�ß�ð+þ�óöý°â�ß²â�õ5ñ�ðPþ�â �âß�åã�ó
r0, r1, rd−1 ∈ Zð>ÿ(õ ñyà	ä�ð!ù(úâ

ri ≡ imi
ç6å�þ

d
� 	 âá�ä&ó&ù5ú�â�õ â�ä&ð!ð²âú�ð�ß�â�ð²ú�ä�ñ�à	ñ�ðÃá�ß�âü0ó&ð 9 ü0ó&ð>ñ²å5ðÃà ä�àþ�à	ß�ß�âßyà�ð>â�ôôó�ÿ!:Dæ�åéó¤â�ð�ñ�âõ�â�õ5ñLà(ù5ú�â�ð>ñ�à à	á�ä&ó&ô�à�ôó�ÿYà ä � à	õ�â�ä�ä�þ�â�ä&ð^âõ5ñ�âßyð

d
=»ò(þ�ó�ôð^ó±þ�â�=

ç6å(ð>ñ²ß�âõ!ù5ú�âGá�ß�â�ð²âß�ü¯à^ä&àLç6â�ð>ú�ßyàWþ�â_��à�à�ß���	®ð�á�å	ñ�ñ²ß�å�æà�ß±ó�õ�ý°å�ß�ç6à(ô�ó&ÿLß²âý°âß�âõ5ñoà^ñ�ß�à�=
7�â�ô�ñ�Z�ß�ó&â�ðQþ�ó&ü�âß�÷�â�õ5ñ�ð´à�D+âó&÷�û J L�QO 9 ìWQ0R���:±óJà �¤ú�ñ²ñ�ð�%�å(ß>ñ�û�ó5��à	ñ>ñ²ûâ'%±ð\J�ìPR;O 9 ìWQ�Q��N:&�aDPâ�ðá�ß�å�á�ó&â�ñyà¯ñ�ð âß�÷0Z�þ�ó�ù5ú�â�ðWþ � à(ù(úâ�ð>ñ²â�ðÃà	áä�ó�ôà(ô�ó&å�õðLû�à	õ â�ð�ñyà¯ñ�â�ð�ñ�úþ�ó�à�þ�â�ðWá�âß��$âõ�ñ�ú�ß�ó�õ�ó
J R���ã,R��0ãaR�èO 9 ìWQ0R ��ã&ìWQ�Q���ã&ìWQ�QNV0:&�!�±õ�ß�â�ð²ú�ä�ñ�à¯ñ �â�õôà�áð²ú�ä&à�õ5ñ	��þ�â�J R(è;O 9 ìWQ�QNV�:�ç6à�õ5ñ²îGâ�ð²ð²âõ�=ô�ó�à	ä&ç6âõ5ñ®ù5ú�â�ä&àbôå�õþ�ó�ô�ó&ÿ |m0m1 · · ·md−1| < 1

þ�ÿ(õà´ú�õLô�å(ç^á�å�ß²ñ�à�ç6âõ5ñ >ôå�õ0ü�â�ß²÷(âõ5ñ ��ã
ç6âõ5ñ²ß�â!ù(úâÃä&â�ð Z(ß²æóöñ�â�ð6þ�ó&ü�âß�÷�â�õ5ñ�ð^á�å�þ�â�õ ñ²âõó�ßLä&ä�å�ôïð²ó |m0m1 · · ·md−1| > 1

�i�±õà
ô�ä�à�ð�ð>âGâ�ð²á�â�ô�ó�à	ä�þ<� à(ù5ú�â�ð>ñ²â�ð�à	áä�ó�ôà(ô�ó&å�õð �Ãô�å(õ�â÷(úþ�â�ðoô�å(ç à_(�*+���'-/1� �\�0���_� � �'��ã�ó$ù5ú�â
Ø�Ç}�b�����S��� � �>���y� q � � �y����¢����¯����� Ñ	��Ï�
������
�����
���
��������¤� � 2l(q) ≡ 1

¢���
q2 ¬	��� l(q) ��� ��� ���«���«�����É®�����>��³��«��¡´¢���� �S��¡������²���N���

(Z/qZ)
¨�Ë���� ��¢����«� � ���"!���� � ���«�>���S¹o�N�>���>�o����� � � �S���P�±����� � ����� ��� ���¯�y� � ¨#�Ç}� Ñ	��Ï$
������%
'&(Ó%( 
²Ï ��� ���G����¢����N�b�y��³���¥��N�y�����«�²�y��¢ �>� ³��N�y�6 ��� 1

¬5�N�y� � ��� � �����y�N��³���� � z
�����

 �¯�y� � ���N� �N� �y� |z| ≤ 1
¬5������¢±�y�����S�± ��������¢ ��¢')�����¢ ���D�>�����N��³���� � ���S� �«��� |z| = 1

¨5Ç}� Ñ	��Ï�
�*���%
+ ��,���Ò.-�/0� 1�Ó32�Ó3�NÓ�45��Ó36�Ó�Ñ87 + /	9���� ���Q� ��¢��>�«���y��³���¥��N�y�����«�>�y�0¢ ��� ³��S�y�b ��� 1
¬��N�y� � ��� � �����y�«��³���� � z

�����
 �¯�y� � ���S� �«� �y� |z| < 1

¨
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3x + 1

��ì

ð>ÿ(õ/>á�ß²å(á�â�ß²â�ð ��àGä � à	á�ä&ó�ôà�ôó�ÿ
T
ûà�æ�óöñ�úà	ä�þ�â´á�ß�å�æ�ä&âçLà

3x + 1
�6ûàGâ�ð�ñyà¯ñ¤â�ð>ñ²úþ�ó�à�þàGá�âß

Þ±ä&ä�å(úôyû�â_J�ì�O 9 ìPQNV�Q�:�ãN�±â�á�á�õ�â�ß J èNVWO 9 ìPQNV�R�:�ã!FQà	ßyô�ó�àbó,#}à�ä J è�è;O 9 ìPQ0Q�Q�:�ó � ��ä&ä&âß)J M��;O 9 ìWQ!VR�:�ãà	çíæ ß�â�ð²ú�ä�ñ�à¯ñyðbð>ó&ç6ó�ä�à	ßyð��@�±õàÃß�âü0ó&ð²ó&ÿ�ß�â�ôâõ5ñDþ<� à(ù5ú�â�ð>ñ²â�ðbà	á�ä&ó&ô�à�ôó�å(õð´÷�âõâßyà	ä&óöñ>��à�þ�â�ð��
à	çíæ�ç6å�ä�ñ�ð�âê�âç6á�ä&â�ð �Wûà^â�ð>ñ�à	ñ±â�ð�ô�ß�óöñyàGá�âß ��à¯ñ²ñ²û�âW%±ð J M�LO 9 �������0: �Þ±áà�ß²â�õ(ñ�ç6âõ5ñ^à�ä�ä&ú�õ!"(à	ñ�ðGþ�âä¤á�ß²å(æ�ä&âçLà

3x + 1
ã}ñ²ß�å�æ�âç â�ä&ðGß²â�ð>ú�ä�ñ�à	ñ�ð^þ�â  0ñ²å�ä�à	ßyð =

�!"�J VLO 9 ìWQ�Q0RN:�ã�ù5ú�âbß²â�ð>å(ä�ô�å�ç6á�ä&â�ñyà	ç6âõ5ñ�ú�õïá�ß�å�æ�ä&âçLà^þ<� >à(ð>á�â�ô�ñ²âbð>ó&ç6ó�ä�à	ß�� � 	 â�ôå�ßyþ�âçá�ß�ó�ç6âß6â�äI#+â�å�ß�âçLà�þ�â �¤â�à	ñ>ñ "(ãJù(úâÃþ�ó&ú¸ù(úâïð²ó
α, β > 1

ð²ÿ�õ ó�ß�ß�à(ô�ó&å�õà�ä&ðGó±ð²à	ñ²ó�ð�ý«à�õ
1/α + 1/β = 1

ã�à�ä�â�ð>û�å(ß²â�ð¤âä�ð�ô�å�õ�7�ú�õ5ñ�ð
A = {bnαc : n ∈ Z+}, B = {bnβc : n ∈ Z+}

ý°å�ß�ç6âõGúõà�á�à	ß²ñ²ó�ô�ó&ÿoþ�â
Z+

�0 0ó
α = φ := (1+

√
5)/2

ã�ñ²â�õ�ó�çBù(úâ
β = φ2 = (3+

√
5)/2

�
 5ñ²å(ä&à�ß�ð��!"Wô�å(õð>ó�þ�â�ß�àíä � à	áä�ó�ôà(ô�ó&ÿ

f(m) =

{ dd m
φ2 eφ2e + 1, m ∈ A,

d m
φ2 e, m ∈ B.

�Jß�å¯ü�à�ù(úâ
f
à�þ�ç^âñ}ú�õ�à ��õ�ó�ôà Z�ß�æ�ó�ñ�à±á�âß�ó�Z0þ�ó&ô�à�ã�ôå�õôß²âñ�à�ç^â�õ5ñ {3, 7} � ^ â'&õ�ó&õ5ñ b(n) =

bnβc ãâä�ô�å(õ7�ú�õ5ñ {b(k)(3) : k ∈ Z+} �Ãù5ú�âDñ�îGþ�âõ�ð>ó�ñ�à	ñ �â�ß²å �ïôà	ßyà�ô�ñ²â�ß²ó�ñ���àíâ�ä&ð�á�ú�õ5ñ�ð
âü(âõ5ñ²úà�ä�ç6â�õ(ñ�á�â�ß²ó�Z�þ�ó&ô�ð'�N#+å�ñ�ð$â�ä&ð¤à	ä�ñ²ß�â�ðJâõ5ñ²â�ß�ð®á�å5ð>ó�ñ²ó&úð$ñ�âõ�â�õ Z�ß�æ�ó�ñ²â�ðJþ�ó&ü�âß�÷�â�õ5ñ�ð��0DPâ�ð
þ�ó&õò	ç6ó�ù(úâ�ðQð>ó&çGæ�Z�ä&ó�ù(úâ�ðQð>ÿ(õ�ð²ó�ç6á�ä&â�ð�øPù5úà	ä�ð>â�ü�å(äPñ²ßyà7�â�ô�ñ>Z�ß�ó&àWñ²î^ú�õ ó�ñ²ó&õ�â�ß�à�ß²ó$þ�â(ã�åÃæ�î
Bl(AB)∞

å6æ�î
Bl(AB)kA∞

ã�á�âß�à6à�ä�÷(ú�õð�âõ5ñ�âßyð
k, l ≥ 0

�

� � �&z0�kx���� � �¤{®��~
��à	ß�÷�â�õð>ñ²âß�õéó ��à¯ñ²ó�"(à(ð>â�ü0ó&ôyû J M�ì�O 9 ìWQ�Q0QN:Qûà	õ ôå�þ�ó[&�ôà¯ñ^âä�á�ß²å(æ�ä&âçLà 3x + 1

ô�å(ç úõ
á�ß�å�æ�ä&âçLà�ä4Z(÷�ó�ôGúð�à	õ5ñQú�õhù5úà	õ5ñ²ó4&�ô�à�þ�å(ßoú�õó�ü(âßyð²à�äµóJþ�ó�ü(âßyð>å5ðoù5úà�õ(ñ�ó[&�ôà�þ�å�ßyð�âê0ó�ð>ñ²âõ�=
ô�ó�à	ä�ð'� � å(õô�ß�â�ñyà	ç6âõ5ñ�ã�ç6å(ð>ñ²ß�âõYù(úâ

T (m)(2a) = b
á�â�ßbà�à�ä�÷(ú�õð

m ∈ Z+
ð>óSãkó$õ�å�ç6î�ð

ð>óSã�â�ê�ó�ð�ñ�âó�ê�âõ
w, p, r, s ∈ Z+

ñyà	ä�ð±ù5ú�â
a, b ≤ w

ó
(

4(w + 1)(p + r) + 1
p + r

)(

pw
s

)(

rw
t

)

×
(

2w + 1
w

)(

2s + 2t + r + b((4w + 3)(p + r) + 1)
3a + (4w + 4)(3t + 2r + s)

)

×
(

p + r
p

)(

3a + (4w + 4)(3t + 2r + s)
2s + 2t + r + b((4w + 3)(p + r) + 1)

)

≡ 1
ç6å0þ

2.

F´ä�úô���ó #µà;"0ä�å(ß)J è�L�O 9 ����� �0:�ûà�õÃâ�ð�ñ�úþ�ó�à¯ñ±ú�õ!à�äöñ�ß²â >â�ð>ñ�à�þ�S&ð>ñ²ó�ôQ÷�ä&å�æà�ä���ã�à6áà	ß²ñ�þ�âbä�àý°ú�õôó�ÿÃñ²â�ç6áð´ñ²å�ñ�à	ä$þ<� à¯ñ�ú�ßyà�þ�à
σ∞(n)

�  0ó
σ∞(a1) = p

ð²å	ñyà ä � à	á�ä&ó&ô�à�ôó�ÿ
C
ã�âä�ðbà	ú�ñ�å�ßyð

þ�â�&�õ�âó�ê�âõïú�õàíý°ú�õôó�ÿ��
A
ô�å(ç

A(a1) =
a1a2 + a2a3 + · · · + apa1

a2
1 + a2

2 + · · · + a2
p

,

å�õ
a2, a3, . . . , ap

ð>ÿ(õ�â�ä&ð�ó�ñ²â�ß�à	ñ�ð�ô�å(õð²â�ô�ú�ñ²ó&úð�þ<�
a1
á�âß�ä � à	á�ä&ó�ôà�ôó�ÿ

C
�

� Öµ���������¯Õ���È�������� � ������� � )�¢¤¥	��� C ¡	�����$��� � �����$���>��� � �����>��Å1�¡	���k����� �S�y�k����� � � � ����� � �y¢¤¥���� � ��������Å���®·k���������N¦
C
¬¯�y � )0��¢�¡��«��¢ ��� � )�¢¤¥	��� A ¨
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�µâ�ß�à6ù5úà	ä�ð>â�ü�å(äkð²âõ�à	ß
m > 3

ã�ç6å(ð>ñ²ß�âõïù(úâ

9

13
< A(m) <

5

7
.

Þ ç6î�ð�à^ç6î�ð�ãà�ù5ú�â�ð�ñ�â�ðK&�ñ�â�ð�ð²ÿ�õ�&õ�â�ði7>à^ù5ú�â

lim
n→∞

A

(

4n − 1

3

)

=
9

13

ó

lim
k→∞

A

(

2k(23k−1

+ 1)

3k

)

=
5

7
.

F´ä�ú�ô�� ó
#µà;"0ä�å(ß�ñ�à	çíæ�îbáß²â�ð>â�õ(ñ�âõïú�õïû�ó�ð�ñ�å�÷(ß�à�ç6àíõ�å(ß²çLà	ä&ó�ñ���à	ñ±þ<�
A
á�â�ß�à6ü¯à	ä&å�ßyð�âõ5ñ²ß�â

220
ó
220 + 20001

ãP7�ú�õ5ñ�à	çíæïú�õ!à	ä�ñ²ß�âbû�ó&ð>ñ²å(÷�ßyà	çLà^þ<� úõà6ü�â�ß�ð²ó�ÿ6à	ä&â�à	ñ�Z(ß²ó�àíþ �
A 9 å�õïâä�ð

ai
ð�� å�æ�ñ�âõ�â�õ à	ä&â�à	ñ�Z(ß²ó�à	ç6âõ5ñ�:&��Þ�ù5ú�â�ð�ñyðQþ�å(ðoû�ó�ð�ñ�å�÷�ßyà	ç6â�ð±çLà	õ5ñ²â�õ�âõYô�â�ß>ñyà�ð²âçíæ�ä&à�õYXàã

ý°â�ñ�ù5ú�âDð²ú�÷�÷(âß�âó�êLú�õïâõ�ý°å�ôà�ç6âõ5ñ±â�ð>ñ²å�ôò(ð�ñ�ó&ô���á�ß�å�æ�à	æ�ó&ä4S�ð>ñ²ó�ô�þ<� à�ù5ú�â�ð�ñ�á�ß�å�æ�ä&âçLà��
�������
	���
��� ø D5� à	ú�ñ�å�ßDà�÷�ßyà	âó�ê�à A(â�CED}à	÷(à�ß²ó�à�ð´ó �Qâ�õ �!å�õ���ðbä � å�á�å�ß²ñ²ú�õ�ó�ñ�à	ñGþ�âWô�å(ç\=
áà	ß²ñ²ó&ßoà�ä�÷(ú�õðoþ�âä�ð�à�ü(âõYXå(ð�ç6î�ð�ß²â�ô�â�õ(ñyð±â�õ�à�ù5ú�â�ð�ñ�áß²å(æ�ä�â�çLà�ãó�à �Qâ�õ �!å�õY�0ð�ó #}å�õó
F´ú�ó&ä�ä�à	ç6å�õÃá�âß±ç6å�ä�ñ�ð�ð²ú�÷(÷�âß�ó&ç^â�õ5ñ�ð ��ñ²ó&ä�ð'�

c x���x$w�f${$�}�&xPz
J&ì�O AA� = � ��Þ±ä&ä�å(úôyû�â?���$*+� �4� ��1����'����5 *+���_�0�������������* �'�

��� � �*+5 ��$- � �21�3�4��536�� �g 0î�ç^ó&õà�ó�ß�â
þ�âK#�û�îå(ß²ó&â�þ�â�ð � å�çíæ�ß�â�ð�ã�ìWQ!VR ��ìWQ!VQã&	$ê�á � � å��Qã(ì;M�á�á �&ã � ��	  �ã;#µà	ä&âõ�ô�â�ã5ìWQ!VQ��

J �;O AA� � ��Þ±ç6ó�÷(ÿ�� � �>���'�4�'���5 ��� �21�3�4��536�� ������_-/� � � � â�õ5ñ²ß�âQþ�â 	 â�ôâßyôà���à¯ñ�âçLò¯ñ�ó&ô�à
á�ß�âá�ß�ó&õ(ñ�ã�õ�å��+L+V;L�ã!A(ú�ä�" ������ì��

J èO � �®Þ±õ�þ�à	ä&å�ß�å�� ! �g5 15 �����5 1 ���,-3� � 5 -3����� *+�������
3x + 1

-35 �'���5 -/1� � � ó&æ�å�õà(ôô�ó
`oúà�ß>ñ�âß�ä4"(ã0è�R ã 9 ��������:�ã$V	è �YVR �J L�O � �Þ±õ�þ�à	ä&å�ß�å��#",	��

3x + 1
�,��10�'�4�'� ����� �-3�����'5 ��� ����� ��	 � � � ó�æ�å�õ�à�ôôó `oúà�ß>ñ�âß�ä4"(ã

L�� 9 ìP:�ã 9 ��������:�ã+L5è �+M�L��J M;O_ �0Þ±õþ�ß²â�óNã-� �!�Qúþ�ä&â'�^ó 	 �  � � ó�ô�ú�ä&â�ð�ô�ú �$�,1�� �&% ����*+� 5 � 1� 5]	��\�21�3�4��536('K��1�������� �
Þ�ô�ñyà ��õ�ý°å�ß�çLà¯ñ²ó�ôà�ãè!V 9 ��:�ã 9 ��������:�ã�ìWLNM ��ì���� �J �O ^ �Þ±á�áä�â�÷(à¯ñ�âQó
A��$D+à	÷5à	ß�ó&à(ð'�)�\�'����-35*� + 1*+�,� � (�1� 5]	��

3x + 1
'K�>10�'�4��� �-, �."+�>�>�

��'�������	 ����5]	�1P� � ��à¯ñ²ûâçLà¯ñ�ó&ô�ð�å	ý � å�ç6á�ú�ñyà¯ñ²ó&å�õ+ã���L ã 9 ìWQ�Q�M0:�ã!Lì�ì �NL-��� �J VPO ^ �¤Þ�á�á�ä&â÷(à	ñ²â ó)AA�KD}à	÷5à	ß�ó&à(ð'� �\��� ��-35/�0+ 1*+�,� �_(�1�� 5]	��
3x + 1

'K��10�'�4�'� �(,1, �
� ��� ��- ��1 � � ,��,�5�'*Y��[-35 -/� � � ��à¯ñ�û�âçLà	ñ²ó�ôð�å	ý � å�ç6á�ú�ñ�à¯ñ�ó�å(õPã���L ã 9 ìPQ0Q�M�:�ã!L �NV��!L(è0R��J RO ^ �Þ±á�áä�â�÷(à¯ñ�âQó@A��YD}à	÷5à	ß�ó&à(ð'�2",	���� - ��5 ��-/�'*+5 -/1�� 1 (

3x + 1
"������ � � 	$ê�á�âß�ó�ç6â�õ(ñyà	ä

��à	ñ²û�â�ç6à	ñ²ó�ôð�ã+L 9 èN:�ã 9 ìWQ�Q�M0:�ãkìWQ�è �����0Q �J QO ^ �}Þ±áá�ä�â�÷(à	ñ²âWó A�� D+à�÷(à	ß�ó�à�ð��43
165 ���7+ 1�*+��� � (�1� 5]	��$"$15 ��8�$5 1����,-3� ��"
-3��� 1 (
3x + 1

,�5 �'���5 ��� � ��à	ñ²û�â�çLà¯ñ²ó�ôð�å�ý � å(ç^áú�ñ�à	ñ²ó&å�õPã�V?� 9 ��L ��:�ã 9 ����� �0:�ãkì ��è�M ��ì ��L�Q��J�ì �O 	 � �¤âä�à	÷5à�ó�� ���!ó�÷(õ�å	ñ²ñ²â��:9 � �����0��-3� � 53	Y�
3x+1

�21����'����5 *+��� -3� �
3x+d

�21��Y5 ��;�5 �
	$ê�á�âß�ó�ç6âõ5ñyà	ä ��à	ñ²û�â�ç6à	ñ²ó�ôð�ã$V 9 �0:�ã 9 ìWQ�Q0RN:�ãkì'L!M ��ì;M�ì��
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3x + 1

��è

J�ì(ì�O ^ � �¤âß�õð>ñ²âó&õ � ���_1�
�
-35 �'���5 -���

2 �
�0��-/����5 ��5 �'�����$5 1 (�53	Y�

3N + 1
�21� �'����5 *+��� �

�Jß�å�ô�ââ�þ�ó&õ�÷(ð¤å	ýµñ²ûâDÞ±ç6âß�ó&ô�à	õ ��à¯ñ�û�âçLà	ñ²ó�ôà	ä
 �å0ôó�âñ "�ã�ì1��ì ã 9 ìWQ0Q0LN:�ã+L���M �NL �0R �J�ì1�;O ^ � �¤âß�õð>ñ²â�ó�õ�óiAA��D}à	÷5à	ß�ó&à(ð'� ",	��
3x + 1

�21� ��* ����� � � ��� � � à	õ�à�þ�ó�à	õ�A(å�ú�ß�õà�ä
å	ý ��à¯ñ�û�âçLà	ñ²ó�ôð�ã+L�R ã 9 ìWQ�Q���:�ãkì�ìPM�L �kì��0Q��J�ì�èO 	 � ��ä&â�ô���ð²ç6óöñ�ûPã � � ��ô � à�ä�ä&ú�çeó AA�K 0â�äöý°ß�ó&þ�÷�â?� �

�
��� 1P15]	)% � �,��� ���'�Y5 �5 -/1� � 1 (

,��$5 � �N��� � � Þ±ç6â�ß²ó�ôà�õ���à	ñ²û�â�çLà¯ñ²ó�ôà�ä �!å�õ5ñ�û�ä4"(ã�ì��NM 9 �N:�ã 9 ìWQ0Q�R�:�ã+M���Q �+ML5è �J�ìWL�O � � � ��û�ç óYF �0 0å(õ5ñ�à�ô�ôyû�ó � !K��5]	�� 9 ;�- ��5 �'����� 1 ( � �0������� 1 ( �0-�����73
�'� �053	 -3� ,��$5 � �N���
�,� �'*Y���,����� � - ���

xn+1 = xn/2
- (

xn
� ������ ��,�

xn+1 = 3xn + 1
15]	��'� 5i- ��� � Þ¤ñ²ñ²ó

þ�â�ä�ä�àïÞ�ôôà(þ�âç6ó�à � à���ó�å(õà	ä&âLþ�âó<DPó&õô�â�ó � 	 âõþ�ó�ô�å(õ5ñ²ó � � ä&à(ð²ð²âLþ�ó< �ôó�â�õ��â � ó�ð>ó�ôyû�â(ã
��à	ñ²âçLà	ñ²ó�ôyû�âQâ � à¯ñ�ú�ß�à�ä�ó �Y 0â�ß²ó&â � � � �Qã���L ã 9 ìWQ!VR�:�ã ����� ������L��J�ì;M;O ��� �¤å�ß�å¯ü!��å¯ü ó ^ �<�$ý°â�óöý°â�ß�� 9 ��5 -3���5 � � (�1���53	Y� ����>�0�'* ��� 'K��1����4�'� �W-/� � 'K��1����
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