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3n + 1
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à6þ<� â­ä&ä�â�ð�î�ð�þ�â'&
õ�ó&ß±ä�à)(�*+�,��-/.��0���21
�3�4��536�ô�å(ç

C(x) =

{

3x + 1 x ≡ 1 (
ç6å0þ

2)
x/2 x ≡ 0 (

ç6å�þ
2),

ä&à´ô�å(õ
7�â�ô�ñ²ú�ßyàoâ�ð>ñ�à	æ
ä�â�óöêGù5ú�â�á�â­ß$àoô�à�þ�à
m ∈ Z+

ã¯û�ó�û
àoú�õ
à
k ∈ Z+

ñ�à�ä�ù5ú�â
C(k)(m) =

1
ã�î�ð�à^þ�ó�ß�ã
ù5ú
à	ä�ð²â­ü�å(äkâ­õ5ñ²â�ß�á�å5ð>ó�ñ²ó&ú ñ�â­õ
þ�ó�ßyò^â­ü�â�õ5ñ²ú
à�ä�ç6â­õ5ñ±à
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3m + 1
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á�å�ñ 
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ò	ç6ó�ô­à6ô�å(õ
ð²ó&þ�â�ß�à�õ5ñ¤ä � à�á�ä&ó&ô�à�ô�ó&ÿ

T (x) =

{

(3x + 1)/2 x ≡ 1 (
ç6å�þ

2),
x/2 x ≡ 0 (

ç6å�þ
2).
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ô­ó�ÿ
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á�ß²å(ä�å(õ�÷(à(þ�à
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ò�ç^ó�ô­à�ç6â­õ5ñ�ã

F : Z+ð²â­õ
à�ß → Z+ð>â�õ
à	ß ã�þ�â�&
õ
ó&þ�àLô­å�ç

F (x) =
3x + 1

2m(x)
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ô�å�õ5ñ�ó�õ�÷(ú�ñ�ðWâ­õ
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^ � à	ä�ñ²ßyàbæ
à�õ
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åGá�ß�â�ñ�î­õWð²â­ß®â­ê�û
à	ú
ð>ñ²ó&ü¯à�ã5ð>ó&õ�ÿDç6î�ð¤à�ü0ó&à	ñ®ô�å(ç^á
ä�â'=
ç6â­õ5ñ�ò�ß²ó�àWà	ä�ð�ñ²ß�â­æ
à�ä�ä�ðoþ�â_D+à�÷(à�ß²ó�à�ð�ó H ó&ß�ð�ôyû�ó&õ�÷��@`oú
à	õ�û�âíô­ß²â�÷�ú�ñQù(ú
âGû�ó�û
à�ü0ó�àLõ�å¯ü�â�ð
à	á�å�ß²ñ�à(ô�ó&å�õ
ð�ß²â�ä�ä&â­ü¯à�õ(ñyð¤â­õïú�õ
à6ò	ß�â�àíþ�å�õ�à�þ�à
ã�û�âQó�õ
ô­ä4Z5ð¤ä�â�ð�ô�å�õ5ñ�ß²ó&æ�ú
ô­ó�å(õ
ð�à	õ5ñ²â�ß²ó&å�ßyð®â�õ
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à�ç^â�õ5ñ®ß²â�ô�â�õ(ñ�ç6â­õ5ñ�ã5ô�å�ç à�ß�àbä�àDó&õ5ñ²â�ß²â�ð²ð�à	õ5ñJñyà�ð�ô­àbä&ä�ó&÷(à(þ�àDàGä�â�ð
â�ù5ú
à(ô�ó&å�õ
ð�ý°ú�õ
ô­ó�å(õ
à	ä�ð�åLà	ä�ð�à	ú�ñ>Z�çLà¯ñ�â�ð�ô�â�ä � ä&ú�ä&à�ß�ð�ã0õ�å6û
à	õÃâ�ð>ñ�à	ñ±ç6â­õ
ô­ó�å(õ
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ð>ú
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D5� â�ð>ñ²ß�ú
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à�ô­ó�å(õ
ð­ø



� ��5 *Y�
�[-3536P�0�'-/. ����������1����������
3x + 1

è

9 ìP: â�ä+ô�ó�ô�ä&âQñ²ß�ó�ü0ó�à	ä {1, 2} � T
9 �0: ú�õ!ô­ó&ô­ä�âbõ�å^ñ�ß²ó&ü0ó&à�ä T
9 è�: ó&õ+&
õ�ó�ñ 9 Z�ß�æ�óöñyà6þ�ó�ü(â­ß�÷�â�õ(ñ�:&�
	Jä�á�ß�å�æ�ä&â­çLà

3x+1
ô­å�õ
7�â�ô�ñ�ú�ß�à´ù5ú�â¤â�ð$þ�ÿ(õ
à�ä � å�ákô�ó&ÿ 9 ìP:}â­õGñ²å	ñyð�â­ä�ð�ô­à�ð²å(ð���8oä�ó&ü�â�ó�ßyà±ó 0ó&ä�ü¯à J ��ì	ã����PO 9 ìPQ0Q0Q
ã ��������:
ü�à�õQá�ß²å¯ü¯à�ßPù(ú
â®à	ó�ê+Z¤î�ð+ô­â­ß²ñPá�â�ß+à�ñ²å�ñ�ð�â�ä&ð+õ�å�çíæ�ß�â�ð n < 100×

250 ≈ 1.12× 1017.
��å6ü�à�õÃà(ô�å(õ
ð>â�÷�ú�ó&ß�à	çGæïþ�å5ð�å�ßyþ�ó�õ�à�þ�å(ß�ð ^ 	 � Þ±ä&á�û
àLà�ì�è(è?��� �oó

þ�å(ð}à �����?� �I�Jó5ú
ð�à	õ5ñ�ìWL�� L�à	õ!"�ð+þ�â � � � �¯Þ�ù5ú�â�ð�ñ�ô­ò	ä�ô�ú
ä(â�ð+ü¯à±à(ô­à	æ�à	ß+ä � Þ±æ�ß�ó�ä0þ�â�ä-���������
	 å0å(ð²â­õ
þ
à�à	ä�J ��MPO 9 ������èN:Pà(ð²ð²â­÷(ú�ß�à�û�à�ü�â­ß�=»û�å±ç6ó�ä&ä&å�ßyà¯ñ &
õ
ð�à n = 195×250 ≈ 2.19×1017
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��	®ð�ô�å(õ�â­ó�ê�â­õïþ�â�ð²ó�÷(ú
à	ä�ñ�à	ñ�ð�ç6î�ð¤ý°å(ß>ñ�â�ð�ô­å�ç à�ß�à
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à	ä&ä<J ���;O 9 ìPQNV�R�:�ã,D+à�÷(à�ß²ó�à�ð J L!MPO 9 ìWQ�R�M0:�ã 	 à;%±ð�ñ�û�å�ß�õ�âJ �0L
O 9 ìWQ�R�M�:�ãaD+à�÷(à	ß�ó�à�ðoó H â�ó&ð�ð J L!VWO 9 ìPQ0Q���:�ãkó��¤å�ß�å¯ü!��å¯üÃó �$ý°â­ó�ý°â­ß�J�ì;MPO 9 �������N:&�a�±óJû�à�â�üN=ó&þ �­õ
ô­ó�â�ð®â­ê0á�â­ß�ó&ç^â�õ5ñ�à	ä�ð®ù5ú�â�ß²â­ý°å�ßyô�â­õWà(ù5ú�â�ð>ñ�àbå(æ
ð²â­ß�ü�à(ô�ó&ÿ�� � å(ç^á�à	ß�â­ú+=»û�åDà	çíæWä&â�ði&
ñ²â�ð
ð>ú
á�â�ß²ó&å�ßyð�ð>ú�÷(÷�â�ß²ó�þ�â�ð¤á�â­ä�ð�ç6å�þ�â­ä�ð�â�ð>ñ²å�ô­ò(ð�ñ�ó&ô�ð�þ�â D+à�÷(à	ß�ó�à�ð�ó H â�ó&ð�ð J L!VWO 9 ìPQ0Q���:�ø

lim sup
n→∞

γ(n) ≈ 41.677647.

Þ±á�á
ä�â�÷(à¯ñ�âhó D+à�÷(à�ß²ó�à�ðBJ Q;O 9 �������0:�ü¯à	õ å(æ
ð>â�ß²ü¯à�ß�ã±à á
à�ß>ñ�ó�ß�þ�â þ�à�þ�â�ð�þ�â 	 å0å5ð>â�õ
þ�à�à�ä
J �NMPO 9 ������èN:�ã0â­ä+ù5ú�âbà�á
à	ß�â­õ5ñ²ç6â�õ(ñ�î�ð�â­äPü¯à	ä&å�ß�ô­å�õ�â�÷�ú�ñ�ç6î�ð�÷(ß�à�õ�þ�â γ

ø

n = 7 219 136 416 377 236 271 195

þ�ú�ú¸à
σ∞(n) = 1848

ó
γ(n) ≈ 36.7169

�}Þ±á�á�ä&â­÷5à¯ñ�â�óID}à	÷(à�ß²ó�à�ðGû
à	õ ô�â�ß�ô�à¯ñGñyà	çíæ�î
ú�õ
à�&�ñyà�ó&õ�ý°â�ß²ó&å�ßDþ�â

γ
ù5ú�â6â�ðbþ�å�õ�ó$ó&õ+&
õ�ó�ñ²â�ðbü�â�÷(à(þ�â�ð����oð²à�õ5ñQâ�ä�ý°â�ñDæ�â­õhô�å(õ�â­÷(ú�ñDù(ú
â

T (k)(2k − 1) = 3k − 1 9 ü�â�÷�â­ú+ã�á�â�ß±â�ê�â�ç^á
ä�â(ã��Qú�ñ>ñ�ä�â�ß J L�L
O 9 ìWQ�Q�L!: :�ã�á�å(ð²â­õ!þ�âbçLà�õ�óöý°â�ð�ñù5ú�â

γ(2k − 1) ≥ log 2 + log 3

(log 2)2
≈ 3.729.

#}à�õ�çLà¯ñ�â­ó�êkã¤ü¯à	õ ç^î�ð â�õ�ä&ä&òmç^å5ð�ñ�ß�à�õ5ñÃù5ú�â�û
ó´û�à ú�õ õ�å�çíæ�ß²â ó�õ�&
õ�ó�ñïþ�âYü¯à	ä&å�ßyð þ<�
nô�å(õ5ü(â­ß�÷�â�õ(ñyð�ä�à á�ß�å�á�å�ßyô�ó&ÿWþ<� ú�õ
ðQþ�â�ä&ðQù5ú
à	ä�ðoî�ðQô�å(ç à�ç S�õ
ó�ç

14/29
T�á�â­ß´ñ�à�õ(ñ�ãkä&à &�ñ�à

ó�õ�ý°â­ß�ó�å(ß

γ(n) ≥ 29

29 log 2 − 14 log 3
≈ 6.14316
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V

â�ð}þ�ÿ�õ
à�á�â�ß}à�ú�õDõ�å(çGæ�ß�âJó&õ+&
õ�ó�ñµþ�â�ü¯à	ä&å�ßyð+þ<�
n
�P#}å	ñµó(ù5ú�â�ä&àoþ�â­ç6å(ð>ñ²ßyà�ô­ó�ÿ�ó&õ0ü�å(ä�ú
ô­ß�à�ú
õ
à

ô�â�ß�ô�à�ô�å�ç6á�ú�ñ�à�ô­ó�å(õ
à	ä�â�ê0ñ²â�õ
ð²à�ð>å(æ�ß²â$ä �3�
�'�'���U�0� �21��3�4�
5]6
&
õ
ð}à�á�ß�å	ý°ú�õ
þ�óöñyà¯ñ ����ã­â�ä&ð}à	ú�ñ�å�ßyð
å�æ
ð²â­ß�ü�â�õ à	çíæmð>å(ß²á
ß²â�ð²à�ù5ú�â�ä&à ç6óöñ 7>à	õ
à�á�ß�å�æ
à�æ�ó�ä�S�ð�ñ�ó&ô�à�þ�â

γ(n)
� à	á�ß�å�ê�ó�çLà�þ
à	ç6â­õ5ñ

� � Q�M���ì�� �Wç6à�ó�õ�åWð�� à(ð²ð²å�ä&â­ó�ê<�
	 å0å(ð²â­õ
þ�à(à	ä2J ��M;O 9 �����(è�:¤þ�â'&
õ�â­ó�êïú�õ
à6ý°ú�õ�ô�ó&ÿ ù5ú�âGà	õ
å�ç6â­õ
à6â�ä ��� ��-/�
*Lþ<� ú�õ!õ�å(çGæ�ß�â

x ∈ Z+
ã+ó�ù5ú�âWþ�â­õ�å(ç^ó&õ
à 	 â�ð

(x)
�  0ú�á�å(ð²â­ú ù5ú�â

x
î�ðDú
õ
à

C
=Nñ�ß�à�7�â�ô�ñ�Z�ß�ó�àÃô­å�õ0ü�â�ß²÷(â­õ5ñ

à	çíæ
P
ñ²â­ß�ç6â�ð�á
à	ß�â­ä&ä&ð±ó

S
ñ�â­ß�ç^â�ð�ð²â­õ
à�ß�ð�à	æ
à�õ
ð�þ<� à	ß�ß�ó�æ
à�ß±àWä ��ì���Þ�ä�â�ð>û�å(ß²â�ð­ã
â­äµß²â�ð>ó�þ�ú

â�ð�þ�â'&
õ�â�óöêïô�å�ç
	 â�ð

(x) :=
2P

x3S
.

	 å0å(ð²â­õ
þ
à�à	ä}à	á�ß�â�ô­ó&àLù5ú�â 	 â�ð
(993) = 1.253142 . . .

ã�ó�ù5ú�âGà(ù(ú
â�ð>ñ�î�ð�â­äµß²â�ð>ó�þ�ú!ç6î�ðoà	ä�ñ
à�ð�ð>å(ä�ó�ñ�á�â�ß�ñ²å�ñ�ð�â­ä�ð

x < 232
����ô�å(õ
7�â�ô�ñ²ú�ßyà6ù(ú
âQà�óöê+Z6â�ð�çLà�õ(ñ�îQá�â�ß�àíñ²å	ñyà

x ∈ Z+
�

� à	ß�õ�å
%±ð��5ó J R�Q;O 9 ������ìP:�ß²â�â­ç6á�ß��­õ!â­äµá�ß�å�æ�ä&â­çLà 3x + 1
à�çGæ!ä&ä�â�õ�÷�ú
à	ñ²÷(âGþ�âíô�à�þ�â�õ�â�ð

þ�â ��à�ß��(å¯ü �+ 0ó&÷�ú�ó
g
ä&àíý°ú�õ
ô­ó�ÿLä&ä&â­ú�÷(â­ßyà	ç6â­õ5ñ�à	ä�ñ²â­ßyà�þ
à

g(x) =







(3x + 1)/2 x ≡ 1 (
ç6å�þ

2), x > 1,
x/2 x ≡ 0 (

ç6å�þ
2),

1 x = 1,

en
â�ä�ü(â�ô�ñ²å�ßíô�å�ä&ú�ç6õ
àïå(õhä �

n
= ��ð>ó&çLà�ô�å(ç6á�å(õ�â­õ5ñGü¯à	äoìWó®ä&â�ðíà	ä�ñ²ß�â�ð ��ã+ó�ä&à�ç6à	ñ²ß�ó�ú þ�â

ñ²ßyà	õ
ð²ó�ô�ó&ÿ
P
þ�â�&�õ�ó&þ
àíá�â­ß

Pij =

{

1
ð>ó

g(i) = j,
0
à	ä�ñ²ßyà	ç6â­õ5ñ��

Þ�ù5ú�â�ð>ñ²â�ðoþ�â'&
õ�ó�ô�ó&å�õ
ð´þ�å(õ�â­õ�ú
õ
à ô­å�ß�ß²â�ð>á�å�õ
þ �­õ
ô­ó&àLþ�ó&ß�â�ô�ñyàLâ­õ5ñ�ß²â
g(k)(n)

ó
e

T
nP k ã�óµâ­äá�ß�å�æ�ä&â­çLà

3x + 1
ß�â�ð²ú�ä�ñ�à6ð²â­ß±ô�â�ß>ñ±ð²ó

lim
k→∞

P k = [1 0 0 · · · ],

å�õ
1
ó
0
ß�â­á
ß²â�ð>â�õ(ñ�â­õÃü�â�ô�ñ²å(ß�ð�ô�å�ä&ú�ç6õ
àLô­å�õ
ð>ñ�à�õ(ñyð'� � à	ß�õ�å
%±ð��5ó�ü¯àLç6î�ð±â­õ
ä�ä�òLç6å(ð>ñ²ßyà	õ5ñ

ù5ú�âWä � â�ð�ñ�ß²ú
ô�ñ²ú�ßyà!þ<� ú�õ
à�ô­â­ß²ñ�àïó&õ0ü�â­ßyð�à�÷(â­õ�â�ß�à�ä�ó�ñ���à�þ�à
X
þ�â

I − P
þ�ú�ú ô�å5þ�ó4&�ô­à	ñ�ðDâ�ä&ð

ñ²â�ç^á�ð�ñ²å�ñ�à	ä�ð�þ<� à¯ñ�ú�ß�à(þ�à^þ�â
Z+ �

�µâ�ßJà�ß�â­á
ß²â�ð>â�õ(ñyà�ô­ó�å(õ
ð+÷(ß�ò�&�ù5ú�â�ðµþ�â�ä&ðµñ�â­ç6á
ð$þ<� à¯ñ�ú�ß�à(þ�à�þ � ú�õ�àoâ­ê0ñ²â­õ�ð>ó&ÿ´þ�â
T
ã�ü(â­÷(â­ú

^ ú
ç^å(õ5ñ±ó 	 â­ó�ñ²â�ß J �0Q;O �
����� � ��� ���	� 
 ��
 � � � ���
��� � � ��� ����� � � � ��
 ��� 
 ��� � � � � � �
D+à6ùNG�â�ð>ñ²ó&ÿWþ�â�ä&ð�ñ�â­ç6á
ð±þ � à	ñ²ú�ßyà�þ�à^â�õ�ä�ä�à0X�à6þ�âbçLà	õ�â�ß�à6ô�å(ç6á�ä�â­ê�à^à�çGæïä�àLþ�âbä �3�
�'�'��� �0�
�21
�3�4��536'��D5�3�
�'�'��� �����21
�3���
5]6¤î�ð�â­äk÷�ßyà¯ýPþ�ó&ß�ó�÷(óöñ�â­ä�ð®ü��­ß²ñ²â­êLþ�â­äkù(ú�à	äkð>ÿ(õWá�ß�â�þ�â�ô�â�ð�ð²å�ßyð®þ<�&ì
ü0ó&à^ä � à�á�ä�ó�ô­à(ô�ó&ÿ

T
�Y 0â?� õïá�å�ñ±ü�â­ú
ß²â´ú�õ
à6ß�â­á�ß�â�ð²â­õ5ñyà�ô�ó&ÿGá�à	ßyô�ó�à	ä�à^ä&à � ó&÷�ú�ßyà � � è��

D5� â�ð>ñ²ß�ú
ô�ñ�ú�ß�àÃþ�â�äJ÷�ßyà¯ý�þ�â � å(ä�ä�à¯ñ>�íû�àÃà	ñ²ß�â�ñDô�â�ß>ñyà�à	ñ²â�õ
ô�ó&ÿ��PÞ�õ
þ�à	ä&å�ß�å J L�O 9 ����� �0:�û
àâ�ð>ñ²ú
þ�ó&à	ñ�ß�â�ð²ú�ä�ñ�à	ñ�ð�ð²å�æ�ß�âoä�à6ô�å(õ�õ�â�ô�ñ²ó&ü0óöñyà¯ñ�þ�âbð²ú�æ�ô­å�õ
7�ú
õ(ñyð±þ�â�ä�÷�ßyà¯ýµþ�â � å(ä�ä�à¯ñ>�?����ß²ü(å
"
J V�Q;O 9 �������N:�ü¯à´á�ß²å¯ü¯à�ß}ù5ú�â�â­ä�÷(ß�à	ý
þ�â � å�ä&ä&à	ñ��¤î�ðµõ�å´ß²â�÷�ú�ä�à	ß�ã�â�õíâ�ä�ð>â�õ5ñ²ó�ñ�ù5ú�â�õ�å´á�å5ð²ð²â­â�óöêú�õ
àGñ²â�å�ß�ó&àíþ�â´ð²â­÷(å�õWå(ß�þ�ß²âoç^å(õ
ò�þ�ó&ô�àGþ�â�ô�ó�þ�ó�æ
ä�â�T0à�óöê+Zíâ�ð>ñ�òíß²â�ä&à(ô�ó&å�õ
à	ñ¤à	çíæWä�àDñyà�ð�ô­àGþ�â
� å�õ!%�à;"Lç^â�õ
ô�ó&å�õ�à�þ�à^à^ä&à� 0â�ô­ô�ó&ÿ L��
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Q

	JõWä&ä�å�ô±þ<� à	õ�à	ä&óöñ>��à	ßJô­å�ç þ�â±ßyò	á�ó�þ^â­õ
ð�à�ô­å(ð>ñ²â­çBàbúLá�â�ä&ð®óöñ�â­ßyà¯ñyð­ã	á�å�þ�â­ç ô�å(õ
ð²ó&þ�â�ß�à�ß
â­ä¤ô�å�õ�7�ú�õ5ñíþ�âWõ�å(çGæ�ß�â�ðGù(ú
â ð'� à�ô­å(ð>ñ²â�õéàïú
õ õ�å�çíæ�ß�âWô�å�õ�ô�ß�â�ñ

a
ã+î�ðíà!þ�ó&ß�ã}â­ä)��1�����*+�Y5

���������>��� � ��1��_���
a
ø

PT (a) := {b ∈ Z+ : T (k)(b) = a
á�â�ß±àLà	ä&÷�ú�õ
ð

k ∈ Z+}.
� å�ç ù(ú
â6à�óöñyà	ä�ðbô�å(õ
7�ú�õ5ñ�ðDð²ÿ�õ Z(æ5ü0ó�à	ç6â­õ5ñQó�õ�&
õ�ó�ñ�à	ç6â�õ(ñí÷�ßyà	õ
ð�ãkû�å�ç á�å�ñDç^â�ð>ú
ß�à�ßbâ­ä�ð
ñ²â�ß²ç6â�ð®þ�â­ä�ô�å�õ�7�ú�õ5ñJá�ß²â�þ�â�ô­â�ð�ð>å(ßJù5ú�â�õ�åGð²å�æ�ß�â­á�à�ð�ð>ó&õGú�õ�àDþ�â�ñ�â­ß�ç6ó�õ
à(þ�à &�ñ�à

x
ã�î�ðJàDþ�ó&ß�ã

Za(x) := |{n ∈ PT (a) : n ≤ x}|.
	JäPü¯à	ä&å�ß±þ�â

Za(x)
ü¯àLð>â�ß�â�ð>ñ²ú
þ�ó�à¯ñ±á�â­ß�á�ß²ó&ç6â­ßyàGü(â­÷5à�þ�àíá�â�ß � ßyà	õ
þ�à�ä�äiJ ���
O 9 ìWQNV�Q�:�ã�ù(ú
âü¯àíá
ß²å¯ü¯à	ß�ä � â­ê�ó&ð>ñ"��õ
ô�ó�à6þ<� à�ä�÷(ú�õ�â�ð

c > 0
ñ�à	ä�ð�ù5ú�â

Z1(x) > xc,
à�çGæ

x
ð²ú+&�ô�ó&â­õ5ñ�ç^â�õ5ñ�÷(ß�à�õ �

H ó�ßyð�ôyû�ó�õ
÷_J RNV5ã¯á � L0O 9 ìWQ0Q�R�:Pâ­õ
ðµý«àoü�â�ú�ß²â�ù5ú�â�à�ù5ú�â�ð�ñ�ß²â�ð>ú
äöñyà¯ñ$ð'� â�ð>ñ²î�õ^à Za(x)
á�â�ß$à�ñ�å	ñyà

a 6≡ 0
ç6å�þ

3
����ð�à	õ5ñ�â­ä�ç���ñ�å�þ�âbþ�âDô�â�ß�ô�àGá�â­ß±à�ß²æ�ß�â�ð¤þ�â � ßyà	õ
þ
à	ä&ä�ó
 �à	õ
þ�â�ß J �!VWO 9 ìWQ�Q��N:ü¯àmþ�å(õ
à	ßÃú�õ
à &�ñ�à ó�õ�ý°â­ß�ó�å(ßÃô­å�õ
ô­ß²â­ñ�à�ã

c = 0.25
ã�óQÞ�á�á�ä&â­÷5à¯ñ²â ó D+à	÷5à	ß�ó&à(ð J �
O 9 ìWQ�Q�M�:ä&àmü¯à	õ â�ð�ñ�â­õ
þ�ß�â à

c = 0.643
� � â­õ5ñ!ð>â�ß²ü0ó&ß�þ�â�ð>ó&÷�ú�à	ä�ñ�à¯ñyðLý°ú�õ�ô�ó&å�õ
à�ä&ð�â­õ þ�óöý°â�ß"��õ
ô�ó&â�ð�ã

�Qß�à(ð>ó���å¯ü_J L�ì�O 9 ìWQ�R0QN:Pü¯àoó�õ5ñ²ß�å�þ�ú�ó&ß�ú�õíõ
å�úGâ�õ�ý°å�ô­à�ç^â�õ5ñµó�ü¯àoå�æ�ñ�â­õ�ó&ß c = 3/7 ≈ 0.42857
�

H ó�ßyð�ôyû�ó�õ
÷ J R�MPO 9 ìPQ0Q�èN:Pü¯àoâ­ç6á�ßyà	ßµâ­ä0çLà¯ñ�â­ó�êGâ­õ�ý°å�ô�à	ç6â­õ5ñ�á�â�ßµå(æ�ñ²â�õ�ó&ß�ù5ú�â c = 0.48
��Þ�á+=

á�ä&â­÷(à	ñ²âíó D}à	÷(à�ß²ó�à�ð J VWO 9 ìPQ0QNM0:�ü¯à�õ�ð>ú
á�â�ß�à�ßoà�ù5ú�â�ð�ñyð�ß�â�ð²ú�ä�ñ�à	ñ�ð�à�çGæ Z1(x) > x0.81
ãká�â�ß

à
x
ð²ú+&�ô�ó&â­õ5ñ�ç^â�õ5ñ�÷�ßyà	õ�ð­ã5æ�åíókç^ó&ä&ä�å(ß�à�õ(ñ¤ä � â­õ�ý°å0ô�à	ç6â­õ5ñ�þ�â �Qß�à(ð>ó���å¯üGà�çGæ�á�ß²å(÷�ßyà	çLà�ô­ó�ÿ

õ�å ä&ó&õ�â�à�ä � 	 â�ô­â­õ5ñ²ç6â�õ(ñ�ã��Qßyà�ð²ó���å¯üWó D+à�÷(à	ß�ó�à�ð J L �PO 9 ����� �0:¤ü¯à	õ�á�â­ß²ý°â�ô�ô�ó&å�õ
à�ßoà(ù(ú
â�ð>ñoâ­õ�=ý°å�ô­à	ç6â�õ(ñ�óPå(æ�ñ²ó&õ�÷(ú�â­ß�â­õïù5ú�â

Z1(x) > x0.84,
á�â�ß�à

x
ð>ú�&�ô�ó&â­õ5ñ²ç6â�õ(ñ±÷(ß�à�õ
ð

.

H ó�ßyð²ôyû
ó�õ�÷ J RNVWO 9 ìPQ0Q0RN:bû
àYþ�â�ô­à	õ5ñyà¯ñLà�ù5ú�â�ð>ñ�à�ç6â­õ
àYþ�âïß²â�ð>ú
äöñyà¯ñ�ð^ô­à�á à ú�õ
à õ�å¯ü¯àþ�ó&ß²â�ô­ô�ó&ÿ��+ 0â�÷�ú�ó&õ5ñ¤ô­à�ç6ó�õ
ð¤à	á�à	ß�â­õ5ñ²ç6â­õ5ñ�þ�óöý°â�ß²â�õ(ñyð­ã�þ�â'&
õ�â�óöê
Rj,k

ã0á�â­ß�à
j, k ∈ Z+

ã�ô�å�ç
â­ä+ô­å�õ
7�ú
õ(ñ±þ�âQñ�å	ñ�â�ð�ä&â�ð±ð²ú�ç6â�ð�þ�âbä�àíý°å�ß�çLà

2α0 + 2α13 + 2α232 + · · · + 2αj 3j

å�õ
j + k ≥ α0 > · · · > αj ≥ 0

��	Jä+ô­å�õ
7�ú
õ(ñ
Rj,k

ñ�îbç^ó�þ�à

|Rj,k| =

(

j + k + 1
j + 1

)

.

��â­ß6ñ�à�ä�þ�â!çLà¯ê�ó&ç6óöñ>��à	ßWà(ù5ú�â�ð>ñ�à ç6ó&þ�à
ã®ô­à�ä�á�ß�â­õ
þ�ß�â |Rj−1,j | = (2j
j )

� H ó&ßyð²ôyû�ó&õ�÷éü¯à
á�ß�å�á�å(ð�à	ß�ä�àLð>â�÷0G�â�õ(ñ 
²ô�å(õ
7�â�ô�ñ²ú�ßyà6ß�â�ô�å(æ�ß�ó&þ�å(ß�à��yø0â­ê0ó�ð>ñ²â­ó�ê�ú
õ
àWô�å(õ
ð>ñ�à	õ5ñ

K > 0
ñyà	äµù(ú
â

á�â�ß±à^ñ²å�ñ�à
j, ` ∈ Z+

â�ð�ñ�îQä&à6ó&ç6á�ä�ó�ô­à(ô�ó&ÿ

|Rj−1,j | ≥ K · 2 · 3`−1 =⇒ Rj−1,j
ô�å�æ
ß²â�óöê ä&â�ð�ô­ä&à(ð²ð²â�ð¤ß�â�ð²ó&þ�ú
à	ä�ð�á�ß�ó�ç6â­ß�â�ð¤ç Z�þ�ú�ä

3`.

Þ�ù5ú�â�ð>ñ�à6ô�å(õ
7�â�ô�ñ²ú�ßyà^ó�ç6á�ä&ó�ô­à^ú�õ
à^ü�â�ß�ð²ó&ÿíç6î�ð�ý°å�ß²ñ�à6þ�âQä�â�ð±þ�â�ð>ó&÷�ú
à�äöñyà¯ñyð�á
ß"��ü5ó&â�ð�ø

lim inf
x→∞

(

inf
a6≡0

ç^å�þ
3

Za(ax)

xδ

)

> 0
á�â­ß±àíñ²å�ñ�à

δ ∈ (0, 1).
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H ó�ßyð�ôyû�ó�õ
÷6à�ß²÷(ú�ç6â­õ5ñ�à^ù5ú�â�ã
ó�õ5ñ²ú 
«ñ�ó�ü¯à	ç6â�õ(ñ�ã�ä�àLð>ú�çLàLþ�âbá�å	ñ��­õ
ô­ó�â�ð±ô�å(çGæ�ó&õ
à(þ�â�ð¤â�ð±á�å�ñ
ó�õ5ñ�â­ß�á�ß²â­ñ�à�ß�ô­å�ç à6à(ô�ú�çíú�ä&à(ô�ó&å�õ
ð¤õ�åLä&ó&õ�â�à�ä&ð�þ�âQä�à6óöñ�â­ßyà�ô­ó�ÿ6þ�âbä � à�á�ä�ó�ô­à(ô�ó&ÿ

T
�

�±õ
àíæ�å(õ
àDá�à	ß²ñ¤þ�â�ä�ä&ä&ó�æ�ß�âoþ�â H ó&ß�ð�ôyû�ó&õ�÷ J RNVPO 9 ìWQ0Q�R�:$ð�� å0ô­ú�á
àíþ<� ú
õ â�ð>ñ²ú�þ�ókç^î�ð2&ïþ�â­äô�å(õ
7�ú�õ5ñ�þ�âQá�ß�â�þ�â�ô�â�ð�ð²å�ßyð�ú�ð²à�õ(ñ�ä&â�ð¤ý°ú�õ�ô�ó&å�õ
ð

e`(k, a) = |{b ∈ Z+ : T (k+`)(b) = a, k
ó�ñ²â�ß�à	ñ�ð�á
à�ß²â�ä�ä�ð­ã

`
óöñ�â­ßyà¯ñyð�ð>â�õ
à	ßyð }|.

^ â'&
õ�ó&õ5ñ±ä �
n �
� ��-3��� � � ��-/�\� ��5 -3���0��1
���Dô�å�ç

sn(a) :=

∞
∑

`=1

e` (n + b` log2(3/2)c, a) ,

H ó�ßyð�ôyû�ó�õ
÷6þ�â­ç6å(ð>ñ²ßyàGä�à^ó�ç6á�ä&ó�ô­à�ô­ó�ÿ

lim inf
n→∞

sn(a)

βn
> 0 =⇒ Za(x) ≥ C

(x

a

)log
2

β

,

á�â�ß±àLà	ä&÷�ú�õ�àíô­å�õ
ð>ñ�à�õ(ñ
C > 0

óPá�â­ß±à
x
÷�ßyà	õ�ð'�

� å�ç ù5ú�â
e`(k, a)

þ�â�áA��õ þ<�
a
õ�å�ç6î�ð^à�ñ²ßyà�ü�î�ðíþ�âÃä�à�ð²â­ü¯à ô­ä&à(ð²ð²â ß�â�ð²ó�þ�ú
à	ä¤ç Z�þ�ú�ä

3`
ã H ó�ßyð�ôyû�ó�õ
÷ïô­å�õ
ð²ó�þ�â­ßyà ä&â�ðbý°ú�õ
ô�ó&å�õ�ð

e`(k, ·) â�ä®þ�å(ç^ó&õ�ó®þ�âLä�â�ðbù(ú�à	ä�ðbî�ð Z3
ãPâ�äJ÷�ß�ú�á

þ�â­ä�ðÃâ­õ5ñ²â�ß�ðÃè
=�ò�þ�ó&ô�ð'� � å�çEù5ú�â
e`(k, a) = 0

ð²â­ç6á�ß�â ù5ú�â
` ≥ 1

ó
3|a ã�â­äbô�å(õ
7�ú�õ5ñ

{e`(k, ·) : ` ≥ 1, k ≥ 0} î�ð®ú�õ
àQý«à�ç\S&ä&ó&àDþ�â±ý°ú�õ
ô­ó�å(õ
ð®ð²å�æ
ß²â�â�ä
÷�ß�ú�á6ñ�å�á�å�ä�Z�÷�ó�ô�ô�å(ç6á
à�ô�ñ²â
Z∗

3

þ�â­ä�ð®â�õ(ñ�â­ßyð®è�=»ò(þ�ó&ô�ð$ó&õ5ü(â­ß²ñ²ó&æ�ä&â�ð��(Þ�ù5ú�â�ð>ñ�àGà	á�ä&ó&ô�à�ô­ó�ÿDþ�â�ä&ð�â­õ5ñ�â­ßyð®è
=�ò�þ�ó&ô�ðJà	ä�á�ß²å(æ�ä&â­çLà
3x + 1

ü¯à�ð²â­ßíþ�â�ð�ô�ß�óöñyà!á�â�ßíá
ß²ó&ç6â­ßyà!ü�â�÷(à�þ
à!à H ó�ßyð�ôyû�ó�õ
÷ J R��;O 9 ìWQ�Q�L!:�ã+ó�Þ±á
á�ä�â�÷(à	ñ²âWóD+à�÷(à	ß�ó�à�ð J R;O 9 ìPQ0QNM0:®ñ�à�çGæ�î´ü¯à�õïþ�ú�ß±àíñ²â­ß�ç6âbú�õ
à6à	õ�ò	ä&ó&ð²óPð>ó&ç6ó�ä�à	ß���DPâ�ð¤ý°ú�õ
ô­ó�å(õ
ð e`(k, ·)ð>ÿ(õWó&õ(ñ�â­÷(ß�à�æ�ä�â�ðJß�â�ð²á�â�ô�ñ�âoä � �
õ�ó&ô�àGç6â�ð>ú�ßyàDþ�â ��à(à	ß¤õ�å�ß�çLà	ä&óöñ>��à(þ�àDþ�â
Z∗

3

� ð�ã(ó�þ�å(õ�â­õ�á�â�ú
à^ä&à^ç6óöñ 7>à	õ
àLè�=»ò(þ�ó�ô­à

ē`(k) :=

∫

Z
∗

3

e`(k, a)da =
1

2 · 3`−1

(

k + `
`

)

.

�±óPû�à^þ�ó�ü(â­ßyð>å5ð�ß�â�ð²ú�ä�ñ�à	ñ�ð�â­õïà�ù5ú�â�ð�ñ�ä�S�õ
ó&à
ã
ô�å(ç à	ßyà

lim inf
n→∞

1

2n

∫

Z
∗

3

sn(a)da > 0,

ý°â�ñDù5ú�â^ó�ç6á�ä&ó&ô�à�ù5ú�âíñ²å�ñQô­å�õ
7�ú
õ(ñbá�ß�â�þ�â�ô�â�ð²ð²å�ß
PT (a)

à	çGæ
a 6≡ 0

ç6å0þ
3
ñ�î^þ�â�õ
ð²óöñyà¯ñ

á�å5ð>ó�ñ²ó&ü¯à �

� c xij$wyxPz(xJ{}|	~$�}�&Û±{µzhÜ�x���z ��|	xJw�~µ|	z Ü lSÝ�{�~ ~Kj��°���k~$�}���
3x + 1

	Jä�ß�â�ð²ú�ä�ñ�à¯ñ$ô�ó�ñ�à	ñ$ç^î�ð$ð>å¯ü0ó&õ5ñµâ�õ^à(ù(ú
â�ð>ñ�à´ò	ß�â�à±î�ð$þ�â­÷(ú�ñJà � �(û�ç óY 0å(õ(ñyà�ô�ôyû�ó,J�ìWL
O 9 ìWQ!V
R�:�øâ­äká�ß�å�æ�ä&â­çLà
3x + 1

î�ð�â�ù5ú�ó&ü¯à	ä&â­õ5ñ�à^þ�â�ç^å5ð�ñ�ß�à�ß�ù5ú�âQô­à(þ�à
n ∈ Z+ â�ð¤á�å	ñ�â�ð�ô�ß�ó�ú
ß²â´ô�å�ç

n =
1

3m

(

2vm −
m−1
∑

k=0

3m−k−12vk

)

,



� ��5 *Y�
�[-3536P�0�'-/. ����������1����������
3x + 1

ì(ì

å�õ
m ∈ Z+

ó
0 ≤ v0 < v1 < · · · vm

ð>ÿ(õ!â­õ5ñ²â�ß�ð��
Þ±ç6ó&÷�ÿ�J �0ãA�Jß²å(á � L�� �;O 9 ������ì;:®å(æ�ñ²ó&õ�÷(ú�îß²â�ð>ú
äöñyà¯ñ�ð�ð²ó&ç^ó&ä�à	ßyð'�
 0ó�õ�à	óUJ V �
O 9 �����(è�:�â�ð�ñ�ú
þ�ó�àÃä&à�ý°ú�õ
ô­ó�ÿ F

ãPþ�â'&
õ�ó�þ�àïà 9 ìP:�ãPð>å(æ�ß�âíâ�äJô�å�õ�7�ú�õ5ñ u þ�â'&
õ�ó�ñô�å(ç

u = {1} ∪ u+ ∪ u−, u±1 = 6Z+ ± 1.

� å�õ
ð²ó�þ�â­ß�â­ç
k1, k2, . . . , km ∈ Z+

ó
ε = ±1

T�à	ä&â�ð²û�å�ß�â�ð�ã(â�äPô�å(õ
7�ú�õ5ñ±þ�â
x ∈ uε

à	ä�ð�ù(ú�à	ä�ð
û�å�ç á�å�ñ�à	á�ä&ó&ô�à	ß

F (k1)F (k2) · · ·F (km)
î�ð�ú�õ
à^á�ß�å�÷(ß²â�ð²ð²ó�ÿ^à	ß�óöñ�ç���ñ²ó�ô­à

σ(k1,k2,...,km,ε) = {6 · (2k1+k2+···+km + qm) + ε}
á�â�ß±àLà	ä&÷�ú�õ�ð

qm
ñ�à�ä&ð�ù5ú�â

1 ≤ qm ≤ 2k1+k2+···+km
�
Þ ç6î�ð�ã

F (k1)F (k2) · · ·F (km)(σ(k1,k2,...,km,ε)) = {6 · (3mp + r) + δ}
á�â�ßbàÃà�ä�÷(ú�õ
ð

r
ó
δ
ù5ú�âLð�à¯ñ²ó�ð>ý«à	õ

1 ≤ r ≤ 3m
ã
δ = ±1

�@ 0â�÷�ú�ó&õ5ñQä�à�ç6à	ñ²â�óöê�à &
ä�å5ð>å0&�à�ã
â�ð´á�å0þ�â­õ ñ²ß�å�æ
à�ßoß�â�ð²ú�ä�ñ�à¯ñyðQà�Þ�õ
þ�ß�â­ó �'5 �
��� J M;O 9 �������N:�ó2�Qú�ñ²ñ²ä&â­ß J L�L
O 9 ìWQ�Q�L!:&�a 0ó�õ�à	ó$ú
ð�àà�ù5ú�â�ð�ñ¤ß²â�ð>ú�ä�ñ�à	ñ®á�â­ß�å�æ�ñ�â­õ�ó&ß®ó&õ�ý°å(ß²çLà�ô­ó�ÿíþ�ó&ð>ñ²ß�ó&æ�ú
ô�ó&å�õ�à	äkþ�â�ä&â�ð®ñ²ßyà
7�â�ô�ñ�Z(ß²ó&â�ð�þ�â

F
�+ 0ó&÷�ú�ó

1 ≤ m ≤ M
ã
x0 ∈ u ó

ω
(m

M

)

=
log(F (m)(x0)) − log(x0) + m(2 log 2 − log 3)√

M
.

 0ó
0 ≤ t ≤ 1

ã�à	ä&â�ð²û�å�ß�â�ð
ω(t)

â�ð±ô�å(ç^á�å�ß²ñ�à^ô�å(ç ú�õ
à^ñ�ß�à�7�â�ô�ñ�Z�ß�ó�àGþ�â H ó&â­õ�â�ß��
D+à6ô�å(õ�õ�â�ê�ó&ÿDý°â­ñ�à^á�â�ß �¤ä�â�ô��0ð²ç6óöñ�ûB�'5K�����@J&ì�è
O 9 ìWQ0Q�R�:Jâ­õ5ñ²ß�âoâ�ä�á�ß�å�æ�ä&â­çLà 3x + 1

ó�ä&â�ð
ß²â�á�ß�â�ð²â­õ5ñ�à(ô�ó&å�õ
ðoè
=»ß²â�÷�ú�ä�à	ßyð�þ�â^õ�å(çGæ�ß�â�ð´â�ð>ñ�ò�ß�â­ä�à�ô�ó&å�õ�à�þ�àWà�çGæYà�ù5ú�â�ð>ñ�ð´ß�â�ð²ú�ä�ñ�à¯ñyð'� 	®ð
þ�ó&úÃù5ú�âQú�õÃõ�å�çíæ�ß�â

n ∈ Z+
ñ²îQú�õ
à ��� ���>���'�'�Y5 �0�'-/.��

�
�>���0*+�4����ð²óNã�ó�õ�å(ç6î�ð�ð>óSã�â�ê�ó�ð�ñ�â­ó�ê�â­õ

â­õ5ñ²â�ß�ð {ai}
ó {bi}

ñ�à�ä&ð�ù5ú�â

n =

k
∑

i=1

2ai3bi , a1 > a2 > · · · > ak ≥ 0, 0 ≤ b1 < b2 < · · · < bk.

� óöê�â­ú�=Sü(å(ð�à�çGæ ä&à�ð>â�çGæ�ä�à	õYX�àWà	çíæ�â�ä&ð�ñ²â�ß²ç6â�ðQô­å�õ
ð²ó&þ�â­ßyà¯ñ�ð�á�â�ß H ó&ßyð²ôyû�ó&õ�÷�â­õ�ä�àÃþ�à	ß�=
ß²â�ß�à�ð>â�ô­ô�ó&ÿ��$Þ�ù5ú�â�ð�ñyðGõ�å(çGæ�ß�â�ð 7>à ü�à�õ ð²â­ß^â�ð>ñ²ú
þ�ó&à	ñ�ð6à	ä&ç6â­õ!"�ðGá�â­ß 	 à�ç6à�õ0ú
7>à	õ � �±õ�à
ß²â�á�ß�â�ð²â­õ5ñ�à(ô�ó&ÿíè
=»ß�â­÷�ú
ä&à�ß¤þ<�

n
î�ð � � �Y����-/��� ��� �$-��;�'�3�

k
ð>ó

n = 3k + 3k−12a1 + · · · + 3 · 2ak−1 + 2ak ,

å�õ^û�ó�à�á
à	ß�â­ó�êGô­à(þ�à´á�å�ñ"��õ
ô�ó�àQþ�â
3
&
õ
ðJà

3k
�!��â­ß®à´ú�õ
à

k
&�ê�à(þ�à�ã	ô�à�þ�à

n
ñ�î±ô�å�ç à´ç^å(äöñ

ú�õ
à�ñ�à�äJß�â­á�ß�â�ð²â­õ5ñ�à(ô�ó&ÿ ��ü(â­÷�â�ú D}à	÷(à�ß²ó�à�ð_J L��;O 9 ìPQ0Q��N:�ãPù5ú�óJà	ñ²ß�ó�æ�ú
â­ó�ê ä�àÃþ�â­ç6å(ð>ñ²ßyà�ô­ó�ÿïà^ å(õ � å(á�â�ß�ð²ç6óöñ�û � �¤ä�â�ô��0ð²ç6óöñ�û �'5 �����&ã	á�ß�å�á�å(ð²â­õGà�ä�ä�â�ô�ñ�å�ß�ù(ú
â¤á
ß²å¯ü0ó0ù(ú
â
m ∈ Z+

ð'� óöñ�â­ßyà
&
õ
ð$à^ì�á�â�ßJä � à�á�ä�ó�ô­à(ô�ó&ÿ

C
ð²óNã¯ó�õ�å(ç6î�ð$ð²óNã	â­ê�ó&ð>ñ²â�óöê�â­õ^â­õ5ñ�â­ßyð

e
ó
f
ñ�à�ä&ð$ù5ú�â�ä � â�õ5ñ²â­ß$á�å(ð²ó�ñ²ó&ú

n = 2e − 3fm
ñ�îDß²â�á�ß�â�ð²â­õ5ñ�à(ô�ó&ÿ6è�=Sß�â­÷(ú�ä�à	ß�â�ð²á�â�ô�ó�à	ä+þ�âDõ�ó&ü�â­ä&ä

k = f − 1
��D+à^ñ²ß�ó�àLþ<�

e
ó

f
õ�å6î�ð ��õ�ó�ô­à
ã�ð>óPî�ð�ù5ú�âQâ�ê�ó&ð>ñ²â�óöê<�
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1

0 0

3

1

2

�$� ��� �0��� ø�� � 25:�4 � � � � � ,�� � 2 ��� � ��� �	�
mod 3

� � 

�
mod 4

-

� c x+Ü�Ý����}��� ~ � �&~µz5z5xPzhÜ®xBw�x+z��.Ü±Ý�z ��~���|�w�xPz �kÛ±{
�0Ý¤{}|	z
�±õ^ô�å�áíû�å�ç â�ðµô­å�õ0ü�â�õYXJù5ú�â¤â­ä0á�ß�å�æ�ä&â­çLà

3x+1
î�ð�ô�â­ß²ñ�ã�ú�õ
à´þ�ó&ß²â�ô­ô­ó�ÿoõ
à¯ñ�ú�ß�à�ä(î�ð}ô­â­ßyô­à�ß

ð>ú
æ�ô­å�õ
7�ú�õ5ñyð­ã�ù5ú�âbà	õ
å�ç6â­õ
à�ß²â�ç à	ßyà 
²ð>ú�&�ô�ó&â­õ5ñ�ð	�¯ã
S ⊂ Z+ ñ�à�ä&ð�ù5ú�âQá�ß�å¯ü¯à	õ5ñ�ä�à6ô�å(õ
7�â�ô�=ñ²ú�ßyàDð²å�æ�ß�â

S
ó&ç6á�ä&ó&ù5ú�ókù5ú�âoð²ó�÷(ú�ó�ô­â­ß²ñ�àíð>å(æ�ß²â

Z+
� � ð�å�æ0ü0ó�ù5ú�â

S = {x : x ≡ 3
ç6å�þ

4}î�ð�ð²ú+&�ô�ó&â­õ5ñ 7>à6ù5ú�âoâ�ä&ð�õ
å�çGæ
ß²â�ð�þ�âQä&â�ð�à	ä�ñ²ß�â�ð�ô­ä&à(ð²ð²â�ð�ß²â�ð>ó�þ�ú
à�ä&ð�þ�â�ô�ß�â­ó�ê�â­õ�þ�â�ð²á�ß²î�ð�þ � ú+=
õ
à å þ�ú�â�ð^óöñ�â­ßyà�ô�ó&å�õ�ð'�
�Jú
þ�þ�ú J ��è;O 9 ìPQ0R��N:bó � à�þ�å�÷(à�õgJ�ìPQ;O 9 ìWQ�R�L!:bü¯à	õmþ�â­ç6å(ð>ñ²ßyà	ß6ù5ú�â
S = {x : x ≡ 1

ç6å�þ
4} ñ�à�çGæ�îíâ�ß�àWð²ú+&�ô­ó�â�õ5ñ���Þ�ù5ú�â�ð>ñ´ß�â�ð²ú�ä�ñ�à	ñ´â�ð�á�å	ñbà	á�ß�â�ô­ó&à�ß�ç6å�ä�ñý«ò�ô­ó�ä&ç6â­õ5ñ´àLä�à � ó&÷�ú�ßyàLè	æPã�æ�åWóµô­å�õ
ð²ó�þ�â­ßyà	õ5ñ±ä�àWþ�ó&õ
ò	ç6ó�ô­àWþ�â�ä&ðoâ­õ5ñ�â­ßyð±à

Z4
�A	Jä}ñ²ß�â­æ�à	ä&ä

þ�â � ��û�ç ó
 0å(õ5ñ�à�ô�ôyû�ó J�ìWL
O 9 ìWQ!V
RN:$ó&ç^á
ä�ó�ô­à6ù5ú�â m
óöñ�â­ßyà¯ñyð¤ð²â­õ�à	ßyð®á�â­ß

T
þ<� ú
õ�õ�å(çGæ�ß�â

xô�å(õ
þ�ú�â�óöê�â­õïà
(3/2)m(x + 1) − 1

óSã�â­õïô�å(õ
ð>â�ùNG �­õ
ô­ó&à
ã�ù(ú
â´â�ä&ð�ð²â­õ�à	ßyð�â�ð²þ�â­ü�â�õ�â­õ�â­ü(â­õ+=
ñ²ú
à�ä�ç6â�õ(ñQá
à�ß²â�ä�ä�ð'��Þ27�ú�õ5ñ�à	õ5ñ�=Sû�åïà	çíæ�ä�à�þ�ó�õ
ò�ç6ó&ô�à þ�â�ä&ðQâ�õ(ñ�â­ßyðoà

Z4 9 ü(â­÷�â�ú�ä�à � ó&÷�ú�ßyàè	æ$:�ã�ð�� å�æ�ñ�îDñ�à�õ5ñ´ù5ú�â
S = {x : x ≡ 1

ç6å�þ
4} ô�å�ç ù5ú�â S = {x : x ≡ 2

ç6å�þ
4} ð>ÿ(õð>ú�&�ô�ó&â­õ5ñ�ð�� ^ âWçLà	õ�â�ß�àÃð>â�çGæ�ä�à	õ5ñ�ã�ä&à � ó�÷(ú�ßyàÃè(àÃó�õ
þ�ó&ô�àÃù5ú�â

S = {x : x ≡ 1
ç^å�þ

3}å
S = {x : x ≡ 2

ç6å�þ
3} ñ�à	çíæ�îLâ�õhð>ÿ(õ �PÞ±õ
þ
à	ä&å�ß�åBJ è;O 9 �������N:oû�åïû
àïç6ó�ä&ä�å(ß�à	ñDà	çGæ

S = {x : x ≡ 1
ç6å0þ

16} ��#}å	ñyð�à�ù5ú�â�ð>ñ�ð�ô�å�õ�7�ú�õ5ñ�ð�ñ�â­õ�â�õÃú
õ
àLþ�â­õ�ð>ó�ñ�à	ñ±á�å5ð>ó�ñ²ó&ü¯àLù(ú
âbâ�ðá�å�ñGô­à�ä&ô­ú�ä&à�ß´ý«ò�ô�ó&ä&ç^â�õ5ñ�ãPä�àïç6î�ðbæ
à�óöê�àÃþ�âLä&â�ðDù5ú
à�ä&ðQî�ðbä&àïþ�â�ä®ô�å(õ
7�ú�õ5ñ
S
þ<� Þ±õ
þ�à�ä�å(ß²å�ã

þ<�
1/16

�+��å(ß²â�ô±ó � õ�à	ç J L��
O 9 ìPQ0R!V�:®ü�à�õ�ç6ó&ä�ä&å�ßyà	ß�ð²ó�÷(õ�ó4&�ô­à	ñ²ó&ü�à�ç6â­õ5ñ�à(ù5ú�â�ð>ñ�ß²â�ð>ú�ä�ñ�à	ñ±þ�â�=ç6å(ð>ñ²ßyà	õ5ñbä&à�ð²ú+&�ô­ó ��õ
ô�ó�à!þ�â�ä®ô�å(õ
7�ú�õ5ñ
S = {x : x ≡ a

ç^å�þ
pn} å�õ p

î�ðDú�õhõ�å�çíæ�ß�â
á�ß�ó�ç6â­ßbð²â­õ
à�ß�ã

a
î�ð´ú�õ�àÃà�ß²ß�â­äµá�ß�ó�ç6ó�ñ²ó&ü¯à�ç Z�þ�ú�ä

p2
ã
p 6 |a ã�ó n ∈ Z+

�PÞ�ù5ú�â�ð>ñbô�å�õ�7�ú�õ5ñ
ñ²îDþ�â�õ
ð²óöñyà¯ñ

p−n
ã
ù5ú�âQâ�ð�á�å	ñ�ý°â­ßoù(ú
âQð²ó&÷�ú�óPà�ß²æ�ó�ñ²ßyò	ß�ó�à	ç6â­õ5ñ�á�â�ñ�óöñyà �, 0â­÷(ú�ó�õ5ñ�ä�àíçLà	ñ²â­ó�ê�à

ü�â­ñ�à�ã��®à�õ�÷ J R�R;O 9 ìWQ�Q0RN:Jü¯à6á�ß�å¯ü¯à	ß¤ä&àLð²ú+&�ô­ó ��õ
ô�ó�à6þ�â­äPô­å�õ
7�ú�õ5ñ

{

n : n ≡ 3 +
10

3
(4k − 1)

ç6å�þ
22k+2

}

á�â�ßDà!ù5ú
à	ä�ð>â�ü�å(ä
k ∈ Z+

&�ê�à¯ñ��@��å(ß²â�ôGó � õ
à	ç à�&
ß�ç^â�õ�ñyà	çíæ�îWù5ú�â6û
à�õ å(æ�ñ²ó&õ�÷�ú�ñDú�õ
ô�å(õ
7�ú�õ5ñÃð²ú+&�ô­ó�â�õ(ñÃà	çGæ þ�â­õ
ð²óöñyà¯ñ �­â­ß�å
ã®á�â�ß�Z õ
å õ � û
à	õ¸ý«à(ô�ó&ä�ó�ñ�à	ñ�â­ä�ð þ�â�ñ�à�ä�ä�ð��¤Þ�çGæ â­ä
çLà¯ñ²â�óöêhá�ß�å�á�Z(ð²ó�ñ�ã+ú
õ ß²â�ð>ú
äöñyà¯ñíß�â�ô­â­õ5ñíþ�â��!å�õY�0ð J MNVWO 9 ��������:Qî�ðíþ�ó�÷(õ�â�þ�â ç6â­õ
ô­ó�ÿA� D}àþ�à	ß�ß�â­ßyàLð>â�ô­ô�ó&ÿWç6å(ð>ñ²ßyà ô­å�ç î�ð´þ�â^þ�óöý]S�ô�ó&äµñ²ß�å�æ
à�ß�ú�õ�àWâ�ê�á�ß�â�ð�ð²ó�ÿLñyà	õ
ô�à�þ�à ú
ð�à	æ�ä&âGá�â­ßQà
T (k)(x)

�! 0ó�â­ä-
�ëíì ��ð�� å(ç6â�ñ²î�ðJâ�õLä�â�ð®ó�ñ²â�ß�à(ô�ó&å�õ
ð�ã�à	ó�ê+Zbá�å(ß>ñyà	ß�ó&àbà
T (k)(x) = 3mx/2k

ã5å�õ
m
î�ðµâ­ä�õ
å�çGæ
ß²â¤þ�â¤ñ²â­ß�ç6â�ð�ð²â­õ
à�ß�ðµâ­õ^ä&â�ð

k
á�ß�ó&ç^â�ß²â�ð+ó�ñ²â�ß�à(ô�ó&å�õ
ð�þ�â

x
���!å�õ���ðKJ M�VWO 9 ��������:û
à^á�ß�å¯ü�à	ñ�ù5ú�â´â�ê�ó�ð�ñ�â­ó�ê ú�õÃõ�å�çíæ�ß�â´ó&õ+&
õ
óöñ±þ�â 
>ü�â­ßyð²ó�å(õ
ð®ä&ó&õ�â�à�ä&ð �´þ�â�äPá�ß�å�æ�ä&â­çLà

3x + 1
�
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3x + 1

ì�è

�±õïâ�ê�â�ç^á
ä�âbù5ú�âbâ­õ!þ�ÿ(õ
àíî�ð�ä � à�á�ä&ó&ô�à�ô�ó&ÿ

R(n) =































































n/11
ð²ó

11|n,
136 n/15

ð>ó
15|n ó CDA,

5 n/17
ð²ó

17|n ó CDA,
4 n/5

ð²ó
5|n ó CDA,

26 n/21
ð²ó

21|n ó CDA,
7 n/13

ð²ó
13|n ó CDA,

n/7
ð²ó

7|n ó CDA,
33 n/4

ð²ó
4|n ó CDA,

5 n/2
ð²ó

2|n ó CDA,
7 n

à�äöñ�ß�à�ç^â�õ5ñ
,

å�õ
CDA

ð²ó&÷�õ�ó4&�ô­à´ù5ú�â 
>ô�à	áíþ�â¤ä&â�ð�à�õ(ñ�â­ß�ó�å(ß�ð �®ô�å(õ
þ�ó�ô�ó&å�õ
ðµð>â�ð�à¯ñ�ó&ð>ý«ò �1�!å�õY�0ðµç6å(ð>ñ²ßyà´ù(ú
â
â­äPá
ß²å(æ�ä�â�çLà

3x + 1
î�ð�ô­â­ß²ñ�ð>óSã�óPõ�å(ç6î�ð�ð²óNã�á�â­ß±àLô�à�þ�àíâ­õ5ñ�â­ß�á�å(ð²óöñ�ó�ú

n
ä�à

R
= Z(ß²æ�ó�ñ�à^þ�â

2n
ô�å�õ5ñ�îbâ­ä ���$D+à6þ�â­ç6å5ð�ñ�ß�à(ô�ó&ÿíâ�ç^á
ß�àíâ­äPä&ä&â­õ�÷(ú
à¯ñ�÷�â��a�>�0�'5 �����Lþ�â � å�õ!%�à;" J ��MPO 9 ìWQ�RNV�:�ãù5ú�â 7>à ü¯à ð²â­ßïú
ð�à¯ñïá�â­äQçLà¯ñ²â�óöê � å(õ!%¤à;" J ��L
O 9 ìWQ!V!��:Lá�â­ßïá�ß�å¯ü�à�ß�ä � â�ê�ó&ð>ñ"��õ
ô�ó�àmþ � ú�õ�àà	á�ä&ó�ô­à�ô­ó�ÿÃð>ó&ç6ó�ä�à	ßQâ�ä�ô­å�ç6á�å�ß²ñ�à	ç6â�õ(ñQð>å(æ�ß�âíâ�ä&ð´â­õ5ñ�â­ßyðoþ�â6ä�à�ù5ú
à�äNã�à�ä�ä�à	ß�÷Wñ�â­ß�ç6ó�õ�óSãkâ­ßyà

à	ä&÷�å(ß�S�ð>ç6ó�ô­à�ç^â�õ5ñ}ó&õ
þ�â�ô­ó&þ�ó�æ�ä&â?� � å�õ�õ�â�ô�ñyà	õ5ñJà�ù5ú�â�ð>ñ�ç6à	ñ²â�ß²ó�à	ä�à�çGæ^â­ä�ð�7>àoü0ó�ð�ñ�å(ð$ô­å�õ
7�ú�õ5ñyð
ð>ú�&�ô�ó&â­õ5ñ�ð�ã�û�å�ç þ�â­ñ²â�ô�ñ�à�ù5ú�âíä�à þ�â­õ
ð²óöñyà¯ñbþ�â­ä$ô­å�õ
7�ú�õ5ñ {2n : n ∈ Z+} î�ð)��â­ß�å 9 á�â­ßQæ�îù5ú�âQâ�ð�ñ�ß�à(ô�ñ�à^þ<� ú�õ
àLà�á�ä�ó�ô­à(ô�ó&ÿíç6å(äöñ±ç6î�ð�ô­å�ç6á�ä&ó&ô�à�þ�àN:&�

� � ��� �&xPz
D5� â�ð>ñ²ú
þ�óoþ�â�ä � â�ð>ñ²ß�ú
ô�ñ�ú�ß�àhþ�â!ñ²å�ñ�ðLâ�ä&ð�ô�ó�ô�ä&â�ðWþ�â

T
á�å(ð�ð²ó�æ�ä&â�ð û
àéß�â­æ�ú�ñ ñ�à	çíæ�î�ç^å(äöñyà

à¯ñ�â­õ
ô­ó�ÿA�
 0ó�÷(ú�ó

Ω
ú�õÃô�ó�ô�ä&â´þ�â

T
ã5ó

Ωsen
ã
Ωpar

â�ä&ð�ô­å�õ
7�ú�õ5ñyð¤þ�â­ä�ðJñ�â­ß�ç^â�ð�ð>â�õ
à	ßyðJó�þ�â�ä&ð�ñ²â�ß²ç6â�ð
á
à	ß�â­ä&ä�ð�â�õ

Ω
�Y�±å(ç á�å�ñ±ß²â�â�ð�ô�ß�ó�ú
ß²â´ä � â�ù5ú
à(ô�ó&ÿ

∑

x∈Ω

x =
∑

x∈Ω

T (x)

óPå�æ�ñ²â­õ
ó�ß±ù5ú�â
∑

x∈Ωpar

x =
∑

x∈Ωsen

x + |Ωsen| .

Þ�ù5ú�â�ð>ñ�ý°â�ñ�ü¯à6ð>â�ß�å�æ
ð²â­ß�ü¯à¯ñ�á�â�ß � û
à�çGæ�â­ß�ä&à�õ
þ�J ��ì�O 9 ìPQ0Q�Q�:�ó �!å�õY�0ð J M�VPO 9 ����� �0: ���ð�à	õ5ñ�à�ß²ó�ñ²ç��­ñ²ó�ô­àDç6å�þ�ú�ä�à	ß�ã5ä&à � ó�÷(ú�ß�àíèDó&õ
þ�ó�ô­àíä&à^þ�ó&õ
ò	ç6ó�ô­àíþ�â­ä�ð¤â­õ5ñ²â�ß�ð�á�â�ß�ä � à	á�ä&ó4=
ô­à(ô�ó&ÿ

T
ã	ñyà	õ5ñ�à

Z3
ô�å(ç à

Z4
� � å(ç ù5ú�âoõ�åDû�ó�û
àDô­ó&ô­ä�â�ð®ù5ú�â±á
ú�÷�ú�ó&õLñ�â­õ�ó&ßJñ�å	ñ�ð�â­ä�ð®ð²â­ú�ð

â­ä&â­ç6â­õ5ñyðµþ�â�ä�à�ý°å(ß²çLà
0 mod 3

ã
0 mod 4

ã�å
3 mod 4

ã�ä&â�ð &
÷(ú�ß²â�ð+ó&ç6á�ä&ó&ù5ú�â�õíù5ú�â¤õ�å�û�ó�û�à
ô�ó�ô�ä&â�ð�þ<� â­õ5ñ�â­ßyð 9 â�ê�ô�â�á�ñ²âbâ�äPþ�â­ä {0} :�ù5ú�â´ñ²ó&õ�÷�ú
ó�õïâ­ä&â­ç6â�õ(ñyð�þ�âQä&àíý°å(ß²çLà 0 mod 3

��Þ±ó�ê+S
çLà¯ñ²â�óöê�ãkâ­ä$õ
å�çGæ
ß²â^þ�âGñ�â­ß�ç6â�ð´â­õYú�õéô�ó�ô�ä&â^ô­å�õ�÷(ß²ú�â�õ5ñ´à

1 mod 4
î�ð´ó&÷�ú
à�äµà�ä�õ�å�çíæ�ß²â

ô�å(õ�÷�ß�ú�â­õ5ñ�à
2 mod 4

��Þ�ù5ú�â�ð>ñ�à^à	õ
ò�ä�ó�ð²ó�ý°å(ú�á
ß²â�ð>â�õ(ñyà�þ�àíá�â­ß � û
à�çGæ�â­ß�ä&à�õ
þ�J ��ì�O 9 ìPQ0Q�Q�:&��±õ�ß�â�ð²ú�ä�ñ�à	ñ�á�ß�ó�ç6â­ß�â­õ�ôGð²å�æ�ß�âGô�ó�ô�ä&â�ð±ý«àWß�â�ý°â�ß"��õ
ô�ó�àWàWä�àWô­ä&à(ð²ð²âDâ�ð²á�â�ô�ó�à	ä�þ�â
T
=»ô­ó&ô­ä�â�ð

à	õ�å(ç6â­õ
à(þ�àbô�ó&ß�ô­ú�ó�ñ�ð��N��õ ��-3�>��*+-35�î�ð�ú�õ ô­ó&ô­ä�â´ù(ú
â±á�å�ñ�ð²â­ß�â�ð�ô�ß�óöñ¤ô�å�ç
k
â­ä&â­ç6â�õ(ñyð�ð²â­õ�à	ßyð
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	��
�����������
���

ð>â�÷�ú�ó�ñ�ð�á�â­ß
l
â­ä&â­ç6â­õ5ñ�ð�á�à	ß�â­ä&ä&ð�� ^ à�ü0ó�ð>å(õ J ��VPO 9 ìWQNV���:�ü¯àLþ�â­ç6å5ð�ñ�ß�à�ß�ù5ú�âbû
óPû
à6ú�õ
àLô­å�ß�=ß²â�ð>á�å�õ�þ��­õ
ô­ó&àíú�õ+=�à
=»ú�õÃâ­õ5ñ²ß�âbô�ó&ß�ô­ú�ó�ñ�ð�óPð²å�ä&ú
ô�ó&å�õ�ð

(k, l, h)
â­õÃâ­õ5ñ²â�ß�ð�á�å(ð²óöñ�ó�ú�ð�ñ�à�ä&ð�ù5ú�â

(2k+l − 3k)h = 2l − 1. 9 �0:
�!î�ð�â­õ�þ�à�ü¯à	õ5ñ�ã(â�ð�ü�àGá�ß�å¯ü�à�ßJú
ð�à	õ5ñ®ý°ßyà�ô�ô�ó&å�õ
ð®ô�å�õ5ñ>S�õ0ú�â�ðJó�ñ²â�å�ß�ó&àDþ�â�õ�å(çGæ�ß�â�ðJñ²ßyà	õ
ð�ô�â�õ+=
þ�â­õ5ñyð 9 ü(â­÷(â­ú  5ñ�â­ó&õ�â­ß�J V�ì�O 9 ìWQ!V0V�:�ã 	 å��­ó&â­ß J ���
O 9 ìWQ0Q���:�:bù5ú�âWä � â�ù(ú�à�ô�ó&ÿ 9 ��:Qñ�î õ�å(ç^î�ðDä�àð>å(ä�ú�ô�ó&ÿ

(1, 1, 1)
��Þ±ó�ê!Z6ó&ç6á�ä�ó�ô­àLù5ú�â {1, 2} î�ð�ä � ��õ�ó�ôbô�ó&ß�ô­ú�óöñ���µâ�ßÃàmô�ó�ô�ä&â�ðW÷(â­õ�â�ß�à�ä&ð þ�â

T
ã � ��û�çeó  �å�õ5ñ�à(ô­ôyû�ó_J�ìWL
O 9 ìWQ!V
R�:^ü¯à�õ þ�â­ç6å5ð�ñ�ß�à�ß ù5ú�â

x ∈ Z+
á�â­ß²ñ�à�õN"!à�ú�õ

n
=�ô�ó�ô�ä&âíþ�â

T
ð²óSã�ó�õ�å(ç6î�ðQð>óSãkâ�ê�ó�ð�ñ�â­ó�ê0â�õ�â­õ5ñ�â­ßyð

0 ≤ v0 ≤ v1 ≤
· · · ≤ vm = n

ñyà	ä�ð�ù5ú�â

x =
1

2n − 3m

m−1
∑

k=0

3m−k2vk

� �Y 0â­ó�ý°â­ß²ñ J ��R;O 9 ìWQ�R0RN:®ü¯à^å�æ�ñ²â­õ
ó�ß�ú�õïß�â�ð²ú�ä�ñ�à¯ñ±ð²ó�ç6ó&ä&à�ß��	Jä�ó�à	û
å�ú J è��;O 9 ìPQ0Q(è�:´û
à�þ�å�õ
à	ñíà	ä&÷�ú�õ�ðDß�â�ð²ú�äöñyà¯ñyðDá�å	ñ²â�õ5ñ�ðGð²å�æ
ß²â ù5ú
à�ä&ð²â­ü(å�äJô­ó&ô­ä�â�õ�åñ²ß�ó�ü0ó�à	ä
Ω
þ�â

T
�Y 0ó+þ�â­õ�å�ñ²â­ç á�â�ß

Ω0
â­ä�ð¤ñ²â�ß²ç6â�ð�ð²â­õ�à	ßyð¤þ �

Ω
ã�ü¯àLþ�â�ç6å(ð>ñ²ßyà	ß�ù(ú
â

log2

(

3 +
1

M

)

≤ |Ω|
|Ωo|

≤ log2

(

3 +
1

m

)

9 èN:
å�õ

m
ó
M
ð²ÿ�õÃâ­ä�ð¤ñ²â�ß²ç6â�ð�ç^î�ð�á�â­ñ²ó�ñ±óPç6î�ð�÷(ß�à�õPã0ß²â�ð>á�â�ô�ñ²ó&ü�à�ç6â­õ5ñ�ã�þ<�

Ω
��8oæ
ð²â­ß�ü0ó � ð�ù(ú
â

á�â�ß±àLô�ó�ô�ä&â�ð5
>÷�ßyà	õ
ð �oà�ù5ú�â�ð�ñ�ý°â­ñ±ó�ç6á�ä&ó&ô�àLù5ú�â

|Ω|
|Ω0|

≈ log2 3.

	Jä&ó&à�û�å�ú û�å�ú�ñ�ó�ä&ó�ñ���àYâ�õ ô�å(õ
7�ú�õ
ô­ó�ÿYà	çíæmä � à�á�ß²å�ê�ó&çLà�ô�ó&ÿ�þ�ó&å	ý«à�õ(ñ�ó�õ�à þ�â
log2 3

ó�ä�à &�ñyà
õ0ú�ç��­ß�ó&ô�à

m > 240
á�â­ß±þ�â�ç^å5ð�ñ�ß�à�ß�ù(ú
â

|Ω| = 301994 a + 17087915 b + 85137581 c,

å�õ
a, b, c

ð²ÿ�õYâ­õ5ñ²â�ß�ðQõ
åÃõ
â­÷(à	ñ²ó&ú
ð�ã
b ≥ 1

ó
ac = 0

� � û�ó�ð²à�ä&àBJ �?�PO 9 ìPQ0Q0LN:�ó ��à�ä�æ�â­ó�ð>â�õéó�±ú�õ
÷�â­ß�æ�G�û
ä�â�ß<J è�MPO 9 ìPQ0Q!V�:�ü¯à�õ^à�ß²ß�ó�æ�à	ßPñyà	çíæ�î�à�ß�â�ð²ú�ä�ñ�à	ñ�ðµð>â�çGæ�ä�à	õ5ñ�ð��;#+â�ç^áY�5ó&õ^ó0Þ�ß>ñ�â�à�=÷(à J V0MPO 9 ìWQ�QNV�:�ü�à�õDâ�ð²á�ß�î­ç6â­ß�à�ù5ú�â�ð�ñµâ­õ�ý°å�ô�à	ç6â­õ5ñµà�ä(çLò	ê0ó&ç � �Jà	õDâ�ð�ñ�ß"��õN"(â­ß}ä�â�ð+ß�â­ä�à�ô­ó�å(õ
ðù5ú�âbà	á
à�ß²â�óöê�â­õÃà 9 èN:®ó+ü�à�õïú
ð²à�ß�ú�õ
à_&�ñ�à6ó&õ�ý°â�ß²ó&å�ß�ç6ó&ä�ä&å�ß±þ�â m
á�â­ß±à�ß²ß�ó&æ
à	ß�à^å�æ�ñ�â­õ�ó&ß

|Ω| = 187363077 a+ 272500658 b + 357638239 c,

å�õ
a, b, c

ð²ÿ�õÃâ­õ5ñ²â�ß�ð�õ�å6õ�â�÷(à	ñ²ó&ú
ð­ã
b ≥ 1

ó
ac = 0

�
� å�î�ðP÷(â­õ
ð�â�ü0ó&þ�â�õ5ñµô�å(ç â�ðPá�å	ñ+â�ð�ñ�â­õ
þ�ß²âJä�à±þ�ó�ô�å�ñ²å(ç^ó�à�á
à�ß²â�ä�ä4=»ð²â­õ�à	ßPþ<� ú�õGô­ó&ô­ä�âJú�ð²à(þ�à

â­õYà�ù5ú�â�ð>ñ�ðoß�â�ð²ú�äöñyà¯ñyð´à ú�õ
àÃþ�ó�ð²ð²â�ô�ô�ó&ÿ ç6î�ð &
õ
àÃþ�â�ä&ðoñ²â�ß²ç6â�ð´þ � ú�õYô�ó�ô�ä&â�ãká�â­ßQâ�ê�â­ç6á�ä&â�ã
ç Z0þ�ú�ä,L�� 	 â­ä�à�ô­ó�å(õ
à¯ñ�à�çGæ à(ù5ú�â�ð>ñ�ô�å(ç6â­õ5ñ�à�ß²óSã �¤ß�å�ê�J&ì;VWO 9 ��������:�û
àGá�ß�å¯ü�à	ñ¤ù5ú�âoâ�ê�ó&ð>ñ²â�óöêú�õïõ�å�çíæ�ß�â &
õ
óöñoþ�âQô­ó&ô­ä�â�ð�ñ�à�ä&ð�ù5ú�â

σ1 < 2 log(σ1 + σ3)

å�õ
σi
î�ð�â­äPõ
å�çGæ
ß²âbþ�â´ñ²â�ß²ç6â�ð�â­õïú�õ!ô�ó�ô�ä&âbô�å�õ
÷�ß�ú�â­õ5ñ±à

i
ç6å0þ

4
�
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3x + 1

ì;M

� ��� |	x${�z���Û�{�z Ü®x
T
~ xPzYj�~��&z e��Pz���wy~¤{µz

�±õ
àoñ���ô�õ
ó&ô�àoô­å�çGú
õ
à�á�â­ß�ß�â�ð²å�ä�þ�ß�â®á�ß�å�æ�ä&â­ç6â�ð}î�ð 
�ó&ç6ç6â­ß�÷�ó&ß =»ä�å5ð ��â­õQú�õ
àQô­ä&à(ð²ð²â®ç6î�ð$ò�ç\=
á�ä&ó&àoþ�âJá�ß�å�æ�ä&â­ç6â�ðPó5ú
ð²à�ß+ä&â�ð+ñ"��ô�õ�ó�ù5ú�â�ð}à	á�ß�å�á�ó�à�þ�â�ðPà�ä(õ�å(úbâ�ð²á
à	ó �'	®õGâ­ä5á�ß�å�æ�ä&â­çLà

3x+1
ã

ð'� û
àíý°â�ñ±ç6å(äöñyà^ý°â­ó&õ
à^â­õ!à�ù5ú�â�ð�ñyà^þ�ó�ß�â�ô�ô�ó&ÿ��+DPâ�ð±ð>ú
æ
ð>â�ô­ô­ó�å(õ
ð�ð>â�÷0G�â�õ(ñyð­ã�å(ß²÷5à	õ�ó�ñ���à�þ�â�ð®â�õ
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RDPâ�ð®â­ê5ñ�â­õ
ð²ó&å�õ
ð¤þ�â

T
àDä�àGß�â�ô�ñ�àGß²â�à	ä

R
ð>ÿ(õWó�õ5ñ�â­ß�â�ð�ð²à�õ(ñyð$ñyà	çGæ�î´â­õ ä�àDç6â�ð>ú�ßyàGù5ú�â´á�â­ß�=

ç6â�ñ²â�õ�â�ç6á�ß�à�ß�â­ó&õ�â�ð�ù5ú�âQá�ß�å¯ü�â�õ�â­õ þ�â´ä � â�ð>ñ²ú
þ�ó}þ<� ó�ñ²â�ß�à(ô�ó&å�õ
ð¤â�õÃà�á�ä�ó�ô­à(ô�ó&å�õ
ð¤ô�å(õ5ñ�S&õ5ú
â�ð��
	Jõ!ú�õ!à	ß²ñ²ó�ô�ä&âQõ�åLá�ú�æ
ä�ó�ô­à	ñ�ãY#}â­ç6á��0ó&õ J V��;O 9 ìWQ�Q�è�:®â�ð>ñ²ú�þ�ó&à6ä�à6ç6î�ð±ð²ó&ç^á
ä�â(ã
þ�â�ð�þ�â­äPá
ú�õ5ñþ�âïü0ó&ð>ñ�àY÷�â�å�ç���ñ�ß²ó�ô	ã$þ<� à	ó�ñ�à�ä&ð^â­ê5ñ�â­õ
ð²ó&å�õ
ð�ø$ä � â�ê0ñ�â­õ
ð²ó�ÿYâ­õ 
>ä4S&õ�ó�à�ß�â�ô�ñ�à ��þ�âÃä&à ý°ú�õ�ô�ó&ÿéþ�â
� å�ä&ä&à	ñ��

C
ø

L(x) =

{

C(x), x ∈ Z,
C(bxc) + (x − bxc)(C(dxe) − C(bxc)), x 6∈ Z.

=

{

−(5n − 2)x + n(10n− 3), x ∈ [2n − 1, 2n],
(5n + 4)x − n(10n + 7), x ∈ [2n, 2n + 1].
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#+â�ç6á��0ó�õïá�ß�å¯ü¯à^ù5ú�âDð²å�æ
ß²âQô­à(þ�à^ó�õ5ñ²â�ß²ü¯à�ä
[n, n + 1]

ã
n ∈ Z+

ã
L
ñ²îbá
ú�õ5ñ�ð�á�â­ß�ó4Z�þ�ó�ô­ð�þ�â

ñ²å�ñ�ðQâ­ä�ðQá�â­ß>S�å�þ�â�ðQá�å5ð²ð²ó�æ
ä�â�ð'�PÞ�á�ß²å0&�ñ�à�õ5ñ´â�ä$ý°â�ñDù5ú�âLâ­ä�ðQó�ñ²â­ßyà¯ñyðQþ�âLä�â�ð´ý°ú�õ
ô­ó�å(õ
ðQä�ó&õ�â�à	ä�ð
àLñ�ß²å5ð²ð²å(ð�ñyà	çíæ�î^ð>ÿ(õ!ä�ó&õ�â�à�ä&ð´à6ñ�ß²å5ð²ð²å(ð�ã�ñyà	çGæ�îíþ�â­ç6å(ð>ñ²ßyàWù5ú�âDñ�å	ñ´á�ú�õ5ñoâ�ü�â­õ5ñ�ú
à	ä&ç6â­õ5ñ
á�â�ß²ó�Z�þ�ó�ô�þ�â

L
î�ðWßyà�ô­ó�å(õ
à	äSãJù5ú�â�ñ�å	ñ ßyà�ô­ó�å(õ
à	ä�î�ðWå æ�î�â�ü�â­õ5ñ�ú
à	ä&ç6â­õ5ñWá�â�ß²ó�Z�þ�ó�ô!å æ�î

þ�ó&ü�â­ß�÷�â�õ5ñ�ã0ó+ù5ú�âQâ­ä�ð�ßyà�ô�ó&å�õ�à	ä�ð�þ�âbä�àíý°å�ß�çLà
k/5
ã�à	çíæ

k 6≡ 0
ç6å�þ

5
ã�ð²ÿ�õïþ�ó�ü(â­ß�÷�â�õ(ñyð'�

#+â�ç^áY�5ó&õÃñ�à�çGæ�îbç^â�õ
ô�ó&å�õ�àíú
õ
à^â�ê0ñ²â�õ
ð>ó&ÿ6ß²â�÷�ú�ä�à	ß�þ�â
C
ã

E(x) :=
7x + 2

4
+

5x + 2

4
cos(π(x + 1)),

á�â�ß�Zïõ�å!â�õYý«àÃô�à	áhà	õ�ò	ä&ó&ð²óJô�å(õ
ô�ß�â�ñyà � � û
à	çíæ�â�ß²ä�à	õ�þ J ���;O 9 ìPQ0Q���:oâ�ð>ñ²ú
þ�ó&àÃú�õ
àïâ­ê0ñ²â­õ�ð>ó&ÿð>ó&ç6ó�ä�à	ß±þ�â
T
ø

f(x) :=
x

2
cos2

(πx

2

)

+
3x + 1

2
sin2

(πx

2

)

= x +
1

4
− 2x + 1

4
cos(πx).

� û
à	çíæ�â�ß²ä�à	õ�þÃþ�â­ç6å(ð>ñ²ßyàLù5ú�âbñ²å�ñoô�ó�ô�ä&âGà
Z+
û
à þ�âGð²â­ß±ä&å�ô­à	ä&ç6â­õ5ñoà	ñ²ßyà�ô�ñ�å�ß�� � å�ç ù5ú�â

ä&àQþ�â�ß²ó&ü¯à�þ�à  �ôyû!%�à	ß>�­ó�à	õ
àoþ�â
f
î�ð�õ�â­÷5à¯ñ�ó�ü¯àQà

R+
ã�à	ó�ê+Z´ó&ç6á�ä&ó&ô�à´ù5ú�â�ä�àQþ�ó&õ
ò	ç6ó�ô­àQàQä�ä�à	ß�÷

ñ²â�ß²ç6ó&õ�ó®þ�âL÷5à	ó&ß²â�æ�î^ñ²å�ñ�ðQâ�ä&ðbá
ú�õ5ñ�ðDô­å�ó&õ
ô�ó�þ�â­ó�ê à�çGæéä&àïþ�ó&õ
ò�ç^ó�ô­à!àÃä&ä&à�ß²÷Ãñ�â­ß�ç^ó&õ�ó®þ�â­ä�ð
á�ú�õ5ñ�ð�ô�ß>Söñ�ó&ô�ð'����å�ç ñ�ß²å(æ
à^ß�ò�á�ó&þ
à	ç6â­õ5ñ±ù5ú�âQâ�ê�ó&ð>ñ²â�óöê�â�õÃþ�å5ð�ô�ó�ô�ä&â�ð�à	ñ²ßyà�ô�ñ�å�ßyð­ã

A1 := {1, 2}, A2 := {1.192531907 . . . , 2.138656335 . . .}.
� û
à	çíæ�â�ß²ä�à	õ�þÃô­å�õ
7�â�ô�ñ�ú�ß�àLù5ú�âDà(ù5ú�â�ð>ñ�ð±ð²ÿ�õïâ�ä&ð ��õ�ó�ô­ð�þ�å(ð±ô­ó&ô­ä�â�ð±à¯ñ�ß�à(ô�ñ²å(ß�ð�þ�â

f
à

R+
�

Þ�ù5ú�â�ð>ñ�à�à
&
ß�çLà�ô�ó&ÿWî�ðoâ�ù5ú�ó�ü¯à�ä�â�õ(ñQà	ä�á�ß�å�æ�ä&â­çLà
3x + 1

�,#µà	çíæ�îíâ�ð´á�ß�å¯ü¯àWù5ú�âíâ­ê�ó&ð>ñ²â�óöê
ú�õ
à Z�ß�æ�óöñyà�þ�ó&ü�â­ß�÷�â�õ5ñ+ç6å�õ�Z�ñ²å�õ�à	ç6â­õ5ñ}ô­ß²â�óöê�â­õ5ñ�� � û
à�çGæ�â­ß�ä&à�õ
þbô�å(ç^á�à�ô�ñ�ó[&�ô­à�ä � à�á�ä&ó&ô�à�ô�ó&ÿ
àÃñ²ßyà�ü�î�ðbþ�âWä � û�å(ç6â­å�ç6å(ß &�ð²ç6â

σ(x) = 1/x
ð>å(æ�ß²â

[µ1,∞) 9 µ1
î�ðbâ�ä®á�ß�ó�ç6â�ßbá�ú�õ5ñ &�ê

á�å5ð>ó�ñ²ó&ú þ�âWä � à	á�ä&ó&ô�à�ô­ó�ÿ
f
:�ãPý°â�ñ6ù5ú�â þ�ú�ú à�ú�õ
à!à	á
ä�ó�ô­à(ô�ó&ÿ�þ�ó�õ�ò	ç6ó&ô�à	ç6â­õ5ñGâ�ù5ú�ó�ü¯à�ä�â�õ(ñ

hþ�â�&�õ�ó&þ
àLð>å(æ�ß²â
[0, µ1]

ô�å(ç

h(x) =

{

4x/(4 + x − (2 + x) cos(πx)), x ∈ (0, µ1],
0, x = 0.

^ à�ß²ß�â­ßyà	ç6â�õ(ñ�ã � û
à	çíæ�â�ß²ä�à	õ
þ ð'� â�ð>ñ�òéþ�â�þ�ó�ô­à	õ5ñ àYâ­õ0ú�õ�ô�ó�à¯ñ�ðLð²å�æ
ß²âïù5ú
à	ä�ð>â�ü�å(ä¤â­ê0ñ²â­õ�ð>ó&ÿ
÷�â�õ�â­ßyà	ä�þ�â

f
ø�û�à�þ�âíñ²â�õ�ó&ß´ú
õ è
=�ô�ó�ô�ä&â�ãkú�õ�à Z(ß²æ�ó�ñ�à û�å�ç6å�ô�ä�S&õ�ó&ô�à 9 â­õYä&à�ä�ó�ñ²â�ß�à	ñ²ú�ßyàWç6î�ðà	õ5ñ²ó&÷(à
ã�ô�å�õ
â­÷�ú�ñ�ô­å�ç à�
>ß�â­á�ú�ä�ð²å�ß �������

�
���0��� �W:�ã�óPú
õ
à^ñ²ßyà
7�â�ô�ñ�Z(ß²ó�àGþ�ó�ü(â­ß�÷�â­õ5ñ�ç6å�õ�Z�ñ²å�õ�=

à	ç6â­õ5ñ±ô�ß�â­ó�ê�â­õ5ñ��
�µâ�ßïó�ä � ä&ú
ð>ñ²ßyà	ß!ô�å(ç â�ðÃçLà	õ�ó�ý°â�ð>ñ�à â­äbô�à	å(ð�â­õ à�ù5ú�â�ð�ñyà â­ê5ñ�â­õ
ð²ó&ÿ
ãU�Qâ­õ �!å�õ���ðÃü¯à

ð>ú
æ
ð�ñ�óöñ�ú�ó&ß
x
á�â­ß

z
àbä � à	á�ä&ó&ô�à�ô­ó�ÿDþ�â � û
à	çíæ�â�ß²ä�à	õ
þ6ó�ü¯àb÷�â�õ�â­ßyà	ßJõ0ú�ç���ß²ó�ô­à�ç^â�õ5ñ®ô�å�õ�7�ú�õ5ñ

þ�â A(ú�ä�ó�à^á�ä&â?���±õ�à6á�å(ß�ô­ó�ÿLþ�â�äPô�å�õ�7�ú�õ5ñ�ð'� ó�õ�þ�ó&ô�à6àíä�à � ó�÷(ú�ßyà LA�
	Jõ�ú�õ�à�ß>ñ�ó&ô­ä�âGç^î�ð�ß�â�ô­â­õ5ñ�ã ^ ú
ç^å(õ5ñ�ó 	 â­ó�ñ²â­ß_J �0R;O 9 ������èN:�û
à	õ�à(ô�å(õ
ð>â�÷�ú�ó�ñ±ß�â�ð²ú�äöñyà¯ñyðð>ó&ç6ó�ä�à	ßyð¤á�â�ß�à^ä � â�ê0ñ�â­õ
ð²ó�ÿ6ß�â�à�ä

f(x) :=
1

2

(

3sin2(πx/2)x + sin2(πx/2)
)

.

	Jä�ð±çLà¯ñ�â­ó�ê0å5ð�à	ú�ñ�å�ßyð�û
à	õ!ô­ß²â�à¯ñ�à	ä�ñ²ß�â�ð�â­ê0ñ²â­õ�ð>ó&å�õ
ð�þ�ó�ü(â­ßyð>â�ð­ã�à�óöê+S+ô­å�ç &
÷�ú�ß�â�ð�ù5ú�âbß�â­á�=
ß²â�ð>â�õ5ñ²â­õÃâ­äkñ�â­ç6á
ð±þ � à	ñ²ú�ßyà�þ�àYT�ü�â�÷�â­ú ^ ú
ç^å(õ5ñ±ó 	 â­ó�ñ²â�ß J �0Q;O 9 ������ì;:&�



� ��5 *Y�
�[-3536P�0�'-/. ����������1����������
3x + 1

ìPQ

�$� �����0��� ø � *�2�� � 2 � � ��� � , � � � � , � ��� , � � � � �	� � � ��
 � 4 
 � � , � 2 � � � ��� � � � , � , � � *�4 � , �
� -

Þ±ß�÷�ú�ç6â­õ5ñyà	õ5ñGù5ú�âLä � à	á
ä�ó�ô­à(ô�ó&ÿÃî�ðQñ²ú
ß²æ�ú
ä�â�õ(ñyà 9 â­ê0ó�ð>ñ²â­ó�ê�â­õéó&õ(ñ�â­ß�ü¯à	ä�ðDô�å(ç^á�à�ô�ñ�â�ð A1ó
A2
ñyà	ä�ð ù5ú�â

A1 ∪ A2 = f(A1) ∩ f(A2)
:�ã �¤å�ß�å¯ü!��å¯ühó �$ý°â­ó�ý°â­ß J&ìPMPO 9 �������N:íñ�à�çGæ�îþ�â­ç6å5ð�ñ�ß²â�õ¸ù5ú�â�ù5ú
à�ä&ð²â­ü(å�ä�â­ê5ñ�â­õ
ð²ó&ÿéô­å�õ5ñ�S&õ0ú
àhþ�â

T
ñ²î Z(ß²æ
óöñ�â�ðLá�â­ß�ó4Z�þ�ó�ù5ú�â�ð þ�â�ô­à(þ�à

á�â�ß�S&å�þ�â?�
��� � � ��
 � � � � ��
 � ���

CDPâ­ñ²û�â�ß²çLà	õ+ã� �ôyû�ä&â­ó�ôyû�â�ß±ó H å0å0þ J M��;O 9 ìWQ�Q0Q�:¤å�ý°â­ß�â­ó�ê�â­õïâ­ä�ð>â�÷0G�â�õ5ñ±ß²â'&
õ
à	ç6â�õ(ñ´þ<� à(ù5ú�â�ð>ñâ­õ�ý°å�ô�à	ç6â­õ5ñ�ø�â�ð�ñ�â­õ�â�õ
T
à�ä�á�ä&à6ô­å�ç6á�ä&â�ê�à�çGæ

f(z) :=
z

2
+

1

2
(1 − cos(πz))

(

z +
1

2

)

+
1

π

(

1

2
− cos(πz)

)

sin(πz) + h(z) sin2(πz).

� óöê�â­ç\=»õ�å(ð�ù5ú�âbâ�ä&ð�þ�å(ð�á�ß�ó&ç^â�ß�ð¤ñ�â­ß�ç6â�ð 9 ð²ú�æ
ð>ñ²ó�ñ²ú
ó�õ5ñ z
á�â­ß

x
:�ô�å(ó�õ�ô�ó�þ�â­ó�ê�â­õïà	çGæïä � â­ê!=

ñ²â�õ
ð>ó&ÿ þ�â � û
à	çíæ�â�ß²ä�à	õ
þ � ^ â�ð�þ�â­äµá�ú�õ5ñ´þ�âGü5ó�ð>ñ�àWþ�ó&õ
ò�ç^ó�ô	ã�ä � à�ü¯à	õ5ñ�à	ñ²÷(âDô�ä�à	ß�þ<� à�ù5ú�â�ð�ñyà
õ�å¯ü¯à!ý°ú�õ�ô�ó&ÿYî�ð6ù(ú
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Z
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[n, n + 1]
ãJà	çíæ
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â­õ5ñ²â�ß$â­õ^ú�õLþ�å�ç6ó&õ�ó
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â­ß�ß�à�õ5ñ�ð��
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ò�ç6ó&ô�àoð²ó�ç6ó&ä&à�ßJà
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T
á�â�ß�Zbù5ú�â�õ�åbð>ÿ(õíâ­ê0ñ²â­õ�ð>ó&å�õ
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T
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d ≥ −1
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3x−1

�®î�ð�â�ù5ú�ó&ü¯à	ä&â­õ5ñJà	ä0á�ß�å�æ�ä&â­çLà
3x+1

ð²å�æ�ß�â�â�ä&ð�â�õ5ñ²â­ßyð
õ�â­÷5à¯ñ�ó�ú
ð�ã�ô�å(õ
ð²ó&þ�â�ß�à	ñ�à^ä�à6ð>â�ô­ô�ó&ÿ6á�ß��­ü0ó&à��
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qx + 1

�&�@ 5ñ²â�ó�õ
â­ß�J V!�0ã
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ìP:�ü¯àDâ�ð�ñ�â­õ
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q = 7
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ô­å!ó ��å(ç^â�ß�à�õ
ô�â J è��;O 9 ìWQ0QNM0:´ü¯à	õ þ�â­ç6å(ð>ñ²ßyà	ßíù(ú
â ð>ó q

î�ðGú�õ
õ	��ç6â­ß�å^þ�â H ó&â�ý°â�ß²ó�ôyû��	ã�à�ä�â�ð>û
å�ß�â�ð�û�ó�û
à

x ∈ Z+
ù5ú�âQçLà	ó�õ�åLà	ß�ß�ó�æ�â­õÃà ìQá�â­ß�ó�ñ²â­ßyà�ô­ó�ÿA�

� ß�à�õ
þ�à�ä�ä J ���;O 9 ìWQ!V
R�:´ü¯à ô�å�õ�7�â�ô�ñ�ú�ßyà	ßíù5ú�â�à	ó�ê!Z�î�ð^ô�â­ß²ñGá�â­ß6à��'*Y�
� �'� �;1��}ð²â­õ
à�ß
q ≥ 5

�
H ó�ßyð�ôyû�ó�õ
÷ J R!VWO 9 ìWQ�Q0R�:oå�ý°â­ß�â­ó�ê ú�õ à�ß²÷(ú�ç6â­õ5ñDû�â­ú
ß�S�ð�ñ�ó&ôWú
ð²à�õ5ñDç^ó�ñ/7>à�õ�â�ð p

=�ò�þ�ó�ù5ú�â�ðDá�â�ß
à
&
ß�çLà	ß±ù5ú�âDá�â­ß´à

q ≥ 5
ã
â�ä+á�ß�å�æ
ä�â�ç6à

qx + 1
à(þ�ç6â�ñ�åLæ�îDú�õ
àLñ²ßyà
7�â�ô�ñ�Z(ß²ó�à6þ�ó�ü(â­ß�÷�â�õ(ñ

å6æ�îbú�õïõ�å(çGæ�ß�âQó�õ�&
õ�ó�ñ�þ<� Z(ß²æ
óöñ�â�ð�á�â­ß�ó4Z�þ�ó�ù5ú�â�ð�þ�ó�ý°â­ß�â­õ5ñyð'�
�!ó�÷(õ�å(ð²óiJ M0MPO 9 ìPQ0Q�M�:�ü�à^ó&õ
þ�à�÷(à	ß�â�õÃú
õ
à^÷�â­õ
â­ßyà	ä&óöñ>��à�ô­ó�ÿíß²â�ä&à(ô�ó&å�õ
à(þ�à�ã�þ�å(õ
à�þ
àGá�â­ß

Tβ(n) =

{

dβne n ≡ 1 (
ç^å�þ

2),
x/2 n ≡ 0 (

ç^å�þ
2),

á�â�ß�àDù5ú
à�ä&ð²â­ü(å�ä
β > 1

ó
r ∈ R

�?	®ä�ô�à�ð
β = 3/2

î�ðJâ�ù5ú�ó&ü�à�ä�â�õ5ñ�à
T
�?��ó�÷(õ�å(ð²ó
ô�å(õ
7�â�ô�ñ²ú�ßyà

ù5ú�â�á�â­ßLàYù5ú
à	ä�ð>â�ü�å(ä
β > 1

ã�â­ê0ó�ð>ñ²â­ó�ê ú�õ õ�å�çíæ�ß²â�ó�õ�&
õ�ó�ñLþ � Z(ß²æ�ó�ñ²â�ð^á�â�ß²ó�Z�þ�ó&ù5ú�â�ð'�i��å
á�ß�å¯ü�à^á�â­ß´à

β =
√

2
ó+â�ä&à�æ�å(ß�à^ú�õ�à�ß²÷(ú�ç6â­õ5ñ�û�â­ú
ß�S�ð�ñ�ó&ôGþ�âGù5ú �Gà(ù(ú
â�ð>ñ�àLô�å(õ
7�â�ô�ñ²ú�ßyàLð²â

ð²à	ñ²ó�ð�ý«ò^á�â­ß±à6ù5ú
à�ð²ókñ²å�ñ�à
β ∈ (1, 2)
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Tα,r(n) =

{

dαn + re n ≡ 1 (
ç6å�þ

2),
x/2 n ≡ 0 (

ç6å�þ
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á�â�ß¤à
1 < α < 2

� ^ â­ç6å5ð�ñ�ß�à
ã�á�â­ß�àGä&àGð>â�ü�àGà	á�ä&ó&ô�à�ô­ó�ÿ�ã(ù5ú�â�ä�àDô­å�õ
7�â�ô�ñ²ú
ß�àDþ�â �!ó&÷�õ�å5ð>ó�î�ð
ý«à	ä�ð²àíð>ó�ä � ó&õ5ñ²â­ß�ü¯à	ä

((r− 1)/(α− 1), r/(α− 1))
ô­å�õ5ñ²îoú�õ â�õ(ñ�â­ß�ð>â�õ
à	ß�ó

α
î�ð¤ú�õ õ��
ç^â�ß²å
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T (x) :=
mix − ri

d
,
ð>ó

x ≡ i
ç6å�þ

d,

å�õ
d ≥ 2

î�ðPú
õbâ­õ5ñ²â�ß�ã
m0, m1, . . . , md−1

ð²ÿ�õQâ­õ5ñ²â�ß�ð+þ�óöý°â�ß²â�õ5ñ�ðPþ�â �­â­ß�å
ã�ó
r0, r1, rd−1 ∈ Zð>ÿ(õ ñyà	ä�ð!ù(ú
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ç6å�þ
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ä�ó�ô­à(ô�ó&å�õ
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3x + 1
ã}ñ²ß�å�æ�â­ç â�ä&ðGß²â�ð>ú�ä�ñ�à	ñ�ð^þ�â  0ñ²å�ä�à	ßyð =

�!"�J V
L
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âÃþ�ó&ú¸ù(ú
âïð²ó
α, β > 1

ð²ÿ�õ ó�ß�ß�à(ô�ó&å�õ
à�ä&ðGó±ð²à	ñ²ó�ð�ý«à�õ
1/α + 1/β = 1

ã�à�ä�â�ð>û�å(ß²â�ð¤â­ä�ð�ô�å�õ�7�ú�õ5ñ�ð
A = {bnαc : n ∈ Z+}, B = {bnβc : n ∈ Z+}

ý°å�ß�ç6â­õGú
õ
à�á�à	ß²ñ²ó�ô�ó&ÿoþ�â
Z+

�0 0ó
α = φ := (1+

√
5)/2

ã�ñ²â�õ�ó�çBù(ú
â
β = φ2 = (3+

√
5)/2

�
 5ñ²å(ä&à�ß�ð��!"Wô�å(õ
ð>ó�þ�â�ß�àíä � à	á
ä�ó�ô­à(ô�ó&ÿ

f(m) =

{ dd m
φ2 eφ2e + 1, m ∈ A,

d m
φ2 e, m ∈ B.
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â
f
à�þ�ç^â­ñ}ú�õ�à ��õ�ó�ô­à Z�ß�æ�ó�ñ�à±á�â­ß�ó�Z0þ�ó&ô�à�ã�ô­å�õ
ô­ß²â­ñ�à�ç^â�õ5ñ {3, 7} � ^ â'&
õ�ó&õ5ñ b(n) =

bnβc ã
â­ä�ô�å(õ
7�ú�õ5ñ {b(k)(3) : k ∈ Z+} �Ãù5ú�âDñ�îGþ�â­õ�ð>ó�ñ�à	ñ �­â�ß²å �ïô­à	ßyà�ô�ñ²â�ß²ó�ñ���àíâ�ä&ð�á�ú�õ5ñ�ð
â­ü(â­õ5ñ²ú
à�ä�ç6â�õ(ñ�á�â�ß²ó�Z�þ�ó&ô�ð'�N#+å�ñ�ð$â�ä&ð¤à	ä�ñ²ß�â�ðJâ­õ5ñ²â�ß�ð®á�å5ð>ó�ñ²ó&ú
ð$ñ�â­õ�â�õ Z�ß�æ�ó�ñ²â�ðJþ�ó&ü�â­ß�÷�â�õ5ñ�ð��0DPâ�ð
þ�ó&õ
ò	ç6ó�ù(ú
â�ðQð>ó&çGæ�Z�ä&ó�ù(ú
â�ðQð>ÿ(õ�ð²ó�ç6á�ä&â�ð�øPù5ú
à	ä�ð>â�ü�å(äPñ²ßyà
7�â�ô�ñ>Z�ß�ó&àWñ²î^ú�õ ó�ñ²ó&õ�â�ß�à�ß²ó$þ�â(ã�åÃæ�î
Bl(AB)∞

å6æ�î
Bl(AB)kA∞

ã�á�â­ß�à6à�ä�÷(ú�õ
ð�â­õ5ñ�â­ßyð
k, l ≥ 0

�

� � �&z0�kx���� � �¤{®��~
��à	ß�÷�â�õ
ð>ñ²â­ß�õéó ��à¯ñ²ó�"(à(ð>â�ü0ó&ôyû J M�ì�O 9 ìWQ�Q0QN:Qû
à	õ ô­å�þ�ó[&�ô­à¯ñ^â­ä�á�ß²å(æ�ä&â­çLà 3x + 1

ô�å(ç ú
õ
á�ß�å�æ�ä&â­çLà�ä4Z(÷�ó�ôGú
ð�à	õ5ñQú�õhù5ú
à	õ5ñ²ó4&�ô�à�þ�å(ßoú�õ
ó�ü(â­ßyð²à�äµóJþ�ó�ü(â­ßyð>å5ðoù5ú
à�õ(ñ�ó[&�ô­à�þ�å�ßyð�â­ê0ó�ð>ñ²â­õ�=
ô�ó�à	ä�ð'� � å(õ
ô�ß�â�ñyà	ç6â­õ5ñ�ã�ç6å(ð>ñ²ß�â­õYù(ú
â

T (m)(2a) = b
á�â�ßbà�à�ä�÷(ú�õ
ð

m ∈ Z+
ð>óSãkó$õ�å�ç6î�ð

ð>óSã�â�ê�ó�ð�ñ�â­ó�ê�â­õ
w, p, r, s ∈ Z+

ñyà	ä�ð±ù5ú�â
a, b ≤ w

ó
(

4(w + 1)(p + r) + 1
p + r

)(

pw
s

)(

rw
t

)

×
(

2w + 1
w

)(

2s + 2t + r + b((4w + 3)(p + r) + 1)
3a + (4w + 4)(3t + 2r + s)

)

×
(

p + r
p

)(

3a + (4w + 4)(3t + 2r + s)
2s + 2t + r + b((4w + 3)(p + r) + 1)

)

≡ 1
ç6å0þ
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à�õÃâ�ð�ñ�ú
þ�ó�à¯ñ±ú�õ!à�äöñ�ß²â 
>â�ð>ñ�à�þ�S&ð>ñ²ó�ôQ÷�ä&å�æ
à�ä���ã�à6á
à	ß²ñ�þ�âbä�àý°ú�õ
ô­ó�ÿÃñ²â�ç6á
ð´ñ²å�ñ�à	ä$þ<� à¯ñ�ú�ßyà�þ�à
σ∞(n)

�  0ó
σ∞(a1) = p

ð²å	ñyà ä � à	á�ä&ó&ô�à�ô­ó�ÿ
C
ã�â­ä�ðbà	ú�ñ�å�ßyð

þ�â�&�õ�â­ó�ê�â­õïú�õ
àíý°ú�õ
ô­ó�ÿ��
A
ô�å(ç

A(a1) =
a1a2 + a2a3 + · · · + apa1

a2
1 + a2

2 + · · · + a2
p

,

å�õ
a2, a3, . . . , ap

ð>ÿ(õ�â�ä&ð�ó�ñ²â�ß�à	ñ�ð�ô�å(õ
ð²â�ô�ú�ñ²ó&ú
ð�þ<�
a1
á�â­ß�ä � à	á�ä&ó�ô­à�ô­ó�ÿ

C
�
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�µâ�ß�à6ù5ú
à	ä�ð>â�ü�å(äkð²â­õ�à	ß
m > 3

ã�ç6å(ð>ñ²ß�â­õïù(ú
â

9

13
< A(m) <

5

7
.

Þ ç6î�ð�à^ç6î�ð�ã
à�ù5ú�â�ð�ñ�â�ðK&�ñ�â�ð�ð²ÿ�õ�&
õ�â�ði7>à^ù5ú�â

lim
n→∞

A

(

4n − 1

3

)

=
9

13

ó

lim
k→∞

A

(

2k(23k−1

+ 1)

3k

)

=
5

7
.
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ãP7�ú�õ5ñ�à	çíæïú�õ!à	ä�ñ²ß�âbû�ó&ð>ñ²å(÷�ßyà	çLà^þ<� ú
õ
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