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[Thisextract consistof a paperon pages64 to 75 of Miscellaneoudracts..., which
is a slightly expandedversion of the paperpublishedn PhilosophicalTransaction®f
the Royal Societyof London49 (1755),82-93. Theoriginal paginationis shownin
squae bradkets. Thenotationis geneally the sameasin the original, exceptthat for
typographicalsimplicity a bar over an expressionis replacedby braces..., anda bar
overan expressiorjoinedto a following verticalline is replacedoy bracesfollowedby
averticalline notjoinedto them,as...—.]

(64]

An ATTEMPT to shev the Advantagearising
by Takingthe Meanof a Numberof
Obsenations,in practicalAstronomy

ALTHOUGH themethodpracticedby Astronomersin orderto diminishtheerrors
arisingfrom the imperfectionsof instrumentsandof the organof sensepy takingthe
meanof severalobsenations,is of very greatutility, andalmostuniversallyfollowed,
yetit hasnot,thatl know of, beenhithertosubjectedo ary kind of demonstration.

In this Essaysomelight is attemptedo bethrown on the subjectfrom mathemat-
ical principles:in orderto the applicationof which, it seemedecessaryo lay down
thefollowing suppositions.



1. Thatthereis nothingin the constructionpr positionof theinstrumentwhereby
the errorsare constantlymadeto tend the sameway, but that the respectie
chancedor their happeningn excess,andin deficit, are eitheraccurately or
nearly thesame.

2. Thatthereare certainassignabldimits betweerwhich all theseerrorsmay be
supposedo fall; which limits dependn the goodnes®f theinstrumentandthe
skill of theobserer.

Theseparticularsdeingpremised| shalldeliverwhatl have to offer onthesubject,
in thefollowing Proposition.

PROPOSITIONI.
Supposindghatthe several chancedor thedifferenterrors thatanysingleobserva-
tion canadmitare expressedy thetermsof theseriesr=, ... r=3, 972,071, 0, r1,

r2,r3, ... r¥ wheetheexponentsienotethe quantitiesand qualitiesof therespective
errors, andthetermsthemselvesherespectivehancedor their happeningit is pro-
posedto determinethe probability, or [65] odds,thatthe error, by takingthe meanof
a givennumber(n) of observationsexceedsotagiven quantity(%).

It is evidentfrom thelaws of chancehatif thegivenseries=?--- 4+ r=3 + 772 +
r 4+ 0 4+t + 92 4 ¢3... 4+ r?, expressingall the chancesn one obseration,
be raisedto the nth power, the termsof the seriestherebyarisingwill duly exhibit
all the proposedn) obsenations. But in orderto raisethis power, with the greatest
facility, our given seriesmay be reducedto r—? x % (by the known rule for
summingup the termsof a geometricaprogression)whereofthe nth power (making
w = 2v + 1) will ber=" x {1 — rv}|™ x (1 — r)|~"; which expanded becomes
P —nr“’_””+%."T“r2“’f””+%.”T+1."T+2r3“’_””+&c. x into1+nr+2. 24 p24

odl nt2p3 1 ondl nd? nddpd 4 gc.

Now, to find from hencethe sum of all the chanceswherebythe excessof the
positive errorsabove the negative ones,canamountto a givennumberm precisely it
will be sufficient (insteadof multiplying the former seriesby the whole of the latter)
to multiply by suchtermsof the latter only, asare necessaryo the productionof the
givenexponentm, in question.

Thusthefirst term (r—"?) of the formerseries,is to be multiplied by thatterm of
the secondwhoseexponentis nv + m, in orderthatthe power of r, in the product,
maybe r™: but this term (puttingnv + m = ¢) will be .24 242 143 (4) ¢ being
the numberof factors;and consequentlythatthe productunderconsideratiorwill be
%"THHTHHTH(‘I) X r’™,

Again, the seconderm of the former seriesbeing —nr*~"?, the exponentof the
correspondingerm of the latter must thereforebe —w + nv + m(= ¢ — w), and
the termit-[66]self, .21 242 (¢4 — w) x r4=%; which dravn into —nr*="?, gives
n ntl 142 (g — w) x nr™ for thesecondermrequired.

In thelike mannerthe third term of the productwhosewhole exponentis m, will
befound 2.2 182 (g — 2) x 2.2=L™ And the sumof all the terms,having the
samegivenexponentwill consequentiype

n n+1n+2 n+3(q) o pm
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nn+ln+2n+3

(g —w) xnr™

12 3 4

nn+ln+2n+3 nn-—1_
+T' 5 T3 4 (g —2w) 1 5 "
nn+ln+2n+3 nn—1n-2 _

&c. &c.

Fromwhich generalexpressionby expoundingm by 0, +1, —1, +2, —2 &c. suc-
cessiely, the sum of the several chancesvherebythe differenceof the positive and
negative errorscanfall within the proposedimits (+m, —m) will be found: which

divided by thetotal of all the chancespr =™ x {1 — rv}|™ x {1 — r}|~ ", will be

thetrue measuref the probability sought.Fromwhencethe advantageby takingthe

meanof seseral obsenations,might be madeto appear:but this will be shevn more
properlyin the next Propositionwhichis betteradaptedandto which thisis premised
asalLemma.

REMARK

If r betaken+1, orthechancedor thepositive,andthenegative errorshesupposed
accuratelythe same;thenour expression by expungingthe powersof r. will bethe
very samewith that shaving the chancedor throwing n + ¢ pointsprecisely with n
dice, eachdie having as mary faces(w) asthe resultof ary single obsenation can
comeoutdifferentways. Which may be madeto appearindependentf ary [67] kind
of calculationfrom thebareconsiderationthatthe chance®f throwing, preciselythe
numberm, with n dice, whereofthe facesof each,are numbered—v, ... —3, —2,
-1, =0, +1, +2, +3 ... 4w, mustbe the very sameasthe chancesy which the
positive errorscanexceedthe negative onesby thatprecisenumber:but theformerare,
evidently, thesameasthenumber{v + 1} x n + m (or n + ¢) with the samen dice,
whenthey arenumberedn the commonway, with thetermsof thenaturalprogression
1, 2, 3, 4, 5, andso on; becausdghe numberon eachfacebeing, here, increasedy
v + 1, thewholeincreaseaiponall the (n) faceswill beexpressedy {v + 1} x n; so
thattherewill be, now, the very samechancedor the number{v + 1} x n + m, as
therewasbeforefor the numberm; sincethe chancedor throwing ary facesassigned
will continuethe samehoweverthefacesarenumbered.

PROPOSITIONII.

Supposingherespectivehancedor thedifferenterrors, which anysingleobserva-
tion canadmitof, to beexpressedy thetermsof theseriesr—? 4+ 2r1 =9 + 373 V... 4+
{v+1}.r0...3rv=2 427V 4-r¥ (Wheeofthecoeficients fromthemiddleone(v+1)
deceasebothways,accoding to the termsof an arithmeticalprogression);it is pro-
posedto find the probability, or odds,that the error, by taking the meanof a given
number(t) of observationgxceedsiota givenquantity (2)

Following the methodlaid down in the precedingproposition,the sum, or value

of the serieshere proposedwill appearto be % (being the samewith

the squareof the geometricaprogressionz? x {1+r+r2+ri..+7r}). And



the power thereofwhoseexponentis ¢ (by makingn = 2¢, andw = v + 1) will
thereforeber =t x {1 —r¥} " x {1 —r}| ™" = r~ W —prevt 4 2 B=lp2u—tv _ge,
into 1 4+ nr 4+ 2.[68]2k L2 4 2 il 142,38 4 gc. Which two seriesbeingthe same
with thosein the precedingProblem(exceptingonly, thatthe exponentsn theformer
of themare expressedn termsof ¢, insteadof n), it is plain, that, if ¢ be hereput
= tv + m (insteadof nv + m) the conclusionherebroughtout will answerequally
here;andconsequentlyhatthe sumof all the chanceswherebythe excessof positive
errors,above the negative errors,canamountto the numberm, precisely will here,
also,betruly definedby

+%n;1'n;2.ni—3(q) o« pm

- %n;l'n;Q.ni—S(q_w) x nr’™

+%'n;1'n;2.n1—3(q_2w) X %nglrm

— %n;—l.n;?nig(q—i&w) X %nT—lnT—Q m
&c. &c.

But this generakexpressionasseveral of thefactorsin the numeratorsnddenominat-
orsmutuallydestry eachother maybetransformedo anothemorecommodious.

Thusthe quantity 3. a4l 242 (q), in thefirst line, by breakingthe numeratorand
denominatorwill become

n(n+1).n+2).n+3)...¢.(¢g+1).(¢g+2).(¢g+3)....(g+n—1)
1. 2 .3 . 4 ceen(n+1).(n+2).(n+3)...q

which, by equaldivision, is reducedo

{q+n—1}.{q+n—2}.{q+n—3}....q+1:p—l p—2p—3(n_1)_
1 2 3 2 2 3 ’

supposing = ¢ +n =tv+m +n.

In the very samemannerby makingqg’ = ¢ —w, andp’ = ¢' +n (= p— w) it
appearq;hat%."T“.’fT“(q —w) [69] = ple2r3(p—1) &c. Consequentlpur
wholegivenexpressionmakingp” = p — 2w, p"' — 3w, &c.) will betransformedo

p—1p—2p-3

+ R (n—1) xr™
'—1p—29p -3
+p1 'p2 R (n—1) x nr™
”—1 II_2 II_3 —-1
+p1 .p2 .p3 (n—l)x%n2 r’™
plll_lplll_2plll_3 nn_ln_2
. . -1 —. . m
T 2 3 (o UxT g
&c. &c.



whichexpressioris to be continueduntil someof thefactorsbecomenothingor negat-
ive;andwhich,with r = 1, is thevery samewith thatexhibiting thenumberof chances
for p points,preciselyonn dice,eachhaving w faces.

And, in this case,wherethe chancedor the errorsin excessandin defectare
thesamethesolutionis the mostsimpleit canbe;since from thechancesletermined,
answeringo thenumberp preciselythesumof thechancesor all theinferior numbers
to p, maybereadily obtainedbeinggiven(from the methodof incrementequalto

p—1p—2p—3 p—1p —-2p -3

+ . . (n)

(n—=1)x (n) xn

1 2 3 1 2 3
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Thedifferencebetweernwhich andhalf (w™) the sumof all the chancegwhich differ-
encel shalldenoteby D) will consequenthpethetrue numberof thechancesvhereby
theerrorsin excess(or in defect)canfall within the givenlimit (m); sothatl% will

be thetrue measuref therequiredprobability, thatthe error, by taking the meanof ¢

obsenations exceedsot thequantity 7 proposed.

[70] But now, to illustrate this by example,from whencethe utility of the method
in practicemay clearly appearit will be necessaryin thefirst place,to assignsome
numberfor v, expressinghe limits of the errorsto which ary obsenationis subject.
Thesdimits indeed(ashasbeenobsenred)dependn the goodnes®f theinstrument,
andthe skill of the obserer: but | shallheresupposethat every obsenation may be
reliedon, to five secondsandthatthe chancesfor the severalerrors—5", —4", —3",

=2, 1" 0", +1", +2", +3", +4", +5" includedwithin thelimits thusassignedare
respectiely proportionalto thetermsof the seriesl, 2, 3,4, 5, 6, 5, 4, 3, 2, 1. Which

seriesis muchbetteradaptedthanif all thetermswereto be equal;sinceit is highly

reasonablé supposethatthechancedor therespectie errorsdecreasdn proportion
astheerrorsthemselesincrease.

Theseparticulardeingpremised|et it benow requiredto find whatprobability; or
chancdor anerrorof 1, 2, 3, 4, or 5 secondwill be,when,insteadof relyingonone,
themeanof the obsenationsis taken.

Herev being= 5, andt = 6, we shallhaven (= 2t) = 12, w (= v+ 1) = 6,
andp (= tv +n + m) = 42 + m; but the value of m, if we first seekthe chances
wherebythe error exceednot onesecondwill be foundfrom the equation = +1;
whereeither sign may be used(the chanceseingthe same)but the negative oneis
commodiousfrom whencewe have m (= —t) = —6; andthereforep = 36, p' = 30,
p' = 24, &c.

Which valuesbeingsubstitutedn the generakexpressiorabove determinedit will
become?.31.33 (12) — 22,28 27(12) x 12+ 22.22.21(12) x 66 — 1.18.15(12) x
220 = 299576368: andthissubtractedrom 108839116&= 1 x 6!2) leaves78881480,
for the valueof D correspondingthereforethe requiredprobability thatthe error, by
takingthemeanof thesix obsenations gxceedsiotasinglesecondwill betruly meas-

uredby thefraction ;25881480 - andconsequentlyheodds[71] will beas7888148Go



29957636%r nearasZ% to 1. Buttheodds,or proportion whenonesingleobsenation
is taken,is only as16to 20, or as% to 1.

To determinenow, the probability thatthe resultcomeswithin two second®f the
truth, let %t bemade= —2; soshallm (= —2t) = —12; thereforep = 30, p’ = 24,
p" = 18, &c. andour generalexpressionwill herecomeout = 36079407;whence
D = 1052311761. Consequentlyigs23L78L will be the true measureof the prob-
ability sought: andthe odds, or proportionof the chanceswill thereforebe that of
10523117610 36079407 or as29to 1, nearly But the proportion,or odds,whena
singleobsenationis taken,is only as2 to 1: sothatthe chancefor anerrorexceeding
two secondsis not %th partsogreat,from the meanof six, asfrom onesingleobser

vation. And it will befoundin thesamemannerthatthechancedor anerrorexceeding
1

threesecondss not here 155 th partsogreatasit will be from oneobsenationonly.
Uponthewholeof whichit appearsthat,thetaking of the meanof anumberof obser
vationsgreatlydiminisheghechancedor all thesmallererrors,andcutsoff almostall
possibilityof any largeones:whichlastconsideratioraloneis sufficientto recommend
the useof the method not only to Astronomes, but to all Others concernedn making
experimentspr obsenationsof any kind, whichwill allow of beingrepeatedinderthe
samecircumstances.

In the precedingcalculationsthe differenterrorsto which any obsenationis sup-
posedsubject, are restrainedto whole quantities,or a certain, precise,numberof
secondsit beingimpossible from the mostexactinstrumentsto take off the quantity
of anangleto a geometricalexactness.But | shall now shov how the chancesnay
be computedwhenthe error admitsof ary value whatever, whole or broken, within
the proposedimits, or whenthe resultof eachobsenrationis supposedo be exactly
known. [72][ ‘Fig. 20’ in the mamin at this point] Let, then,the line AB represent
thewhole extentof the givenintenal, within which all the obsenationsaresupposed
to fall; andconceve the sameto be divided into an exceedinggreatnumberof very
small, equalparticles,by perpendicularserminatingin the sidesAD, BD of aniso-
celestriangle ABD formedby the baseAB: andlet the probability or chancenvhereby
theresultof ary obsenationtendsto fall within any of thesevery smallintervalsNn,
be proportionalto the correspondingireaNMmn, or to the perpendiculaNM; then,
sincethesechanceqor areasyeckoningfrom the extremesA andB. increaseaccord-
ing to the termsof the arithmeticalprogressiorl, 2, 3, 4, &c. it is evidentthatthe
caseis herethe samewith that in the latter part of Prop. II; only, asthe number
v (expressingthe particlesin AC or BC) is indefinitely great, all (finite) quantities
joinedto v, or its multiples, with the signsof additionor subtractionwill herevan-
ish, asbeingnothingin comparisorto ». By which meanshe generalexpressionD

_ _ _ ’__ ! U 1 "n__ 1 _
(25t 252 258 (n) — B2 PR () o 4 L2 R ) ot e )

i i PP o p 3!
there determinedwill here become? .£.2(n) — £-.5.2
n_oMmn

{p”—np’"+n.”T’1p”"—n."T’1.T , &c. (whereinp = tvFm,p' = p—m,p" =
p—2v,p"" = p—3v, &c.) andthereforethevalueof D in thepresentasebeing5v" —

#3(70 x {p" — n{p— v}|" + n.252 {p — 20}|", &c.} it is evidentthatthe probab-

(n)xn,&c-:mx

ility (1%) of theerror's notexceedinghequantity 2 (in takingthemeanof ¢ obser
vationspwill truly bedeformedby 1— 1550 x { £ — 1H'—nx{nx {&-1}}} "+



n n—ly {” — 2} , &c. whichmaywhichmayberepresentelly thecurvilineararea
CNFE cor[73]respond|ngo thegivenvalueor absciss&N (= %). Now, thoughthe
numbenmw, p, andm are,all of them,heresupposedbo bemdefmltelygreatyetthey may
be exterminatedandthevalueof theexpressiordeterminedfrom theirknown relation
to oneanother For if thegivenratioof % tov of CNto CA, beexpresseasthatof z to
1, or, whichis thesameijf theerrorin questiorbesupposethez partof thegreateser
ror; thenm being= tvz, p (= tvFm) will be= tvFtvz, andthereforel = tx{1Fz};
which let be denotedby y: then, by substitution our last expressionwill become
1=ty X 9" —n{y = 1}" + 2.27 {y — 2} - 1.250. %52 {y - 3}, &c.}
which serieds to be continuedill thequantltlesg/ y—1,y— 2 &c becomenegative.

As anexampleof whatis above delivered,let it be now requiredto find the prob-
ability, or oddsthat the error, by taking the meanof six obsenations,exceedsnot a
single second;supposingasin the former example)that the greatesterror, thatarny
obsenationcanadmitof, is limited to five seconds.

Heret being= 6,n (= 2t) = 12,andz = £, wehavey (= tx {1—z}) = 4,8; and
thereforethe probabilitywill beequalto 1 — 15255 x {{4,8}|'* — {12 x 3,8}|"* +
{66 x 2,8}12 — {22 x 1,8}|'2 + 495 x 0,8} |2} = 0, 7668, nearly;sothatthe odds,
thatthe errorexceedsot a singlesecondwill beas0,7768to 0,2332;whichis more
thanthreeto one.But the proportion,whenonesingleobsenationis reliedon, is only
as36to 64, oras9to 19. In thesamemanneytakingz = § it will befound,that[74]
theodds,of theerror’s not exceedingwo secondswhenthe meanof six obsenations
is taken,will beas0,985to 0,015,nearly or as65to 1; whereagheoddson onesingle
obsenation,is onIy as64to 36,oras % 17 to 1: sothatthe chancefor anerror of two
secondss not o th partsogreat from the meanof six, asfrom onesingleobsenation.
And it will fartherappea,rby makingz = 3, thatthe probability of an error of three
secondshere,is not 1755 400 th partsogreatasfrom onesingleobsenation: sothatin this,
aswell asin theformerhypothesisalmostall probabilitiesof ary largeerroris cut off.
And the casewill be foundthe same whateser the hypothesiss assumedo express
thechancedor theerrorsto which arny singleobsenationis subject.

From the samegeneralexpressiorby which the foregoing propertiesare derived,
it will be easyto determinghe odds,thatthe meanof a givennumberof obsenations
is nearerto the truth thanonesingle obsenation, taken indifferently. For, if z be put
(=1-x) =¥, ands = }, then,y being= ¢z, thequantity

1.2.§(n) x {y" gy -+ - 2}|",&c.}

(expressingthe probability that the result falls within the distancez of the greatest
limit) will here by substitutionpecome

ix z"—n{z—s}|”+nn_
1.2.3(n) ' '

Ly 28}|”,&C.}

which, in the caseof onesingleobsenration(whent = 1, andn = 2) is barelyz2, and
its fluxion 2z2: thereforejf we now multiply by 222, the product

2tn 1
{z — 2s}|"23, &c.
1.2.3(n) {z = 2s}"25, C}

X {z”“z' —nfz—s}|"2z+ n=

7



will givethefluxion of theprobabilitythattheresultof ¢ obsenationsis fartherfrom the
truth, or nearetto thelimits, thanonesingleobsenationtakenindifferently. And con-

sequentlythefluentthereofwhichis #3"(”) into % [75] -2 x { 3.{z;i}l|"+1 + {Z_nsi!;“ }+

n n—1 2s.{z—2s}|" 1! {z—2s}|" 12 . _
T-%5= X ) + ) &c. will, whenz = 1, bethetruemeasuref

the probabilityitself which in the caseabove proposedwheret = 6 andn = 12, will

be found = 0, 245, and consequentlythe oddsthat the meanof six, is nearerto the
truth thanonesingleobsenration,as755t0 245,0r as151to 49.




