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YTO TAKOE LLEMHAS APOBb
Teopus memHbIX ApoOeil — oAHA M3 APEBHEHIIINX MaTeMaTUYECKUX
Teopuii. UTOOBI TOKAa3aTh, UTO TaKOe IleMHaA AP0o0b, HAUHEM C IIPOCTOTO
npumepa. BosbMmém npobn ? HawubGobIiree 1mejioe 41cIo, He TPeBOCX O -
mee aTy 1pobs — aTo 1:
10 3 3
Tolen (7<)

«IlepeBepHEM» APOOH 3.

7
10 _ 3 1
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HawubGoabllee 1egoe 4mciao, He IPEBOCXOAsAIee APOOh % — oto 2. Ilo-
JyJaem:
10 1439+ o9+
R A A
3 3

9TO U ecThb uenHas Opodv NJisA Yucaa %, KOTOpad, MeXKJy IIPOUYNM, AaET

10
OUeHb XOPOoIITue MPUOJIUIKEHU S : 7 IOBOJILHO 0113K0 K 1, HO ecJi XOTUTE

1 1
TOYHEe, TO 9TO IpuMepHOo 1+ 5> HY & 1+ ——{ ~ 9TO TOUHOE 3HAYEHHe.
2+ 3

TakuM Ke CIIOCOO0M MOJKHO MPEACTABIATH Bce umcia. Eciau ducio
WppaAIMOHATIBHOE, TO 9TOT IIPOIiece OyAeT MPOAOIKATHECA OECKOHEUHO, HU-
KOTJ]a He OCTAHOBUTCS, a IJIA PAI[MOHANBLHBIX UKCEJ APOOL TAKOTO BUAA
KOHEeYHaA.

Llennas apo6b ans uMcna 1
Yro Takoe 1?

B poxsamax Axagemuu HaykK 3a 1935 rog s umras gBe cTaTbu OHOJIOIOB, B KOTODPBIX
ymomMuHaIoCh uncio 1. OgHa cTaThbsa HaseiBaaack «O qo6s el e TeIbHOCTH ATJIOB» , IPY-
rasi — «O dboHTaHUDYIOIIE esATeSILHOCTH KUTOB» . B mocsiegHel onuceiBaiach Takas 3ajada
M3 IPAKTUKK KUTOJOBOB. J[omycTM, BBl 3aMEeTU/IU BAajleKe (DOHTAH KUTA K XOTUTE OIIpee-
JIATH, CTOUT JIX OTIPABJIATHCA Ha OXOTY 3a 3THM KUTOM HJIN KOJIHNUECTBO Msca, KOTOPOe BBI
nobyznere, He3BHAUNTEJBHO. [[JIsi 9TOro HysKHO OBLIO BBISICHUTH 3aBUCHUMOCTh MEKAY (DOHTA-
HUDYIOIIeH feATeIbHOCTHIO U 00béMoM KuTa. IlosToMy B cTaThe Oblia IpuBefeHa hopMmysia
I 06béma Kura: V = 1rl, rae r — OmeHKA MOJOBHUHEI MIMPHHEI KUTA, | — ero AAnHBI (KAT
cunTajacia MUJINHAPUYECKUM). VI TOIBKO GBLIO TPYAHO O0BACHUTEH KIUTOJI0BAM, UTO TaKOe TI.
B craTbe 651710 TaKOe 06'bACHEHUE: ... [[e TT— KOHCTAHTAa, KOTOPAas AJis IPEHJIAHACKUX K-
TOB paBHa 3». Ho /i1 KUTOB APYruUX MOPOA, MO-BUAMMOMY, HYKHO HCIIOJB30BAThH APYTHe
3HAUeHUS.



IIpubansxeHns dyucia T 3HAJIU y»Ke IpeBHHe. Bot, Hanmpumep, OUYeHb

Xopolree IpubANKeHne, KOTOPOe CBA3LIBAIOT ¢ MMEeHeM Apxmmena, HO
22 1 o

KOTOpPOE OBLJIO MBBECTHO U JI0 HETO: TI = - = 37 . B meficTBuTEILHOCTH, 9TO

KaK pas HA4aJIo IEeMMHOH nApo0u, B KOTOPYI0 MOYKHO PA3JIOKHUTh YHCJIO T

Ira apobp GecKoHeuHa, W, Oepsa Bcé Oojiee NJIMHHBIE HadyaJbHBbIE KYCKU

9TO¥ APOOM, MOKHO OJIyUaTh BCE O0Jiee TOUHBIE TPUOJIMIKEHNA, CM. C. O.

22
BaMeTbTe, 4YTO YHUCJIHNTEJIb ﬂpO6I/I 7 — BCEro JInIIb JBY3HAYHOE YMn-

CJIO, 3BHAMEHATEJb — OJHO3HAYHOE, & TOUHOCTH IPUOINIKEHUsI, KOTOPOe
naér ara 1pobb, — Tpu AecsaTudHbIX 3HAKAa (a). [llecTs mpaBuIbHBIX geCH-
TUYHBIX 3HAKOB MOJKHO ITOJIYyUYUTh, 000PBAB 3TY IEIHYIO IPO0H AajbIie (8).
HosBoe npubisn:xenre — 9TO OTHOIIIEHUE IBYX TPEX3HAUHBIX YymceJs. BoT
IIPABUJIO, IIOMOTAIOIee 3allOMHUTEL 9Ty APOOb: HAAO 3AIMMCATH JJIHNHHOE
yucao 113355, pa3buTh ero Ha 1BA TPEXBHAUHBIX YU CJIA U PA3ETUTD 00JIb-
miee Ha MeHbItee. [Tomyunm:
1 355

T[z3+—i =m-

ITo moemy MHEHUIO, MaTeMaTUKa U (pU3MKa — YaCTU OJHOM DKCIIe-
pUMeHTaIbHON HayKu. PUBWKOH Ha3bIBaeTCA Ta UYaCTh, T'le CTOUMOCTDH
KasKJIOTO dKCIepUMeHTa — MUJLIHAPAbl JOJJIapoB, MaTeMaTUKOi — Ta,
rlie 9KCIIePUMEHTHI JeieBbl. Kpome TOro, MaTeMaTuKa eIuHa, €€ HeJIb3sd
paszenuTh Ha anredpy, reoMeTpuUio W T. . B yacTHOCTM, BHIUMCIICHU,
KOTOPBIe MBI IPOBOUJIN, BOSHUKJIM IIPU N300pETeHNH KaJeHIapA, KOTaa
IpoOBI0 OBIJIIO OTHOIIIEHNE COJTHEeUHOTO roja u nepuozaa JIyusl. Bamxaii-
mree IpubAMIKeHNE K 9TOMY OTHOIIeHno — 12 (kKak 3 A 1), Aajgee UgyT
BCSKME MOMPABKM: BUCOKOCHBIE TOJ[bl; B TPUTOPUAHCKOM cucTeMe, KOTO-
pas mompasJisieT IJNAHCKYI0, HE TOJbKO BMCOKOCHBIE TOAbBI, HO U Pa3 B
CTO JIET eIl€ O/THA TTOMPaBKa, ¥ pa3 B UeThIPeCTa JIET — eIIé OJHA...

Tak BOT, BCe 3TU MOMPABKH B COM3MEPUMOCTh OKA3aJIUCh OCOOEHHO
Ba’KHBI, KOT/Ia HAUAJIU PAa3BUBATHCA HeOeCHAS MeXaHUKA U aCTPOHOMUSI.
Hanpumep, conamepumocTs mepuogoB obparernuin FOnurepa u CarypHa
Bokpyr CouHita (oTHOIIeHKE ~ 2 : 5) IPUBOAUT K OYE€HDb CHJIBHBIM BO3MY-
MIeHUSIM, KOTOpPbIe COMBAIOT ILJIAHETHI C MX OPOMT. ITO TaK Ha3bIBaeMbIe
HepaBeHcTBa B ABm:kenuu IOmurtepa u CatypHa, KOTOpbIe UMEIOT Iepu-
ox okouio 800 ser. B pacuére TaKMX IEpPHOAOB IeIIHBIE APOOU ¥ CBSA3aH-
HbIe C HUMHU IPuOIMKeHNA UMeJI OTPOMHOe 3HaUeHe U ToTpeboBaIu ce-
PBHEBHOTO PA3BUTUA MATEMATUUYECKOTO anmnapara. 9T0 Pa3BUTHE IPUBEJIO
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PannoHansHOe IpUOINIKeHNEe
ymena =~ 3,14159265358979324
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272 = 3,142
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JOBOJILHO OBICTPO*) K MMOHUMAHUIO TOTO, UTO 3Ta apu(dMeTHuKA ABIACTC
Ha caMOM Jiejie TeOMeTpHe.

JaJjiee s mpeacTaBIIio HEKOTOPBIE CBEIEHU S 13 TEOPUH IeTTHBIX AP0o0eii
¥ TIOKAYKy, OCHOBBIBASICH HA SKCIEPUMEHTAJIbLHBIX IPUHI[UIIAX,, TEOMETPH-
YeCKUH CMBICJI 9TUX CBEJNeHUIH: CHAUAJIA B BUJe IPUMepa, a IOTOM B BUE
(GOpPMyYINPOBOK TEOPEM.

JTa reoMeTpud cTaja MOMYJIAPHON OKOJIO CTa JeT Hasajn OJyaromaps
BeJIUKOMY MaTeMaTuky 'epmany MUHKOBCKOMY, KOTODBI Ha3BaJI eé reo-
metpueit umces. IIpegniectBeHHUKN MMHKOBCKOTO MHOJIb30BAJICH 3TOM
Teopueii, He JaBas eil Ha3BaHUSA, U IIOTOMY 3a0BITHI.

FTEOMETPMYECKAS TEOPMUS LIEMHbIX APOBEA

B ocHOBe reomeTpuu umnces im0 MUHKOBCKOMY JIEKUT IIIKOJIbHAS Te-
TPagKa B KJIETOUKY — IIJIOCKOCTb, HA KOTOPOI HAPHCOBAaHA KOODANHATHAS

.. 10
ceTka. PaccmoTpuM npamMyio y = ax; BO3bMEM AJIA IpUMepa o = 7 Ecan

0 — pamuoHaJbHOE YKCJI0, TO Ha 3TOM MPAMOIl, KpoMe Hauajia KOOpAMHAT,
OymyT emié meyble TOUKU. B HalieM ciaydae mpsaMas IpoiaeT uepes TOUKY
(7,10).

OxkasbiBaeTcs, MOCTPOGHME IEITHOM APOoOUM uMcia O CBSA3aHO C HAXO-
JKIEeHWEeM IeJbIX TOUeK, KOTOPbIE JIesKaT OJIM3KO OT HAIllel MPsSIMO.

A mmMeHHO, MMeeTCA TeOMEeTPUUECKUI aJTrOPUTM, KOTOPBIN MHE 00h-
ACHUJ (KOTJa A YUNJICA Ha MTEPBOM Kypce) KPYITHeHIni poccuiickuii Mma-
rematuk Bopuc HukomaeBuu [esmone. OH BHIPA3UTEIbHO HA3BIBAJ 9TOT
AJITOPUTM «BBITATHUBAHUEM HOCOB». A.TII‘OpI/ITM II03BOJIAET CTPOUTH 6.7[1/1'
JKauime K IPAMOM IeJible TOUKY OAHY 34 APYTOM v OJHOBPEMEHHO Oy -
YaTh MEMHYIO IPOo0h.

AﬂrOpHTM «BbITArTMBaHWA HOCOB»

ITycrs €; u e, — eAWHUYHBIE BEKTOPHI. MeKy HIMU PACIOIOKeHa
Hara npamas (puc. 1). A renepsb K BeKTOPY €; OyAeM npubaBisaTh e, 0 TeX
Iop, MMOKAa He ITepecKOUYnM Uepes Hally npAMyo. IHbBIMU cIoBaMu, HYKHO
HaWTH HanGoJIbIllee HATYPAIBHOE YUCJIO 4, TAKOE UTO KOHEI| BEKTOPA €3 =
=¢, +a,e, Bcé emé HMKe Hamedl npsamoii. B rarnroM cayuae ay = 1.

Ipogomxaem. UToObI MOJYUYUTH BEKTOD €, NIPUOABUM K €; BEKTOD
23 (KOTOPBIH ysKe MOCTPOEH), YMHOXKEHHBIN Ha Koahduuuent a,. Koad-
(unuenT a, BpIOMpaeM Tak, YTOOBI He IEPECKOYNTH UYepe3 NIPAMYIO, T. €.

*) Besa aTa HayKa (BKJIIOUasd «aIroput™ EBKanga» 1 Teopuio «Iu(aropoBLIX TPOEK» BPO-
ze 32 +42 = 52) G118 M3BECTHA APEBHEEIMIETCKIM 3BE3L0UETAM 38 THICAUM JIeT 40 Iludaro-
pa, EBkiauzpa u 9BAOKCA, COOOIIUBINNX STU JPEBHUE TO3HAHN S (B TOM YN CJIe CTPOr'YIO0 TEOPUIO
MppanUOHANBHBIX YKNCEJ) JPEBHIM I'DEKaM.
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4TOGBI BEKTOD €, OCTABAJICA BBIIIE IPAMOMH, a eCIU K HeMy NpubaBuUTh e,
TO MBI IePEeCKOYNM Uepesd npamyio. Kak sunure, a; = 2.
BekTopsl mosryuatorca Bcé 6oJiee JIMHHBIE, TIO9TOMY aJTOPUTM U Ha-
3BaJIN «BBITATHBAHUEM HOCOB».
— — —
Hanee, e5 =e;+aye,. Baas a, =3, monagaem Kak pa3 Ha IPAMYIO.
Nrak,ay=1,a;=2,a,=3,

1 1 10
ao+71 =1+71 =
a;+ — 2+ 3
ay 3
Mo:xHO nOKa3aTk, YTO STOT AJITOPUTM BCerfa JAET IeJible UUCIa a,
aq, Ay, ..., KOTODPBbIE U OyAYT MOJIy4aTHCA IIPU PABJIOKEHUYN O B IEIHYIO

apo6b. Touku, KOTOpPBIE MBI MOJyYaeM, AAIOT HAM CPasy
JKe 1 9JIeMEeHThI I[eTTHOUN Jpo0u.

JlokasaTeabCTBO 3TOTO (paKTa HECJIOKHO. [J1aBHOE —
39TO TO, YTO MPAMASA C YPABHEHUEM Yy = AX B KaKOH-IubO

.. 1
CHCTeMe KOOPAMHAT 3a4aeTCA TaK¥XKe YPaBHEHHNEeM X = Zy

B CHCTEME KOODPJAUWHAT C TIePeCTaBJIeHHBIMU OCAMHY abCIuce
uopamHAT. A mpsaMasda ¢ ypaBHeHUeM y = Ax B cucreme c 6a-
Puc. 2 3UCHBIMHU BeKTopamu e (Ha ocu x) u f (Ha ocu y) 3agaéres
npuA = a+ B ypaBuenuem z = Bw B cucteme ¢ 6a3UCHBIMU
BeKkTopamu e+af (Ha ocu w) u f (Ha ocu z). llernmuast ApoOb MOJy4aeTcs Ipu
TIOCJIeJOBATeJIbHOM NpUMeHeHUu (IIO0UepENHO) 3TUX ABYX (OUEBUIHBIX)
¢daxToB.
S mokaky nOBe JIeMMBI, KOTODBIE COCTABJIAIOT OCHOBY T€OMETPUU
qmcell.

[Be nemMmbl reomMeTpum Yymcen

Jlemma 1. Paccmorpum HA MJIOCKOCTH C KOOPAWHATHOM CETKOM «IIy-
CTOM» IapaJuIeJIOrpaMM C BEPIIMHAMU B y3JIaX CETKHU, T. €. TAKOH, UTO
HU BHYTPY, HU HA €T0 TPAHUIE HEeT APYTUX Y3JI0B

CeTKU, HAaIpuMep, KakK Ha puc. 2. [Lromans aToro b ba b2
napaJiiesiorpamma paBsa 1.
Koueuno, He TaK TPYAHO TOCUMTATH MJIOINALE 1A~
paJLIeIoTpaMMa, HO A PACCKaKy, KaK oTy 3ajady pe- 22 ab
maetr pusuk. C TOUKU 3peHUsd MAaTEeMAaTUKOB 9TO He
JI0KAa3aTeJIbCTBO, OHO He MCIIOJIb3yeT aKCHUOM.
a b

B «Ucnosegu» HKau-Kaka Pycco Hanucaso, 410, KOrga OH
HavajJ YYUTHCA B INKOJIe M HAYYUJICA PACKPHIBATh CKOOKM, OH Puc. 3
BBIBEJI 3aMedaTeabHyo Gopmyny — (GopMysy KBaApaTa CyMMEL:
(a +b)%2 =a?+2ab+b2. Ho, xoTst OH caM BTO OTKDBLT U HE COMHEBAJCH, UTO PACKPHIBAI
CKOOKY IpaBUJIBLHO, IOBEPUTH B 3Ty (OPMYJIy He MOT — 0 TeX IOp, IOKa He HAIIEN APYyroe
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0Ka3aTeJbCTBO, 0e3 CKOOOK. BOT 3TO mOKasaTenbCTBO: paspeskeM KBaApaT CO CTOPOHOM
a+b ua gersipe wactu (puc. 3), OTKyJAa BUIHO, UTO ero ILIOWAAb paBHa a’ +ab+ba+b2.
ITocsie 3TOro BCe COMHEHMS IPOIafatoT.

§1 HaswIBarO TaKMe NOKa3aTe bCTBA GU3NUECKUMU, 1, HAa MO B3IJIAL, 3TO eUHCTBEHHO
HacTosAIMe, yoeAuTeNbHBIE JOKA3aTeJIhCTBA, 6Iarogapsa KOTOPEIM MaTeMaTUKa CTAHOBUTCS
nouaTHO!. Hukakoe packpbiTue CKOOOK, HUKaKasd ajnredpa yOeguTeJbHBIMU HUKOTAA He
SABJISAIOTCS, TAM BCErZa MOT'YT OBITH OIINOKY, U faKe B KOMIIBIOTEPe OBIBAIOT COOM.

Taxk BOT, 9Ty JleMMYy s cefiuac AoKaKy dhuaudecKum crocobom, «1o Pycco».

HokasartenbcTBO deMMbl 1. CaBuras HaIll HapajijieorpaMM
Ha BCEBO3MOJKHBIe KOMOMHAIINYU BEKTOPOB, HA KOTOPhIE OH HATAHYT, MbI
MOK€eM IIOKDPHITH BCIO IIJIOCKOCTh PABHBIMH ITapajjieIorpaMMaMu, M0L00-
HO TOMY, KaK €€ IIOKPHIBAJIN eJUHNYHbIE KBaJPATUKN, 00pa30BaHHBIE JIN-
HUAMU KOOPAUHATHOU ceTKU (puc. 4).

Bo3bMéEéM KYCOK IJIOCKOCTH OOJBINON ILJIOINAAN A M IOCUMTAEM,
CKOJIBKO B HEM, C OJHOM CTOPOHBI, HAIIINX HAPAJLJIEJIOTPAMMOB, C APYroii
CTOPOHBI, IEJbIX TOueK. [lycTh miomiagp mapaJjuiejorpamMMa paBHaA S,
TOTa, €CJIU ILJIOIagb A OUeHb BeJInKa,
YMCJIO TapajieJorpaMMOB IIPUOIU- o
3uTeabHO pPaBHO A/S (9TOT KYCOK
ILJIOCKOCTH He 00s3aTeJIbHO COCTOUT
U3 IeJbIX I1apajljiesiorpaMMOB, IIO- °
9TOMY PaBEHCTBO OyAeT HETOYHBIM;
BIIPOUEM, MOYKHO B3ATH KYCOK, COCTO-
AIMUHN W3 IeJbIX MapaljieIoTPaMMOB,
TOTa MOJYYUTCA TOYHOE PABEHCTBO).
ITosiTHO, YTO UYHCJIO IEJBIX TOYEK
IIPUMEPHO paBHO A.

ITocunTaem Temepp YMCIO IIEIIBIX

TOUeK B HAIlell 006JIACTH APYTUM CIIO-
cobom. Ha xaxaeIii mapajiesorpaMm Puc. 4
mpuxoauTcsi 4 TouKu (ero BepIInHbI),
HO IIPpM 3TOM MBI CUXTaeM KaXXAYyI0 BEPIIUHY 4 pasa, 1 eCjJii MbI ITOCUUTA"
€M UWCJIO BCEX BEPIINH BCEX MapajieJIorpaMMOB, TO MOJYYUTCA B 4 pasa
0oJIbIIIe, YeM YHCJIO BCEX IEeJIBIX TOUeK BooOIe. [[0aTOMY IIeIbIX TOUEK U
mapajyesiorpaMMOB OAUHAKOBOE KomuecTBo. [Tomyuaeres, uto A =A/S
npu ouyeHb Oosbiiiom A. 3uaunTt, S = 1.

3ameuaHmue. ITO paccyKAeHHue Jerko obobIiaercs Ha cay4aii, Ko-
rfay napaJjjieysorpaMMa C BePIIMHAMMY B IEJIBIX TOUYKAX €CTh eIllé K IeIbIX
TOUeK BHYTPH U [ I[esIbIX TOUeK Ha cTopoHax. [lmomans Takoro napasie-
gorpamma S = 1+ Bk +yl. HuraTento mpeajaraeTcs caMoMy HalTH K0O3h-
(uIMeHTH B ¥ Y U TeM CaAMBIM IOJYYUTH OTBET (ero MOYKHO IIPOBEPUTH
9KCIEPUMEHTAJIBHO IIPU HEOOAbIUX k u [).
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Jlemma 2 (hopmysia maomiagu mapajiaesorpamMma). PaccmoTpum ma-
paJjesiorpaMM, HATAHYTHIN Ha BEKTOPHI ¢ KoopauHaTtamu (a, b) u (¢, d)
(umcia a, b, ¢, d He 00A3aTENBHO IeIbIE), PUC. 5. Bygem cumrars, uTo
ero IJIONIaAb UMEEeT 3HAK ILIIOC, eCJIM MTOBOPOT OT IMEPBOr0 BEKTOpa KO
BTOPOMY HJET B Ty K€ CTOPOHY, UTO M MOBOPOT OT ocu Ox K ocu Oy, u
3HAK MUHYC B IPOTUBHOM cayuae. Torga

_|lab
S cd ‘
(Imcno ‘cl Z = ad — bc HABBIBAETCS OIPELEINTENIEM MATPUIBI ( ‘Cl Z )) .

HoxkasdarTeasnbcTBo. [lnomans mapajiesorpaMMa SBJIAETCS JIV-
HelHOU (hyHKIIMe#l BEeKTOpa: eCJM 3aMeHHUTDL IEPBLIA BEKTODP HA CYMMY
JIBYX OIPYTUX, TO COOTBETCTBYIOINE TIJIOIAAY caokarcs. Kpome Toro, ec-
JI1 BEKTOPHI IIEPECTABUTH, TO ILIOMIAAbh U3MEHUT 3HAK (M0 YCJIOBUIO PO
opueHTamnuio). I3 atux aByx (p)aKTOB 1 13 TOTO, UTO IJIOIIALL EUHUIHOTO

KBaJjpaTa paBHA eJUHUIIE, CPa3y BBITEKAET, UTO
Y

ab
cd ’ — eIWHCTBEHHO BO3MOXKHAA (popMyJia.

It0 eauHCTBeHHAA (DYHKI[US, KOTOpas JUHEHHA
10 IIEPBOMY apryMeHTY, JUHeHHa II0 BTOPOMY, aH-

d THUCHUMMETPHUYHA (MeHﬂeT 3HAK IIPpU MX IIepecTa-
HOBKe) 1 paBHa 1 Ha ABYX 0asMCHBIX BEKTOpAX.

a B asre6pe sTa HayKa HasbIBAETCS TEOPUEH OIpeJesTe-

a Jieii. YToOBI MOBBICUTEH AaBTOPUTET CBOEH HAYKU, a1redpancTsl

Puc. 5 CKPBIBAIOT, YTO UX OIpPEEeJINTEeNN — 9TO IPOCTO IJIOIIaLMN,

00'BEMBI ¥ T. II., IOTOMY YTO, €CJIH OIIPEJEJISATh HX KaK yXKac-

HbIe MHOT'OYJIeHbI, IOCTPOEHHEIE II0 CJIOKHBIM IPABUJIAM, BCA
HayKa 00 OmpefeInTes siX CTAHOBUTCS a6COIIOTHO HemoHATHO. Ecsiu ke HAYaTH € TOrO, 4TO
ompezesNTEeIEM HA3BIBAETCS ILIOIMIAAb M 00BEM, TO BCE TEOPEMBI, KAKIe eCThb B TEOPUK
oIpejesuTe e, COBEPIIEHHO OUeBUAHEI I MI'HOBEHHO ITOJIyYaIOT A0KAa3aTeJbCTBa, KOTOPhIe
A Ha3pIBalo pU3NUEeCKUMU, JOKa3aTeJbcTBaMu B cTuie Pycco.

Beprémcsa k Hamemy aaropurmy. BeKTODEI €] u €, onpeaensior exqu-
HUUYHBIA KBAJPATUK, ¥ TOITOMY COOTBETCTBYIOIIUM OMPENEINTEh PABEH
equuune. Bossmém BexTOp €3. OT €, K €3 BpallleHNe B OTPULATEILHYIO
CTOPOHY, BHYTPHU U HA CTOPOHAX IIApAJJIeIOrpaMMa, HATSHYTOTO HA OTH
BEKTODBI, HET IeJIBIX TOUEK, [I0O9TOMY 3TOT OIpeaeuTelb paseH —1. IIpo-
I0JIKAasA NAJbIle, Mbl BUAUM, UTO IIOCTPOCHUE HA KaXKJOM IIIare TaKoe:
MMEeTCA MAPAJIeSOrPaMM (HATAHYTHIA HA BEKTODHI €, | | €,), K OJHON
ero cTopoHe (€, ;) MbI npubaBigeM APYryl0 HECKOJIbBKO pas, 3aMeHdeM

—_—> — —
IIepBYyIO CTOPOHY HAa 3Ty CyMMYy (e, | =€, ; +a, ,€,) U MeHsaeM CTOPOHBI
MecTamMu. AGCOMIOTHAS BeJINUYNHA ILIOIAAN He MEHAETCA, MEHAETCA TOJIhb-
KO 3HaK. ITycTs (¢, P)) — KOODAMHATHI BEKTODA €5 G, U D), — LieJIbIe YHCIIA.
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IInomans S), mapasniesorpaMma, HaTSHYTOTO HA BEKTOPHL €, U €1, PABHA
dr Pk

‘ 9p+1 Pr+1

OcHOBHOE yTBep:KIeHe TeOPUH IEeIHBIX Npobeii:

Teopema. S;, = (—1)*! (k > 1).

HeificTBuTENBHO, MBI IOKA3aJIN, 9TO S, = +1 1 3HaAK KOKABIN pas me-
usercs, moaromy S, = (—1)* umu S, = (—1)¥"! ansa scex k; npustom S; = 1.
Dy -
Caencreue. [Ipobs 7 SABJIAETCS HEBEPOATHO XOPOIINM IPUOJIMIKEeHN
k
eM 11 Halrero unciaa o. @opmyia

a~ Lk , k>3,

qy

.. 1
aéT TOYHOCTD MOPAAKA —; .
q

HJokxaszareabcTBo. MsI foKaskeMm 6osiee TOUHOE HEPABEHCTBO, 13
KOTOpPOTO 310 caexyer. [Ipamasd y = ox TPOXOAUT BHYTPHU IapaJjljieorpaM-
Ma, IMOPOXKIEHHOTO BEKTOPAMHU €, U €, ;: OAUH U3 HUX
HIDKE 9TOM IpPAMOM, APYroi BHIIIE (KAKO MMEHHO — €r+1
saucur ot uérHoctH k). CiieqoBaTesbHO,

)G _ D Pr1 _ P
x b
qy Ar+1 9
" €y
IOTOMY YTO YT'OJI MEXKIY IPSIMOU 1 BeKTopOM?k He 00JIb-
IIIe yriia MeX,ly BeKTODaMu &, u ¢, (puc. 6).
Hanee,
Pri1 _ Pr| _ Prdr1 — GPral _ 1 Puc. 6
b
9p+1 9k |9k Gkr1l 9rqr+1

MOCKOJIBKY |Prqp.1 — qpPp1| = S| = 1 IIo foxkazaHHOI TeopeMe, & q;, U G ¢
TIOJIO}KUTEJbHBI. SHAYUT,

a-Prjc 1 o1
43 9k 9r+1 qn
IIOTOMY UTO ¢ > TouHOCTD IPUOJIMKEHUA O ~ Py JIydIie, uemM
w1~ Qe P N f3 v ’ ThQpe1’

1

1 3aBeJIOMO JIy4llle, 4eM —; . BOT mouemy menHbIe podu Jal0T TAKyIO 60JIb-
dx

IIYI0 TOYHOCTh NPUOIUIKEHNT.
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TEOPEMA KY3bMHHA

B dusuke memubie 4poOU BIEPBbI€ MOABUINCH B ACTPOHOMUUYECKUX
uccaemoBanuAx. OHU MCTIOMBL3YIOTCSA He TOJBKO IIPU CO3AAHUM KaJeHa-
P, HO ¥ IDM BLIYMCJIEHNY 3aTMEeHUN, ABUKEHU S IIJIAHET U APYTUX [ePUo-
JUYHOCTEel, KOTOPEIE IOABJISAIOTCA B HeOecHOII MexaHuke. IIpu onucanun
COM3MEPUMOCTH YACTOT PABJIUYHBIX MEPUOAUUECKUX NABUKEHU, HATIPU-
Mep KeIJIEPOBCKUX ABMKEHUH IJIaHeT, aCTPOHOMBI BCTPETHUJINCH C HEOO-
XOJUMOCTBIO 3HATH XOPOIINe palMoHaJbHbIEe MPUOIMIKEHNA K 9TUM, BO-
o0111e TOBOPSi, MPPAIlMOHAJIbHBIM uncjaaMm. IIpu aTom ocobeHHOe 3HAYeH e
MMeJIO0, HACKOJbKO XOPOIIIO0 MOYKHO MPUOJIU3UTH YUCJIO, BOOOIIE TOBOPSA
WPpPAMOHAJIBHOE, PAIMOHAJIBHON APOOBIO C He OYEeHb OOJIBIIIMM 3HAMe-
HaTeaeMm. Caumkom O0Jm3Koe MPUOIUIKEHNEe HA3bIBaeTCA PE30HAHCOM U
MOYKET IIPUBECTH K CUJIbHOMY BO3MYII[EHHIO OJHOMN ILJIAHETON IBUIKEHUS

OPYTO¥i.

Paccmorpum Takyio mozenb. IIycTs gBe IyiaHeTHl BpamaioTcsd BoKpyr «ConHma» mo
KOHIEHTPUYECKUM OKDPY’KHOCTAM B OLHY CTOPOHY. Ecim OoTHOIIEHHEe mepromoB mx obpa-
mieHn BOKPYyr «ConHIA» ¢ G0JIBIION TOYHOCTHIO PABHO PAIlMOHAJBHOMY YUCIY, CKakeM,

70 TO 9THU [B€ IIJIAHETHI 6y,£[yT OKAas3pIBATBCA HA MaJIECHbBKOM PaCCTOAHUMN (MHHHM&J’[LHOM

BO3MOYKHOM) JPYT OT ApYyra BOJM3U TPEX GUKCUPOBAHHEBIX ToueK (puc. 7). [Ipun maseHEKOM
PACCTOSAHUU, KAK U3BECTHO, HANOOBINAS FPABUTALN S, TAK YTO OPOUTEI 06eux miaaHet GyAyT
WCHBITHIBATE CUJIBHBIE NehOpPMAIlUHU JINIIb B TPEX HATpaBJIeHuAX. [[IaHeTs Ipu 5TOM KaK
OBl «CTAJIKUBAIOT» APYT APyra ¢ OpouT.

CoBceM ipyToe [eJio, ecJid OTHOIIIEeHUE IePUO/JOB 00palleHunii iaHeT ¢ 60JIbII0N TOUHO-

. 51
CTHIO — PAUOHAJIBHOE YNCJIO ¢ Goabmyim 3HameHaTeneM. [Iycts 0HO paBHO, CKaXKeM, 700"

Torpa «ToyeK GOJIBINOM rpaBUTAnUN» 549, U B3anMHOe BANSHUE («CTaJKNBaHUE») IIJIaHET
6oJiee «pasMasaHHOE» .

ITosToMy acTPOHOMBI OUEHBb PAHO (9THUM MHTepecoBasauch emé Hbio-
Tou u Kemnep) mocraBuiu cebe BOIPOC, KaKUe JKe MPAKTUUYECKU BeJIU-
YUHBI 9TUX, KAK TOBOPAT, HEIOJHBIX YaCTHBIX

ke =~ (ss1eMeHTOB) IIeHOM APO0H, T. €. eciu
s _ - 0-_ AN 1
/ _ ~
S NNUERN a=agt——3—>
\ \
Dol MM, art
IR A ay+.
W I -
! \\ /y *\ / /
Y W ¢ | HACKOJBKO BEJIUKY UNCIA A, &1, Ay, +.., €CJIU N~
\ ) / o
o sl .- 8 ¢io 0 — TPOCTO CiyuyaiHOe BeIeCTBeHHOE Uu-
- - ,
. L7 cio. Ecin kakoe-HUOYAB UUCIO, HATIPUMED Ay,

T O4YeHb BEJIHMKO, CKalKeM MHUJIJINOH, TO HpI/I6.TII/I'

. 1
Puc. 7 JKeHme o = a,+ o (KOTOpPOE TOJYYUTCS, €CJIU
1

obopBaTh ApPOOH Iepe] ay) OyAeT KOJI0CCAIbHO TOUHBIM. Eciu ke ag, Ha-
pUMep, BCEro TOJILKO 2, TO MIOTPENTHOCTh OyAeT JOBOJIbHO 60bImoi. I1o-
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9TOMY BOIIPOC O TOM, BO3PACTAIOT JIX 3TU KOI((MUIIUEHTHI, X C KAKOH CKO-
POCTBIO OHM BO3PACTaIOT, MMEET pPeasibHOEe aCTPOHOMHUYECKOe 3HAYEHUEe
nas cyab0sl Beenennoi, aisa cyabdbl CoTHEUHON CUCTEMBI, I/ CYAbOBI
HaTell MMBUIN3aIlN.

IIepBoe MaTeMaTHUYeCKOE NCCIENOBAHNE 3TOT'O BAXKHOTO BOIIPOCA IIPH-
HaAJeKasio, BepoATHO, acTpoHoMy X. '1iabaeHy, KOTOPBIi OyOJIUKOBAJT
ero B mokJanax [lapu:kckoii akagemunu Hayk B 1888 rogy [1]. I mymaio,
YTO 3TO OBblJIA BKCIEepUMeHTalbHasd paboTa, TOTOMY UTO aCTPOHOMBI MC-
CJIeIOBAJIM OTHOIIEHMS YACTOT PASJUYHBIX ILJIAHET, OOJBIINAX W MAJIbIX,
¥ 3HANIU KO(DUIIMEHTHI @; 9TUX OTHOIIEHUU, He OUeHb MHOI0, HO 3HA-
au. Y Tunbaes mpuBés TabJIUILI, 13 KOTOPBIX MOKHO Y3HATh, HACKOJILKO
BEJINKU YUCIA a,;.

Teopema, KoTOpas Jajia OKOHUYATEJIbHBIM OTBET HA STOT BOIPOC, Ha-
3pIBaercsa reopemoit Kysbmuua, X0Ts1, HIO-BUANUMOMY, JOKA3aHA BeJIUKAM
mBegcKuM mateMatukoMm A. Bumanowm, onmy6aukosasmum B 1900 roay B
tpynax Croxkroabmckoit KoposeBckoit akagemun Hayk memyap [2], B Ko-
TOPOM OH JMoKasbiBas 9Ty Teopemy (P. O. KysbMuH qoKasas eé TOJIbKO B
1928 rony). K coxxanenuio, uu Ky3pMuH, HI, IO-MOEMY, KTO-JIU00 IPYTOH
He mmpounTaJy pabory Bumana, moromy uTto ajuHa aToii padorsr 300 crpa-
Hui. as meHs sra paboTa [0 cuUX IOP 3arajgka, s He 3HAI0, UTO B Hel
COIEPyKUTCS, €CTh Jid B Hell hopMmyanpoBKa Teopembl KysbMuHa, €CTh Jin
JIOKas3aTeJbCTBO.

HokasaTeqbcTBO TeopeMbl KysbMmWHaA MOMKHO HAWTH B KHUMKKE
A. f. XununHa mpo menHbie Apodu [3], KoTopasa, B OCHOBHOM, W ITOCBS-
II[eHa J0Ka3aTeJbCTBY 9TOM TeOPEeMHbI.

OcHOBHOE OTKpBITHE IJIsI 3TOU TeopeMbl caesan ['aycc. XoTs oH, I0-
BUAMMOMY, HE TOJbKO HE JOKAa3bIBAJ, HO U He (DOPMYJHPOBAJ JTOI Te-
OpeMbl, OH HAIIEJ OTBET — YKAasajl BEPOATHOCTH TOI'0, UTO KAKOe-TO U3
umces a; paBeo 1, 2, 3, ... 9Tu BepoaTHocTu faér popmyna I'aycca. Ho
kak laycc Haméa sty (popmMyJy U KaKOW OH el mIpPUIaBaJl CMBICJ, TOXKE
ocTaéTcs TAWHOM.

BepoATHOCTS OIIpesiesigeTca TaK: HAJJ0 B3ATD YUCIA A, A1, «.., &, (3TO
L[eJIbIE TTOJIOMKUTEIbHBIE YKCJIA), IOCMOTPETD, CKOJIbKO CPeIU HUX , HATIPH-
Mep, eAUHUIL, PA3HEJIUTh HA N U YCTPEMUTD N K OeckoHeuHOoCTH. OKAa3bI-
BAeTCsi, 9TOT IIPeJes IPHU HOYTH BCeX O CYIIECTBYeT M PABEH OJHOMY U
TOMY Ke YKCJY. JTO YHCJIO X HA3BIBAETCA BEPOATHOCTHIO Py IOABJIEHUA
€IMHUIIBI.

Teopema KysbmMuHa yTBEp:KIAET, YTO BEPOATHOCTD HOSBJIECHUS UKC-
aa k pgaérca caenyromiein popMyJIoii:

1 1
pk_mln<1+k(k+2)> (1)
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1 . .
(m — He 3aBUCAINUN OT B HOpMUPYIOMuil KoahHUITNEeHT; OH HYYKeH I
TOTO, YTOOBI CYMMAa BCEX BEPOSITHOCTEH Oblya paBHA 1).
Ecau k£ — Goubiroe uucsio, To
_1 .1
EE+2) 2
— MaJIeHbKOE YHCJIO, 8 HATYyPAJIbHBIN JIorapuM CyMMbI eIUHUIILI M Ma-
JIEHBKOTI'O YrcJja MPubIN3uTEeIbHO PABEeH 9TOMY MaJieHbKoMy umcay. I1o-

9TOMY C POCTOM E BEpOATHOCTH p, yOBIBaeT Kak — 00paTHO IIpOo-

1
E2In2
MOPIMOHAJIBLHO KBaApary k, u Koraa k BeJIMKO, BEPOSITHOCTH MaJIeHbKas.
HawubGousbIinas BEpOATHOCTb y €AUHUILLI: ecaiu B =1, TO

1 1 1\ 1 1
k(E+2) 3’ ln<1 + §> ~3 P17 g5~ 0.48.
Kak Buaure, efMHWYEK OYEeHb MHOTrO: IOYTH IMOJOBHHA (CM. TabIUILy
Ha c. b).

3onoroe cevyeHue

CyiecTByeT MHTEepecHoe umcao (M3BEeCTHOE elé m3apeBie), y KOTo-
poro Bce K0a(h(uLeHTsI a; PaBHEI 1:

1+;1.
1+ 1

1+,

00603HAUNM 9TO YUCJIO gyepes x. Ono YAOBJIETBOPAET YPAaBHEHUIO

1+%=x, x2—x+1=0,
OTKyZa X = liTVg A Tak KaK X JOJIYKHO OBITH IOJOMKUTEJAbHBIM, X = 1 +2V5

(= 1,6).
9TO YMCJIO MMeeT COOCTBEHHOE UM, OHO HA3LIBAGTCSA 30JI0MbLM ceye-
HueM. ITO OUeHb KPACHUBOE YHCJIO, HAIIPUMED, OTKPBLITKH eJIai0T B (hopme

a) 0)
Puc. 8

MIPSAMOYTOJIbHUKA, OTHOIIIEHNE CTOPOH KOTOPOTO PABHO 3TOMY umcay. Ec-
JIX OT TAKOTO MPSIMOYTrOJbHUKA OTPEe3aTh KBAaAPaAT CO CTOPOHOI, PABHOI

14



MEHBIIIeH CTOPOHE MPSIMOYToJbHUKA (puc. 8, a), ToO OCTaBUINHCA TPAMO-
YTOJNBHUK TMOA00EH UCXOAHOMY. ITO U €CTh YCJIOBHUE TOTO, UTO OTHOIIIEHUE
CTOPOH PaBHO 30JI0TOMY ceuennio. Eciiu cHOBa oTpesars KBaJpaTUK, CHO-
BA MOJYYUTCA MIPSIMOYTOJbHUK, HONO0HBIN ncxoguomy (puc. 8, 6) u T. 1.

51 xouy ckasaTh ellé HeCKOJIbKO ¢JI0B IIpo Teopemy KyspmuHa B Takom
BUJIE, YTOOBI €€ MOYKHO OBLJIO paCCMAaTPUBAThL KaK 3a7a9y, XOTs 1 HE OYEHb
MIPOCTYIO.

Mp=1 yKe BCTPETHJINCH C Teopueil BePOsSTHOCTeH, a cefuac moaXo uM
K eIIé OMHOM BaYKHOI 00JIaCTH MAaTeMATHUKHN — TaK HA3LIBAEMOM meopuu
Junamuueckux cucmem. [[lmHaMuyeckas cucTeMa, KOTopas 34eCh BCTpe-
yaercs, — oTobpakenue uaTepsana (0,1) Ha[0,1), koTOpoe 3aJaHO TAKOH

dopmy.Jioii:
o[- {2}

rae [ﬂ — IIeJiasi 4acTh 4MCJIa %, {%} — apo0OHas JyacTh 4mcjaa % (monmy-

MaiiTe camu, ImoueMy aTa (popmyJia MUMeeT OTHOIIEeHME K Halllell 3azade).

f(x) f(x)

1
2
Puc. 9 Puc. 10

ot
o=
w

1)

A
ST
o=

ITocTpoum rpauk aToM PyHKIIMM — OH IEJIUKOM YMEII[aeTCsd B eu-

HrnuHOM KBajpare (puc. 9). Ecin x =1, To % =1lm {%} = 0. Korga x nauu-

HaeT yMeHbIIAaThCA, 1/X pacTéT u, moka eJsiad yactb 1 /x paBHa 1, xpobHas
yacTh OymeTr pactu. Korga x cramoBuTca paBHbiM 1/2, 1/x cTaHOBUTCA
PaBHBIM 2, IO3TOMY HE3aJ0JITO IIepes 9TUM ApoOHAasA yacTh 1/x OGauadka
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K eIUHUIle, TOTOMY UTO caMo umcjao 1/x 6Iu3KO K 2, a ero 1mesas 4acTb
emié pasua 1. Ha uutepBaine (1/2,1) rpadur dyHKuu f mpemacraBisier
co001i KycoueK rumnepbosisl Yy = 1/x, CIBUHYTHIA HA eqUHUILY BHU3. Tou-
HO TaK JKe MeXXy ITOJIOBUHOM M TPETHIO MOJYyUaeTcs OMATh KyCOUeK dTOo

runepboJIbl, OMYIEeHHBIN HA 2, 1 BOOOIIE, Ha KAXKIOM OTpe3Ke (ﬁ, %)

rpaduk pyHKIuM f — 9TO KyCOUeK IruiepOoJibl, CABUHYTHIA BHU3 HA k.
I Teopema. Oro6parkenue f uMeeT UHBAPUAHTHYIO MEPY.

9To 03HAUAET BOT YTO.

Pacupemenum maccy zHa maTepBase (0,1), T. e. 3agaguM IJIOTHOCTD
p(x) m Oymem cumraTh Maccoi, HaxoxdAmelica na muoxxkecrse A = (0, 1),
YUCIIO

na) = {p(x) dx
A
(MOKHO CUUTATH, UYTO A — 3TO IPOCTO OTPe30K). BodbMEM Temepsh IOJI-
HBII Ipoobpas orpeska A: Bce Touku orpeska (0,1), KoTopbie mepexomaT
B TOUKM MHOXKeCTBa A Ipu 0TOOpasKeHnu f; 5TO MHOXKECTBO 0003HAUaeTCA
f1A. B HameM caydae mMOJHBIN IpooOpas COCTOUT U3 GECKOHEYHOTO Y-
cia kycoukos (puc. 10). Torma p(f 'A) — cymma Mep (Macc) Bcex aTHX
KycoukoB. TeopemMa yTBep;KIAeT, UTO CYIIECTBYeT TaKas IJIOTHOCTh, UTO
151 TI000T0 OTpe3Ka A

H(A) = u(fA). (2)
9Ty IJIOTHOCTB (XOTS, MOXKeT OBITh, B APYroM kKauecTBe) Haméx ayce:
1 1

PO) = 157 "Tn2

1
<MH0mI/ITeJIL {55 BBAT AU TOTO, yTOOBI CyMMapHasa Macca 0blyia paBHa 1,
1

KaK MPUHATO B TEOPUHU BEPOSATHOCTEH; Mepa C MJIOTHOCTBIO p(x) = T+ %

TOKe UHBapUAaHTHA).
VYcmoBue (2) paBHOCUIBHO MeleCKONULeCKOMY YPAGHEHUIO.
EcTb Takad sHAMeHUTAdA 3a7aUa: IOCUUTATH CYMMY
1 1
2.3 3.4
Teseckonuueckoe CyMMHDOBAHWE COCTOUT B cienyoiieM. IIoCKOIBKY
L=1—1 g =11 U T. I
1.2 2’ 2.3 2 3’ ’
1 1,1 1

_ 1
S=1-5+5—g+tg—7t-

A Teneps TeseCKONMMYECKOE CYMMMPOBAHNE IPOMCXOANT AaBTOMATINUECKN:
16
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fly 141y 1
S=1.

Jra 3amava mpuaAyMaHa IPU JOKAa3aTeJbCTBe MPUBEIEHHOM paHee Teo-
peMbl, 1 €€ MOYKHO CUMTATh YKa3aHNeM, KaK JOKa3bIBaTh 3Ty TeOpeMy, a
13 Heé ysKe BeiTeKaeT Teopema KysbmuHa.

Heso B TOM, UTO HAIIA CHCTEMA ABJsieTcsA apzoduyeckoil. [Ipoussos-
Has QyHKIUH f B TeX TOUKaX, I'/le OHAa CyIleCTBYeT, II0 MOAYJI0 6obiie 1
(kpome Touku 1, B KoTOpoit oHa paBHA —1). [TosToMy mepBoHaUaIbLHO MAa-
JIBIA OTPE30K YBEJMUYMBAETCA NpU npuMeHeHnn GyHKIUA [, U, €CJAU MbI
MHOT'O Pa3 MPUMEHUM (PYHKIIUIO f, MCXOQHOE MHOYKECTBO «Pa3MaKeTcs C
ILJIOTHOCTHRIO P 110 Becemy oTpe3ky (0,1)».

A Temeps, 4TOOBI COOTBETCTBYIOIINH 3JIEMEHT I[eITHOM Apobu ObLI pa-
BEH YMCIY k, HY;KHO, YTOOHI I[eJIasd 4acTh ObLIA PaBHA k, a IJIs 9TOrO HAa-

U T. 4. BBANUMHO YHHYTOMXAIOTCA U IIOJy4dYaeTCda, UTO

10, YTOOBI MBI OBLIV MEXKAY % u ﬁ ITosTomMy Macchl (MephI) OTPE3KOB
E+1° E

3]_[6(}]) HYXHO IIDUMEHUTHh TEOPUIO ITUHAMHUYECKUX CUCTEM, HO d 3TO
MPomyCKaro (II0TOMY 4TO X0Uy paccKasaTh IO APYTryIOo TEOPUIO, TAe TOXKe
MIPUMEHSAIOTCS IenHbie aApobu). [IpuBenéunoe B Kuure XunumHa q0Ka3a-
TeJIBCTBO TeopeMbl KysbM1HA MCIIONIB3YeT 9ProANUECKYI0 TeopeMy Bupk-
roda, koTopad ObLyIa JOKa3aHa 3a HECKOJIBLKO JeT 1o KyssMuHa 1 KOTOpOiA,
KoHeuHO, Buman 3Hats He mor. A Buman 300 cTpaHuIl moTpaTui Ha 9TO
IokasareiabcTBO. UTo ke ou meaan? Moxer,
oH u Teopemy Bupkroda noxasan sa 30 ner no
Bupxroda?

( 1 1) 1 0al0T HaAM BEJIMYUHBI Dj,.

q

Jlpyrue BOIPOCHI, CBSA3AHHBLIE C Teope-
moit KysbMuHa, KOTOpbIe, KAK MHe KaKeTcH,
OUYeHb MHTEPECHBI IJIs IIKOJbHHUKOB, — 3TO
cJenyiolnyue TPU THUIIOTE3bI, MPOTpPecc B HC-
CJIeJOBAHUY KOTOPBHIX MOJKET ObITh JOCTUTHYT
MIPOCTO MYTEM KOMIIBIOTEPHOTO 3KCIEePUMEH-
Ta, BOOOIIEe 0e3 BCAKUX JOKAa3aTeJbCTB.

O 00000000 O0O0
O 00000000 O0O0
O O0OO0O0OO0O0O0OO0OO0O0
O O0OO0O0OO0O0O0OO0OO0O0
O O OO0 00O O O G
O O O0OO0OO0OO0O0O0Oo

O O O0OO0OO0OO0O0Oo

O 00O0O0O0O0

1.-

=+ 0 0000000000

Puc. 11

I. PaccmoTrpum Bce 1esnbie TOUYKH (P, q) B MOJIOKUTEIHLHON YeTBEPTH
Kpyra paguyca N, T. e. Takue, uto p2+¢2 < N2, p>0, ¢ >0 (puc. 11).

Kaxxmoe panumosHaabHOE YHCIO O = Z PasJI0oKUM B IETHYIO Apo0h (Bce 3Tu

npobu koueuwsl). [locMmoTpuM, CKOIBKO €TUHUIL, TBOEK, TPOEK U T. 1. Cpe-
IV 9JIEMEHTOB BCEX 9TUX APO0e, U OmpeesinM YaCTOThI, KOTOPbIe OyayT
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s3aBuceThb oT N. IlycTh Temieps N oueHb BeIUKO. ByayT iu oT; unciia 6imns-
KU K TayCCOBBIM BEPOATHOCTAM U3 (hopmysl (1)?

C oaHOI CTOPOHBI, 3TO BOIIPOC dKCIIEPUMEHTAJIBHBIA — OTBET Ha HETo
MOJKHO TPOBEPUTH HA KoM bioTepe. C Apyroi CTOPOHBI, 9TO U BOIIPOC TEO-
pernyecKuii — eciiu KOMIILIOTEP AACT CXO/CTBO ¢ pacmnpeaesenuem ['aycca
(1), To BOBHUKHET BHI30B: J0OKa3aTh TAKYIO TEOPEMY.

I1. Bropoii Bompoc (KOTOPHI 6IM30K K IIEPBOMY, XOTs 9TO U HE COBCEM
OUEeBM/IHO) CBSI3AH C OJJHUM « KYXOHHBIM PEIEIITOM » , KOTOPHIH BO BCEM MU-
pe IPUIUCHIBAETCA MOCKOBCKOM MATEMATUUYECKON MIKOJIe, — «PEIeNTOM
MIPUTOTOBJIEHUSA OKPOIIKY U3 KOIIKW» (B JiMTepaType s TaKsKe BCTpedall
crpanHoe HasBaHue «Arnold cat»).

Dopmyaupys 3agauy, Mbl 0y1eM UCIOJIb30BATD CIAEAYIOIIYIO TEOPEMY
(oua HaswpIBaeTcda TeopeMoii Jlarpan:ka).

Teopema. Ilenuasa npob6p nmepuoanuHa (T. €. TOCJIEAOBATEIBHOCTD €€
9JIEMEHTOB, HAUMHAA C HEKOTOPOTO MeCTa, MOBTOpPAET ceds) Torma u
TOJILKO TOTZA, KOTJA YKCJIO, IPEACTABJIEHHOE 9TOM APO0OBI0 — KBajpa-
THYECKAaA UPPAIMOHANBLHOCTD (T. €. Yncio Buga a +bc, rme a, buc —
panuoHaIbHbIE UKCJIA).

Har{pHMep, 30JI0TO€ CeUeHUue — UYNCJIO, KOTOPpOe NMeeT IIeITHYIO0 11p061> N3 OOHUX enun-
V5+1

HUI, PABHO —5—.

Bce mesounciieHHbIe TOYKY HA ILIOCKOCTH 00pasdyoT moarpymny (oT-
HOCHTEJIbHO OIlepaIiy CIoXkeHnsa) B R?, koropas obosnauaerca 72, Kax-
IbIi are6pancT TyT JKe CKaskeT, 4TO JJIA JOKA3aTeIbCTBA TEOPEeMbI HYJKHO
paceMoTpeTs dakroprpynmy R2/Z2. A 11060ii reOMeTp CKaKeT, UTO ILIOC-
KOCTDH SBJISIETCA YHMBEPCAJbHOM HaKpBIBaiolie# Topa (puc. 12), u oHEI
OyayT TOBOPUTHL 00 OAHOM U TOM ke. KoopauHaTaMu TOUKHK HA TOPe SABJIA-
FOTCS IIMPOTA U JOJITOTA, KOTOPBIE OMIPEHEIEHbI «I10 MOAYJIIO 1»: efuHUILY
MOJKHO TpubOaBUTH UJIN BBIUECTH JIF0O0e UMCJI0 Pas K JJI000# 13 KoopaAnHar,
IOJIYYMB IIPU STOM TY Ke caMylo TOUKy. [[0aTOMYy KasKI0# TOUKE Ha TOpe
COOTBETCTBYET 0ECKOHEUHOE KOJIUYECTBO TOUCK IIJIOCKOCTH.

PaccmoTpuM Temeph Takoe mpeoOpasoBaHme A IJIOCKOCTH Ha cebs,
KOTOPOE TOUKY C KoopAauHaTamu (X,Y) IIePeBOAUT B TOUKY C KOOPANHATAMHU
(2x+y, x+y). Boobie, MOKHO B3ATH JII000e mpeoOpasoBanme, KOToOpoe

IIepeBoAuT TOUKY (X, Yy) B TouKy (ax + by, cx +dy), roe a, b, ¢, d — messnre
ab

yucaa. Ho cefiuac Hy»XKHO, UTOOBLI ONpeAeINTeNb cd

MATPHUILBI 3TOTO

npeobpasoBanusa 061 paBeH 1. [Ipeo6pasoBanme
A:(x,y) — (2x+y, xty)

YIOBJETBOPSET 3TOMY YCJIOBHIO:

21—-7.:
11(—21 1-1=1.
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3aMeTuM, YTO €CJIU MbI K X UJIU y TPUOABUM I[€JI0€ YUCIO0, TO K KOOP-
nuHaTtam obpasa Touku (X, y) npubaBaATCA mesble ynciaa. Takum o6pasom,
mpeo6pasoBanue A, meHCTBYIOIee HA ILIOCKOCTH R?, mepeBOmuT B ceba
[[EJIOUNCJIIEHHYIO PEIIéTKY, 03TOMY MOKHO CUUTATH, YTO OHO AeHCTByeT
n Ha R2/7Z? (eqvHUYHOM KBazpate), T. e. HA Tope. TakuM o6pasoM, ero
MOKHO pacCMaTpuWBaTh KaK IpeoOpasoBaHme Topa. Bosee opmanvHO,
mpeoOpa3oBaHUI0 A TJIOCKOCTH COOTBETCTBYET Ipeo0pasoBaHUeE A TOpAa.

IIycrs «komka» (K) — moamuo:kecTBo Topa (puc. 13). Cuauana
«KOIIIKa» IOJBEPTaeTcs IpeodpasoBaHUIO A: npeo6pa303aHneﬁ KayKIyIo
TOUKY (X, y) IePEBOAUT B HOBYIO TOUKY, 4 3HAUUT, IIEPEBOAUT MHOKECTBO
K B HOBOE MHOXKECTBO TOUEK TOPA, KOTOpPOE 0003HAUAeTCs AK. Wso-
OpaskaTh 9TH MHOXKeCcTBa OyJeM He Ha caMOM TOpe, a Ha ero IIJIOCKOM
Kapre, puc. 14%). I[Ipumensas npe06pa303aHHe2 CHOBA U CHOBA, MOJYUYUM
mHOmecTBa A2K, A3K u t. n. IlockombKy MATpHIA A WMeeT ompere-
aurenas 1, To ¢purypa AK umeer Ha KapTe TaKyo JKe IIomanb, Kak K,
HO (hopMy COBCEM APYryl0, M HaKe MOYKEeT OKAasaThCsA PaspesaHHOil Ha
Kycouku. Eciiu MBI e11ié pa3 mpuMeHuM 2, TO KyCOUKOB CTaHeT 0OJbIIle,
HO CyMMapHad UX IJIomans He uamenuTcsa. [locie 4—5 mpeobpasoBaHuii
00pa3 «KOIIK!» HOBOJHHO PABHOMEDPHO PACIPENEJUTCS II0 BCEMY TOPY,
ero KyCOuYKH 00pasyioT «KaIlluIy», puc. 15, a—z. 9To 1 eCTh «OKPOIIIKA,
IIPUTOTOBJIEHHAS U3 KOIIKU» .

HokazaHa mareMaTudecKas TeopeMa, yTBepPyKAAMIas, dYTO 9TO
IefiCTBUTEIBLHO «OKPOIIKA» B CHEAYIONeM cMbIcjie. Eciu B3sATh KaKyio-
HUOyIh 4YacTh Topa B, TO ILIOIAAL IIepeceueHus (QUrypsl A*K ¢ B
npu k — co crpemMuTcsi K mpomsBeseHuio mwiomaneit K m B*¥), 1. e.
IOJA «KOIIKM», KOTopas uepes k 1maroB OyaeT HaXxOAMThCA BHyTpHu B,
IIPONOPIIMOHAJNbHA ILIoIIaau B.

3amaua. [lokasaTb, UTO IPU JIIOOOM & npeo6pasoBaHHe2k MMeeT Helo-

IBV)KHBIE TOUKY, a8 BCe HEIIOABUKHBIE TOUKHU BCEX ITPE0Opa3oBaHMt Ak
00pasyoT BCIOAY IJIOTHOE MHOKECTBO HA TOPE.

M3BecTHO, UTO Y KAXKA0TO IPeodpasoBaHUsA A" gomeunoe uncso He-
MOABUKHBIX TOUEK, HO 9TO UKHCJIO0 OBICTPO PACTET BMeCTe C k.

O6paTumMcsa CHOBA K IIeIHBIM Apo0sM. PaccMOTpuM IIJIOCKOCTBH, HA-
KPBIBAIOIIYIO HAIl TOP, M paccMoTpuM IpeobpaszoBanue A. OkasbiBaeTcs
(aTO JIETKO I0KAa3aTh), HA IIJIOCKOCTH CYIIECTBYIOT JBE IPAMbBIe, KarKaasd 13

*) IIOoCKOJIBKY IOJIOXKEeHUEe TOYKY Ha TOPe OIPeesisieTcsl AByMs KOOPAUHATAMY U MOYKHO
CUNTATh, YTO KaKAas U3 KOOPAMHAT IPUHALJIEKUT noayuaTepsany [0, 1), To KasK g0l TOuKe
TOpPA MOXKHO IIOCTABUTH B COOTBETCTBHE TOUKY KBagpara[0,1)x[0,1) u cuurars 3T0T KBagpaT
KapToii Topa.

#%) TLmomaAb MOBEPXHOCTH TOpa paBHa 1.
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KOTOPBIX IIPH 9TOM MPeoOpa3oBaHUM MIEPEXOIUT B ce0s: OHA IPAMAA IIPU
9TOM PACTSATUBAETCA, a APyTrasi CoOKMMAeTCs, MPUUEM K03 DUITMEHTHI pa-
CTAMKEHUS U CyKaTusA 0053aTEILHO OUHAKOBBI, TOTOMY UTO A COXpaHAET
miomans. (Hauano Koopauuar, pagymeeTcs, IePeXOAuT B ce0si: 9TO BUIHO
u3 (popmyurel.) Takoe mpeoOpasoBanme HA3BIBACTCA 2UNEPOOLULECKUM NO-
60pOMOM, 1 BOT ToueMy. BBeIEM HOBYIO CICTEMY KOODAUHAT, B3AB OJTHY U3
9TUX MPAMBIX 34 OCh U, a IPYT'yI0 — 3a ochb v. Tak BOT, mpeobpasoBanme A
COXpaHAeT ruIepOboJIbl, 3alaHHBIE B 3TOH CUCTEMe KOOPAWHAT YPABHEHU-
eM uv = const npu pasHbIX 3HAYEHUAX KOHCTAHTEHI (puc. 16), moTomy 4TO
OZHA M3 KOOPJWHAT U U U YBEJIMUUBAETCA BO CKOJBKO-TO Pas, a Apyras BO
CTOJIBKO YK€ Pa3 YMeHbIIIaeTCcs.

BosbMéM Temmepb MHOMKECTBO BCEX IIEJIBIX TOUEK, KOTOPHIE PacIoJio-
JKeHBI B KAKOM-HUOYAb M3 KOOPAWMHATHBIX YIJIOB (MOKHO JOKAa3aTh, UTO
Ha caMux npAMbIXx Ou 1 OV LeJbIX TOYeK, KpoMe Havaia KOOPAUHAT, HET)
¥ PacCMOTPUM ero BhINYKJYIO 000/109Ky. IIpu npeobpasoBarnuu A 1esbie
TOYKY MIEPEXOIAT B I[EJIbIE TOUKH, PACIOJOKEHHbIE B 9TOM KOODAUHATHOM
KBaJapaHTe, MMOITOMY HAIlla BBITYKJIasd 000J0UKAa IePeXOoauT B cebsd, cie-
JOBaTEJIbHO, €€ TPAHUIIA MHBAPMAHTHA OTHOCUTEIbHO Tpeobpas3oBanud A.
Orcroza ciaenyer, YTO TeOMeTPUUECKHe XapaK TePUCTUKH, TEJIOUNCIIEHHbIE
JJIMHBI*) CTOPOH 0ECKOHEUYHOMH JOMAHOM, KOTOPYIO MBI CTPOMJIN B HAYAJIE
9TO#1 OPOIIIOPEI, — a 3TO KaK pa3 9JeMeHThI IIeITHONM APo0u Ymeya o IJIs
COOTBETCTBYIOIIEH IPAMOM Yy = 0Xx — 3dTa MOCJEeA0BATEJIbHOCTH IEPUOIU-
yecKkas, IIOTOMY UTO omepaTop A mepeBoauT e€ B cebs. Ctporo roeopd,
Ha puc. 1 uMeroTca ABe JIOMaHble: BEPXHAA, C BEPIIMHAMU €y, U HUMK-
HAA, C BEPIIUMHAMH €y, . JIeMEHTHI IIeITHOM po0u — 3TO IeJIOUKCIeHHbIe
JJIVHBI OTPEe3KOB 00enX JIOMaHBIX (B mopanke (e1,€3), (€5,€4), (e3,€5), ...).

Ha camom gmese teopema Jlarpam:ka Tak u goKaswiBaeTcs. §1 eé mo-
Kazaa HehopMaabHO, HE CTPOTO U He IJiA Bcex o. Kpome Toro, Hy»KHO

*) I[enouucrenHOl OAUHOU OTPE3KA MEXKLY ABYMS LeJIBIMU TOYKAME HA3bIBAETCS YKCJIO
vacTeil, Ha KOTOPHIE OTOT OTPE3OK AEJUTCH IeJBIMU ToukaMmu. Hanpumep, mesouncieHHas
nuuHa BeKkTopa (13,21) paBHa 1 (110 Teopuu 30710TOT0 ceueHUA). « BepoATHOCTE » TOTO, UTO Ie-
JIOUUCJIEHHBI BeKTOD Ha IMIJIOCKOCTH NMeeT IIeJIOUNCIeHHYIO AIUHY 1 (Z0JIs TaKNX BEKTOPOB
B KpyTe CTpeMAIerocs K 6eCKOHEUHOCTH pajnyca) paBHa

6 _ ( 1 ) B L\ 1

— = 1-5)=1 n =_—.

i Vi / (Zl > @
31eck p mpoberaeT Bce IIPOCTHIE YNCIA, a { — A3eTa-QyHKINA,

I
W)= X n 1}171;—

5

Bropoe paBeHCTBO BEIIOJIHEHO BCJIECTBHE €ANHCTBEHHOCTH Pa3JI0KeHN sl HATYPAIHHOTO Y-
cjia n Ha IpoCThie MHOXKHTEenu. J[JokasaTesascTBo TOro, 4ro {(2) = g > o He IPUBOXY, ero

MOXKHO HaiiTH B Kypcax aHajusa, B Teopuu psifoB Dypbe.
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JOKAa3bIBaTh eIé M B 0OpATHYIO CTOPOHY: €CJIU ITemHas APoOh umeaa o
MepuoanUecKasi, TO d — KBaJpaTUUecKas UPPaAIuoHaIbHOCTD. [[J1s 3TOTO
HAJI0 BCE HAIIIM FeOMeTPUUYECK e TOCTPOCH U IEPEBECTH B yPABHEH U, UTO
HeTPyHO. BCE 9TO Mpoes1aHo B CIEAYIOIIEM pa3iese.

—
~\

Puc. 16

u

)

|

vl

A Teneps s chopmyaupyro 3azauy II, xkoropas, Kak u 3azaua I,
TpedyeT TOJIBKO KOMIbIOTEpa (AJIs1 HAYaIa, a MOTOM MOYKET MPUBECTH K
HeTpI/IBI/Ia_HbHOﬁ TeopeMe, eCjii KOMIIBIOTED IMOATBEPAUT, UTO I'MIIOTE3a
BepHA).

b
Paccmorpum maTpuIis (‘cl d ), Y KOTOPHIX a, b, ¢, d — 1eJble ymncia,

a ompepneauTeab paBeH 1. Boibepem M3 HUX Te, KOTOpPbIE AENCTBUTEIb-
HO 3ajaroT runepbosuuecKkuii moBopor*). Marpui, s/ieMeHThI KOTOPBIX
He CIMIIKOM BeJIUKH, T. e. a’+ b2+ c2+d? < N2, xoneunoe uucio. s
KAasyK0 TAKOM MaTPUILHI CYII[eCTBYET PACTATUBAKOIIAACA MPAMAad y = 0.,
IprU4éM O, KaK HeTPY/IHO BUAETh, KBaJPATUYHAS NPPAUOHATIbHOCTD, 110~
9TOMY ero IemHasi Apo0b IepuoaudYHa. Bo3bMEM 9TOT IEepPHOJ M IMOCUM-

TaeM, CKOJbKO B HEM eIMHUYEK, CKOJIbKO IBOEK, TPOEK M T. J., a IIOTOM
ab
cd
€eINHMWII II0 BCeM MAaTpHUIlaM, pa3feJInM Ha KOJITNYeCTBO BCeX 3JIEMEHTOB BO
Bcex mepuojax. 'mmoresa: aTo oTHOIIeHUE OyaeT 1pu N — oo CTPEMUTHCS

K BEPOSTHOCTSAM, KOTOpPbIe faioTcsa opmyJioii ['aycca.

YCPEeAHUM II0 BCEM MAaTPUILAM ( ), a MMEHHO, BO3bMEM KOJHYECTBO

*) HekoTopble M3 TAKUX MATPHUIL, 3aZal0T OOBIYHBIN IIOBOPOT; HANPHMED, MAaTpPHUIA
0 -1
10
3a1aéT OOBIYHEIN TOBOPOT Ha 90°.
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III. Emé oxgua rumorte3a. ChoemaeM TO »Ke camMoe IIPOCTO IJsA KBa-
IpaTHBIX ypaBHeHHi x2+px+qg=0 co CIy4alHBLIME IEeTBIMH K03(hbH-
OUeHTaMu p u ¢, TAKUMU, UTO YPaBHEHNE NMEeT BeIlleCTBEHHbI€ KOPHU.
A mmenHo, IJiA BCex He cauinKom Gosbmux nap (p,q) (T. e. TaKux, 4To
p?+q? < N?), Haiigém x, pasjaoKUM eTo B IEIHYIO 4pobb; aTa JpobhL Ime-
puoauuHa. Bo3bMEéM Bce aJIeMEHTHI BCeX IEMHBIX Apo0eil U TOCMOTPUM,
OyoyT S JOJIM, KOTOPbI€ COCTABJAIOT €IWHUIBI, IBOMKU U T. O., CTpe-
MHUTBLCA K TAYCCOBLIM BEPOATHOCTSAM.

I9TOT KOMIILIOTEPHBIA SKCIIEPHMEHT IIPOIe, YeM IPeAbIAYIInii, HO
TOoT O0JIee mHTepecHbIii. BiipoueM, 06e 9T1 THIOTE3bl 9KCIEePHUMEHTAJIbHO
eIlé He IPOBEePEHHI.

Feometpmsa Teopemsl JlarpaHrxa:
cnyyai obMX KBagPaTHYHbIX MPPaALMOHANBHOCTEN

Ecau mennasa apo0b uucyia 0 MePUOAUYHA, HAUMHAA C HEKOTOPOTO
MecTa, TO 0 — KBaJpaTWUYHAsA UPPAIMOHATIBHOCTh, T. €. YAOBJIETBODSET
KBaJ[paTHOMY YPaABHEHWUIO C IeJbiMu Koaduinmnenramu. [leficTBUTEIBHO,

1 1

a=ayg+ ————, PB= i
a;+ . b, +
T 1 b, +
Jrorn+|3 4 1
b, +B
IJIsl 0 — IeMHOIl Apobu ¢ aaeMeHTaMu

Ay A1y ey Qp3 b1y ey bps by ey b3 by, ey by e

s gyucna B cpa3y mojaydaeTca KBaJpaTHOe YpaBHEHUE, TOCKOJIBKY IIpa-
Basi 4YaCThb €r0 BLIPAKEHUS ABJISIETCS IPOOHO-JTMHEHHON (PyHKI[reli oT B:
B= égiD (Hanpnmep, npup=1:p=, 1‘"[5 T.e.p2+b,p—1=0 )

CrpaBeasinBo 1 o0paTHOE YTBEPIKIeHUE:

It 10007 KBaJApaTUYHON MPPAI[MOHAJIBLHOCTH O IlermHas Jpo0b 1me-

puoauYHA, HAUMHAA C HEKOTOPOI'O MEeCTa.

Beirie 3T0 y2ke JOKa3aHO TeOMeTPUUECKH AJA caydasd, KOTAa YUCJIo o
oIpejessfeT HAKJIOH IIPAMOH y = 0Xx, pacTATUBaoIIelica B A pa3 IoJ, feu-
CTBUEM JIMHEHHOr0 0TOOPAKEeHUSA IIJI0OCKOCTHU

M:(x, y) — (ax+by, cx+dy),

oToOpakamlero peméTky Z2 meibix Touek (x,y) Ha cebs: MZ2 =72.
VcioBue cOXpaHeHNA PelIéTKH IeJBIX TOUeK BBEIPAXKAaeTCs B TepMU-
Hax Koa(GuImMeHTos a, b, ¢, d cieayoimum o6pasom.
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Bo-nepBBIX, 1151 TOTO, YTOOBI I[eJIbI€ TOUKH II€PEeXOAUIIN B I[eJIbIe TOU-
ku (MZ? = 7Z?) Heo6xoquMa U JOCTATOUHA IIeJOYNCIEHHOCT K03 HUIrm-
€HTOB.

Bo-BTODBIX, 4151 TOTO, 4TOOBI 00pas3 OB BC eI PEeIIéTKOMH I[eJIbIX TO-
UeK, a He 0oJiee pasperkeHHOH MOAPeNIéTKOoil, HeoO0X0AMMO U JOCTATOUHO,
YTOOBI «OCHOBHOM IMapaslIeJoTpaMM» , HATAHYTBIN Ha 0a3MCHBIE BEKTOPBI
pemérku (e =(1,0) u f=(0,1)) mepexoaua B OCHOBHOM JKe Iapasijieso-
TpaMM, HATAHYTBHIN Ha Apyrue ABa 0asuCcHBIX BeKTopa (E =ae+cf, F=
= be+df). YroObl mapaesorpamMm, HaTSHY ThIM Ha E u F, Ob1J1 OCHOBHBIM,
HEeo0XOAMMO 1 JOCTATOUHO, YTOOBI €ro (OPHEeHTUPOBAHHASA) ILJIOIIAAb ObLIa
pasua aun6o +1, mubo —1, T. e. uTobsl ad — bc = +1.

VkakeMm Temeph sIBHO AJS KAKUX YKCEJ O IMEPUOJUUYHOCTH IEIHON
IpoOH TEeM CAMBIM Y Ke JOKA3aHAa.

IIpu BBeAEHHBIX BBIIIIE 0003HAUEHUAX MBI TTOJyYaeM JJIsd 0 U A ypaB-
HEHUs, BhIPAYKaIoIre PacTsasKeHnue B A pa3 BeKTopa e + of mpsamoii y = ax
Ha tockoctu {xe + yf} nmox peticreuem orobparkenuss M:

a+ba=), c+da=Aa.

INoxcraBinsisa sHaueHue KO3 (PUIMEHTa PACTAIKEHUA A U3 IEPBOI'O ypaBHe-
HUS BO BTOPOE, MBI ITOJIyYyaeM KBaJpaTHOe ypaBHeHUe Ayid KoddduiuenTa
HakJoHA o: (a + ba)a = c +da, T. e. ba +(a—d)a—c =0, oTKyza

o= d—a+\/(d—a)?®+4bc

2b

B cayuae, Korjma npeoOpasoBanue M coxpaHseT pemiétky, Koadhu-
I[MEeHTHI Pa3JIoKeHus: 00pasoB 0a3MCHBIX BEKTOPOB IO MCXOJHBIM 0as3uc-
HBIM BEKTOPAM yAOBJIETBOPSIOT COOTHOIIEeHUIO ad —bc = € (¢ = +1). BaTom
cayuae bc = ad — €, Tak 4TO

o= d—a++\/(d+a)®—4¢

2b

IIpumep. IIycte a=0, b=1, d=2p. Torga yciaoBue coxpaHeHUA
PEeNIéTKY IPUHUMAET BUJ C = —€&, U MBI IPUXOAUM K 3aKJIIOUCHHUIO:
Teopema. PasioskeHue B IEMMHYI0 APOOb MPPAIMOHAJIBHOTO UHCJIA

a=p+\p?—¢, (3)

YAOBJIETBOPSAIONIETO KBAJPATHOMY YPaBHEHUIO

a?—2pa+e=0,

rae € = +1, neproANYHO s JII0O0TO HATYPAJIBbHOTO UYMCIA P.
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Yro0sI mepeiiTu K 60Jiee 00I1eMy CayUaio, HAUHEM CO CJIELYIOIEero 3a-
MeuaHus. M3 anropuTMa BBHITATUBAHUA HOCOB BUIHO, UTO IemHAs APO0H
Ias1 KoadduiiueHTa a HaKJIOHA IPAMOH [ ¢ ypaBHEHUEM [ = 0X HA ILJIOC-
rkoctu R? = {xe + yf} c Koappunmenramu x, y u ¢ pemérroit I' = Z2 meso-
YNCJIEHHBIX JUHENHBIX KOMOMHAINI 0A3MCHBIX BEKTOPOB € 1 [ 3aBUCHUT
He CTOJBKO OT BbIOOpaA 6as3mca, CKOJBKO OT PACHOJOMEeHUSI P -
Mo# [ mo oTHOMEeHU K peméTrke I.

Yro6bI OIHCATD OTY 3aBUCUMOCTD, IIPEAIIONIOMKUM JJIS OIpeaeJEHHO-
ctu, uto o > 0. PaccmoTpuMm aBa yriia, Ha KOTOPbIE IpAMas [ IeJIUT 00~
SKUTEJbHBbIN KBaJAPAHT

Y,: y>ax, x>0;
Y : y<ox, x>0.

Paccmorpum Touky peméTkuB Y, (BY ). Beimykiaas 060109Ka 3TOTO MHO-
JKecTBa OTPaHWUYEHa CHUBY A1 Y, (cBepxy i Y_) 6eCKOHEYHOH JIOMaHOH
auHuen. BepmuHamMu 9T0# JIOMaHOU ABJIAIOTCSA BEKTODHI QJITOPUTMA BhI-
TATUBAHWUA HOCOB: 334 BEPININHOMN V), = p,e + q,f Ha TomaHOM ciaenyer Bep-
LINHA V), (Ha ogHOII 13 JIOMaHBIX BCce HOMepa k 4éTHBIE, a Ha JPyroi —
HeuETHBIe). JJIeMEeHTHI a; IelHOH Apo6Ku — BTO IeJI0UNCIeHHbIe AJINHbBI
OTPE3KOB JJOMAHLIX (CM. CHOCKY *) Ha c. 22).

CorylacHO aJITOPUTMY BBITATUBAHUA HOCOB, Uy 9 = Uy, + a4 1 Vg1, IPU-
4éM IJIOIIaAb apasIeiorpaMMa, HATAHYTOTO Ha Uy, U Uy, 1, €CTh Ppqp 1 —

—QpPr1 = £1.

Y/

a) 0)
(0] x (0] Pk x

Puc. 17

IIpu mepexoxe ot Gasuca {e,f} ¥ HoBoMy Oasucy {¢,f'} U K HOBBIM
Koaddunuentamu x', y Touku xe+yf = x'e' +y'f MbI 3aMmeHuM ypaBHEHNE
Yy =0x mpamoii [ Ha HOBoe ypaBHeHue Y = o’x’ Toi ke mpsamoii. 3HAKHU
¥ MOPSAAOK 0a3MCHBIX BEKTOPOB MOJKHO BBIOPATHL TAK, UTO HA Jyde X >
> 0 mpsimoii ! BermosiHeno ycaosue x' >0, a B yroe Y, rme x > 0, y > ax
BBINIOJIHSIOTCA HepaBeHcTsa X' > 0, y > o'x’, onpenensitomnue yron Y oY
(puc. 17, a).
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JlemMa. ['paHUITBI BLIDYKJIBIX 000JIOUEK MHOYKECTB TOUEK pertéTku I'
Byriax Y u Y’ coBmazamoT, HAUMHAA C HEKOTOPOI'0 MEeCTa.
HokasateabcTBO. IIpamasi, coequHAIOIIA JIexKaIe B Y coce-
HUe BePIIUHEI Uy, U Uy, o TPAHUIBI BRITYKJION 000JI0UKH, IepeceKaeT oCh Y
B TOYKE C OPAUHATOH

_ Q1 _ 4 —Pelen 1
h_qk_pkﬂ_w__

(puc. 17, 6). ITockoabky h < 1, Bce mesibie TOUKM yria Y', He MOMaBIIAe
B yron Y, JeXaT BbIIIe COEAMHAIONIEH V), C Uy, o9 npamoil. ITosTromy oHmI
He BJIMUSIOT Ha BXOXKIEHUE dTOT0 COeAUHSAIOIIEr0 OTPE3KA B IPAHUILY BbI-
MIYKJIOM 060JI0UYKY MHOKECTBA LEJBIX TOUEK yIJa, KOTopasa u 4Jisa yriaa Y’
OyzmeT comepsKaThb 3TOT OTPE30K.

Pasymeercs, rpanuiia BBITNYKJION 000JOUKKM MHOYKECTBA IEJIBLIX TO-
yeK yria Y' COAEPIKHUT ellé M NOIMOJHUTEJIbHbIE OTPE3KH, IJIs1 KOTOPBIX
x <min{p,} (zanpumep, x < 0). TOTBPKO OHU U CO3RAIOT PASHUILY TPAHMUIL
BBITTYKJIBIX 000JI0UEK: TIPU JOCTATOUHO OOJBININX X PA3HUIILI HET. JleMMa
JIOKasaHa.

I Caemcrsue. Eciin nermuas apo0s AJiA umciia o mepuoguyHa (XoTsa Obl
HAYMHASA C HEKOTOPOr'O MECTA), TO 3TO BEPHO M AJIs YmncJa o .

Sameuanue. Ynciao o/ IerKo ABHO BHIPASUTH Uepes3 O U 4epes Ko-
a(hpuIIeHTH PA3I0KEeHNA BEKTOPOB HOBOTO 0asuca {¢/, f'} uepes BeKTOPHI
craporo 6asuca. IToryuaercsa gpobHO-IMHeIHOe IpeodpasoBaHe

,=A0(—+—B
Ca+D’

KOTODOE YHUMOOYAAPHO, T. €. NJIA KOTOPOTO Iesibie KO3 (MUIMEeHTHI Y10~
BJIETBOPSAIOT YCJIOBUIO COXPAHEHUA OCHOBHOTO MapajjesorpaMMa IpH Ie-
pexoze ot ogHOro 6asuca K apyromy: AD — BC = +1.

Takum 06pas3om, BCAKUI pas, KaK JOKA3aHa IePUOJUYHOCTD (XOTsA OBbI
HAYMHAA C HEKOTOPOro MeCTa) IEeMHON APoOdM AJIsl Ymeja O, Mbl aBTOMA-
TUYECKU II0JyUyaeM IMEePUOJNUYHOCTh TaKiKe U IJIA BCeX POIACTBEHHBIX C O
unces o', MOJYYAOIAXCA U3 O YHUMOAYJIAPHBIM APOOHO-TMHEHHBIM Iie-
JIOUVCJIEHHBIM IIpeo0pasoBaHMEM,

ITokasxeM Temepsb, UTO OT YCIOBUA YHUMOAYJIAPHOCTH 3aMeHbI 0asuca
31eCh MOYKHO 130aBUTHCS.

Teopema. IlycTs npAMasa y = 0xX pacTATUBAETCA COXPAHAIOIIUM pe-

métry I' = Z2 nuneitHsIM mpeo6pasoBanuem M miockoctu. Torga pas-
JIOXKEeHHeE B IEeIIHYIO JP00h JI000ro umcia

,_ Aa+B

o= Ca+D’
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TMOJIYYEHHOTO U3 O IEeJOUYNCIeHHBIM HeBLIPOKAeHHBIM (AD # BC) npo06-
HO-JIMHENHBIM IIPeo0pasoBaHUeM, IEPUOSUIHO, HAUNHAA C HEKOTOPOTO
mecTa.

OHokasareabcTBO. Ynciao o ABaseTca KOdQHUIMEHTOM ypagB-
Henud Yy = o’x’ mpsaMoit y = ax, 3aTMCAHHOTO B KOOPAMHATAX, IOPOMKIEH-
HBIX IIapO# IeJIOYMCIeHHBIX BeKTOpoB ¢ = Ce— Df, ' = —Ae+ Bf mnoc-
rKoctu {xe+ yf}. Ecau GbI IIOIAAb MOPOKAEHHOTO STUMHU HOBBIMU BEK-
TOpaAMH IapajjieorpaMMa paBHa +1, To BeKTOpPH €/, ' cocraBiasam ObI
b6asuc pemiétku ' 1 Bcé ObLIO OBI y2Ke AOKAasaHO BhIIle. B obriem ciy-
yae |AD — BC|= N > 1 Bekrtopsl € u f moposkgator He I', a numb Gosee
paspeskeHHYI0 (B N pa3) peméTKy, u Hallle J0Ka3aTeJbCTBO HAMIO CJIETKA
YCOBEPIIEHCTBOBATD.

O6osunaunm uepes I', pemérky, nmopokaéuuyio Bekropamu € u f.
Pemérka I'y = MT, noposxznena Bekropamu Me' u Mf', obpasyommumu
OCHOBHOW JIJIs1 Heé mapaJijiejlorpaMM TaKoO#W Ke mJuaomniagu N, Kak
¥ IapaJliIeJIoTpaMM, IMOPOKAEHHBIN BeKTopamu ¢’ u [/, Tak Kak mpeodpa-
3oBaHme M coxpaHsder mioinanau. TOUHO Tak JKe U KayKIas 13 PeIleéTOK
I', = M°T, nopoxxaeHa mapoi BEKTOPOB, 00pas3yOIIUX IapajieIorpaMM
maomtasu N.

Jlemma. Yucio moapeméTox B Z2, MOPOKIEHHBIX TAPAME BEKTOPOB,
00pasyoInuX NapajieJorpaMMel omasu N, KOHeuHO (OrpaHUYeHo 3a-
BUCAIIEH JUMBb OT N MTOCTOSAHHOM).

HJokasaTteanbcTBO. Takasa moaApeIiéTKka COOep:KUT Touky P, yaa-

aéunymo ot O He manblle, yueM Ha VN, nHaUe ILIOIAAL IIAPAJJIEIOrPAM-

Ma (co cTopoHaMu ¥ AuaroHajaAMu AjguHHee VN) ObLaa ObI 00JbIIE, YeM

NV3>N.

Yro06b! mIIOIAAb MapaJljiesiorpaMMa, HaTAHYTOTO HA BeKTOphl OP u
OQ, ObL1a Ol paBHa N, npamvas QQ', mapamiensHas OP, nojxkHa ObITh
ynaneHa ot mpsamoit OP nHa paccrosuame N/|OP|< N. Touku @ Haie#
MOJPEMIETKH, JIeKAII[e HA DTOM IPAMOIi, 00pa3yoT MPOTPECCHIO C IIIaroM
nauusl |OP| < VN. I109TOMY YHCII0 PASHBIX MOAPEIISTOK, IOIYUIAIOIIIX CS

IIPU PA3HBIX BHIGOPAX TOUKH Q, He IpeBocxoauT VN. YMHOKAA 9TO YNCIIO
BBIGOPOB HA UHCJIO IEJIBIX TOUEK HA paccTogHuM He 6oubire VN ot O (310
ymesio He npesocxoaut CN), MbI IIOJIy4aeM OIeHKY CBEPXY: UCKOMOe UM~
cJI0 TIoZpeméTok He mpeBocxozuT CN3/2 (roguTcsa, HanpuMep, 3HAUECHHE
C=4).

Teneps 3aMeTUM, UTO HAIIIA IPAMAA I = 0X PACTATUBAECTCS HE TOJIBKO
npeobpasoBanueM M, HO u 1100011 ero cremenbo M.

IIpeobpasoBanme M nepecraBisieT HAIIY PeMIETKHU I, ¢ OCHOBHBIM ITa-
pannenorpammom rrorniaau N. IIocKoIbKYy nX KOHEUHOE YMCJI0, HaW Iy TCs
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nensleuncnat > s, rakueuro M'Ty = M°T. CnegoBarensuo, M T, =T,
TaK UTO PEIIETKA, IOPOXKAEHHAA BeKTopaMu € u f’, orobpaxkaerca Ha cebs
npeoOpasosaruem M!™°, pacTArMBAIOIIUM IPAMYIO J = 00X, T. €. IPAMYIO

y/ =o'x.
CraJio ObITh, IIenHad APOo0h JJIA 4rcia 0’ IepuogudHa, HaUnHAas C He-
KOTOPOI'0 MeCTa, IMOCKOJbKY 0 — K0o(h(PUIMeHT HaKJIOHA IPAMOI, pac-

TATUBAaEeMOIl coxpaHAIUM peméTky I, TuHeHiHBIM IpeoOpas3oBaHUEM
IJIOCKOCTH, BBIUMCJISIEMBIH 10 OTHOIIIEHUIO K 6asucy {¢’,f'} 9Toi pemérru.

W3 noraszanHoii TEOPEMBI BUHO, UTO [JIiA [JOKA3ATEIbCTBA IEPUOUY-
HoCcTH (HaUMHASA C HEKOTOPOTO MEeCTA) IEIMHOM Apobu JIro00i KBaapaTud-
HOM MPPAIMOHAIBLHOCTH 0’ OCTATOYHO IPEACTABUTE O’ B BUE JPOGHO-JIH-
HEHHOTO I[eJIOYNCIeHHOr0 06pasa

,_Aa+B

= CatD’ AD # BC

KBaJApPATUYHON UPPAIMOHATIBHOCTH

—a+\(d+a)?—
a=d a++\/(d+a) 48, e—+1

2b

CIIerrnaJIbHOI'o Buja, OJisd ROTOpOfI BCE YiKe JOKa3aHO. Ho Bcakas KBagpa-

+i

u
TUYHAA UPPAIMOHATBHOCTD JIETKO IIPeodpasyeTcs K BULY — — ClexbMu

u, U, n, TIOITOMY JOCTATOUYHO IJIA KaXKJIOTO I[eJIOT0 YWCJA 7, He ABJAIO-
IIerocs MOJHBIM KBaJPaTOM, HAUTU TAKOTO IPEACTABUTEJS UMCEJ STOTO
KJIacca ¢ JaHHBIM 7, KOTOPBIH OBILI ObI KO3(OUIIMEHTOM HAKJIOHA IIPS-
MOM, PACTATHUBAEMOI COXPAHSIOIINM PEIIETKY IeJbIX TOUEeK IIpeobpaso-
BaHUEM.

Ipumep 1. Iyers n=2. Yucao o =2+ 1 yxoBiersopser ypas-

HEHUIO % =V2-1, r.e. a=2+%, OTKyZa

a=2+ 1o, Va-1+ o
24 1 24 1
2+, 2+,

TeM caMbIM, IEPUOJUYHOCTD I[EIIHOM APO0HU YCTHOBJIEHA IJIA BCeX KBaApa-
AV2+B

CV2+D’

IIpumep 2. IIycrs n=3. lIpu p=2, e=1 dopmyaa (3) naér a =

TUYHBIX NPPAIIMOHAIBHOCTEHN BHUAA

= 2+/3. 910 noKAa3BIBAET IIePUOAMYHOCTE LEMHLIX APobel na Beex o =
_AV3+B
CV3+D’
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IIpumep 3. IIyctb n=>5.Ilpup =2, e=—1 dpopmyna (3) rocrasis-

et o = 2+V5. 90 HOKA3BIBAET IePUOJUYHOCTD LEIHBIX APO0e A1 Bcex

a’=A\/5+B.
c\5+D
IIpumep 4. Iyers n=6. Ilpu p=5, e =1 maxogum a =5+ 2V6.
AV6+B
ITonyuyaeM mepHOAUYHOCTD AJIA o = ————,
y proa . CV6+D
IMpumep 5. Hpun="17, p=38, ¢=1 nonyuaem a = 8+ 3V7 u nepu-
AT+B
ONMYHOCTL AJIA o = " ———,
A A C\N7+D
Ipumep 6. IIpun=38, p=3, ¢ =1 noayuaem a = 3 + V8 u mepuo-
_AV8+B

JUYHOCTh AJd o (4TO MOIKHO OBIJIO OBI TOJNYUYUTHh U UCXOA U3

CV8+D

yoKe M3y4YeHHOro ciaydas n = 2).

IIpumep 7. IIpun=10, p=3, e=—1 nonryuaem a = 3+ V10 u me-
AV10+B
CV10+D’
IMpumep 8. Ipun=11, p=10, e =1 moxyuaem o =10+ 3V11l n
AV11+B
CVi1+D’

CoBepIIIeHHO TAKUM Ke 00pa3oM s IIPeoA0JIeHNA NP PAIUOHAIIBHO-
cTeii ¢ \n mocTaTouHo HalTH HeTpuBHanbHoe (¢ # 0) mesoe pemenue (p, q)
OHOTO U3 ABYX YPaBHEHUM

Vpi—e=qVn, e=+1,

T. €. OJHOTO M3 JIBYX YPaBHEHWI, IepPBOe M3 KOTOPBIX HECIIPABEJJINBO
HasbIBaeTcA ypaBHeHueM Ilenns,

PUOAUYHOCTD JJidA o' =

IIePUOSUYHOCTD AJs o' =

p?-ng®?=1, p?-ng®>=-1.

Teopema. s a10060T0 1[J0TO YKMCIA 7, HE SABJISIONIETOCS TOJHBIM
KBaJpaTOM I[€JIOTO YWCja, ypaBHeHue llesyid mMeeT HETPUBUAIBHOE
(g # 0) mesrounciieHHOE perenne®),

ITeproanuyHOCTS (HAUMHAS C HEKOTOPOT'O MECTA) MEeIHBIX APo0eii Bcex
Avn+B cuensiMmu A, B,C, D (npuAD # BC)
C\n+D
ciieyer OTCiofa, KaK 3TO JOKa3aHO BHIIIE,

HUPppanmoOHaJbHBIX YN CEJI BUgAa

*) JloKasaTeJIbCTBO 3TOM TeOpeMbI IPUBENeHO, Halpumep, B 6pomuriope [11].
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BoT HeckoabKO pelreHnii mpocTenninx ypasHenun [lemns:

32— 2 . 22=1, 12— 2.12=-1;
22 3 . 12=1;
92_ 5 . 42=1, 22 5.12=-1;
52— 6 . 22=1;
82— 7 . 32=1;
32— 8 . 12=1;
192-10 - 62=1, 32-10-12=-1;

102-11 - 32=1;
7?-12 . 22=1;
6492 13- 1802—1, 182 -13-52=-1;
152-14 - 42=1.

MHOTOMEPHbBIE LIEMHbIE APOBH

TeomeTpus ynces MO3BOJISIET IEPEHECTH MHOTHE ITOCTPOCHUS TEOPUU
IeTHBIX Apobeil Ha « MHOTOMEPHBIE IleTHbIe JPO0M » , KOT1a MJIOCKOCTh 3a-
MeHseTCs n-MepHBIM (HaIIpuMep, TPEXMEPHBIM) IpocTpaHcTBoM R”, cHab-
JKEHHBIM PEIIETKOM Z" 1eJbIX TOUEeK, a IpAMad 3aMeHAeTCA CUMILIUIN-
aJbHBIM KOHYCOM C BEPIIIUHON B Hayaje KOOPAMHAT (B TPEXMEPHOM IIPO-
CTPAHCTBE 3TO TPEXTPAHHBIN yTOJI).

ITenbie TOuKM, pacmoJiOlKeHHbIE CTPOrO BHYTPM KOHYycCa, 00pasyioT
IIOJIYI'PYIINTY, & UX BBIMYKJAA 000JI0UKA OTPAaHMYEHA MHOTOTPDAHHOU IIO-
BEPXHOCTHIO (¢ 60ECKOHEUHBIM, KaK IIPAaBUJIO, YUCJIOM I'paHel). ['eomeTpust
9TO¥Yl MHOTOTPAHHOM IIOBEPXHOCTH (HA3BIBAEMOH napycom UCXOJHOTO KO-
HyCa) ¥ SBJISETCA MHOTOMEPHBIM O0O0II[eHMEeM TeOPUH IeNHBIX Apobeii
(B KOTOPO# POJIb Mapyca MUrpaeTr JOMaHas aJIrOPUTMA BBITATUBAHUSA HO-
coB, puc. 1).

Teopusi MHOTOMEPHBIX I[EIHBIX NPO0Ei TOBOJIBHO MOJIOJA, U A IPU-
Bey JIUIIIb OYeHb HEMHOTHE Pe3yIbTATHI.

0O606ueHmne TeopeMbl Jlarpanika

PaccmoTpum mesiouncieHHOe coXpaHsAmIiee 00 bEMbI JUHEIHOE TIpe-
obpasoBaHme mpocTpancTBa R”, umeminee 7 MHBAPUAHTHBIX TUIIEPILJIOC-
KoCTeil (pocTeiimuit mpuMep — oTob6paskeHHUe B R3, KoTopoe 3amaércsa

MaTpuIen
321
(2 2 1>: (4)
111

Touka (x,y,z) mepexomgur B (3x+2y+z, 2x+2y+z, x+y+=z)). Bymem
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a) TpéxrpaHHBIH yroJ, o0pasoBaHHBIHM IJIOCKOCTSIMU, MHBADUAHTHBIMU OTHOCH-
TeJbHO IMpeobpasoBaHus (4).

0) @parmMeHT napyca TpEXrpaHHOIO yIJjia PUC. @ B OKPECTHOCTH HadaJia KOOPAMHAT.
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8) Bospimii hparmesT mapyca
puc. 0.

2) Ilpoexmuu BepIIWH Iapyca
PHC. 8 Ha IJIOCKOCTH 2y BLOJIB OCH X.
Psigom ¢ ka0l mpoeKueii ormeye-
Ha X-KOOPAUHATA COOTBETCTBYIOIEH
Bepmnabl. (PucyHok 3ammcrBoBan
u3 crareu [10].)

Puc. 18

1 o
+ o
18, 0 o 14
1 o5
+ 03
1 02
2l % 5
O20_1% 1%
6O o2 .
2
03
50 50
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CUUTATh, UTO TPEXTPAHHBIE (n-TPaHHBIE) YIJIbI, HAa KOTOPHIE STHU ILJIOC-
KOCTH MeJsT TPOCTPAHCTBO, IEPEeXONAT KaKAblii B ceba (puc. 18).
W3 Teopemsr [upuxje 0 emgmHUIlaX B ajredOpamdyecKOd TEOPWUU UM-
ceJl ciielyeTr, UTO Mapyc KaKIOoro TaKOoro Nn-TPAHHOro yrja obJamaer
TPYNIOA CUMMETPHUH, MOPOKAEHHON 1 — 1 KOMMYTUDPYIOIIUMHU TTpeodpa-
30BaHUAMU, COXPAHAIOINMYN U PEUIETKY IeJbIX TOUEK, M HAIll n-TPaH-
HBIH yTOJI.

W3 aTOT0 BUAHO, YTO MApPyC B TPEXMEPHOM IIPOCTPAHCTBE JBOAKO IIe-
puonuyeH (1I0g00HO KapTe TOpa): Kaykaas rpaHb IIOBTOPAETCS 0€CKOHeY-
HO€ YMCJIO Pas, MOoJ00HO0 0ECKOHEUHOMY YMCJIY M300pasKeHui KOIIKU Ha
kapre Topa (puc. 19). IIpocreiirnine mpuMephl TAKUX IAPYCOB OMHCAHBI
B pabote [10].

Taxum o6pazoM, ABYyMepHBIE IeIIHbIe APO0H, COOTBETCTBYIOINE KY-
OMUYEeCKMM HMPPAI[MOHAJIBHOCTAM, ABOSKO TMEPUOJWUYHBI, XOTS OOBIUHBIE
IemHbIe OPo0u MOLO0HBIX umces (COOTBETCTBYIOIME OJIYKIAIOIIUM IIO
9TO¥ JBOAKO NEPUOANYECKOM MOBEPXHOCTH ITYTSIM) KaKyTCsA Xa0TUUYECKU-
MU ¥ TePUOSUIHOCTHY HE MTPOSABIAIOT.

O06paTHO, W3 TOMOJIOTHYECKON MEePUOAUUYHOCTH KOMOMHATOPHOTO
CTPOEHUS Tapyca CJIeAyeT IMPOUCXOXKJIeHUe KOHyca M3 JUHEHHOTO Ipe-
00pa3oBaHusA U CBS3h IIapyca C ajaredpanuyecKnuM «COOCTBEHHBIM YHCJIOM» ,
CTeIlleHb KOTOPOrO paBHA Pa3MEPHOCTH IPOCTPAHCTBA. ITH 0000INeHUS
Teopuu JlarpaH:ka (COOTBETCTBYIOIIEH CIyUalo 7 =2 1 O0BIYHON Nepuo-
JUYHOCTH) OTIMCAHBI B cTaThax [4] u [5].

[Mymuamu goKasaJ TOMOJIOTUYECKYIO MEePUOAUUYHOCTh ajrebpanue-
ckoro mapyca. Ero qokasaresnbcTBO OCHOBAaHO HA Teopeme [lupuxJe o egu-
HUIlaX 13 ajaredpanuecKoil Teopuu uuces. Ero Teopus pacnpocTpaHsier-
Ccs W Ha CIyYal «KOMILJIEKCHBIX COOCTBEHHBIX UMCEJ», KOTJ[a HEKOTOPHIEe
W3 WHBAPMAHTHBIX TUIIEPILIOCKOCTEHN JUHEHHOTO Mpeodpas3oBaHusa KOM-
TJIEKCHBI.

Kopkuua nokassiBaer ajredpandecKkoe IPOUCXOKIEHNE TOTIOJIOTrnYe-
CKM mepuoanuecKoro napyca. B ciyuae oObIUHBIX IIETHBIX Ap0o0eit 310 —
OoJjiee JIETKAs 4acTh TEOPeMbI JlarpaHiKa, HO AJi MHOTOMEPHBIX Apobeit
cooTHOIITeHUe oObpaTHoe (1 moApoOHOe TOKA3aTeIbCTBO TeopeMbl Kopku-
HOIi e111é He Omy0JIMKOBAHO).

B MHOrOMEpPHOM ciiyuae, BIIPOUEM, OCTAJICSA OTKPBITHLIM y3Ke BOIIPOC
0 TOM, KaKUM TPHAHTYJIAIUAM TOPA U KAaKUM HaboOpaM «II€JBIX TOYEK»
HA I'PaHAX 9TUX TPUAHTYJAINN COOTBETCTBYIOT pa30MeHUs IapyCOB aJji-
rebpanuyecKuxX MPPAIMOHAJILHOCTEH Ha BBINYKJbIE T'PAHU. ITOT BOIPOC
OTKDPBIT yiKe IJIA JBYMEPHBIX TOPOB M KYOMUECKUX UPPAIMOHATBHOCTE.
(IInsa omHOMEPHBIX ApoOel BOIpoca HET: MePUOJOM MOXKET OBITH Jitobast
MOCJIEJOBATEIBHOCTD I[EJIBIX YNCEI.)
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O606u1eHHMe CTaTUCTUKM INI@MEHTOB LLeNHOM JPo6u

IIpugsa K MHOTOMEPHBIM IIEeMHBIM APO0AM TPHU MOMBITKE KJaccudu-
IIUPOBATh T'PAAYUPOBAHHBIE KOMMYTATHUBHBIE ACCOI[MATUBHBIE AJTreOpHI
(cm. [6] u [7]), 1 B 1989 romy chopmympoOBas BOIPOCHL O CTATUCTUKAX
TaKUX XapaKTePUCTUK Iapyca CIyJaiHOTo n-TPAHHOTO yIJa B 1-MEPHOM
IIPOCTPAHCTBE, KaK JOJS TPEYTOJbHBIX, YeTHIPEXYTONbHBIX U T. M. Tpa-
Hel, UX MeJOYnCIeHHbIe ILIOMaaN, eJOUNCJIeHHbIe JINHBI pEOep, uncia
péGep, BHIXOAAMINX M3 OSHOW BePIIWHBI, U T. II. ByaeT ju, Hampumep,
Ha IBYMEPHOM I1apyce 60JIbIlle TPEeYTOJbHBIX I'PaHell, YeM YeThIPEXYTOIb-
HBIX, OyZeT JIX YHCJIO IeJbIX TOUEK Ha ero pedpe B cpegHeM OOJbIIe MJIN
MeHbIIIe, YeM AJA PEOep OMHOMEPHBIX UM TPEXMEPHBIX CAYUYalHBIX Ta-
PYCOB, WJIW YeM JAJA CAYUYaWHBIX OTPE3KOB, COEUHSIONINX IEJTble TOUKK
(B mpocTpaHCTBAaX PA3HBIX padMepHOCTeit).

HackoJsbKO s1 3HAI0, BCE 3TU BOMPOCHI OCTAIOTCSA OTKPBITHIMU U CETO-
nusi. Ho FO. M. Cyxor u M. JI. Koumneruu, KOTOPHIM 51 UX COOOMIUJI, Cy-
MeJI T0KAa3aTh, UTO OTBETHI Ha BCe MOAOOHbBIE BOMIPOCHI CY N[ ECTBY IO T:
MCKOMBIE CTATUCTUKU CPEIHUX IO PACTYIIUM KOHEUHBIM YAaCTAM IIapyca
YHUBepcaabHbl (He 3aBUCAT OT MCXOMHOI'O CHMILIAIIMAIBHOrO yIja) AJs
IIOYTH BCEX CHUMILINIIMAJIbHBIX N-MEPHBIX YIJjoB (B cMbiciie Mepsl JleGe-
ra) ¥ AOMYyCKAIOT OIIMCAHVE B TEPMUHAX dPrOJNYECKON TeOPHU JUHAMU-
yecKuX cucteM ¢ (n — 1)-MepHBIM BpeMeHeM, XOTs BBIUUCJIEHUE OTBETOB
(momo0HBIX pacmpenesieHNIo ['aycca) HaTaJIKMBAeTCA HA TPYAHOCTHU, CBA-
3aHHBIE C CYMMUPOBAHNEM DANOB U3 «IOJUJIOTAPUDMOB».

st monyuenus arux pedyabraroB Cyxos u Konmesunu nepesepuyin
MOIO 3a/]Ja4y: BMECTO TOT0, YTOOBI, (DMKCHUPOBAB PEMIETKY IIEJIBIX TOUEK Z"
B n-MepHOM mpocTpaHcTBe R”, mcciaeqoBaTh CTATHCTUKY IIapyca caydaii-
HOTO n-TPAHHOTO yIJa C BePIITWHOMN B Hauajle KOOPAUHAT, OHU (DUKCHUDY-
0T yroJa (T. e. cucTeMy KoopaumHAT B R”, /I KOTOPO¥ THIEPILIOCKOCTH
yria SBJAIOTCA KOODAWHATHBIMH) M CHYUYaHO BHIOMPAIOT PEInéTKy (1o-
DOYKAEHHYIO 71 BEKTOPAMU €, ..., €,, OIPEeAeAIONIMMY NapaJle/euIes
o0béma 1).

Bce Takue ymopsamoueHHBIe HAOOPHI 77 BEKTOPOB O0OpPa3yIOT TPYIIY
SL(n,R) BelecTBeHHBIX MATPUI] MOPAAKA n ¢ ompenenutenem 1. Paas-
MEPHOCTh 3STOTO IJIaJKOTO IOAMHOTI000pasus IIPOCTPAHCTBA RrR? paBHa
n? —1. Ho (ymopanodeHHBI) HA6Op 72 BEKTOPOB — HE TO Ke CaMoe, UTO
MOPOXKIEHHAA MM PEIIETKAa: OJHY PEHIETKY MOMKHO IIOJYyYUTh M3 pas-
HbIX Habopos. Hanpumep, M0OKHO 3aMeHUTHL BEKTOD e, Ha e; +e, — pe-
HIETKA OT TOr0 He m3MeHHuTcsA. Bce Taxkue BbBIOODHI 0asmca B pEHIETKE
obpasymor rpynny SL(n,Z) nenouncaenubix matpuil B SL(n,R). Muoro-
obpasme peméTok — 310 (paKTopmpocrpancTBo M = SL(n,R)/SL(n,7Z),
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o0pasoBaHHOe HabopamMu 6a3MCHBIX BEKTOPOB, PACCMATPHUBAEMBIX C TOU-
HOCTBIO 10 IIepeBbIOOpa Oasmca.

Teopusi muaamuueckux cucrem ¢ (n—1)-mepusim Bpemenem H
IpUMeHHeTCA Temeph K AeficTBuio Ha (n? —1)-mepHOM «()asoBOM IpO-
crpauctBe» M Trpynnbl AMATOHAJIBHBIX MAaTPUIl C ompeneauTegem 1
(ona HasBIBaeTCcA «KapTaHOBCKOU moarpynmnoii» H B SL(n,R)). 9ro geii-
CTBUE OKAa3bIBAETCA dProgudecKuM (Iog00HO AeHiCTBUIO IpeodpasoBaHMsA
x — {1/x} B Teopuu Taycca). OpbuTra TOUKH MOJ BIAUSHUEM ITOTrO MAeit-
crBUs pasmasaHa 1mo M (11ogo0HO OKPOIIKe, HoJyJdaolneiica u3 KOIIKH,
pasmasaHHOM 1O TOpy). HysKHbIe HAM CTATHCTHYECKHE XapPaKTEepPHUCTH-
KM IIapyca BBIPAsKalOTCA B TepMHHAX TeOMETPHH 5TOIl pasMasaHHON
opOuTHI.

A MMeHHO, PACCMOTPUM «AUATOHAJNLHBIA BeKTOpP» (1,...,1) B HaIIe#
cucreme KoopauHart. Touka na M (T. e. peimérKka) Ha3bIBaeTCA Cleyludlb-
HOil, eci OTpeneIiEHHAA ANAarOHAJbLHBIM BEKTOPOM MpPAMAas IepeceKaer
mapyc, COOTBETCTBYIOIIUNA TOUKe 13 M, B TOUKe, MpUHAaAJIeKalllell rpanu
mapyca, pa3MepHOCTb KOTOPOIi MeHbIle n — 1 (He B 00I1eM MOJIOKEeHUN).
CrenuanbHBIE TOUKK 06pa3yIOT THIIEPIOBEPXHOCTD (pasMepHOCTH n — 2)
B (n? — 1)-MepHOM MHOT006pasuu M BCcex PEIIETOK B n-MePHOM IIPOCTPaH-
crBe. CBoiicTBa mapyca BbIPAsKalOTCS B TEPMHUHAX IIepeceueHus OpOUThI
KapTaHOBCKOII moArpynnbl H ¢ 9TOIi rUIIepPIOBEPXHOCTHIO: pa3bueHune op-
OUTHI Ha YaCTH, PasieJéHHbIe TUIIEPIIOBEPXHOCTHIO, MOJEIUPYET pa3due-
HIe mapyca Ha ero BEIIYKJIble TPaHU.

K coskanenunio, naske Takue CBOMCTBA 9TOW I'MIIEPIIOBEPXHOCTH, KaK
roMOJIOTHY €€ NOMOJHEeHU, CJIe]] KOTOPOro Ha OpOuTe OmpenessieT rpaHnu
napyca, emié He BbIYUCJIEHBI,

00 5THX TEOpUAX MOIKHO Y3HATH U3 KHUKKH [8].

LlenHble gpobum 1 rpagyMpoBaHHble anrebpbl

ITonHOM HEOKMIAHHOCTBIO IJIA MEHsI OBLJIO IOSBJEHHE I[eIIHBIX
apobOeit mpu Moe# MOMbITKE M300pecTr BOBCE HU C YeM He CBSI3aHHYIO,
HU OJIA Yero He HYKHYI0 HeMHTEePEeCHYI0 MaTeMaTHUYeCKYIo Teopuio, Ha-
YaBIIN, MO 00pasIly aarebpancToB miau GYpOAKMCTOB, C MTPOUBBOJBHBIX
aKCHOM.

KoMmmyTaTnBHAA IpagynpoBaHHasA accolmaTUBHAs ajredopa (Haj mo-
JIEM BeIlleCTBeHHBIX MJIM KOMILIEKCHBIX UKCEJI) eCTh IIPSAMAasi CyMMa BeK-
TOPHBIX IPOCTPAHCTB «OTHOPOTHBIX 9JIEMEHTOB CTeIleH’ d » , CHaOKEHHAA
omepanued YMHOMKEHUsA, IPU KOTOPOU CTEIeHU OJHOPOAHBLIX COMHOMKHU-
TeJIeHd CKJIaMbIBAIOTCA (KaK 9TO MPOUCXOAUT C MHOTOUJIEHAMHU U OOBIUHOM
CTEIIEeHbIO OJHOPOJHBIX COCTABJISAIOIINX ).
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OGosHaunM uepes p, PadMePHOCTh BEKTOPHOTO IIPOCTPAHCTBA OLHO-
POIHBIX COCTABIAIOINX CTEIIEHU 1. Psin

p&)= Y. p,t"
n=1

HaswiBaeTcs padom ITyanrxape anredpsl (ocjieaHee BpeMs ero CTaju Ha-
3bIBATh pAgoM ['mianbepTa, B COOTBETCTBUU C OYPOAKUCTCKOM AUCKPUMU-
HaIuel TeOMeTPUN).

Psap ITyankape anre6pbl MHOT'OUJIEHOB OT OLHOI ITePeMeHHOH (¢ 00bIu-
HOII CTENIeHBIO) eCTh

1 _ 2
il SRR

Mos 3amaua COCTOSIA B TOM, YTOOBI KJACCU(DUIIMPOBATE IPagyUPOBAH-
Hble ajareOpbpl ¢ UMEHHO TakuM psgom Ilyamkape (T. €. C OJHOMEPHBI-
MU IIPOCTPAHCTBAMM OJHOPOIHBIX JJIEMEHTOB JIFOOON HEOTPHUIATEIbHOM
CcTereHm).

IIpu knaccupukaiuu aaredp ¢ TpeMs MyJIbTUIJIUKATUBHBIMYA OJHO-
pogubiMu obpasyomumu (X, Y, 2) GukcupoBanubix creneneit (1,u,v), 1 <
<u<v g o0HAPyKUJ, UYTO UX UYUCIO0 KOHeuHo. MaTemMaTHKa — dKCIIe-
pUMeHTalbHAasd HayKa, TaK UTO d CIIepBa BBLIUMCIMWJ UUCIO aaredp IIpu
He CIUIIKOM OOJIbININX 3HAUEHUAX cTemneHedt u u v. [lonyuynnacs 1oBosb-
HO 3araJjouHas TabJuIA Yrces Hen30MOP(MhHBIX rPagynPOBAHHBIX aJaredop:

N 3 4 5 6 7 8 9 10 11 12 13
2 5 1 5 1 5 1 5 1 5 1 5
3 1 7 7 1 71 1 1 71
4 5 9 1 9 5 9 1 9
5 1 9 9 11 1 11 9 9
6 7 5 18 1 13 7
TN 15 11 11 11 11 15

Tenepb HY»KHO OBLIO yragaTh (D)OPMYJIY, BEIPAIKAOIIYIO YKCJIO aaredp ue-
pes cTemmeHn 00pPa3yoInX. AHAIN3UPYA MePUOANUYHOCTD, HAOIIOAABIIIY-
0cs B TabJnIle, 1 B KOHIE KOHIIOB HAIIEJ, UYTO UHCJO ajredp CBSI3aHO

v
C Pa3JIOKeHUueM OTHOUICHUS _ B IEIHYIO npobb, a UMEHHO, OHO PaBHO

2(a;taygt..)+1,
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I'Zie a; — dJIeMeHTHI eITHOM Apobu

E=ao+71 .
u 1
a;+—
a,+,

Hampumep, anrebp ¢ MyJIbTHUIIUKATUBHLIMHU O0Pa3yIOIUMU CTeIeHeil
(1,2, 3) poBHO 5, TaK KaK
3_
2

IIpu momeITKe Kaaccu@uKamuy airedp ¢ 60JbIINM YHCIOM 00pa3yro-
IIIUX MECTO IEMHBIX Apo0eii 3aHUMAIOT aHAJOTUYHBIe MHOTOMEDHBIM IIETI-
HBIM JAPO0SAM IOJIM3ApaJIbHBLIE IEJIOUNCIEeHHBIe TOBEPXHOCTH, U 3aJada
KJjaccu(uKaIiuu O CUX IIOP He pellieHa. SHAUNTEJIbHbI€ BHIUUCIUTEb"
HBbI€ TPYJHOCTH yIAETCA MPEOOJIeTh TOJbKO 0Jiarogapsa MOIHBIM KOM-
MBIOTEPHBIM cpeacTBaM Teopuu 6asucos ['péoHepa (aBiasommxcs aphex-
THUBHOM AJITOPUTMHUYECKOI BepcHuell «TeOoJOTHUECKOi» anredpamuecKoi
reomerpuu ['mab6epra ¢ OTHOM CTOPOHBI 1 KOMIIBIOTEPHBIM COBPEMEHHBIM
BapUAHTOM TEOPUY MHOTOTPAHHMKOB HbI0TOHA, KOTOPYIO TOT CUMUTAJ CBO-
VM TJIABHBIM MAaTE€MaTUYECKUM JOCTUIKEHUEM, C APYroii). Ita reopusi ObI-
Jia TpUyMaHa TIPU MCCJIEOBAHUU AaCUMIITOTUK DEIIeHWN YpPaBHEHUH C
YaCTHBIMY IPOU3BOJHBIMU.

JI. OiizeHba  TOCTPONMII IEPBhIE MPUMEDPHI KOHTUHYAIbHBIX CEMEHCTB
MOTIApHO HEe M30MOP(PHBLIX KOMMYTATHBHBLIX T'PAJYHUPOBAHHBIX Aajredp
¢ (UKCUPOBAHHBIMH CTEIEeHAMU MYJbTUIJIUKATHUBHBIX O0PA3YIOIIUX.
3arem B. IllTypmdense, HCIONL3Y s KOMIBIOTEPHYIO TeXHOJOTHIO, HATIIET
JIOBOJILHO MHOTO IIPUMEPOB TaKUX UETBEPOK CTEIIeHEeH, JJId KOTOPHIX 3TO
peanusyercs, BKJouada uerBépku (1, 3, 4, 7), (1, 3, 4, 9), (1, 4, 5, 6),
1,4,5,9),(@1,5,6,7),(1,5,6,8),(1,5,7,8),(1,6,7,8),(1,6, 7,9),
1,7,8,9).Cm. [9].

OmHAKO TEpPeuYnCcIeHUs BCEX <«IPOCTHIX» YETBEPOK (AJIsT KOTOPBIX
KJaccu(uKamms aaredp KOHeUHa) BCE eIré HeT.

Mos TTOTBITKA ITOCTPOSHUA HEHYKHOM TEOPUM 0KAal3ajJach COBCEM He-
yIauHO#: BOSHUKIINASA B Pe3yJIbTaTe TeOPUA MHOTOMEPHBIX IEeIHBIX APO-
0eil IBHO MHTEPECHA U CBA3LIBAET MHOTO 00JIacTel MaTeMaTHUKN.

1+5, a,=2, 2a,+1=5.
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