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Abstract

C togethemwvith its descendantepresenta strongandindisputablestatusquoin the currentsoftware
industry It is avery populargeneral-purposprogramminganguagecharacterizedy its economy
of expressionits large setof operatoranddatatypes,andits concerrfor sourcecodeportability The
currentreferencalocumenfor C is theinternationaktandardSO/IEC 9899:1990.The semantic®of

C is informally definedin the standardusingnaturallanguage This causes numberof ambiguities
andproblemsof interpretatioraboutthe intendedsemantic®f thelanguage.

In thisthesisaformal denotationasemanticgor the ANSI C programmindanguages proposed,
with emphasi®n its accurag andcompleteneswith respecto the standardlt is demonstratethat
a programminglanguageas usefulin practiceand asinherentlycomplicatedas C cannonetheless
be definedformally. The proposedsemanticsouldbe usedasa precise unambiguousabstractand
implementation-indeperd standardor thelanguage Moreover, it would be a basisfor the formal
reasoningaboutC programsanda valuabletheoreticakool in the softwaredevelopmentprocess.

In orderto improve in modularityandelegance the proposedsemanticsisesseveralmonadsand
monadransformerso modeldifferentaspect®f computationsinterestingesultshave beenachiered
in the attemptto accuratelymodel complex characteristicof C, suchas the unspecifiedorder of
evaluationandsequenc@oints,usingmonadnotation. Theseresultsmay be usefulin specifyingthe
semantic®f programmindanguagesupportingnon-deterministiéeaturesandparallelism.

An implementatiorof anabstracinterpreterfor C programshasednthe proposedsemantichas
alsobeendeveloped,using Haslell asthe implementationanguage.The implementatiorhasbeen
usedto evaluatethe accurag andcompletenessf the proposedsemantics Althoughthis processs
still underway; theresultssofar have beenentirely satisactory

Keywords

ANSI C programmindanguagelSO/IEC9899:199Gstandardformal definition,denotationaseman-
tics,monadsmonadtransformers.
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Chapter 1

Intr oduction

This chapteris an introductionto the presentthesis. In Sectionl.1 a brief presentatiorof the C
programminglanguages attemptedwith emphasison its history and characteristics.Section1.2
is a non-technicaintroductionto the semanticof programminganguagesbiasedin favour of the
denotationahpproachSectionl.3 present&noverview of thisthesis. Theobjectives,motivationand
possibleapplicationsarefirst discussediollowed by anovervien of themethodologythatis usedand
a summaryof the thesis’contritution. Sectionl.4 containsan overview of therelatedwork andthe
chapterconcludedy presentinghestructureof thisthesis,in Sectionl.5.

1.1 The C programming language

C is awell known andvery populargeneraburposeprogrammindanguage It wasdevelopedin the
yearsl1969-1973&tthe AT&T Bell Labsasa systemimplementatiodlanguagdor the Unix operating
system. The fatherof C is DennisRitchie who also developedthe first compilerin 1971-1973.A

detailedaccounbf thedevelopmenbf the C languagewritten by DennisRitchiehimselfcanbefound
in [Ritc93].

The directancestonf C is alanguagecalledB [John73, designedby Ken Thompsonin 1969-
1970asanimplementatiodanguageor the DEC PDP-7computer B canbe viewed asa limitation
of BCPL [Rich79, alanguagedesignedy Martin Richardsin the mid-1960smainly asa compiler
writing tool. The main differencebetweenC andits ancestorss the presencef a non-trivial type
system. BCPL andB aretypelessfeaturingjust one “word” type which representdoth dataand
“pointers” to data. Theintroductionof othertypesin C wasnecessaryn orderto provide language
supportfor characterandfloating point numbersthatwere supportedby emeging hardwarein the
early1970s.In 1973,thecoreof C aswe now know it wascompleteanda compilerfor DECPDP-11
hadbeendevelopedby DennisRitchie. The languagdeaturedntegersandcharacterasbasetypes,
full arraysandpointers,specialbooleanoperatoranda powerful preprocessor

In the yearsto follow, portability andtype safetyissuesntroduceda numberof changesn theC
language Severalnew typeswereaddedo thetype systemandtype castswereintroduced.Thefirst
widely availabledescriptiorof thelanguagethebook“The C Programmind.anguage’alsoknowvn as
“K&R”, appearedn 1978[Kern74.! By thattime, thekernelof the Unix operatingsystemhadbeen
rewrittenin C andbothlanguageandcompilersgainedsignificantlyin confidenceDuringthe 1980s,
the useof the C languagespreadwidely and compilersbecameavailable on nearly every machine
architectureandoperatingsystem.

1 A secondeditionincorporatinglater changesvas publishedtenyearslater [Kern8g. The“K&R” booksenedasthe
languageeferenceuntil aformal standardvasadoptedn 1989.

CHAPTER
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4 Chapter 1. Intr oduction

C, aswell asbothits ancestor8 andBCPL, belongsto the family of languagesxpressingthe
traditional proceduralprogrammingparadigm,typified by Fortranand Algol 60. It is particularly
orientedtowardssystemprogrammingandits small, concisedescriptionallows the developmentof
simplecompilers.C is mainly characterizetly its economyof expressionrealizedby alaconicsyntax
aswell asalarge setof operatorsanddatatypes,andalsoby the factthatit providesaccesdo the
innerpartsof thecomputer

C canbe characterizedsa medium-leel language.On the onehand,it is closeto the machine.
Theabstractionshatit introducesarefoundedin the concretedatatypesandoperationghataresup-
portedby mostcornventionalcomputersand,for this reasonprogramsn C areusuallyvery effective.
Ontheotherhand,theseabstractionsireat a suficiently high level to facilitateprogrammingandlay
thegrounddfor programportability betweerdifferentmachinesPortabilityis furtherenhancedy the
factthatC programgely onlibrary routinesfor 1/0 andinteractionwith the operatingsystem.

Accordingto DennisRitchie, the ideasthat mostly characterizeC and differentiateit from its
ancestoreaind other contemporaryanguagesre two: the relationshipbetweenarraysand pointers
andthe syntaxof declarationsmimicking the syntaxof expressionsHowever, thesearealsoamong
its mostfrequentlycriticized featuresandsourceof misinterpretationgyot only for the beginnerbut
evenfor experiencedC programmers.

By 1982thechangeshatwereintroducedo theC languageasaresultof adaptingo thecommon
practice werenumerousEachcompilerimplementedslightly differentversionof C. Thefirst edition
of “"K&R” nolongerdescribedC in its actualuseand,evenwhenit did, it wasnotpreciseonanumber
of details.In anattempto standardizéhelanguagethe AmericanNationalStandardnstitute(ANSI)
establishedhe X3J11 committeein the summerof 1983. Its goalwas*“to develop a cleat concise
and unambiguousstandardfor the C programminglanguagewhich codifiesthe common,existing
definitionof C andwhich promotegheportability of usermprogramsacros<C languagesrvironments”.
The committeewascautiousandconserative with respecto languagesxtensions.The mainchange
thatit introducedwasthe useof functionprototypeswhich wasa significantstepin thedirectionof a
strongettypesystentor C. However, thecommitteedecidedo leave the old styleasa compromisedo
the hugevolumeof existing softwarein C.

This processwas completein late 1989 and resultedin the standarddocumentANS X3.159-
1989 [ANSI89a], which was later adoptedby the InternationalOrganizationfor Standardizatioras
standardSO/IEC 9899:1990/ANSI90]. The standards complementedby a seriesof otherdocu-
mentsactingasclarificationgANSI89b] or correctiondANSI94]. Theflavour of the C languageahat
is specifiedn the standards calledISO C, or usuallyANSI C. Since1990,areview procesdor the
standards underway. As a resultof this processa completelyrevised standardnicknamed'C9X”,
is expectedby theyear1999.

Sinceits early yearsof development,C hasbeenusedto programa wide areaof applications,
including the biggestpart of the Unix operatingsystem.Compilersfor C arecurrentlyavailablefor
almostary computersystemand,althoughthe languagsstill allows the developmentof nonportable
applicationsprogramsn C aregenerallyportable,usuallywith smallmodifications.During the last
twenty years,C hasbeenusedasthe basisfor, or at leaststronglyinfluenced,the developmentof
a numberof programminglanguages.Among theseone should mentionConcurrentC [Geha89,
Objective C [Cox9]] andespeciallyC++ [Stro9], Elli90] andJava [Gosl9g. In the currentsoftware
industryit couldbe arguedthat C andits descendantepresent strongandindisputablestatusquo.
Thestandardor C is novadaysacceptedasa commonbasisfor thelanguageandis taken asa point
of referenceby the developersandthe usersof implementationsindothertools.
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1.2 Programming languagesemantics

Thestudyof programmindanguagefvariablydistinguishedetweertwo fundamentaleaturessyn- svntax anp
tax andsemantics Syntaxrefersto the appearancandstructureof the well-formedsentencesf the SEMANTICS
languageincludingprogramghemseles. Semanticsefersto themeaning®f thesesentencesyhich
mustbe presered by compilersor otherlanguagemplementations.The line that separatesyntax
from semanticgs not always clearly marked. The etymologyof the word “semantics”leadsto the
ancientGreeklanguageandtheverb“onuaivw” (to mean).The original meaningof theword is the
studyof attachmenbetweenwordsandsentencesf alanguageandtheir meanings.

The syntaxof programminganguagess usuallyformally specified. The areaof formal syntax
specificatiorhasbeenthoroughlystudiedandtherearecurrentlyvariousstandardormalismsfor this
purpose Themostwidely usedis context-freegrammarsusuallyexpressedn the BackusNaurForm
(BNF) andits variations. Grammarsallow, or even suggesta directconnectiorbetweensyntaxand
parserimplementatiorand this strongconnectionis probablythe major reasonwhy formal syntax
specificatiorhasbeendevelopedsomuch.

Ontheotherhand,programminganguagesemanticss mostcommonlyspecifiedin aninformal
way. Thisis mainly dueto the compleity of the task,which becomesven worseconsideringhat
thesimplicity of BNF representationanbe partly attributedto thefactthatthe mostintricatepartsof
syntaxspecificationare“movedto the semantidevel”. As opposedo the caseof syntax,thereis a
lack of standardwidely acceptecgndwidely usedmethodologiesor describinghesemantics.

Every personwho usesa programmindanguageo develop programsnustunderstandts seman- InFormaL
tics at somelevel of abstraction Programmersisuallyunderstandhe semanticdy meansof exam- SEMANTICS
ples,intuition anddescriptionsn naturallanguage Suchsemanticglescriptionsareinformal andare
typically basedon a setof assumptiongboutthe readers knowledgeand understanding.Informal
semantialescriptionsareinherentlyambiguousasis alwaysthe casewith naturallanguagesin the
bestcasea programmes intuition fills the missingpointsin the descriptionandleadsto the correct
understandingf a languages semantics.In the worst case the descriptionis fatally ambiguousor
evenmisleadingandthe programmeis proneto misinterpretationsyhich oftenleadto programming
errors.

Researchin the areaof formal specificationof programminganguagesemanticsstartedin the FormaL
1960s. With the rapid increasen the compleity of high-level programminganguagesformal se- SEMANTICS
manticssolidly basedon mathematicalogic systemsandpreciserulesof inferenceweresoughtasa
possibleway of overcomingambiguitiesandenforcingdisciplinein thisfield. Sincethen,theproduct
of morethanthreedecade®f researcthasbeenthe developmentandthoroughstudy of numerous
methodsandformalisms. An excellentintroductionto the field is [Wins93, whereadMitc96] pro-
videsa morethoroughpresentatiof methodsandmathematicaloundations.

For historical reasons formal semanticsare usually classifiedas following one of threemain
approaches:

e Opeimtional semanticsMeaningsaresequencesf computatiorstepsthatresultfrom the pro-
grams execution.Structuraloperationakemanticarea moresystematicariation. An elemen-
tary referencecanbefoundin [Henn9Q

e DenotationalsemanticsMeaningsaremathematicabbjects typically functionsfrom inputsto
outputs.This cateyory of semanticexplicitly constructgnathematicamodelsof programming
languageslt will befurtherdiscussedh thesequelasit is theapproacHollowedin thisthesis.
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e AxiomaticsemanticsMeaningsareexpressedndirectly in termsof logical propositionsstating
propertiesof the programs. Suchan approachis useful becausét directly aimsto support
programverification. The seminalpaperon axiomaticsemanticss [Hoar69, whereasa classic
text is [dBak8(Q. Following this approachit hasbeensuggestedhat proofsof correctnesbe
developedatthe sametime with programgDijk76, Grie81.

It shouldbe noted,however, thatthesethreeapproachemustnotbe viewedin oppositionto each
other They arein factcomplementanand highly dependenbn eachother Eachhasits usesand
senesbesta particularcateyory of applications.Operationaanddenotationabemanticxanbeused
to specifyaninterpreterfor thelanguagaunderstudy andthushelpin definingor refiningalanguage.
Axiomatic semanticsare helpful in developing proofsaboutprogramproperties.Probablythe most
significantapplicationof formal semanticss in rapid prototyping,usingtoolsthattranslatdanguage
specificationgo correctcompilersor interpreters.

Formalismssharingpropertiesfrom morethanoneof theseapproachesalsoexist. Abstractstate
machinegformerly knowvn asevolving algebraskre one suchformalism,startedby Gurevich asan
attemptto bridge the gap betweenformal modelsof computationand practicalspecificationmeth-
ods[Gure93aGure9j. Action Semanticsdevelopedby MossesandWatt, is a practicalframewnork
for the formal descriptionof programminganguagesombiningfeaturesof all threetraditionalap-
proache$Moss93.

Denotationabemanticspr the mathematicahpproacho programminganguagesemanticsis a
formalismintroducedoy ScottandStrachg in thelate 1960s.Sincethen,it hasbeenwidely studiedby
distinguishedesearcherandhasbeenusedasa methodfor the semanti@nalysisdescriptiongvalu-
ationaswell astheimplementatiorof variousprogrammindanguagesThe seminalpaperon denota-
tional semanticgs [Scot7]. Otherintroductorypapersincluding useful bibliographyare [Tenn76
and [Moss9(. Introductorybooks presentingin more depththe underlyingtheory and the tech-
niquesthat have beendevelopedinclude[Miln76], [Stoy77], [Gord79, [Alli86] and[Schm8§. An
graduate-teel book with more mathematicatiepthis [Gunt93. This thesiswasstronglyinfluenced
by [Tenn9], anexcellentbookrevealingthe connectiondbetweersyntaxandthe variousflavoursof
semanticsThe sameis accomplishedby [Mitc96], focusingmainly on the mathematicaloundations
of thevarioussemantia@approachesAn overviev andsuney of theresearchield is givenin [Fior9g].

According to the denotationalapproach programminglanguagesemanticss describedby at-
tributing mathematicablenotationsto programsand programsegments. Denotationsare typically
high-orderfunctionsover appropriatanathematicaéntities,suchasdomainswhosetheoryis briefly
presentedh Chapter3. Oneof themainpropertiesof denotationatemanticss compositionalitythat
is, thefactthatthemeaningof asentenceanbe obtainedby appropriatel)composinghemeaning®of
its subpartsasthesearedeterminedy syntacticstructure Althoughresearchersave notagreecna
standardneta-languagtor expressinglenotationgndthereis considerableariationin thenotational
corventionsusedby variousauthorsjt seemghatvariationsof the A-calculusover domainsarevery
popular Thisis theapproachakenin thisthesis.

One of the mostimportantdravbacksof classicdenotationalsemanticss lack of modularity
Smallchange®r extensionsn alanguageadefinitionoftenimply a completerewrite of its formal se-
mantics.As a consequencelthoughdenotationatemanticss anappropriateandelegantformalism
for moderatelysizedlanguagesit doesnot scaleup easilyto real programmindanguages. Further

2 Throughoutthis thesis the term “real programmingdanguages’standsfor high-level programminganguageshatare
widely usedin industryfor softwaredevelopmentjn contrasto languageshataredesignedindusedin academidaborato-
riesfor experimentaburposesOf course this doesnot meanthattheselanguagesremorereal,or in factary better than
theothers.Quitethe contraryis truein mary cases.
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more, it is not easyto reusea partof a denotationabescriptionof one programminganguagento
another Onewould like to considervariousfeaturesof programminganguagesn isolation,sothat
their studyis easier However, it shouldbe possiblelaterto put all the piecestogetherandform a
comple denotationatlescriptiorfor thewhole programmindanguage This final compositionis the
pointwhereclassicdenotationatemanticgails.

Theuseof cateyory theoryandmonadsasbeenproposedisaremedyandhasbecomejuite pop-
ularin the denotationakemanticcommunity The intuition behindthe useof monadsin semantics,
suggestedby Moggi, is that computationgesultingin valuesfrom a domainV' canbe represented
aselementf a domainM(V'), whereM is an appropriatemonad[Mogg89. It is alsosuggested
thatprogrammindanguagedeaturescanbe studiedindependentlyn termsof relatively simplemon-
adsandlater gluedtogetherto form a completesemantiadescriptionfor the language Furthermore,
monadshave recentlybeenusedasan elegantway of introducingimperatie featuresin functional
programmingandmary functionallanguagesupportthemdirectly.

Monad notationis usedin this thesisandit is demonstratedhat, as a result, the semanticsare
significantlyimproved in termsof modularity and elegance. A brief introductionto monads their
applicationswith respecto denotationabemanticsthe exactnotationusedin this thesisandpointers
to usefulbibliographyon this field aregivenin Chapter3. Comprehense introductionsto monads
andtheir usein denotationatemanticeanbefoundin [Mogg9( and[WadI93.

1.3 Overview of this thesis

Themain objective of this thesisis to develop andevaluatea formal descriptionfor the semanticof ossectives
the C programmindanguageThe developedsemanticshouldsatisfythefollowing requirements:

e Accumrcy. theformal descriptionshouldbe ascloseas possibleto the informal semanticsof
ANSI C, asthisis definedin the standardMost of theformal description®f realprogramming
languagesemanticshathave beensuggesteih literatureareinaccurateto someextend,either
becausef intendedsimplificationsor by mistale. Takinginto consideratiorthe compleity
of theselanguagespne shouldadmit that an inaccuratesemanticss useful, aslong asthe
inaccuraciesreclearlydocumented.

e Completenesghelanguagalescribedshouldbeaslargeasubsebf ANSI C aspossible In de-
scribingtheformal semantic®f arealprogrammindanguageit is commonpracticeto exclude
complicatechspect®f thelanguageavhich cannotbecorrectlydescribedn asimpleandelegant
way. It is alsocommonto treatsomefeatureof thelanguagessyntacticsugaranddefinethem
in termsof otherfeatures.Thefirst practicedoesnot produceaccuratdormal descriptionsand
shouldbeavoidedasmuchaspossible. Thesecondracticeis alsoavoidedin the presenthesis
becausealthoughit doesnotaffecttheaccurag of thesemanticsit oftendeprivesthesemantic
descriptionfrom its directconnectiorwith the syntaxof thelanguage.

e Simplicity the formal descriptionshouldbe keptassimpleaspossible. The rationalebehind
this requirementis that simple formal systemsare easierto develop, understandkeepunder
controlwhenchangesreneededand(especiallyluse. Thiswill bebetterunderstoodafterthe
applicationgor suchaformal descriptionare presentediaterin this section.This requirement
comesin directconflictwith the previoustwo.
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Table 1.1: Researchopicsaddresseih the presenthesis,accordingo ACM CCS1998.
D. SOFTWARE

D.2 SOFTWARE ENGINEERING
D.2.4 Software/ProgranVerification
e Formalmethods
D.3 PROGRAMMING LANGUAGES

D.3.0 General
e Standards

» D.3.1 Formal Definitions and Theory
e Semantics

F. THEORY OF COMPUTATION

F.3 LOGICSAND MEANINGS OF PROGRAMS
F.3.1 SpecifyingandVerifying andReasonin@boutPrograms
» F.3.2 Semanticsof Programming Languages
¢ Denotational semantics
F.4 MATHEMATICAL LOGIC AND FORMAL LANGUAGES

F4.1 Mathematicalogic
e Lambdacalculusandrelatedsystems
F.4.3 FormalLanguages

Thefirst two requirementsvere consideredisthe mostimportantthroughouthis doctoralresearch.
Thatis, the developedsemanticshouldbe ascompleteandaccurateaspossible with respecto the
standard Simplicity shouldbe soughtaslong asthe othertwo arenot affected.

Formal semanticof C andotherreal programmindanguage$asalwaysbeena researchopic
of greatinterestboth to theoreticiansand practitionersasis documentedriefly in Sectionl.4 and
in moredetailin Chapterl6. Accordingto the ACM ComputingClassificatiorSystent theresearch
topicsthatareaddresseth the presenthesisareshavn in Tablel.1. In particular the mainresearch
topicsof this thesisarewrittenin bold charactersndmarkedwith the symbolp-.

1.3.1 Motivation

A reasonablguestionthatcanbe asled at this point is whetherthe formal semanticof C presenta
worthwhile objectof study Theanswetto thisis affirmative, from two differentperspecties. Froma
practicalpoint of view, C is admittedlya widely spreadorogramminganguageanda formal specifi-
cationfor its semanticsgs potentiallyvery importantanduseful. Ontheotherhand,from atheoretical
pointof view, Cis characterizetty a numberof interestingeaturesvhosecombinatioris worthwhile
studyingon its own right. As a first example,the presencef side effectsin expressioncombined
with unspecifiedbrderof evaluationinevitably leadsto non-determinismwhich the standardnakes
aremarkableeffort to restrain.As a secondexample,the control structuresupportedy C includea

% The1998versionof the ACM CCScanbefoundatthe URL http://www.acm.org/class/1998/
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varietyof selectionjterationandunrestricteqump statementsandgive riseto anumberof interesting
problemscombinedwith C’s block structureandthe declaratiorof variablesn compoundstatements.

Exceptfor the descriptionof the syntax,which hasbeenspecifiedformally usinga grammarin  Maniresta-
BNF notation,the restof the ANSI C standardhasbeenwritten in naturallanguagejncluding the ;'FSONB‘L’EMS
descriptionof the semanticsThis causes numberof ambiguitiesandproblemsof interpretationas
farasthesemantic®f C is concerned.

The newsgroupcomp.std.c  is a forum in which issuesrelatedto the ANSI C standardand
its interpretationare discussed.In contrastto other nevsgroupsdealingwith the C programming
language articlespostedin comp.std.c  aretypically characterizedy a highly scientific level.

Mary distinguishedesearcherandmemberf the standardizatiocommitteefrequentlyparticipate
in the discussionsaswell aslanguageémplementorsand experiencedprogrammers.The following

excerptscomefrom a threadof articleswith the subject“On PointerArithmetic”, initiated by the
authorof this thesisin early Januaryl997. Thefirst article in the threadwassimply askingwhether
two small piecesof C code, noneof which was overly complicatedor out-of-placewith common
practice areconformingwith respecto the standard.

Wherein the standardioesit saythat...

Thestandardloesnt sayor imply anythinglike...

Thestandardloessaythat...but this doesnot meanthat...

Themorel look atit, themoreit appearso methat...

My interpretationis that...
Thefirst groupof excerptsindirectly revealssomepointsof confusionaboutwhatthe standardstates
andits interpretation,as expresseddy the verbs“imply” and“mean” that are used. The last two

excerptsindicatethat the authorsrecognizeambiguitiesin the standardand expresstheir personal
interpretationst variouslevelsof certainty

Hmmm... niceto seesomeonelsemale the same‘mistake” asl did awhile back. The
standardeally shouldbe betterwrittenif it is notonly mewho misreadst.

Theproblem,of coursejs thatthe standards notasclearlywordedaseitherof uswould
like. | have goodreasondor favoring my interpretation...

Thesecondyroupof excerptsexpressesheir authors’critical view towardsthe standardby recogniz-
ing sourcef misinterpretatioeyondary doubt.

As far asl cansee,your readingis plain distortionof the standard.But then, perfectly
reasonabl¢hingshave beenruledillegal by the committeearyway... But if thatis what
is decided nothingwill corvince methatthe standardhatis in front of meis writtenin
ary varietyof Englishthatl amfamiliar with.

In ary case,let us agreeto disagree. | will grantyou this much: Naturallanguages
arevagueenoughthat every documentin a naturallanguagecan be misinterpretedy
someonesuficiently motivated.

Finally, thethird groupof excerptstakesamoreaggressie critical approachattributing thestandards
ambiguityto the naturallanguagehatis usedfor its description.
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With all this in mind, the necessityfor a formal descriptionof the semanticeof C becomegyuite
apparent.The samecould be aguedin the caseof otherreal programminganguagesvhich usually
lack formal descriptionsthe mainreasorfor this beingan aversionof the averageprogrammeiand
the whole softwareindustrytowardsformal methodsin languagespecification. The applicationsof
suchadescriptionarebriefly summarizedn thefollowing:

¢ |t would sene asa precisestandardor compilerimplementationspecifyingarigid mathemat-
ical modelfor the languageawithout specifyingor restrictingthe techniquesisedin implemen-
tations.

¢ |t would provide a basisfor reasoningaboutthe correctnessf programs.

¢ It would be usefulasuserdocumentationtrainedprogrammerganuseit asa languageefer
ence|n orderto answersubtlequestionsaboutthelanguage.

¢ |t would bea valuabletool for languageanalysis designandevaluation;semantiaescriptions
canbetunedin orderto suggestlegantandefficientimplementations.

e |t couldbeusedasinputto a compilergeneratar A relatvely outdatedsurvey on semantics-
driven compilerconstructionis givenin [Gaud8], whereasxperimentalystemdor this pur
poseincludeSIS[Moss76 Bodw83, MESS[Lee87 Pleb88, PSP[Paul83, CERES[Jone8(),
Actress[Brow92], Cantor[Pals93, DML [Pett93. A morerecentapproachbasedon the use
of monadsjs describedn [Lian953 Lian9§.

1.3.2 Methodology

The presentpecificatiorfor the semanticof C canbe bestunderstoodas partof an abstact inter-
preterfor C programs.Suchaninterpretelis depictedn Figurel.lasadataprocessTheleft partof
thefigureis amodulediagramof theinterpreter It shavs the chainof actionsperformedoy theinter
preteraswell asthe datathatis processedy theseactions.Eachactiontakesasinputtheresultof the
previousactionand,afterprocessingt, passed to the following action. Sometimespreviousresults
arealsonecessaryor the processingTheinitial pieceof datais a source program writtenin C, and
the final resultis a representationf this programs meaning i.e. a descriptionof whatthe program
doeswhenexecuted.Theright partof thefiguregivesa smallexample,illustratingthe functionof the
interpreter This examplewill bediscussedh detailgradually until the endof this section?

Theinterpreterconsistof thefollowing threelayers representedh Figurel.lasbig boxes.Each
layercontainsa seriesof actions.

e Syntacticanalysis aimsat checkingthe syntacticvalidity of the sourceprogramandsignalling
syntaxerrors. Syntacticallycorrectprogramsare transformedo abstractparsetrees,which
representheir syntacticstructurein detail.

e Semanticanalysis aimsat checkingthe semanticvalidity of the program,asrepresentedby
the abstracparsetree,andsignallingsemanticerrors,e.g.useof undeclareddentifiersor type
mismatches.

4 Thediscussiortid notreacha unanimousrerdict,althoughmary opinionswereexpressed.
5 Noticethatseveralsimplificationshave beermadein this example sinceits purposés only to illustratethemethodology
thatis used.Thereforethe semanticsttributedto this exampleis notaccuratevith respecto therestof this thesis.
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Figure 1.1: An abstracinterpreterfor C.
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« Sourceprogram:

int main () {
int  x;
/* do something with x *
return = X++;

}
« Abstract syntax:

Init-Declarator Unary Assignment|

Declaratol Initializer Identifier ++ (postfix)

o Static semantics:

{int X }eo
{“x” — obj [int, noqual] }

€

« Typing semantics:

e F X < normal [obj [int, noqual])

e F X : Ivalue [obj [int, noqual]]

e F x++ : exp [int]
« Dynamic semantics:

|IX++ ]]exp [int] 8 =
let <a7 sl> = [[X ]]Ivalue [obj [int,noqual]] $
v = §'[a]
in (v,s'la—>v+1])

e Execution aimsat describingthe meaningof programsj.e. their executionbehaiour. Thisis

themainpartof theinterpreter

Syntacticanalysisof C programspresentsomedifficulties relatedto the compleity of the lan-
guage However, it is notavery interestingsubjectfrom aresearches’point of view. For this reason, ANALYS'S
it is only briefly discussedn the presenthesis. A BNF grammardescribingthe syntaxof the lan-
guagss givenin AppendixB of thestandardA numberof ambiguitiesarecausedy the definitionof

typedefsandcanberesoled by the useof somesortof symboltable. The layer of syntacticanalysis

consistof threeactions:

e Lexical analysis transformsthe sourceprogramto a sequencef lexical units, alsocalledto-
kens A formal descriptionof tokensis givenin §B.1 of thestandard.

e Concete syntax checksthe syntacticvalidity of the sourceprogramby groupingtokensto-
getherin morecomplex syntaxentities. The BNF grammardescribinghe concretesyntaxof C

thatis usedfor this purposds takenfrom §B.2 of thestandardProvidedthatthesourceprogram

is syntacticallyvalid, the resultof this actionis the parsetreeaccordingo the givengrammar

SYNTACTIC



STATIC

12 Chapter 1. Intr oduction

e Abstiactsyntax simplifiesthe parsereeby extractingsuperfluousnformationandresultsin an
abstracsyntaxtree. Theabstracsyntaxof C is formally describedn Section2.2 by meansof
a secondBNF grammar Probablythe mostcharacteristiexampleof informationthatcanbe
abstracteaut resultsfrom the groupingof expressiondy meansof parentheseandoperator
precedenceules. Theconcretesyntaxthatcorrectlydescribeshis groupingis enormouslymore
complicatedhantheabstracsyntax.

Staticsemanticss thefirst actionin the semantianalysiswhich managesheidentifiersthatare

SEMANTICS  definedin the sourceprogram. It aims at detectingstatic semanticerrors, suchas the redefinition

TYPING
SEMANTICS

of anidentifierin the samescope aswell asassociatingdentifierswith appropriateypesor values.
Staticsemanticss basedsolely on the abstractsyntax. For eachsyntacticallywell-formedprogram
phraseP, its staticsemantianeanings denotedy { P[}. Staticsemantianeaningsiremathematical
objects. Typically they aretype environments,i.e. association®f identifiersto types,or functions
handlingtypeenvironments.

As an example,considerthe simple C programthat follows. A part of this programs abstract
parsetreeis shavn in theright partof Figurel.1.

int main () {
int  Xx;
/* do something with x */
return  Xx++;

}

Considemow thesyntacticallywell-formedphrase€int  x; ", thatis, thedeclaratiorin thefunction's
body Thestaticsemantianeaningof suchdeclaratioris afunctionthatupdateghetype ervironment
by declaringanintegervariable“x”. If e, is takento be the emptytype ervironment,containingno
declarationsthentheresultof {int x; } appliedto e, is anupdatedervironmente which containsa
declaratiorfor “x”:

e = {int X }eo
{“x” — obj [int, noqual] }

The secondactionin semanticanalysisis typing semanticswhich manageshetypesof all pro-
gram phrases. It aims at detectingtype-mismatcherrors, suchas assignmento a constantvalue,
andat associatingyntacticallywell-formedphrasesvith appropriatgphrasaypes.Suchassociations
aregiven by meansof typing deriations,thatis, formal proofsthat phrasesarewell-typed. Typing
semanticds basednot only on the abstractsyntaxof the program,but also on the static semantic
environmentghatresultfrom the previousaction.

In thesameexampleprogramconsidemnow theprogranphrase x++” thatis partof thefunction's
body Assumealsothatthe staticsemantianalysishasfinishedandresultedn thetype ervironment
e thatwasgiven abore. Underthis assumptionit is possibleto derive thatthe phrase‘x++” is an
expressiorthatcomputesanintegervalue® A proofof thisis givenby thefollowing derivation:

e F X < normal [obj [int, noqual]]
e b X : Ivalue [obj [int, noqual]]
e F x++ : exp [int]

& Oneshouldrecallthatexpressionsn C areallowedto generatesideeffects. This is thereasorwhy theincrementingf
“X" in “x++" doesnotdesere specialmentionhere.
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Thenotationthatis usedwill beexplainedin detailin Partlll. Two thingsshouldbe mentionedhow-
ever. Thefirstis thattheconclusiorof this derivationis thejudgemente + x++ : exp [int]” which
statesexactly thatthis phrasds anexpressiorcomputinganintegervalue,giventhetypeervironment
e. Theseconds thatthederiation makesuseof two typing rules,shavn ashorizontallines. Thefirst
rule (upperline) stateghatan integer variabledeclaredn the ervironmentis an l-valuedesignating
anintegerobject. The secondule (lower line) stateghatl-valuesmay be dereferencetly accessing
thevaluethatis storedin thedesignatebjects.

Dynamicsemanticss thefinal actionin theabstracinterpreterwhichis not considered partof bynamic
semanticanalysis’. Its primary aim is the definition of a well-typedprograms executionbehaiour, SEMANTICS
As a usefulside effect, run-timeerrorsand othersourcesof undefinedoehaiour aredetectecat the
sametime. Dynamic semanticdgs basedon the abstractsyntax,the ervironmentsthat resultfrom
static semanticsand the typing derivationsthat resultfrom typing semantics. For eachwell-typed
programphraseP of type 6, its dynamicsemanticmeaningis denotedby [P]s. Suchmeanings
are also mathematicabbjects. Typically they are functionsdescribingaspectof the executionof
the correspondingrogramphrases.The typing derivation for P is important,asthe samephraseis
allowedto have differentmeaningsvhenattributeddifferenttypes.

Goingoncemorebackto thesameaxample, consideragainthewell-typedprogramphrase x++",
whosetype derivation was given abore. Assumethat we choosedirect semanticsasthe execution
modelfor expressionsthe dynamicsemantianeaningof anexpressioris a functionthattakesasan
argumenttheinitial programstates andreturnstwo results:thecomputedsalueof theexpressiorand
thefinal programstateafterthe expressiors evaluation.Following this model,thedynamicsemantics
for “x++" is givenby thefollowing equation:

[x++ ]]exp [int] § = let (a, ") = [X]vatue [obj [int,noqual]] §
v = §'[a]
in (v,s'[a—v+1])

Noticethatthetyping derivation dictateshe typesthatareusedfor the dynamicsemantic®f “x++",
ontheoneside,andof “x” ontheothersideof the equation.Justfor the sale of clarity, a represents
the addresof the objectdesignatedy the l-value“x”, s’ is the programstateafter evaluating“x”
andv is the valuestoredin a atthe programstates’. Theresultof the evaluationis v, andthe final
programstateis the sameass’, with thevaluestoredin a incrementedy one.

1.3.3 Contribution

The main contritution of this thesisis a formal descriptionfor the semanticof the ANSI C pro- FormaL
gramminglanguagefollowing the denotationabpproach.The importanceandpossibleapplications (S:EMANT'CSOF
of sucha formal descriptionhave beenoutlinedin Sectionl.3.1. The developedsemanticgs satis-

factorily completeandaccuratewith respecto the standardandcompares/ery favourablyto other
approachefor the samepurposeasis furtherdiscussedn Chapterl6.

Anothersignificantcontrikution of this thesisis the applicationof monadnotationfor the speci- Monabsanp

fication of the semanticof a real programminganguage .Monads[Mogg89, WadI92 WadI94 and ¥R3\N$SE’FORM_

monadtransformergLian95h Lian9§ have beenproposedasa methodof improving themodularity grs

’ Following the terminologyusedin compilersand otherlanguageémplementationsanalysisprimarily focuseson the
extractionof staticprogrampropertieanderrordetection.The dynamicsemanticsasdefinedhere,correspondo thephase
of codegeneration.
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andeleganceof classicdenotationakemantics Althoughthe former have beenmuchusedlately in

functionalprogrammingpractice applicationsof monadnotationin thedenotationatemantic®f real
programmindanguagesave notbeenfoundin literature. Thesemanticshatis presentedh thisthesis
malkesuseof sevtenmonadsanda monadtransformerin orderto representifferentaspectof com-
putations.Most of thesemonadshave alreadybeeninvestigatedn literatureandareonly important
for thesimplificationsthey achieve in the semanticslt shouldbe notedhowever thatstandardlomain
theoryis usedandthe monadsaredefinedover the cateyory of domainsandcontinuougunctions.

The powerdomainmonadis usedin this thesisin orderto allow multiple possibleresultsin com-
putations. Several monadshave beenusedin literaturefor this reason,with the sameproperties.
Althoughthe monadicpropertiesof the corvex powverdomainhasalreadybeeninvestigatedn liter-
ature,a completeconcisedefinitionis givenin this thesis. Furthermorejn the developedsemantics
executioninterlearing is representetly meansof theresumptiormonadtransformerwhichis defined
in this thesisandwhosepropertiesareinvestigatechere. The combinationof the resumptiormonad
transformemith the continuationand powerdomainmonadsproducesnterestingresultsthatcanbe
usefulin specifyingthe semantic®of programmindanguagesvith non-deterministideaturesand/or
parallelism.

A significanteffort hasbeenmadeto evaluatethe developedsemanticsand assessts accurayg
andcompletenesskor this reasonanimplementatiorof the abstracinterpreterwasdevelopedand
testedusingimprovisedtestsandpartsof availabletestsuitesfor C implementationsTheinterpreter
implementsthe semanticdirectly and was written in Haslell. StandardML and C++ were also
consideredas possibleimplementationanguages. Experimentatiorwith the latter hasshavn that
object-orienteghrogrammindanguagesvith generictypescanimitatefunctionalcharacteristicsuch
asthelambdanotationandhigh-orderfunctionsin a type-safeway. Therefore they areadequatdor
theimplementatiorof denotationatemanticsalthoughthey areohviously not a naturalchoice.

1.4 Overview of relatedwork

A detailedreferenceandcomparisorof this thesisto relatedwork is givenin Chapterl6. However,
for the sale of completenessf this introduction,a brief summaryis includedhere. An overvien of
relatedwork in thefield of implementingdenotationatemanticss givenin Chapterl5.

Thesemantic®f mary popularprogrammindanguage$fiave beenformally specifiedn literature
usingvariousformalisms.However, in mostcasest is notthe semanticof the whole languagethat
is specified but thatof a significantlylarge subsetjeaving out usuallythe mosttricky features.Few
reallanguage$ave beengivenformal semanticaspartof their definition. Amongthemoneshould
mentionSchemdlEEE91, Abel9]] and StandardML [Miln90, Miln91, Kahr93, usingdenotational
andoperationakemanticgespectiely. Denotationakemantichave alsobeenusedfor the formal-
izationof Ada [Pede8(, Algol 60 [Bjor824, Pascal[Bjor82b], and Smalltalk-80[Wolc87], whereas
operationatemantichiave beerusedor Eiffel [Atta93] andSchemdHons9]. In aseminabaperax-
iomaticsemantichiave beenusedto partially describeéhesemanticef Pasca[Hoar73. Amongother
formalisms actionsemantichave beenusedfor PascalMoss93 andStandardML [Watt87, andab-
stractstatemachinedor Ada [Morr9Q], Cobol[Vale93, C++ [Wall93, Wall95], Modula-2[Gure88
Morr88], Oberon[Kutt97h Kutt97d, Occam|[Gure9Q Borg94a Borg96|, Prolog[Borg94d and
Smalltalk[Blak92].
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Monadshave beenproposedoy Moggi as a ground-breakingattemptto structuredenotational
semantics[Mogg9Q In a shorttime, the ideaof monadswvaspopularizedby in the functionalpro-
grammingcommunityby thework of Wadler[WadI93. Sincethen,relatedresearcthasfocusedon
the combinationof monadgo structuresemantidnterpreters Monadtransformerswhich werealso
first proposedy Moggi, have attractedhe attentionof mary researcherdn thework of Liang, Hu-
dakandJonedLian95, monadtransformersaredemonstratetb successfullymodularizesemantic
interpreterandthelifting of monadoperationss investigated.

Significantresearchasbeenconductedecentlyconcerningsemanticaspect®f the C program-
ming languagemainly becausef thelanguages popularityandits wide applicationsin whatseems
to be the earliestformal approach Sethiaddressethe semanticof pre-ANSI C, usingthe denota-
tional approactSeth8Q. In thework of Gurevich andHuggins[Gure93l a formal semanticgor C
is givenusingthe formalismof evolving algebrasA higherlevel axiomaticsemanticss proposedy
Black andWindley [Blac9§, focusingon C’s expressiorlanguagewith side effectsundera number
of simplifications.In thework of CookandSubramaniafiCook94h8 asemantic$or C is developedin
thetheoremprover Ngthm. Cooket al. have alsodevelopeda denotationasemanticgor C basedon
temporallogic [Cook944d. An operationakemanticgor C hasbeensketched,n termsof a random
accessnachineasa partof the MATHS projectin California StateUniversity Finally, in the work
of Norrish[Norr97] a completeoperationabemanticgor C is given usingsmall-stefreductions.To
the bestof the authors knowledge,this is the only descriptionof the semanticof C thatformalizes
correctlysomesubtlepointsof thelanguagelik e unspecifiedrderof evaluationandsequenceoints.
Theauthorknows of no similar denotationahpproach.

1.5 Structure of this thesis

The structureof this thesisfollows largely the methodologythat hasbeenoutlinedin Sectionl1.3.2.
Thethesisis dividedin five parts,eachof which consistsof a numberof relatedchapters.

e Part |I: Prelude.

— Chapterl: Introduction.
Thepresenthapteranintroductionto thethesis.

— Chapter2: Anovervien of C.
Attemptsto presentimportantaspect®f the syntaxandsemanticof C which affect the
restof thethesis. This chaptercontainsthe definition of C’s abstracsyntaxandexplains
how the developedsemanticgleviatesfrom the standard.

— Chapter3: Mathematicabadground.
Briefly presentshe mathematicabackgroundhatis usedasa basisfor thisthesis,jnclud-
ing basiccategory theory domaintheory monadsandmonadtransformers.

e Part Il: Static semantics.

— Chapter4: Staticsemantiddomains.
Definesthe domaingthatareusedto describethe staticsemanticof C, togethemwith the
basicoperationghatcanbe performedon their elements.

— Chapter5: Staticsemanticof decla@ations.
Definesthe staticsemantic®f C declarationsincludingexternaldeclarationgndtransla-
tion units.

MONADS

C SEMANTICS
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Chapter 1. Intr oduction

e Part

o Part

Chapter6: Staticsemantic®f recussivelydefinedypes.
Revisesthe definition of static semanticdomainsin Chapter4 to allow for recursively
defineddatatypes.

[ll: Typing semantics.

Chapter7: Typingjudgements.
Introducego the notionsof typing semanticstyping judgementstulesandderivations. It
alsodiscussesssuesspecificto thetyping semanticof C.

Chapter8: Typingsemanticof expressions.
Definesthetyping semantic®f C expressions.

Chapter9: Typingsemantic®f declaations.
Definesthetyping semantic®f C declarationsexternaldeclarationsindtranslationunits.

Chapterl10: Typingsemantic®f statements.
Definesthetyping semantic®f C statements.

IV: Dynamic semantics.

Chapterll: Dynamicsemantialomains.

Definesthe domainsthat are usedto describethe dynamicsemanticof C andthe ba-
sic operationson their elements.A numberof monadsrepresentinglifferentaspectsof
computationss alsodefinedhere.

Chapterl2: Dynamicsemantic®f expressions.
Definesthe dynamicsemanticof C expressionsincluding unspecifiedevaluationorder
unspecifiedrderof sideeffectsandsequencgoints.

Chapterl3: Dynamicsemantic®f declaations.
Definesthe dynamicsemanticof C declarationsgxternal declarationsand translation
units.

Chapterl4: Dynamicsemantic®f statements.
Definesthe dynamicsemanticsof all C statementsincluding jump statementsuchas
break;andgota

e Part V: Epilogue.

Chapterl5: Implementation.

Outlinesandtheimplementatiorof the developedsemanticsn Haslell andthe obtained
resultsfrom its evaluation.It alsodiscussesssuesarisingin theimplementatiorof deno-
tationaldescriptionsvith functionalandobject-orientedanguages.

Chapterl6: Relatedwork.

Presentgelatedresearchn the fields of real programminganguagesemanticsthe use
of monadsand monadtransformerdn denotationasemanticsaand the formal definition
of C. It alsoattemptsa comparisorbetweenthis thesisand others’' researchwheneer
applicable.

Chapterl7: Conclusion.
Summarizeshe accomplishmentandthe contritution of this work anddiscusseslirec-
tionsfor futureresearch.



Chapter 2

An overview of C

“C is quirky, flawedandanenormousuccess.
DennisRitchie,1993,in [Ritc93]

Thischaptetbeginswith aninformal presentationf selectedssuegelatedto thesyntaxandsemantics crarter
of the C programminganguagein Section2.1. Therestof the chapterimsatdefiningthelanguage ©VERVIEW
whosesemanticss describedn this thesis,which differs slightly from ANSI C, and usesfor this
purposea semi-formalapproach.Section2.2 definesthe abstractsyntaxof the languageusingthe

BNF notation,whereasSection2.3 summarizeshe known deviationsbetweerthe specifiedanguage

andthe ANSI C standardn aninformal way.

2.1 Selectedssuedrom the syntaxand semanticsof C

Developing a formal definition for the C programminglanguageis a hardtask. The main sources cowmpLexITIEs
of compleity are several syntacticand semanticissuesparticularto C, which fall roughly in the
following threecateayories:

¢ Compl type system The basicdatatypesare machineorientedandthe sameis true for the
whole philosophyof C’s type system.The connectiorbetweerpointersandarraysandpointer
arithmeticarealsocharacteristiof C. Incompletetypes,recursiely definedtypesandbit-fields
arealsosourcef compleity.

e Compl contol flow: C featurescomplex control structuressuchasthe for andswitch state-
ments,and variouskinds of jump statementseitherrestricted(break and continu@ or unre-
stricted(gotg. An additionalcompleity is createdoy the presencef variabledeclarationsn
block statementsn conjunctionwith jump statements.

o Compl expressionevaluation The presencef side-efectsin expressionss themajorsource
of compleity here.Combinedwith unspecifiedavaluationorder this potentiallyleadsto non-
determinism Expressiorevaluationis memory-oriente@ndthe standardntroduceghe mech-
anismof sequenceoints,in orderto enforceportability.

Thesemanticof C areunderspecifiedby the standardin anattemptnotto overly restrictimple- Unper-
mentationsTherearethreetypesof underspecifiedbehaiour distinguishedy the standard: SPECIFICATION

¢ Implementation-definedBehaviour of a correctprogramconstructand correctdatawhich de-
pendson the characteristic®f the implementation.The implementatiormustproperly docu-
mentsuchbehaiour.
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e UnspecifiedBehaviour of a correctprogramconstructandcorrectdata,for which the standard
explicitly imposeso requirementsimplementationseednot documensuchbehaiour.

o Undefined Behaviour of a non-portableor incorrectprogramconstructor of incorrectdata.In
suchcasesjmplementationare allowed a wide rangeof actions,including programtermina-
tion, documentedr evenunpredictabléehaiour.

Therestof thissectiondiscussethemaincharacteristicef C. It is structuredn threesubsections:
declamations expressionsandstatementsThe samestructurds followedthroughouthis thesis,n the
definitionof the semanticsFor a thoroughintroductionto the C programmindanguagethereadeiis
referredto [Kern88 Harb93.

2.1.1 Declarations

Thesyntaxof C declarationgs probablyoneof the mostcharacteristipointsof thelanguageDecla-
rationsarewrittenin away similarto way thatthedeclareddentifiersareused.This canbeconfusing
at first and frequentlyrequiresthe useof parenthesesAs an example,considerthe following two
declarations:

int * f ()
int  (p) O;

Thefirst declaresa function“f ” which returnsa pointerto aninteger The seconddeclaresa pointer

p” to afunctionreturninganinteger Onecanbetterunderstandhe effect of the seconddeclaration
by regardingthephrasé'*p ” asafunctionreturninganinteger, assuggestedby the parentheses.

Thetypesystemof C supportghefollowing types:

e Charactertypesthatis, thetypechar , its signed versionandits unsigned version,which
areall different.

¢ Integer typesin threesizes(short int ,int andlong int ), eachof which canbe either
signed orunsigned . Omissionof signinformationmalkesthetypesigned .

e Floatingtypesin threesizes(float ,double andlong double ).

¢ Enumeatedtypes declaredby usingenum.

e Structue types declaredoy usingstruct , containinga sequentiallyallocatednon-emptyset
of membelrobjects.

e Union types declaredby usingunion , containingan overlappingnon-emptysetof member
objects.

e Array types containinga contiguouslyallocatednon-emptysetof objectswith a specificele-
menttype.

e Functiontypes describingfunctionswith a specificreturntypeandparameters.

e Pointertypes pointingto objectsor functionsof a specificreferencedype.

¢ Theemptytype specifiedoy void .

Qualifiedtypescanbeformedby applyingthequalifiersconst andvolatile to anunqualified
type. For eachunqualifiedtype, threequalifiedversionsexist: one qualifiedwith const , onewith
volatile andonewith const volatile . Theuseof const declaregshatanobjectis constant
andary attemptto modify it leadsto undefinedbehaiour. Objectsdeclaredasvolatile may be
modifiedin waysunknavn to theimplementationindependentlyf programexecution.
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Array typesof unknavn size,structureanduniontypesof unknavn contentsandthetypevoid
areincompletdypes Exceptfor void , incompletaypescanbecompletedy specifyingtheunknavn
informationin alaterdeclaration.In generalijt is not possibleto declarean objectof anincomplete
type. Incompletetypesmaybe usedfor therecursve definitionof structuresandunions,asdiscussed
in Chaptef6.

Declaredobjectsmay be initialized aspart of their declarationdy expression®f anappropriate
type. Specialsyntaxis usedfor the initialization of arrays,structuresand unions,requiringlists of
initializers enclosedn braces.Initialization of objectsis performedin the orderthatthe initializers
appeatn the programsource.In generaltheinitial valuesof objectsthatarenot explicitly initialized
areundefined.

C supportgwo kinds of identifierswhich denotetypes. Tags canbe usedto describestructures,
unionsand enumerations.They mustalways be usedin conjunctionwith the keywords struct
union andenum. Ontheotherhand,identifiersdeclaredoy usingtypedef maydenoteary kind
of type. The syntaxis the sameasfor thedeclaratiorof normalidentifiers.

2.1.2 Expressions

In general,expressionsare sequencesf operandsand operators. An expressionmay specify the
computationof a value, designatean objector a function, generateside-efects, or combineary of
the previous. Expressionghat designateobjectsare called I-valuesand expressionghat designate
functionsarecalledfunctiondesignataos. A sideeffectis achangen theexecutionervironment,such
asthe modificationof anobjects valueor theaccesso anobjectdeclaredasvolatile

Thestandardlefineghesemantic®f C in termsof anabstractnachinelt is notrequiredthatim-
plementationbehae exactly astheabstractmachinedoesand,for example sideeffectsneednottake
placeatthe sametime whenthey aregeneratedHowever, at certainspecifiedpointsduring program
execution,calledsequenceoints all sideeffectsfrom previous evaluationamustbe completeandno
sideeffectsof subsequentvaluationsmusthave taken place. The standarchlsoforbids modification
of anobjectmorethanoncebetweerthe previous andthe next sequenceoint andspecifieghat,in
this casetheobjects prior valuemayonly be accessetb determindts new contents.

In generaltheorderin which subepressionsreevaluatecandthe orderin whichsideeffectstake
placeareunspecifiedy the standardEvaluationorderis affectedby the precedencandassociatiity
of operatorsaswell asthe useof parenthesedut notcompletelydeterminedy thesefactors.

C supportsalarge numberof operators Amongthem,the mostcharacteristiof the languageare
the pointerreferenceanddereferenceinaryoperatorg& and* ), the prefix and postfix unaryassign-
ments(++ and-- ), the compositebinary assignmenbperatorge.g.+=), the bitwise manipulation
operatorsthelogical short-circuitoperator§&&and|| ), thecommaoperatorandtheternarycondi-
tional operator?: .

2.1.3 Statements

The omissionof anassignmenstatemenfrom C is compromisedy the presencef the expression
statementaindthe factthatside effectscanbe generatedy expressions Compoundstatementsnay
be usedin orderto group statementén blocksand may containdeclarationf local objects. Such
objectsareallocatedeachtime programexecutionentersthe block andaredestroed whenit leaves
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theblock, regardlesof how the block is enteredor leaved. However, objectinitializationsonly take
placewhentheblockis normallyentered.

Theselectiorstatementsf C areif (with anoptionalelse clause)andswitch . Theseconds
controlledby anintegral expression.In its body thelabelscase anddefault maybedefinedand
thebreak statemenimaybeusedto interruptexecutionof thebody

Probablythemostcharacterististatemenof Cisthefor statementwith aratherpeculiarsyntax.
Otheriterationstatementarewhile anddo. Thebreak statementanbeusedfor theinterruption
of aniterationstatementwhereaghe continue  statementanbeusedfor startinganew iteration.

C allows unrestrictedumpsin the body of a function, by meansof thegoto statementn con-
junctionwith labeledstatement$. Theuseof agoto statemenpotentiallycausesxecutionto leave
oneor morenestedlocksandenteroneor moreothernestedlocks.

Thereturn statements usedfor determininga valuethatis returnedfrom a function. If the
function’s returntypeis notvoid andthereturn statements not followed by an expressionthe
returnedvalueis undefinecandmustnot be used.

2.2 Abstract syntax

A contet-free grammarfor the concretesyntaxof the C programmindanguages givenin Appendix
B of the ANSI C standardusinga BNF-like notation.Thegrammaicontainsa numberof ambiguities,
mainly causedy the definition of typedefsandothercontet-sensitve featuresof thelanguage All
theseambiguitiesareresohed in implementationdy usingappropriatesymboltables.However, the
concretesyntaxproducesarsetreeswhich containredundaninformationand, for this reason,are
notappropriatdor the specificatiorof programsemanticsA moreabstracsyntaxfor C is definedin
this sectionby meansf a context-free grammaiin BNF notation.Althoughthe sameambiguitiesare
presenin the abstrackyntaxgrammaythe producedparsetreesaregreatlysimplifiedand,therefore,
moremanageable.

2.2.1 Declarations

Externaldeclarationsredeclarationghatappeamutsideary functionandthereforehave file scope.
A translationunit is asequencef oneor moreexternaldeclarationsEachexternaldeclaratiorcanin
be eithera normaldeclaratioror afunctiondefinition.

¢ translation-unit ::= external-declaation-list
¢ external-declaation-list ::= external-declaation | external-declaation external-declaation-list

¢ external-declaation := declaation
| declamtion-specifies declamtor { declamtion-list statement-lis}

A declaratiorlist may containzeroor more declarations.Eachdeclarationconsistsof a storage
classspecifiey atype qualifier atype specifieranda list of declarationsith possibleinitializations.
Thefirst two areoptional.

! Non-localjumpsaresupportedy the standardibrary of C.
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¢ declamtion-list ::= €| declamtion declamation-list
¢ declamtion ::= declamtion-specifies init-declarator-list ;

¢ declamtion-specifies ::= storage-class-specifietype-qualifiertype-specifier

Thestorageclassspecifierdefinedin the C standardaretypedefextern statiq autoandregister.  seeciriers
In this thesishowever, only typedefandthe absencef a storageclassspecifierareallowed, asstated gﬁiumms
by deviation D-5 in Section2.3. Thelatteris equivalentto the standard autospecifier Allowedtype
qualifiersareconstandvolatile, whereagsype specifiergangeover awide variety of types.

¢ storage-class-specifier::= €| typedef
¢ type-qualifier ::= €| const | volatile | const volatile

¢ type-specifier::= void | char | signed char | unsigned char

| short int | unsigned short int |int | unsigned int
| long int | unsigned long int | float | double | long double
| struct-specifier| union-specifier] enum-specifiel| typedef-name

A list of declaratorgonsistsof zeroor moredeclaratorsgachof which may be followed by an  DecLaraTors

initializer. Initializersareexpression®r bracletedlists of initializers. fz“izl'g‘h'lT'AL‘
¢ init-declamator-list ::= €| init-declarator init-declarator-list

¢ init-declamator ::= declamtor | decla@tor = initializer

¢ initializer ::= expression| { initializer-list }

¢ initializer-list ::= initializer | initializer, initializer-list

Structureandunion specifierscontainnon-emptylists of memberdeclarationsEachsuchdecla- srtructures,

rationis similar to a normaldeclarationwith the absencef storageclassspecifiersandinitializers. ESL?ANESRiTD

Furthermorebit-fields may be definedasmembers.Enumerationgsredefinedasnon-emptylists of  7ons
elementspossiblyfollowed by their denotedralues.

¢ struct-specifier::= struct | { struct-declaation-list }
struct  { struct-declaation-list }

struct |

¢ union-specifier::= union | { struct-declaation-list }

| union { struct-declaation-list }
|

union |
¢ struct-declaation-list ::= struct-declaation | struct-declaation struct-declaation-list
¢ struct-declaation := struct-specifies struct-declaator-list ;
¢ struct-specifies ::= type-qualifiertype-specifier
¢ struct-declaator-list ::= struct-declaator | struct-declaator struct-declaator-list
¢ struct-declaator ::= declamtor | declamator: constant-gpression
¢ enum-specifier::= enum| { enumeator-list } | enum { enumeator-list } | enuml
¢ enumeator-list ::= enumeator | enumeator enumeator-list
4 enumeator ::= | | | = constant-gpression
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Declaratorsmay denoteordinary identifiers,arraysof knovn or unknavn size, identifierscor
respondingo functionsor pointers. Note that function prototypesare always requiredin function
declaratorsas statedby deviation D-3 in Section2.3. Parametettype lists consistof zeroor more
parametedeclarationspptionallyfollowed by anellipsis? Parametedeclarationslo not necessarily
namethe declaredobarametersasshavn by the useof abstractieclarators.

¢ declamator ::= | | declamtor[ constant-gpression] | declaator| ]
| declamtor ( parametertype-list) | * type-qualifierdeclaator

¢ parametertype-list == €| ... | parameterdeclamtion parametertype-list

¢ parameterdeclamtion ::= declamtion-specifies declaator
| declamtion-specifies abstract-declaator

¢ abstact-declaator ::= ¢| abstact-declaator [ constant-gpression] | abstact-declaator [ ]

| abstact-declaator ( parametertype-list)
| * type-qualifierabstiact-declaator

Typesynorymsdefinedby usingthetypedefstorageclassspecifierarejustidentifiers.A full type
nameconsistf anoptionaltype qualifier atype specifierandanabstractieclaratar

¢ typedef-name:= |

¢ type-name::= type-qualifiertype-specifieabstiact-declaator

2.2.2 Expressions

Amongall C programphrasesexpressionsarethe mostsimplified by the useof an abstractsyntax.
Primaryexpressionsareidentifiers,constant®or stringliterals. Postfixexpressionsncludearraysub-
scripts,functioncallsandstructureor unionmemberdereferenceslheactualargumentdo afunction
call arealist of zeroor moreexpressionsPrefixexpressionsllow the useof unaryoperatorsunary
assignmentandtypecasts Binary expressionshinaryassignmentandthe conditionaloperatoicom-
pletethepicture. Thenon-terminafor constanexpressionsequivalentto thatfor expressionsis only
keptfor the sale of clarity.

¢ expression:= | | n|f | c|s| expression expression | expression( argumentg
| expression | | expression> | | sizeof expression| sizeof ( type-name
| unary-opeator expression| ( type-namé expression

| expressiorbinary-opeator expression| unary-assignmerexpression

| expressiorbinary-assignmergxpression| expression? expression. expression
4 arguments::= €| expression, arguments

¢ constant-gpression ::= expression

The large variety of operatorsis one of C’'s most characteristideatures. Operatorsare distin-
guishedon the one handby their arity (unary binary or ternary)and on the otherhandin normal
operatorandassignmenbperators.

4 unary-opeator = & |* |+ |- | ~]|!

¢ Dbinary-opeator := I %+ |- |<<|>|<|>|<=]|>|=]!I=
S

| && |,
¢ unary-assignment:= ++ (prefix) | ++ (postfix) | -- (prefix) | -- (postfix)

¢ binary-assignment:= = | *= | /= | %=|+= | -= | <<= |>>= | &= | = | |=

2 Seealsodeviation D-10in Section2.3.
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2.2.3 Statements

Theabstracsyntaxfor statementss alsorelatively simple. A first thing to noticeis the presencef a
uniquescopeidentifierid in block statementsyhich maybe a simplenon-zeranaturalnumber Such
identifierscanbe easilygeneratedutomaticallyin the transitionfrom concreteo abstracsyntaxand
greatlysimplify the definition of dynamicsemanticsaswill beseenin Part|V. Noticealsothetwo
variationsfor statements andreturn

¢ statement-list::= €| statemenstatement-list

¢ statement::= ; | expression; | {id decla@tion-liststatement-lis}

| if ( expression) statement] if ( expression) statementlse statement

| switch ( expression) statement

| case constant-gpression: statement] default : statement

| while ( expression) statement| do statementvhile ( expression) ;

| for ( expression-optionaj expression-optionaj expression-optiona) statement
| continue ; | break ; | return ; | return expression
| I: statement goto I;

¢ expression-optional::= €| expression

2.3 Deviations from the standard

Thetaskof formally specifyingthe semantic®f the C programmindanguages avery hardone,due ReasonsFor
to the high compleity of thelanguagetself. A completeandaccuratesemanticswith respecto the DEVIATIONS

standardyvould inevitably be very comple if not altogethelinfeasible.In the developedsemantics,
several deviationsfrom the standarchave beenallowed, thusreducingthe value of the semanticsn
termsof completenessaccurag or both. The authorbelieves that thesedeviations only affect the
languageslightly andjustifiestheir existencewith oneof thefollowing two aguments:

1. In the caseof someaspectf C that are not supportedby the developedsemanticsthe in-
creasen compleity of the semanticghatwould berequiredin orderto accommodatéhemis
disproportionat¢o the benefitdfrom having them.

2. Someotherfeaturesare considerechs obsolescenby the currentstandardandare only sup-
portedfor compatibilitywith old fashionedrogrammingpractice.Suchfeatureswill probably
beomittedin theforthcomingrevisedversionof thestandardand,for this reasonthey werenot
includedin thedevelopedsemanticd# theirinclusionmeantasignificantincreasén compleity.

To the bestof the authors knowledge,the deviations betweerthe developedsemanticsaand (the
authors interpretatiorof) the ANSI C standarchrethefollowing. The mostimportantdeviationsare
mentionedn the beginning of thelist, but this orderof importancds only subjectve.

Deviation D-1. TheC programavhosesemanticss definedconsisiof asingletranslatiorunit. There- sincLe
fore, thenotionof aprogramin this thesisis equivalentto thatof atranslatiorunit. Theauthor TRANSLATION

believes that this restrictiondoesnot imposesignificantproblems,since programsspanning
throughmultiple translationunits canbe easily concatenatehto a single unit by a relatively
simplepreprocessoiThe useof functionlibrariespresents problemhere.However, on condi-
tionthatalibrary’s functionsarethemseleswrittenin C thesameconcatenatioprocessnaybe

UNIT
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assumed. Following adifferentapproachthestaticanddynamicsemantic®f library functions
canbeexternallyspecified.

Deviation D-2. Identifiersdeclaredn the file scope,i.e. outsidefunction definitions,aretreatedin
the sameway asthe others. Thatis, file scopeis treatedas an externalblock scope. This is
consistenwith deviation D-1. As a sideeffect however, no implicit initialization of external
objectstakesplace,asspecifiedn §6.7.20f the standard.

Deviation D-3. Functionprototypesarerequiredto exist for all calledfunctionsandthe actualargu-
mentsarerequiredto complywith the prototypes Thisis a steptowardsa morestrongly-typed
C, whichwill probablybetakenin therevisedstandard.

Deviation D-4. No identifiersotherthanstatementabelsmay be declaredasa consequencef pro-
cessingexpression®or statementsThatis, the staticervironmentmay only changeasa result
of processingleclarationsexcluding expressionghat appearin initializers. The standardal-
lows the declarationof identifiersin two more cases. First, an identifier of functiontypeis
indirectly declaredwheneer a call to an unknawn functionis encounteredIn the developed
semanticsthis would alsoviolate whathasbeendiscussedn deviation D-3. Secondthedec-
larationof tagsis possiblein type nameswvhich maybe presenin expressionsasis the caseof
“sizeof(struct tag { int whatever; })”. Theauthorbelievesthatsuchdeclara-
tionsshouldnot be allowed andregardsthis deviation moreasa correctionto the standardhan
asanomission.

Deviation D-5. StoragespecifiersotherthantypedefarenotsupportedThe case®f autoandextern
couldbeincorporatedathereasily but wereleft out asa sideeffect from deviation D-1, since
they are not very usefulin programsconsistingof a singletranslationunit. The omissionof
staticis the mostimportantconsequencef this deviation. Staticvariablesmay of coursebe
preprocessedut, but the authorbelievesthat a solutionintegratedin the semanticshouldbe
investigated. Finally, the increasen compleity requiredby the inclusion of register is not
clear Thisspecifierofferslittle to theprogrammeandit hasbeenarguedthatagoodoptimizing
implementatiorof C shouldbeableto determinevhichvariablesshouldbeallocatedo registers
withoutthe programmes help.

Deviation D-6. Initializersmustbefully bracletedaccordingo thetypesof theinitialized objects|n
contrasto the lessstrict bracleting thatis allowedin §6.5.7 of the standard Stringliterals are
however allowedasinitializersfor charactearrays.

Deviation D-7. Thetypesint andsignedint arealwaysconsidereddentical,evenin the caseof bit-
fields. This couldbe correctedwith a numberof changesn the abstracksyntax,separatinghe
declaratiorof bit-field membergrom thatof ordinarymembers.

Deviation D-8. The useof the typedefstorageclassspecifierin a parametedeclarationwhich is
disalloved by the standardis simply ignoredby the developedsemanticsThe useof a storage
classspecifierin parametedeclarationcould have beenaltogethedisalloved, sincethe only
caseallowedby the standards register. This shouldbe corrected.

3 Obviously, the specificationof functionswritten in assemblyor other languagess not a responsibilityof a formal
semanticgor C.
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Deviation D-9. Theuseof thetypedefstorageclassspecifieris allowedin functiondefinitions,while
it is disallaved by the standardn this case the developedsemanticsimply ignoresthe func-
tion’s body This shouldalsobe corrected.

Deviation D-10. The useof ellipsis in function prototypesdoesnot requirethe presenceof other
namedparameterse.g.“int  f (...); " whichis notallowed by the standards allowedin
the developedsemantics.The authorconsideredinnecessarto complyto this requiremenbf
thestandardwhichis imposedsolelybecaus®f implementatiorpractice.

Deviation D-11. In consistencavith deviation D-1, two structureor uniontypesareconsideredo be
compatibleby thedevelopedsemantic®nly if they arethe sametype. Thestandardilsoallows
structureor uniontypesdefinedin differenttranslationunitsto be compatibleif they agreein
theorderandtypesof members.

It shouldbe notedalso,moreasa clarificationthanasa deviation from the standardthatthe de-
velopedsemanticcoversonly the ANSI C language.lt is not the authors intentionto specifythe
semanticof C's standardibrary, which is alsoinformally definedin the C standard.The omission
of everythingincludedin the standardibrary allows the developedsemanticgo ignore sourcesof
compleity originatingfrom an underlyingoperatingsystem suchasinput/outputdevices, file man-
agementdynamicallocationof memory signalsandinterrupts etc.
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Chapter 3

Mathematical background

This chapterattemptsto definethe mathematicabackgroundhatis requiredfor understandinghis crapter
thesis.A brief introductionto cateyory theoryis presentedn Section3.1. Monadsandmonadtrans- ©OVERVIEW
formersareintroducedin Section3.2. In Section3.3 anoverviev of domaintheoryis givenandthe
chapterconcludesn Section3.4with adefinitionof themeta-languagfr denotationasemanticshat

is usedin this thesis. Throughouthis chapter only definitionsand usefultheoremsare stated. The

readeris referredto the relatedliteraturefor a moreinformatie introductionandthe proofsof the
theorems.

3.1 Categorytheory

Category theorywasdevelopedin anattemptto unify simpleabstraciconceptghatwereapplicable
in mary brancheof mathematics.Excellentintroductionsto cateyory theoryandits applicationin
ComputerSciencecanbefoundin [Pier9Q Gogu91 Pier91 Aspe91 Barr9§.

3.1.1 Basicdefinitions

Definition 3.1 A category C is a collection of objectsand a collection of arrows' satisfyingthe carecories
following properties:

e For eacharrov f thereis a domainobjectdom(f) anda codomainobjectcodom(f), andby
writing f :  — y it isindicatedthatz = dom(f) andy = codom(f).

e Foreverypairof arrons f : ¢ — y andg : y — z thereis acompositearrovgo f : z — z.

e Compositionof arrons is associatie,i.e.forallarrovs f : ¢ —» y,g:y —» zandh: z —» wit
isho(gof)=(hog)of.
e For eachobjectz thereis anidentityarow!identityarrov id, : * — .

o Identity arrows areidentitiesfor arrov compositionj.e.forallarrovs f : x — yitis foid, =
idyo f = f.
Definition 3.2 An objectz of catgory C is initial if for every objecty thereis exactly onearrow
f :  — y. Dually, anobjectz is terminalif for every objecty thereis exactly onearron f : y — .

Definition 3.3 Two objectsz andy of catgyory C areisomorphicif therearearravs f : x — y and
g :y — x suchthatf o g = id, andg o f = id,. Arrows f andg arecalledisomorphisms

1 Arrows areoftencalledmorphismsn literature.
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Propertie®f cateyoriesarecommonlypresentedisingcommutingliagrams A diagramis agraph
whosenodesareobjectsandwhoseedgesarearravs. A diagramcommutesf for every pair of nodes
andfor every pair of pathsconnectinghesetwo nodeghecompositiorof arronvs alongthefirst pathis
equalto thecompositiorof arravs alongthe second An exampleof a commutingdiagram,implying
thatg o f = h, is shavn below.

3.1.2 Functors and natural transformations

Definition 3.4. A functor F' from cateyory C to catgory D, writtenasF : C — D, is a pair of
mappings. Every objectz in C is mappedto anobject F(z) in D andevery arrov f : z — y in
C is mappedo anarrov F(f) : F(z) — F(y) in D. Moreoeer, thefollowing propertiesmustbe
satisfied:

e F(id;) = idp() forall objectsz in C.
e F(gof)=F(g)oF(f) forallarronsf:z —yandg:y— zinC.
Definition 3.5, An endofunctoon cateory C is afunctorF : C — C.

Definition 3.6. If F : C — D andG : D — E arefunctors,thentheir compositionis a functor
Go F : C — E. Itis definedby taking(G o F)(z) = G(F(x)) and(G o F)(f) = G(F(f))-

Definition 3.7. For every catgyory C, anidentity functor idc : C — C canbe definedby taking
idc(z) = z andidc(f) = f.

Notethatif F : C — C is anendofunctorandnr is a positve naturalnumbey the notationF™ :
C — C canbeusedfor thecompositiorof F' with itself n times. The notationcanbe extendedsothat
FO=idc.

Theorem 3.1 Functorsgpresere isomorphisms.

Theorem 3.2 Identity functorsareidentitiesfor functor compositionthatis, if F : C — Disa
functor thenF oidc = idpo F = F
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Definition 3.8 If F: C — D andG : C — D arefunctors,thenanatural transformation) between NaturaL
F andG, writtenasn : F = G isafamily of arravsin D. In thisfamily, anarrow ., : F(z) — G(z) LF;ANNSSFORMA‘
in D is definedfor every objectz in C. Moreover, thefollowing diagrammustcommute:

z Flz) — . G(a)
f F(f) G(f)
y Fly) —2— G(y)

Definition 3.9 If F: C—D,G:C— DandH : C — D arefunctorsa: F > Gandg@: G > H
arenaturaltransformationsthenthe composition3 o a : F = H is a naturaltransformation.It is
definedby taking(8 o @)z = Bz © ay

Definiton3.10 f F:C—-D,G:C—D,H:D — EandK : D — E arefunctors,a : F - G
andg : H - K arenaturaltransformationsthenthe compositionsoc F : Ho F - K o F and
Hoa: HoF = Ho G arenaturaltransformationsThey aredefinedby taking (8 o F) = Br(a)
and(H o a), = H(ag).

Definition 3.11 If CisacatgoryandF : C — Cis anendofunctoron C, thena F-algebra is an F-ALcesras
arrov f : F(z) — z.

Definition 3.12 If C is acatgory, F : C — C is anendofunctoronC, andf : F(z) — z and
g : F(y) — y are F-algebrasthena F-homomorphisnbetweenf andg isanarrov h : z — y in C
suchthatthefollowing diagramcommutes:

Fle) L. pey)
f g
h
x y

Theorem 3.3 F'-algebrasand F-homomorphism$orm a cateyory.
Definition 3.13 An initial F-algebra is aninitial objectof the cateyory of Theoren3.3.

Theorem3.4 If f: F(z) — z is aninitial F-algebrathen f is anisomorphism.

3.1.3 Adjunctions

Definition 3.14 If F : C — D andU : D — C arefunctors,thenF is left adjointto U andU is
right adjointto F if thereis a naturaltransformatiom : id¢c = U o F suchthatfor ary objectsz in
Candy in D andary arrov f : z — U(y) in C, thereis auniquearrav g : F(z) — y suchthatthe
following diagramcommutes.
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z U(F(z)) F(z)
; U(g) g
U(y) Y

Left andright adjointsarewritten as F | U andthetriple (F, U, n) constitutesan adjunction The
transformatiom is calledthe unit of theadjunction.

Theorem35 If F: C — DandU : D — C arefunctorssuchthat F 4 U, thenthereis a
naturaltransformatiore : F o U = idp suchthatfor ary objectsz in C andy in D andary arrov
g : F(z) — y, thereisauniquearron f : z — U(y) in C suchthatthefollowing diagramcommutes.

f F(f) J

€
Ul(y) F(U®y) -y
Thetransformatiore is calledthe counitof theadjunction.

3.1.4 Productsand sums

Definition 3.15 Letz andy betwo objectsin a categyory C. Then,a productof z andy is anobject
z € C togethemwith two arrowvs fst : z — x andsnd : z — y suchthat,for ary objectw € C and
arrons f1 : w — z andfs : w — y, thereis auniquearrov f : w — z makingthefollowing diagram
commute:

w
fi f fo
v fst ? snd Y

Sucha productobjectis commonlywrittenasz x y andtheuniquearrown f is writtenas(f1, fa).

Definition 3.16 Let z andy be two objectsin a catgory C. Then,a sumof x andy is an object
z € C togethemwith two arrovs inl : * — z andinr : y — z suchthat,for ary objectw € C and
arrons f1 : x — w andfs : y — w, thereis auniquearrav f : z — w makingthefollowing diagram
commute:

inl inr
T z - Y
f
fi fo
w

Suchasumobjectis commonlywrittenasz + y andtheuniquearrov f is writtenas| f1, f2].
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Definition 3.17. It is easyto generalizeébinary productsandsums,asdefinedin Definition 3.15and
Definition 3.16,to finite productsandsumsof theformzy x z9 X ... X z, andzy + zo + ... + z,
respectiely. For n = 0 the productcanbe ary terminalobjectandthe sumcanbeary initial object
of the catgory. Furthermorefor n = 1 bothproductandsumareisomorphicto z; .

Theorem 3.6, Productsandsumsareuniqueup to isomorphism.

3.2 Monadsand monadtransformers

Thenotionof monad alsocalledtriple, is notnew in the context of catayory theory In ComputelSci-
ence monadshecamevery popularin the 1990s.The categorical propertiesof monadsarediscussed
in mostbookson cateyory theory e.g.in [Barr9§. For acomprehense introductiongo monadsand
their usein denotationakemanticghe useris referredto [Mogg9d. A somehw differentapproach
to the definition of monadsds foundin [Wadl93, which expresseshe currentpracticeof monadsn
functional programming. The two approachesire equvalentandthey are both usedin this thesis.
The catgyoricalapproachis usedfor the definitionof monadssinceit is muchmoreelggant,andthe
functionalapproachs usedn themeta-languagtor describingsemanticandin therestof thethesis.

3.2.1 The categoricalapproach

Definition 3.18 A monadonacateory Cisatriple (M, n, u), whereM : C — Cisanendofunctgr Monaps
n:idc - M andu : M? = M arenaturaltransformationsFor all objectsz in C, the following
diagramganustcommute.

M(z) 1) a2y M) M) M) g2
idM(a:) Kz idM(a;) KM (z) Bz
M(z) M2(z) —F2 M)

The transformationy is called the unit of the monad,whereasthe transformationu is called the
multiplicationor join.

Thecommutatiity of thesewo diagramss equialentto thefollowing threeequationscommonly
calledthethreemonadaws

Bz © Mp(e) = 1d M (a) (1stMonadLaw)
paz © M (1) = id pp(s) (2ndMonadLaw)
po © M(pz) = pa © fiar(z) (3rd MonadLaw)

Theorem3.7. If F: C — DandU : D — C arefunctorssuchthat F 4 U, withn : idc > U o F
ande : F o U = idp beingthe unit andcounitof theadjunctionthenthetriple (U o F,n,U ceo F)
isamonadon C. Thismonadis calledtheinducedmonadof theadjunction.
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Definition 3.1 If (M, n,u) and(M', 7', u') aremonadson a cateory C, thena monadmorphism
is a naturaltransformatior? : M — M’ suchthatfor all objectsz in C the following two diagrams
commute:

2) —MC) (0 (a))

z—" ., M(z) e M(£,) M'(£,)

Capria
z)) —2&, w2 ()
T

, M(z) M(M'(
Nz
M'(z) \
M'(z)

In theright diagram the smallsquarealwayscommutesdy thefactthat/ is a naturaltransformation.

Definition 3.2Q If C is a cateyory, thenit is possibleto definea monadcategory Mon(C) by taking
asobjectsthemonad=on C andasarrovs the monadmorphismsn C.

Definition 3.21 If C is a catggory and Mon(C) the inducedmonadcateyory, thena monadtrans-
formeron C is anendofunctor® : Mon(C) — Mon(C).?2

3.2.2 The functional approach

Thealternatve approachwhich hasbecomevery popularin thefunctionalprogrammingcommunity
definesamonadonacateyory C asatriple (M, unity, bind ). In thistriple, M is afunctionbetween
objectsof C, unity : « — M(x) is afamily of arrovsin C andbindy, is afunctionbetweerarrons

onC. If z andy areobjectsin Candf : z — M(y) isanarrov in C, thenbindy f : M(z) — M(y).

Furthermorethefollowing propertiesmustbe satisfied:

bind,, unity, = id (Alternative 1stMonadLaw)
(bindy f) o unity = f (Alternative 2nd MonadLaw)
(bindy, f) o (bindy g) = bind,, ((bindy f) © g) (Alternative 3rd MonadLaw)

It canbeshavn thatthetwo approacheareequialent. Theequationselatingunit, andbind in
thealternatve definitionto n, u andthearrov mappingof endofunctoV/ in theoriginal definitionare
givenbelow, in bothdirections® It canalsobe shavn thatthetwo setsof monadiaws areequialent.

2 Mary optionsfor thedefinitionof monadtransformerfave beensuggesteih literature.Apartfrom thedefinitionused
hereasendofunctor®n Mon(C), otherpossibledefinitionsareasfunctionsbetweerobjectsin Mon(C), aspremonad®sn
Mon(C) (i.e. endofunctorsvith a unit), andasmonadson Mon(C).

% Theseequationsassumehat a numberof naturality properties,omitted from the alternate definition, are satisfied.
Without this assumptionthetwo definitionsarenotequialent.
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unity =7 7 = unity
bindy f = po M(f) u = bind id
M(f) = bind (unity o f)

In a cateyory whereobjectsare sets(or similar mathematicaentities)and arrovs arefunctions ser-orienten
betweensets,thenunit,, : A — M(A) andbind,, : (A — M(B)) — M(A) — M(B) canbe B"\°
regardedasa polymorphicfunctionswhereA andB arearbitrarysets.Then,by swappingtheorderof
theagumentof bind,, andby makingit aninfix operator- xy, - : M(A) — (A — M(B)) — M(B)
the popularform of the bind operatorasusedin practicetodayis obtained.This is the notationfor
monadshatis usedin thefollowing chaptersFurthermorethe notationlift,,_,y : M(A) — M'(A)
is sometimesusedfor the polymorphicfunctionsrepresentingnonadmorphisms.

3.3 Domaintheory

Thetheoryof domainswasestablishedy Scottand Strachg, in orderto provide appropriatemath-
ematicalspace®n which to definethe denotationakemanticof programminganguagesintroduc-
tionsof varioussizesandlevels canbefoundin [Scot7] Scot82 Gunt9Q Gunt93. Variouskinds of
domainsarecommonlyusedn denotationasemanticsthe majority of thembasedn completepartial
orders(cpo’s). Thevariationusedin this thesisis oneof the possibleoptions.

3.3.1 Preliminaries

Definition 3.22 A partial order, or posetis asetD togethewith abinaryrelationC thatis reflexive,
anti-symmetriandtransitve.

Definition 3.23 A subsetP C D of aposetD is boundedf thereisaz € D suchthaty C « for all
y € P. Inthiscasex is anupperboundof P.

Definition 3.24 Theleastupperboundof asubsetP C D, writtenas| | P, is anupperboundof P
suchthat,| | P C « for all upperboundsz of P.4

Definition 3.25 A subsetP C D of aposetD is directedif everyfinite subsett” C P hasanupper
boundz € P.

Definition 3.26 If D isaposetandz € D is oneof its elementsthentheset| x of elementdelow
zin Disdefinedaslz = {y €D | yCz}.

Definition 3.27. A subsetP C D of aposetD is downwad closedif | x C P for every element
x € P.

Definition 3.28 Let D beaposet.An idealover D is adirectedanddovnward closedsubsenf D.

Definition 3.29 A posetD is completdf every directedsubsetP C D hasa leastupperbound. A
completepartialorderis alsocalledacpo.

* Thenotationa LI b is usedasanabbreiation of | |{a,b}.
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Definition 3.30 A non-emptycpo D is boundedcompleteif every boundedsubsetP C D hasa
leastupperbound| | P € D.

Definition 3.31 An elementz € D of acpo D is compactif for all directedsubsets? C D such
thatz C | | P thereis anelementy € P suchthatz C y. By K(D) we denotethe setof compact
elementof D.

Definition 3.32 A cpo D is algebraic if for everyz € D thesetP = {a € K(D) | a E z}is
directedand| | P = z.

Definition 3.33 Let D beaposet.A subsetV C D is normalin D, writtenasN « D if for every
z € D theset(] z) U N of elementdelov z in N is directed.

Definition 3.34 An algebraiccpo D is bifinite if for ary finite setF C K(D) thereis afinite setV
suchthatF C N «K(D).

Theorem 3.8 A boundedcompletealgebraiccpois bifinite.

Definition 3.35 Let D andE becpo’s. A pair of continuoudunctions(e, p) suchthate : D — E
andp : E — D is calledanembedding-mmjectionpair, or ep-pair, if po e = idp, ande o p C id .

Definition 3.36 LetD andE becpo’s. Let (e, p1) and(ez, p2) beep-pairdetweenD andE. Then,
the compositiorof (e, p1) and(ez, p2) is theep-pair(e, p) = (e1 o e2,p2 © p1).

Theorem 3.9, Compositiorof ep-pairdgs transitve andhasasidentity the ep-pair(id, id ).

3.3.2 Domains

Definition 3.37. A domainis abifinite cpo.D with abottomelementwrittenas_L andatopelement,
writtenasT. Forall elements: € D, it mustbe L C 2 C T.5

Definition 3.38 Every setS definesa flat domainS°, whoseunderlyingsetis S U { L, T } andin
whichz Cyiffz = L ory=T.

A numberof usefuldomainscanbe definedat this point. Thetrivial domainO containsa single
elementL, whichis both bottomandtop. The flat domainthat correspondso the emptysetis the
domainI with elementsL andT. A usefuldomainwith a singleordinaryelementis U = { u }°.
Thedomainof truth valuesis definedasT = { true, false }°. ThedomainN is definedasN = Z°,
whereZ is the setof integer numbers. The naturalnumbersalsoform a posetw undertheir usual
ordering<. It shouldbe notedthatw is notacponoradomain,sinceit doesnot have atop element.

Definition 3.39 If D is a poset,anw-chain (z,),c, in D is a setof elementsz,, € D suchthat
n < mimpliesz, C z,,.

Theorem 3.1Q If D is aposetwith a bottomanda top elementthe setof idealsover D orderedby
subseinclusionis adomain.
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Definition 3.40 A function f : D — E betweenposetsD and E is monotondf x T y implies Funcrions

f(z) E f(y).

Definition 3.41 A functionf : D — E betweerposetsD andE is continuousf it is monotoneand
flUP)=1U{f(z) | z € P} forall directedP C D.

Definition 3.42 A function f : D — E betweendomainsD andE is strict with respecto L if
f(L) = L. Itisstrictwithrespecto T if f(T) = T. Finally, it is strictif it is strictwith respecto
both L andT. Thenotationf : D — E indicateshat f is strict.

Definition 3.43 A relationC canbedefinedfor functionsbetweerdomainsD andE asfollows. If
f,g: D — E,thenf C giff f(z) C g(z) forallz € D.

Theorem3.11 Thesetof continuoudunctionsbetweenD andE undertherelationdefinedin Def-
inition 3.43is adomain.Thisdomainis denotecoy D — E.

Definition 3.44 An elementc € D is afixedpointof afunctionf : D — D if z = f(x).

Theorem 3.12(FIXED PoINT). If D isadomainandf : D — D is continuousthen f hasaleast
fixedpoint fix(f) € D. Thatis fix(f) = f(fix(f)) andfix(f) C « for all z suchthatz = f(x).
Furthermore:

o

fix(f) = | | (1)

Definition 3.45 Let D beadomain,z € D beoneof its elementandf : D — D beacontinuous
function. The closue opemtor can be definedin a way similar to the leastfixed point operatoy
providedthatz C f(x):

(e}

co(@)(f) = | | (@)

n=0
It shouldbe notedthatclo(z)(f) is alsoafixedpointof f,i.e. f(clo(z)(f)) = clo(z)(f).
3.3.3 Domain constructions

Definition 3.46 If D and E aredomains,thenthe product D x FE is adomain. The elementof Probucts
D x E arethepairs(z,y) with z € D andy € E, andtheorderingrelationis definedas:

(z1,y1) C (@2, y2) © 21 Cp 22 Ay1 Cg y2

Definition 3.47. If D x E isaproductdomaintwo continuousprojectionfunctionsfst : DxE — D
andsnd : D x E — E canbedefinedasfst(z,y) = z andsnd (z,y) = y.

Definition 3.48 If D, E andF aredomainsandf; : F — D andf; : F — E arecontinuousunc-
tions,thenacontinuoudunction(f1, f2) : F — D x E canbedefinedas(fi, f2) x = (f1 z, f2 z).

5 Otherapproachesdefinedomainsascpo’s, or aspointedcpo’s (i.e. cpo’s with a bottomelement).
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Theorem3.13 For ary domainsD, E and F andfor ary continuousfunctionsf, : F — D,
f2o: F— Eandg : F — D x E thefollowing equationsresatisfied:

o fsto(fi, f2) = f1

e snd o (f1, fa) = fo
o (fstog,sndog) =g

Definition 3.49 A functionf : D x E — F is bistrict with respecto L if f (z,y) = L wheneer
x = 1 ory = L. Itis bistrict with respecto T if f (z,y) = T wheneerz = T ory = T.
Finally, it is bistrict if it is first bistrict with respecto L andthenbistrictwith respecto T. Thatis,
f <J-’T> =f <TaJ-> =1.

Definition 3.5Q If D andE aredomainsthenthesmastproductD ® E is adomain.Theelements
of D® E arethepairs(z,y),withz € D—{ L, T }andy € E—{ L, T }, plustwo additionalbottom

andtop elementsl ,5» and T 5. Theorderingrelationis definedasin the caseof Definition 3.46,

with theadditionalrelationthat | ,gz C (z,y) C T e for all elementgz, y).

Definition 3.51 If D and E aredomainsthenthe sepaatedsumD + E is a domain. The setof
elementof D 4 E is:

{(2,00 | €D} U{(y1) [ y€E} U {lpis Toin}

Theorderingrelationis definedseparatelyor eachkind of pairs,i.e. (z1,0) C (22,0) < x1 Cp x2
and(yi, 1) C (y2,1) & y1 Cg yo. Inaddition, L,z C 2 C Tp,gforallze D+ E.

Definition 3.52 If D + E is asumdomain,two continuoudnjectionfunctionsinl : D — D + E
andinr : E — D + E canbedefinedasinl ¢ = (z,0) andinr y = (y, 1).

Definition 3.53 If D, E and F aredomainsandf; : D — F andf, : E — F arecontinuous
functions thenacontinuousunction|[ f1, f2] : D + E — F canbedefinedas:

lr , z2=1lpm

Tr , 2=Tpiz

fiz, z= <.’L‘,O>

f2 Yy, z= <ya 1)

Theorem3.14 For ary domainsD, E and F andfor ary continuousfunctionsf; : F — D,
fo: F — Eandg : F — D x E thefollowing equationsaresatisfied:

o [fi,f2]oinl = f;
o [fi,f2]oinr = f,

e [goinl,goinr]=g

[f1,f2]z=

Definition 3.54 If D and E aredomainsthenthe coalescedsumD @ E is a domain. The setof
elementof D @ E is:

{(z,0) | 2eD-{L,T}}U{(y,1) [ye E-{L,T}} U {Llpes Tper}
Theorderingrelationis definedasin Definition 3.46.

Definition 3.55 In the caseof coalescedsums,the injection functionsinl : D — D @ E and
inr : E — D @ FE arethestrictversionsof thefunctionsusedin separatedums.
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Definition 3.56 If D is adomain,thelifted domainD is a domainwhoseelementsarethe pairs Lirreo
(z,0) with z € D, plustwo additionalbottomandtopelementsL,, and T, . Theorderingrelation POMAINS
is definedas(z, 0) C (y,0) < z Cp y with theadditionalrelationthat L, C (x,0) C T, for all
elementsz, 0).

Definition 3.57. If D, is alifted domain,two continuousfunctionsup : D — D, anddown :
D, — D canbedefinedasfollows:

up:cz(z,O)
J—D ) Z:J—DJ_
downz=<( Tp , 2=Tp,
z ,Z:<:L',O>

Theorem 3.15 Thefollowing propertiesaresatisfiedor alifted domainD | :

e down oup = idp,
e idp, C upodown

Let D be adomainand F' be a domainconstructorsuchthat F(z) is adomainfor all z € D. Depenpent
Then,a dependentunctionis a function f definedon elementf D, suchthat f(z) € F(x) for all EESCT'ONS
elements € D. Thedomainof dependentunctionsis writtenasz : D — F(z). Also, adependent propucrs
productis a product(z, y) with z € D andy € F(z). Thedomainof dependenproductss written
asz : D x F(z). Foraformaldefinitionof dependentunctionsandproductsandtheir propertiesthe
readeiis referredto [Gunt93.

3.3.4 Categorical propertiesof domains

Definition 3.58 Every posetD inducesa catayory. Theobjectsof this cateyory arethe elementof
D. Also, for every pair of elementse, y € suchthatz C y theinducedcateory containsa unique
arrov from z to y. For every pair of elementghatarenot relatedby C, thereareno arrans in the
inducedcateyory.

Theorem3.16 Domainsandcontinuoudunctionsform a cateyory Dom.
Theorem 3.17. Domainsandep-pairdorm a cateory Dom®?.
Theorem3.18 ThedomainO is aninitial objectof thecateyory Dom®”.

Theorem 3.19 Domainproductsandcoalescedumsareproductsandsumsin thecateyoricalsense,
in catgyory Dom.

Definition 3.59 A continuoussemi-latticedomainis adomainD togethemwith a continuousinary
function* : D x D — D whichis associatie, commutatie andidempotent.

Definition 3.60 A homomorphisnbetweerncontinuoussemi-latticedomainsD and E is a continu-
ousfunctionf : D — E suchthat f(s x, t) = f(s) xg f(t) forall s,t € D.

Theorem 3.2Q Continuoussemi-latticedomainsand continuoushomomorphismgorm a cateyory
Sid.

Definition 3.61 Theforgetful functorU : Sld — Dom is definedby simply taking the underlying
domainof a continuoussemi-latticedomain.lIt hastheidentity actionon arrons.
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3.3.5 Diagrams,conesand colimits

Definition 3.62 Let I be a posetand C a cateyory. A diagram indexed by I over C is a functor
A:T—C.

Definition 3.63 A coneover adiagramA : I — C is anobjectz in C togetherwith a family of
arrons u; : A(i) — x indexed by theelementf I, suchthatfor all s C j in I thefollowing diagram
commutes:

A(j) —2

xr
fij
Hi
A(7)

where f;; is the arrav in C which is the image mappedby A of the uniquearrowv in cateyory I
correspondingo ; C j. Theaforementionedoneis denotedoy i : A — z.

Definition 3.64 If u : A — z andv : A — y areconesover adiagramA : I — C, thenarrow
f : ¢ — yisamediatingarrowif for all ; € I thefollowing diagramcommutes:

Hz“
A(7)

Theaforementionedhediatingarrawv is alsodenotedasf : yp — v.

f
4>y
Vi

Definition 3.65 A coney : A — z is colimitingif for ary otherconev : A — y thereis a unique
mediatingarrov f : p — v. In thiscaser is acolimit of A.

Theorem 3.21 Thecolimit of adiagram|f it exists,is uniqueup to isomorphism.

Definition 3.66 A functor F : C — D is continuousif for all directeddiagramsA and for all
colimiting conesover A theconeF (y) is colimiting over F(A).®

Thedirectedposetw is commonlyusedfor indexing diagramsin thiscaseadiagramA : w — C
canbe viewed asthe cateyorical analogueof anw-chain,thatis, afamily A = (A, fn)new Where,
foralln € w, A, isanobjectin Candf, : A, — A,41 isanarrav in C. Thearrowns corresponding
toi < g in w canbethendefinedasthe compositionof f; ;1 o ... o f;. GivensuchadiagramA, a
diagramA~ = (A,,, f,, Jnew Canbedefinedby takingA, = A,41 andf,, = fpt1, foralln € w.
Also, givenadiagramA : w — C andaconey : A — z, theconey™ : A~ — C canbedefinedby
takingy,, = pn+1,foralln € w.

Theorem 3.22 Let C beacatgory with aninitial object0 andF' : C — C beanendofunctoon C.
Leti : 0 — F(0) betheuniqguemapfrom theinitial object0 to F(0) andA : w — C bethew-chain
(F™(0), F™(i))new- If thereis acolimiting conep : A — z andtheconeF' () : F(A) — F(z) is
alsocolimiting, thenthemediatingarron a : F(z) — = betweenF (x) andy ™~ is aninitial F-algebra.

® F(A) is definedasthe compositionF o A of functorsF andA.
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3.3.6 Powerdomains
Definition 3.67. If S is aset,thesetof finite non-emptysubsetof S is denotedoy P; (S). DEFINITION
Definition 3.68 If D is aposetabinaryrelationC" canbedefinedon P; (D) asfollows:

uC'v & (Vyev.dzecuaCly) A Vezecu Jycv.zCy)

Theorem3.23 Accordingto the orderingof Definition 3.68,the setP; (D) is a poset.If D hasa
bottomor top elementthenalsoP; (D) hasabottomor top element.

Definition 3.69 If D isadomainthenthe(corvex) powedomainof D, written ath, isthedomain
of idealsover the posetP; (K (D)) orderedby C.

Theorem3.24 Let D beadomainands,t € D. Thefollowing propertiesaresatisfied:

Definition 3.7Q0 Let D andE bedomainslf f : D — E is acontinuoudunction,thenthefunction
f': D" — E' definedbelow is alsocontinuous:

fls={weP;KD) | Jues.wC {fzr|zcu}}

Definition 3.71 Let D be a domain. Then, the powedomainsingletonis a continuousfunction
{-}: D — D' definedasfollows for all z € D:

{z} = {weP}KD)) | Ja€K(D).aCazAwC {a}}

Theorem3.25 Let D beadomainandz,y € D. Thefollowing propertieshold:

e {1o} = J—Dh
o {Tol = T
e o=y & {a} = {v)

Definition 3.72 Let D beadomain.Thenthe powedomainunionis a continuoushinaryoperation
U": D" x D' — D" definedasfollows, for all s,¢ € D":

sUt = {w € P;(K(D)) | Jues,vet.w ulUv}

Theorem3.26 Let D andE bedomainsy, s,t € D" andf : D — E beacontinuougunction. The
following propertieshold:

. s
esUt=tUs

erU (sUt)=(rus) Ut
o s t) = (fls) U (f10)
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Theorem3.27. Let D be adomain. Then,the domainD* togethemwith the binary operationd® :
D' x D' — D" form acontinuoussemi-latticedomain.

Definition 3.73 The powedomainfunctor P : Dom — Sld is definedby taking P(D) to be the
continuoussemi-latticedomainformedby D" andu’, for every objectD € Dom, andP(f) = f* for
everyfunctionf : D — E in Dom.

Theorem 3.28 Thepowerdomairsingletonis a naturaltransformatiorbetweerthe identity functor
on Dom andthefunctorU o P, thatis { - } : idpom — U o P.

Theorem 3.29 The powverdomainfunctor P is left adjointto the forgetful functorU : Sld — Dom
with the powerdomainsingletonasthe unit of theadjunction.

Definition 3.74 Let D beadomainandlet« : D x D — D be a binary operationon D thatis
associatie, commutatie andidempotent.A continuousfunctione, : D' — D canbe definedas
follows, for all s € D"

eps = | J{w* | wes}

wherew* is definedasthe resultof the applicationof operationx to all the elementsof the finite
non-emptysetw, for all w € P; (K(D)).

Theorem 3.3Q Forall domainsD, functionep, : D'—= D specifiedn Definition3.74is acontinuous
homomorphisnbetweerthe continuoussemi-latticedomains(D, ) and (D", U ).

Theorem 3.31 The family of continousfunctionse, specifiedin Definition 3.74 definesa natural
transformatiorbetweerthefunctor P o U andtheidentity functoronSld, thatise : P o U = idgyq.

Theorem 3.32 Thenaturaltransformatiore : PoU - idg)q specifiedn TheorenB.31is thecounit
of theadjuctionspecifiedn Theorem3.29.

As aresultof Theoren3.7,theadjunction(P, U, { - }) inducesamonadP on Dom. Theelements
of thismonadare:

e ThefunctorP : Dom — Dom definedby P(D) = D", for all domainsD, andP(f) = f*, for
all continuoudunctionsf : D — E.

e Theunitn : idpom — P definedby n, z = {z]} for all domainsD andall elements: € D.

e Thejoin u : P2 = P definedby pup X = J {W = | W € X } for all domainsD andall
elementsX : D*.

Two thingsshouldbe notedaboutthe monads join. First, setunionis usedhereasthe leastupper
boundoperatowith respecto thesubseinclusionrelationgDh . Secondthejoin is equivalentto the
big unionoperatorfor the corvex powerdomainasdefinedin [Plot76§.

The powverdomainrmonadcanbe alsousedin the spirit of Section3.2.2. In this case o facilitate
the definitionof thebind operatorthefollowing definitionis used.
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Definition 3.75 Let D andE bedomainsandf : D — E" beacontinuougunction. Then,function
ext' f : D' — E" is definedasfollows for all s € D":

eXthfS = Hp (fhs)

Definition 3.76 If D andE aredomainsthebindoperator: , - : P(D) — (D — P(E)) — P(E)
is definedasfollows, for all continuoudunctionsf : D — P(E) andfor all s € P(D):

s*pf:exthfs

3.4 The meta-language

In orderto formulatespecificelementf domainsin denotationatiescriptionsa meta-languagbas
to beemplo/ed. Althoughresearcherbave not agreedon a standardneta-languagéor this purpose
andthereis considerableariationin the notationalcorventionsusedby variousauthorsjt seemghat
variationsof the A-calculusarevery popular Sucha variationwill be usedin this thesis,following
mostlythenotationof [Moss9Q and[Gunt9(d. In this sectionthe meta-languagis outlined,keeping
in mind the definitionsof Section3.3. The coreof the meta-languagés first presentedfollowed by
additionalnotationalcorventionsthataddnothingsubstantiato the languageandcanberegardedas
syntacticsugar

3.4.1 Coremeta-language

Every well-formed phrasee of the meta-languagelenotesan elementz of somedomainD. The
notatione > x : D is usedin therestof this sectionasan abbreiation of the previous sentenceThe
well-formednes®f a phrasedependgyenerallyon the well-formednes®f its componentandon a
numberof additionalrestrictions.In therulesto follow, letterse andI representespectiely phrases
andidentifiersof themeta-languagéheletter D representdomainsandthelettersz, y, f, g represent
element®f domains.In particular thelasttwo representontinuougunctions.

Basicnotation: Namedelementf domainse.g. L, T, integernumbersgtc.) areusedto repre-
sentthemseles. Parenthesesanbe usedto groupphrase®f the meta-language.

Equality: Theequalityoperator=: D x D — T definesabinaryrelation. Its continuity follows
from its restrictionto theelementsrue andfalse of T. If e; >z : D andes > y : D, then:

e1=ey > true: T , if zandyarethesameelementof D
e1 — ey > false: T , otherwise

Conditional: If e; >z : D andes >y : D, then:

e—e,e > r:D , if evtrue:T
e—>e,e > y:D | if erfalse: T
e—e,e > L:D |, if erL:T
e—e,e > T:D |, if erT:T
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Function abstraction: The A-notation) I. e is usedto represenfunctionabstractionsThe phrase
e may containinstance®f theidentifierI. Let f : D; — D5 beacontinuoudunction. If for
all z € Dy, by assuminghat! > z : Dy it is possibleto deducehate > f(z) : Do, then:

AM.e > f: Dy — Do
Function application: If ey > f: D1 — Dy andes >z : Dy, then:
er1 ez > f(z): Do
Function composition: If e; > f : Dy — Dy andes > g : Dy — D3 then:

ex0e; D gOf:Dl—)D,g

Leastfixed point and closure operators: If er f: D — D ande’ >z : D then:

fixe > fix(f): D
cloe' e > clo(z)(f): D

Domain constructions: Thenotationusedin Section3.3.3for representinghe elementof various
domainconstructionss extendedo phrase®f themeta-languagdn particular speciahotation
is usedfor productssums lifted domainsandpowverdomains.

Monad notation: The meta-languagés further extendedby using the notation definedin Sec-
tion 3.2.2for the representatiomf monadsmonadmorphismsmonadtransformersand op-
erationsonthem.

3.4.2 Syntacticsugar

Unary and binary operators: Functionsmay be written as prefix unaryor infix binary operators,
if thisis consideredppropriate.

Abbreviations for productsand sums: Sincethedistinctionbetweerordinaryandsmastproducts,
aswell asseparatedndcoalescedumsjs usuallyclearfrom thecontext, it is possibleo usethe
samenotationfor both. Theinjectionfunctionsinl andinr for separateéndcoalescegums
may be omittedwheneer they canbe deducedrom thecontext. Also, (e E D) maybe usedfor
determiningwhetherthe phrase: denotesaanelementof D in asumdomainand,providedthat
thisis the case (e | D) denoteghe correspondinglementof D. Both canbe definedin terms
of the corenotationfor sums.

Indir ectdomain definition: Flatdomainsmay be definedby enumeratingheir ordinaryelements.
For example thefollowing definitionsareequivalent:

T = true | false

T = { true, false }°

The samesortof abbreviation may be appliedto coalescedumdomains.If it is assumedhat
n € N andt € T, thefollowing definitionsareequialent:

D=n|t
D=NeT



3.4. The meta-language 43

Furthermore the summandsmay be given descriptve namesas illustratedin the following
example:

D = integer(n| | truthlt]

Let structure: Inits primaryform, thelet structurecanbedefinedby meansf functionabstraction
andapplication.Thefollowing equivalenceholds:

letI =e;ines = (A.e3) eg

It shouldbe madeclearthat is only boundin e; andnotin e;. Thereforethe let structureis
notrecursve. Morethanonebindingclausesanbegivenin thesamdet structure asstatedby
thefollowing equivalence:

letI1 =e€
I =eo
= letl1=e1in(let[h =exin ...(let I, = e, ine)...)
I, =e,
in e

Casestructure: Thecasestructurein its primaryform is usedassyntacticsugarin orderto distin-
guishbetweerthe summand®sf separatedr coalescedums.lt canbedefinedby meanf the
corenotationfor sums.As acomplex example,considetthe following equivalentdefinitions:

D = men[n] | women|n] | delaylt]
D=No(NaoT)
Then,thefollowing equivalenceholds:
case e of
men[n| = e

women|[n] = e
delay[t] = e3

= [An.e;,[An.eg, At.e3]]e

Furthermorea specialotherwiseclausecanbe usedin orderto uniformly treatall caseghat
have notbeenenumerated.

Pattern matching: The useof the casestructurethat was illustrated above introducesa way of
bindingidentifiersin phrase®f themeta-languagthatis similarto patternmatching.lt applies
to productssums bottomandtop elementsandis intuitively equivalentto the patternmatching
supporteddy the functionalprogramminganguageHaslell. On conditionthatthe patterncan
always be matchedthe samenotationcanalsobe usedin conjunctionwith the let construct.
Patternmatchingcan be definedby meansof the conditionalconstructand core notationfor
productsandsums.

3.4.3 Auxiliary functions

Several polymorphicauxiliary functionsaredefinedin orderto facilitatethe definition of the seman-
tics. Although mostof thesecorrespondlirectly to cateyorical or domaintheoreticmathematical
objects thefollowing definitionsusethe definedmeta-languageAlso, variousunaryandbinary op-
eratorson domainsT (e.g.A, V and—) andN (e.g.+, -, -) areused;their definitionsare omitted. It
shouldbe notedthatthe samenotationis usedfor separatedndcoalescegdums.



IDENTITY
FUNCTION

FUNCTION
UPDATE

STRICTNESS

Bi-
STRICTNESS

Sum
OPERATIONS

MONAD
FUNCTION
COMPOSITION

MONAD FIXED
POINTS

44

Chapter 3. Mathematical background

id : A= A
id = Mda.a

{-—-}: A=>B)xAxB—+A—B
fla—b} = dz.(z=a)—0, fz

strict, : (A—-B)—+A— B
strict; = Af.da.(a=1ls)— 1ls, fa

stricty : (A—-B)—>A— B
strictx = Af.da.(a=T4)— Tz, fa

strict, : (A—-B)—>A— B

strict; = strict, o strict+

bi-strict, : (AxB—-C)—>AxB—=C
bi-strict, = Af.A{a,b).(a=Las)V(b=L1ls)— Lc, f{a,b)

bi-strictt : (AxB—C)—>AxB—=C
bi-strictr = Af.A{a,b). (a=Ta)V(b=Ts)— Tc, f{a,b)

bi-strict; : (AxB—C)—> AxB—=C

bi-strict; = bi-strict, o bi-strict—

isl : A+B—T
isl = [Aa. true, \b. false]

isr : A+ B—T

isr = [Aa.true, \b. false]

outl : A+B— A
outl = [id, T

outr : A+ B — B

outr = [T,id]

“im- (A= M(B))x (B— M(C)) = (A— M(C))
fmg = da.fa*u g

mfixy : (A— M(A)) —» M(A)

mfixy = Af.fix(Az.z *un f)

melow : M(A) = (A — M(A)) — M(A)
mclow = Az.Af.cloz(Az.z *u f)
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Chapter 4

Static semanticdomains

This chapterdefinesthe domainswhich areusedin orderto describethe staticsemanticof C. Each
domainis definedtogetherwith the basicoperationghat are allowed on its elements. Section4.1

discusseshe structureof staticsemantiadomains.In Section4.2 a small setof auxiliary domainsis

introduced.Section4.3 definesthe staticsemantiddomainsthatrepresenC’s types.In Sectiond.4a

simpleerrormonadis introducedwhich is laterusedfor simplifying the descriptionof staticseman-
tics. Section4.5 definesdomainsthatrepresenervironments,which mostcommonlyarevariations
of mappingdrom identifiersto types.Finally, in Section4.6 a large numberof auxiliary functionsis

defined.Thesefunctionsarenot relatedto particulardomainshowever they areusedto simplify the

semantieequationghataregivenin thefollowing chapters.

4.1 Domain ordering

It shouldbe notedthatfor all domainsusedin specifyingthe staticsemanticof C, the domainor-
deringrelationC is easilydefinedsincethesedomainsareeithercoalescegumsor givenby domain
equationsrecursve or not. This orderingis crucialin thetreatmenbf incompletetypes,asis further
discussedn Chapter6. Wheneer z andy are differentelementsof a staticsemanticdomain,the
relationz C y denoteghaty is a betterapproximatiorof theincompleteelementz.

As atypical example,a structurethathasbeenjust declareds associateavith type struct [¢, L],
wheret is its tag. Whenthe samestructureis later completedits type will becomestruct [¢, x|, for
somememberernvironmentr. Sincel C #, we deducehat:

struct [t, L] C struct [t, ]

andthereforeghe completedypeis indeeda betterapproximatiorof the previousincompletetype.

The top elementof staticdomainsis mainly usedto signify an “overcompleted”value, which
typically denotesomethinginspecifiedabnormabr erroneouskFor mary staticdomainstherelation
C is moreor lesstrivial, or evendegenerateso theequalityrelation. Also, for mary domainspottom
andtop elementsio not denotearything importantandarenot usedat all.

4.2 Auxiliary domains

B 7 : Ide (undefined)

The domainIde is a flat domainwhoseelementsrepresentll legal identifiers, as definedin the
standardlt canbeconsideredothasa semantiaclomainandasyntacticdomain,sinceidentifiersalso
participatein thelanguagesyntax.A completedefinitionis omittedat this point.
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B o : TagType = tag-struct | tag-union | tag-enum

Theflat domainTagType is usedto distinguishbetweerthe threetypesof tagsthatareallowed by
the C languagelts threeordinaryelementsorrespondespectiely to structuretags,uniontagsand
enumerationags.

B t : Tag = tagged|[I,n] | untagged [n]

The domainTag is usedto distinguishbetweendifferent structure,union and enumeratiortypes.
Eachsuchtype is characterizedy an elementof this domain. Ordinary elementsof this domain
belongto two catgyories.Elementf theform tagged [I, n] characterizéypesthathave beengivena
distinguishingagin theprogramnamely!, whereaglementof theform untagged [n] characterize
taglessstructure unionor enumeratiortypes. Theintegernumbern in bothcasess usedto uniquely
determindifferenttypes.

4.3 Types

The domainsdefinedin this sectionrepresentariouskinds of typesthatare used,explicitly or im-
plicitly, by thetype systemof C. Someof thesekindscorrespondlirectly to thetypeclassificationas
definedin §6.1.2.50f the standard Othersareonly introducedto facilitatethe type systems formal-
ization.

B 7 : Type,, void | char | signed-char | unsigned-char

| short-int | unsigned-short-int | int | unsigned-int
| long-int | unsigned-long-int | float | double | long-double
| ptr(¢] | enumle] | struct(t,n] | union [¢,n]

Datatypes,representedby the domainType,,,, provide the basisof the type system.They corre-
spondo thedifferentprimarytypesof datathata C programcanmanipulateasfirst classelementsi.e.

datathatcanbeusedin expressionsassignedo variablespasseasfunctionparameterandreturned
asfunctionresults.Datatypesincludeall scalartypes,structuresunionsandthevoid type. Thelatter
is only includedto reducethe type systems compleity; the standardexplicitly stateshattherecan
be no dataelementf thistype.

Apart from the basictypes,the standarddefinesthe following type synoryms size_t, wchar_t
andptrdiff_t. Thesestandfor specificdatatypesandareimplementation-definedl'hey aretreated
asordinaryelementof Type,,;, satisfyingthefollowing requirements:

size_t is anunsignedntegral type,
wchar_t is anintegral type,and
ptrdiff_t is ansignedintegral type.

B ¢ : Qual = noqual | const | volatile | const-volatile

Qualifiersarerepresentetby the flat domainQual. The standardsupportswo qualifiers,constand
volatile, resultingin four differentcombinationslit shouldbenotedherethat,for thesale of generality
anunqualifiedtypeis consideredisqualifiedwith noqual.
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B o : Type,; = obj[r,q] | array|a,n] OBJECT TYPES

Objecttypes,representedby the domainType,,;;, areassociatedvith objectsand compriseof all
qualifiedversionsof datatypesandarraytypes.Array typesarenot qualified;their elementsare.

B f : Type,, = func[r,p] FUNCTION

TYPES
Functiontypesarerepresentedy the domainTypey,,. They arecharacterizedy the datatype of
theresultandthe typesof their parametersas specifiedin a function prototype. It shouldbe noted
thatfunctiontypescannotbe qualified,nor canthetypesof their results.It is probablya controversial
issuewhetherthe standardallows ary of theseand,if it doeswhatthis means.

B ¢ : Type,, = ol f DENOTABLE
TYPES

Denotablaypes,representetly thedomainType,,,,, areobjecttypesandfunctiontypes.Theseare
thetypesthatcanbe associateavith identifiersin ervironments.

B m : Type,., = o | bitfield[B,q,n] MEMBER
TYPES

Membertypes,representetdy thedomainType,,.,,, aretheonesthatcanbe associatedavith identi-
fiersin membeernvironmentsj.e. with member®f structure®r unions.Membertypesincludeobject
typesandbit-fields. Thelatter canbe qualifiedandarecharacterizedby their bit-field type andtheir
lengthin bits.

B (8 : Type,, = int | signed-int | unsigned-int BIT-FIELD
TYPES

Bit-field typesarethe integertypesthatcanbe associatedvith bitfields. They arerepresentetdy the

flat domainType,;. It shouldbe notedthat,in this context, the threetypesint, signed-int and

unsigned-int areall differentfrom eachother

B v : Type, = 7| f VALUE TYPES

Valuetypes representetly thedomainType,,;, areassociatesvith valuesthatparticipaten expres-
sions.Suchvaluesareoftencalledr-valuesin literature.Valuetypesconsisiof datatypesandfunction
types.Qualifiersarenotallowedin values.

B 6 : Type, = normal[¢p] | typedef[$] | enum-const [n] IDENTIFIER
TYPES

Identifiertypesarerepresentetly thedomainType,,;.. They areassociateavith identifiersin ervi-
ronmentstakinginto consideratiowhetheranidentifierdenotesan objectof someparticulartype,a
type synorym definedby typedefor anenumeratiorconstant.

B 0 : Type,, exp [v] | Ivalue[m] | val[r] | arglp] | stmt 7] PHRASE TYPES

| tunit | xdecl | decl | prot[p] | par[r] | idtor
| dtor[¢] | init[m] | init-a[a] | init-s[x] | init-u[x]

Phraseypesarerepresentedy the domainType,,,. Thesetypesareassociatedvith phrasesi.e.
entireprogramsgmentsandaredescribedn moredetailin Table4.1. Thefirst four areassociated
with expressionsthefifth with statementandtherestwith declarationsndinitializations. They are
notuseduntil PartlIl.
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Table 4.1: Descriptionof phraseypes.

exp [v] expressionwhoseresultis a non-constant-valueof typev
Ivalue [m] expressionwhoseresultis anl-valueof typem

val [7] expressionwhoseresultis a constant-valueof typer
arg [p] actualalgumentsof a functionwith prototypep

stmt [7] statemenin afunctionreturningaresultof typer

tunit translatiorunit

xdecl externaldeclaration

decl declaration

prot [p] descriptiorof a function prototypespecifiedby p

par [7] descriptiorof parameteof typer

idtor declaratowmith initializer

dtor [¢] declaratoffor identifierof type ¢

init [m)] initializer for amemberof typem

init-a [ initializer for anarrayobjectwith elementof typea
init-s [r] initializer for a structureobjectwith membersspecifiedn =
init-u [7] initializer for a unionobjectwith memberspecifiedn =

4.4 Theerror monad

Theuseof asimpleerrormonadin the definitionof the staticsemanticprovidesa way of generating
andpropagatingerrors. Within the individual staticsemanticdomains,top elementsare often used
to represenabnormalsituations. However, in orderto propagageheseerror messagest would be

necessaryo enforcethatall functionsbe strict with respecto top elementssomethingwvhich would

createa numberof undesirableside effects. The definition of E is considereda betterand more

modularapproach.

B ED) = DU

For eachdomainD, thedomainE(D) is definedasthe coalescedumof D with U, which contains
asingleordinaryelement.This elementnamelyu, is usedto represenerrors. Equalityanddomain
orderingaretrivially definedfor E(D), in termsof thecorrespondingelationsin D. Themonads unit
is definedasfollows:

» unite : D — E(D)

unite = inl
andit is easyto verify thatthe errormonadpreseresbottomandtop elements:

unitE J_D = J—E(D)
unitE TD = TE(D)

Thebind operatorfor monadE is usedin orderto propagateerrors.lt is definedasfollows:

> 4 @ E(A) x (A — E(B)) — E(B)

m e f = [f,inr]m

It is easyto prove that(E, unitg, x¢) satisfieghethreemonadlaws andis indeedamonad:
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unitea * f=fa
m % unite =m

(m *e f) *e g=m * (Aa. fa * g)

In orderto generatearrors,function error is definedasfollows: ERRORS

» errore : E(D)

errore = Inru

and,again,it is easyto verify thaterrorsarecorrectlypropagatedasshavn by thefollowing proper
ties:

errorg % f = errore

m ¢ (Aa. errore) = errore

As amatterof cornventionandsinceE is theonly monadusedn thedescriptiorof staticsemantics, susscriprs
subscriptsare be omittedfrom all monadrelatedoperationsn the restof Part Il andwheneer they
caneasilybededucedrom the context.

4.5 Environments

Thedomainsdefinedin this sectionrepresenvariouskinds of ervironments.Environmentstypically

associateypeswith identifiersandarevariationsof functionsfrom identifiersto statictype domains.
For eachervironmentdomain the domaindefinitionis followed by severalfunctionsthatareusedfor

the manipulationof its elements.

4.5.1 Typeervironments

Type environments,representedby the domainEnt, containinformation aboutidentifiersthatare Morivation
declaredin C programs. They shouldcontainat leastthe namespacedor ordinaryidentifiersand
tags.Ordinaryidentifiersshouldbe associatewvith identifiertypes,whereasagsshouldbeassociated

with the subsebf datatypescontainingstructure unionandenumeratiortypes. Type ervironments

shouldbe structuredn the sameway that C programscopesre,thatis, they shouldfollow atree-like

structureof nestedscopes.

B ¢ : Ent = (Ide— Type,;; ) x (Ide — Type,,,) X Ent DEFINITION

The namespaceof ordinaryidentifiersis representedby the first part of the product,i.e. a function
from identifiersto identifiertypes. The namespaceof tagsis representedby the secondpart of the
product,i.e. a functionfrom identifiers(tags)to datatypes. Thethird partof the productrepresents
theparent(enclosingenvironmentandis equalto T in the caseof theoutermosscope.Thus,domain
Ent is arecursiely defineddomain. Its definitionis slightly changedn Chapter6. In the present
sectionthedomainorderingfor typesis completelyignored.Thisis correctedn Chapter6.
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Theemptyervironmentassociateall identifierswith thetop type. Thus,sincethetoptypedenotesan
unspecifiedr erroneouwyalue,in the emptyervironmentall identifiersarenot associatedvith types
andtheir useleadsto errors.

» [ ide] : Ent x Ide — E(Type,,)

ell ide] =
let § = e[I raw ide]
in (6 # T) — unit §, error

This function returnsthe identifier type that ervironmente associatesvith the ordinaryidentifier I.
An erroroccursif theidentifieris notincludedin e or ary of its ancestors.

» - [-rawide] : Ent x Ide — Type,,,

e[l rawide] =
let (m;,ms,ep) =€
in (miI#T)—>milI,
(ep #T) = ep[l rawide], T

This auxiliary functionperformsthe actuallookup of ordinaryidentifiers.If theidentifieris notlocal
in this ernvironment,the lookup continuesin the parenterviroment. A top elementis returnedif the
identifieris notfound.

» -[-tag-] : Ent x Ide x TagType — E(Ent x Type,,,)

e[l tago] =
let 7 = e[l raw tag]
in case 7 of
T = caseo of
tag-struct = let 7' = struct [fresh-tagged I, 1]
in e[l — tag7'] * (\e'. unit (', 7))
tag-union = let 7' = union [fresh-tagged I, 1]
in e[l — tag '] * (\e'. unit (¢',7'))
otherwise = error
struct [¢, 7] = (o = tag-struct) — unit (e, 7), error
union [¢, 7] = (o = tag-union) — unit (e, ), error
enumle] = (o = tag-enum) — unit (e, 7), error
otherwise = error

Thisis the lookupfunctionfor tags. It is similar to the lookup functionfor ordinaryidentifiers,with
two exceptions First, thegiventypeof thetagis comparedvith theactualdatatypethatis associated
with it in the ervironmente andan error occursif the two do not match. Second;f a structureor
uniontagis notfoundin e or ary of its ancestorsit is createdasanincompletestructureor union.

» -[-rawtag] : Ent x Ide — Type,,.,

e[l raw tag] =
let (m;, ms,ep) =€
in (mI#T)—=>ms I,
(ep #T) — ep[I raw tag], T

Thisauxiliary function performsthe actuallookup of tags.Similar to the onefor ordinaryidentifiers.
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» [ taglD -] : Ent x Ide x TagType — E(Tag) GET TAG

e[l taglD o] =
let 7 = e[l raw tag]
in case 7 of
struct [t,n] = (o = tag-struct) — unit ¢, error
union [t,7] = (o = tag-union) — unit ¢, error
otherwise = error

This functionlooksup atagin anervironmentandreturnsthe correspondinglementof Tag, i.e. a
uniquetagelementlt alsocheckghatthetagis of theright kind.

» -[-—ide -] : Ent x Ide x Type,;, — E(Ent) ORDINARY

UPDATE
e[l — ide §] =

let (m;,my,ep) =€
in (m; I =T) — unit (m;{I — §},m4,ep), error

This function returnsan ervironmentthat is identicalto e, with the exceptionthat identifier I is
associateavith typed. In casel is alreadyalocalin e, anerroroccurs.

» [-—tag-] : Ent xIde x Type,,, — E(Ent) TAG UPDATE

e[l — tagr] =
let (m;,ms,ep) =€
in (m; I = T)V isDeclaredTag(m; I) — unit (m;, m{I — 7},ep), error

Similarto the ordinaryupdatefunctionfor tags.However, atagcanbe updatedevenif it is localin e,
providedit is a structureor uniontagthathasonly beendeclared.

» -[- — freshtag-] : Ent x Ide x TagType — E(Ent) FRESH TAG

e[l — fresh tag o] =
let (m;,ms,ep) =€
T = mt I
in case 7 of
T = caseo of
tag-struct = e[l — tag struct [fresh-tagged I, ]|
tag-union = e[l — tag union [fresh-tagged I, 1]]
otherwise = error
struct [t,n] = (o = tag-struct) — unit e, error
union [¢, 7] = (o = tag-union) — unit e, error
enumle] = (o = tag-enum) — unit e, error
otherwise = error

Thisfunctioncreatesnincompletestructureor uniontagin e, if it is notalreadylocalin e. Otherwise,
it checkghatthetagis of theright kind andgenerateanerrorif it is not.

» 1 : Ent — Ent OPEN SCOPE
T e = <T’ T, e)

This functionreturnsanervironmentthatcorrespond$o a newly openedscope usinge astheparent
scope.Thenew ernvironmenthasno locally definedordinaryidentifiersor tags.
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» | : Ent - Ent

le = let (m;,ms,ep) =eine,
This functionreturnsthe parentscopeof e.

» isLocal(-,-ide) : Ent —Ide - T

isLocal(e, I ide) = let (mi,ms,ep) =einm; I #T
ThisfunctioncheckswhetheranT is alocal ordinaryidentifierin ervironmente.
» isLocal(-, - tag) : Ent - Ide —» T

isLocal (e, I tag) = let (mi,ms,ep) =einmy I #T

ThisfunctioncheckswhetheranT is alocaltagin ervironmente.

4.5.2 Enumeration ervironments

Enumeratiorervironmentsare representedby the domainEnum. They areusedto associatehe
namedconstantsn anenumeratiortio the numericvaluesthatthey representSincethe standaradioes
not specifythe sizeof anenumerationbut leavesit implementation-definedt, is reasonablé¢o allow

thesizeof aparticularenumeratiorio dependn thenumericvaluesof its enumeratiorconstantsFor

tis reasonthesevaluesarenecessarin thestaticervironment.

B ¢ : Enum = Ide— N
An enumeratiorervironmentis simply representetly a functionfrom identifiersto integervalues.
» ¢ : Enum
€& = T
Theemptyenumeratiorervironmentdoesnot containary identifiet

» -[-— -] : Enum x Ide x N — E(Enum)

e[l »n] = (eI =T)— unit e{I — n}, error

Thisfunctionupdatesnenumeratiorrvironmentby associatingdentifier I with theconstantnteger
valuen. If identifierI is alreadycontainedn theenumerationanerroroccurs.

45.3 Member environments

ThedomainMemb representgrnvironmentscontainingthememberf structuresor unions.In such
ernvironments eachidentifieris associatedvith a membertype. However, in contrastto enumeration
environmentsthe orderof individual membersn a structureor unionis importantandmustbe stored
in the environmentfor two reasons:

o Initialization of a structureor unionheaily depend®nthe orderof its members.
¢ Membersof a structureobjectmustbe allocatedincreasingaddresses memory in the order
in whichthey aredefined.

Thus,in orderto storethe orderof memberst is necessaryo defineMemb in a morecomplicated
way thanjust asa functionfrom identifiersto membetrypes.
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B 7 : Memb = Nx (N — Ide)x (Ide — Type,,,,.) DEFINITION
Thefirst partof the productis aninteger numberthatdenotegshe numberof memberghata member
ernvironmentcontains. Valid valuesof this partareall the non-ngatie integer numbers.A bottom
valueis only usedin the caseof incompletememberervironments,asis discussedn Chapter®.
The secondpartof the productrepresentshe orderin which the membershave beendefined.lIt is a
functionfrom integersto identifiers,which mustmapall integersbetweenl andthe actualnumberof
membergo the correspondingdentifiers,andall otherelementf N to the top value. Finally, the
third andlast part of the productis the actualmappingfrom identifiersto membertypes. Identifiers
thatparticipatdn thesecondartmustbe mappedo thecorrespondingnembettypesin thethird part,
andall otherelementof Ide mustbe mappedo thetop value. It is easyto seethatall operationson
memberenvironmentshataredefinedbelow presere thevalidity restrictionghatwerejust stated.
» 7o : Memb EMPTY
To = <0,T1T>
An emptymemberervironmentdoesnot containary members.However, it shouldbe notedthatan
emptymemberervironmentis notincomplete.
» -['] : Memb x Ide — E(Type,,,,,) LOOKUP
w[lI] =
let (n,mp,m;)=m
in (m; I # T) — unit (m; I), error
This functionlooks up anidentifier I in amemberernvironmentr. If I is containedn « its member
typeis returnedptherwiseanerroroccurs.
» -[-— -] : Memb x Ide x Type,,.,. —+ E(Memb) APPEND
w[l—m] =
let (n,mp,mi)=m
in (m; I=T)— unit (n+1,m{n+1— I},m;{I — m}), error
This functionappendsdentifier 7 in amemberervironmentr asa memberof typem. Theresulting
ervironmentis returned An erroroccursif amembemamed! is alreadycontainedn 7.
» || - : Memb — E(Ide x Type,,,,, X Memb) DECOMPOSE
Um =
let (n,mp,ms) =7
in(n=1L)V(n=T)V(n<0)— error,
let/] =m,1
my, =Ak.(k>1D)A(k<n)—om,(k+1), T
mi; =m;{I— T}

ﬂ'l <n_1am;11m;>

in unit (I,m; I,€')

This functiondecomposea memberervironmentby extractingits first member It returnsthe name
andtype of thefirst memberandthe ervironmentthat resultsfrom remaving this member An error
occursif the memberervironmentis incomplete(bottom)or empty This function canbe thoughtof

asthe oppositeof animaginary“prepend”function.
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4.5.4 Function prototypes

Functionprototypesarerepresentethy the domainProt. The main pieceof informationthat must
be containedn a function prototypeis the numberof parameterandtheir types. The namesof the
parametergarenotimportant,but their orderobviously is. In addition,the C standardallows “incom-
plete”functionprototypedy usingtheellipsisnotationafterthelastparameterStoragespecifierand
qualifiersareignoredin functionparametersassuggestetby the standardn §6.5.4.3.

B p : Prot = Nx(N-— Type,,)xT

Thefirst partof the productis anintegernumberthatdenoteshenumberof parameters thefunction
prototype.Its valid valuesareall hon-ngative integer numbers.The secondpart of the productis a
functionfrom integernumberto datatypes,which mapsall integersbetweerl andtheactualnumber
of parameterso the correspondingypes,andall otherelementsf N to thetop value. Finally, the
third part of the productis a truth value; it containsthe value true if the prototypeendswith an
ellipsis, false otherwise. If anellipsisis used,the numberof parametersn the function prototype
mustnot be zero, accordingto the standard.However, this testis not performedhere,as statedby
deviation D-10in Section2.3. It canbeenforcedn theabstracsyntax.

» po : Prot
po = (0, T,false)

An emptyfunctionprototypesimply containsno parameterandno ellipsis.

» - < - : Prot x Type,, — E(Prot)

p L 17 = let (n,mp,bey) = pin —bey — unit (n + 1, mp{n+1+— 7},beys), error

This function appends parametenf type 7 to prototypep. If anellipsisin alreadypresenin p, an
erroroccurs.

» - < : Type,, x Prot — E(Prot)
TP =
let (n, mp,ben) =p
my, =Xk.(k=1)—>71,(k<n+1)—>mp(k—-1), T

in unit (n+ 1, mj, beu)

This function prependsa parameteof type 7 to prototypep, thatis, the type of the first parameter
becomes andall otherparameterare“pushed”oneplaceto theright.

» ellipsis : Prot — E(Prot)

ellipsisp = let (n,mp,beyi) = p in —beyy — unit (n, my, true) , error

This function addsan ellipsis at the end of a function prototype.If anellipsisis alreadypresentan
erroroccurs.
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4.6 Auxiliary functions

A numberof auxiliaryfunctionsis definedin this section.Theseunctionsareusedn orderto simplify
thesemantiequationsMost of themcorrespondlirectly to notionsexpressedn thestandard Some
functionsapplyto variousdomainsandaresubscriptegccordinglye.g.isInteger ;,, is thefunction
thatidentifiesinteger datatypesandisnteger ,,; doesthe samefor objecttypes. Whenthe domain
caneasilybededucedrom contet, the subscriptareomitted.

4.6.1 Predicatesrelatedto types

A setof predicates$s definedin anattemptto classifytypes.Thesepredicatesake atypeasargument
andreturnatruth value. They areall strict with respecto bottomandtop elements.

» isInteger,, : Typey, — T IS INTEGER
isInteger,,, = strict; (A 7. case 7 of
short-int | unsigned-short-int | int | unsigned-int | long-int | unsigned-long-int = true
otherwise = false)

» islnteger,,; : Type,; —+ T

isInteger,,; = strict: (A a. case a of
obj [, q] = isInteger ;. (7)
array [a,n] = false)

» isInteger,, : Type,, =+ T

isInteger,,,, = strict: (A ¢. case ¢ of
a = islnteger,,;(a)
f = false)

» isInteger Type,,.., =+ T

mem °

isInteger,,,.. = strict; (A\m. case m of
o = islnteger,,;(a)
bitfield [3,q,n] = true)

Thefamily of isInteger functionsis usedto identify integertypes.They returntrue if theagument
is anintegertype, false if it is not.

» isIntegral,, : Typeg, — T IS INTEGRAL
isIntegral ;,, = strict; (A 7. case T of
char | signed-char | unsigned-char | enum[e] = true
otherwise = isInteger,,, (7))

» isIntegral,; : Type,; =+ T

isIntegral ,,; = strict; (Aa. case o of
obj [, q] = isIntegral ;,,(T)
array [a,n] = false)
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» isIntegral : Type,,, =+ T

den

isIntegral ;,, = strict; (A ¢. case ¢ of
a = islntegral ,;;(a)
f = false)

» isIntegral . : Type,., =T

isIntegral ,,,, = strict; (Am. case m of
o = islntegral ,,;()
bitfield [3,q,n] = true)

Thefamily of isIntegral functionsis usedto identify integraltypes,i.e. charactetypes,integertypes
andenumeratiortypes.They returntrue if theagumentis anintegral type, false if it is not.

Is » isArithmeticq,: : Type,, — T

ARITHMETIC . . . .
isArithmeticq,: = strict; (A 7. case 7 of
float | double | long-double = true
otherwise = isIntegral ;,,(7))

» isArithmetic.;; : Type,,; - T

isArithmetico;; = strict; (A a. case o of
obj 1, 4] = isArithmetic . (7)
array [a,n] = false)

» isArithmetic4., : Type,, — T

isArithmetic4., = strict: (A ¢. case ¢ of
a = isArithmeticq; ()
f = false)

» isArithmeticmem : Type,,., = T

isArithmeticmem = strict; (Am. case m of
o = isArithmetics; ()
bitfield [3,q,n] = true)

The family of isArithmetic functionsis usedto identify arithmetictypes,i.e. integral andfloating
types.They returntrue if theargumentis anarithmetictype, false if it is not.

IsScaLAR B isScalarj.: : Type,,, — T

isScalary,; = strict: (A7. case T of
ptr[¢] = true
otherwise = isArithmeticg,:(7))

» isScalar.;; : Type,; - T

isScalar,;; = strict: (Aa. case o of
obj 1, 4] = isScalar j.:(7)
array [a,n] = false)



59

4.6. Auxiliary functions

isscalarden : Typeden - T

isScalarg4., = strict: (A ¢. case ¢ of
o = isScalar.;(a)
f = false)

isScalarmem : Type,,,,, — T
isScalar,em, = strict; (Am. case m of
o = isScalar,; ()
bitfield |8, q,n] = true)
The family of isScalar functionsis usedto identify scalartypes,i.e. arithmeticand pointertypes.
IS STRUCTURE

They returntrue if theargumentis a scalartype, false if it is not.
OR UNION

» isStructUniong.. : Typey, — T
isStructUniong,; = strict: (A 7. case 7 of
struct [t,n] | union [t,n] = true
otherwise = false)
» isStructUnion,; : Type,,; — T

isStructUnion,;; = strict; (A a. case o of
= isStructUnion 4, (7)

obj [r, q]
array [a,n] = false)

isStructUniong., : Typey,, = T
isStructUniong., = strict: (A ¢. case ¢ of

a = isStructUnion .; ()
f = false)

isStructUnionmem : Type,,., = T
strict: (A m. case m of

isStructUnion pem ()

e = isStructUnion .;; ()
bitfield |8, ¢,n] = false)
The family of isStructUnion functionsis usedto identify structureanduniontypes. They return

IS DECLARED

true if theargumentis a structureor uniontype, false if it is not.
TAG

isDeclaredTag,,, : Typey, — T

isDeclaredTag,,, = strict; (A 7. case T of
struct [¢t, 1] | union[t, L] = true

>

otherwise = false)
isDeclaredTag,,; : Type,; — T

isDeclaredTag,,; = strict; (A a. case o of
obj |1, 4| = isDeclaredTag,,,(T)

array [a,n] = false)
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» isDeclaredTag,,, : Type,, = T

isDeclaredTag,,,, = strict; (A ¢. case ¢ of
a = isDeclaredTag (o)
f = false)

» isDeclaredTag,,,,. : Type,., =T

isDeclaredTag,,,,, = strict; (Am.case m of
o = isDeclaredTag ,;;(c)
bitfield [3,q,n] = false)

Thefamily of isDeclaredTag functionsis usedto identify incompletestructuresandunionswhose
tagshave only beendeclared.They returntrue if the agumentis sucha structureor union, false if
it is not.

» isComplete,,, : Type,, — T

isComplete;,, = strict; (AT. case T of
void = false
otherwise = -isDeclaredTag .. (7))

» isComplete,,; : Type,; — T

isComplete ,,; = strict: (Ac. case a of
obj[r,q] = isComplete,,, (1)
array [a,n] = (n= 1) — false, isComplete ,;;(c))

» isComplete,,, : Type,, = T

isComplete,,, = strict; (A¢. case ¢ of
a = isComplete ,;;(c)
f = true)

» isComplete,,,. : Type,,, — T

isComplete,,,,, = strict; (Am. case m of
e = isComplete ()
bitfield [3,q,n] = true)

» isComplete,, : Type,, = T

isComplete,,, = strict; (Av. case v of
T = isComplete ;,,(7)
f = true)

Thefamily of isComplete functionsis usedto distinguishbetweencompleteandincompletetypes.
They returntrue if theargumentis acompletetype, false if it is not. Accordingto the standardin-
completeypesarevoid, structuresandunionswhosetagshave only beendeclaredarraysof unknavn
sizeandaggregatetypesthat containelementof incompletetypes. The latteris not evenallowedin
declarationsndthis is thereasonwhy it is not necessaryo requirethatall membersf structuresor
arraysbelongto completetypes.
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» isBitfieldmem : Type,,.,, & T IsBIT-FIELD
isBitfield mems = strict; (A m. case m of
e = false

bitfield |8, q,n] = true)

» isBitfield,». : Type,,, — T

isBitfield,,, = strict; (A0. case § of
Ivalue [m] = isBitfieldmem(m)
otherwise = false)

Thefamily of isBitfield functionsis usedto distinguishbetweemormalandbit-field membetypes.
They returntrue if theargumentis a bit-field type, false if it is not.

» isModifiables.: : Type,,, — T Is
MODIFIABLE
isModifiabley,; = strict: (A 7. case T of
struct [t,n] | union[t,n] = (m # L) A isModifiablenems ()
otherwise = isComplete ;, (7))

» isModifiable,;; : Type,; = T

isModifiable,;; = strict; (A a. case o of
obj 7, 4| = —(const C q) A isModifiable,:(7)
array [a,n] = false)

» isModifiablesc.. : Type,,., = T

isModifiablemem = strict; (Am. case m of
«a = isModifiable;; ()
bitfield [3,4,n] = ~(const C g))

» isModifiableyem, : Memb — T
isModifiableyems = strict; (Axw. VI € dom(w). isModifiablepem(w[I]))

Thefamily of isModifiable functionsis usedto identify typescorrespondingo modifiablel-values.
They returntrue if theagumentis suchatype, false if it is not. Accordingto the standardthetype
of amodifiablel-valuemustnotbeanarraytype, mustnot beincomplete mustnot be constqualified
and,if it is anaggr@atetype, mustnot containnon-modifiablenembers.

4.6.2 Functionsrelatedto types

Two relationsandfive functionsaredefinedin this section. All of themarebi-strict with respecto
bottomandtop elements.Thetwo relationsare specifiedasimplementation-defineth the standard.
For this reasonthey arenotfully definedhere.Insteada numberof propertieghatthey mustsatisfy
is given.
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» - C - : Typey, x Typey, =T
signed-char C short-int C int C long-int
enum [¢] C int
unsigned-char C unsigned-short-int C unsigned-int C unsigned-long-int
float C double C long-double
V ¢. 3 7. isIntegral (t) A (ptr[¢] C 1)
Vr.rCr
V11,72,73. (1 C72) A (12 C73) = (11 C73)

The type inclusionrelation betweendatatypeshasthe intuitive meaningthat all valuesof the first
typearealsovalid valuesfor the secondj.e. the setof valuesof thefirst typeis a subsebf thatof the
secondype. The standardspecifieghe aforementioneéhclusionsfor characterinteger, floatingand
enumerationtypes,andthatall pointerscanbe representetty someimplementation-definetegral
type. Thelasttwo propertiesstatethattypeinclusionis areflexive andtransitive relation.

» - € - : constantx Type,,, =+ T

Ve, 71,72 (c€T1) A (11 C72) = (c€T2)

Thisis alsoanimplementation-defineklationbetweerconstantanddatatypes. Theintuitive mean-
ing of the statement € 7 is thatthe value of the constantc canbe storedin a variableof type
without ary loss of information. The aforementionegbroperty that this relation mustsatisfy only
connectghisrelationwith typeinclusion.

» firstToRepresent : integer-constant Type,,, list — E(Type,,,)

firstToRepresent(n,[]) = error

firstToRepresent(n, cons(r,£)) = (n € ) — unit 7, firstToRepresent(n, £)

This functionreturnsthefirst typein a list of possibledatatypes,in which a given integer constant
canberepresentedAn erroroccursif theconstantannotberepresenteth ary of thegiventypes.

» intPromote : Type,, — E(Typey,)

intPromote = strict: (A 7. case 7 of
char = unit ((char C int) — int , unsigned-int)
signed-char = unit int
unsigned-char = unit ((unsigned-char C int) — int, unsigned-int)
short-int = unit int
unsigned-short-int = unit ((unsigned-short-int C int) — int, unsigned-int)
enum [e] = unit int
otherwise = unit 7)

Thisfunctionperformstheintegral promotiongo its aumentasspecifiedn §6.2.1.10f thestandard.
Theargumentis left unchangedf theintegral promotionscannotbe applied.
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» arithConv : Type,, x Type,,, — E(Type,,)

arithConv = bi-strict; (A (71, 72).
(71 = long-double) V (12 = long-double) — unit long-double
(71 = double) V (12 = double) — unit double,
(m1 = float) V (12 = float) — unit float ,
intPromote 11 * (A T1.
intPromote 72 * (A 3.
(r1 = unsigned-long-int) V (73 = unsigned-long-int) — unit unsigned-long-int ,
((r{ = long-int) A (73 = unsigned-int)) V ((r{ = unsigned-int) A (75 = long-int)) —
unit ((unsigned-int C long-int) — long-int , unsigned-long-int),
(1 = long-int) V (m2 = long-int) — unit long-int ,
(r1 = unsigned-int) V (13 = unsigned-int) — unit unsigned-int ,
(r{ = int) A (73 = int) — unit int , error)))

This function performsthe usualarithmeticcorversionsto its aguments asspecifiedin §6.2.1.50f
thestandardAn erroroccursif theusualarithmeticcorversionscannotbe applied.

» argPromote : Type,,, — E(Type,,)

argPromote = strict; (A7. case T of
float = unit double
otherwise = intPromote 7)

This functionperformsthe default aumentpromotions asspecifiedn §6.3.2.2of the standard.

» datify,, : Type,; — E(Type,,)

datify ,; = strict; (Ac. case o of
obj [1,q] = unit T
array [a,n] = error)

» datify,,, : Type,, — E(Type,,)

datify,,, = strict; (A¢. case ¢ of
a = datify,,; @
f = error)

» datifymem : Typemem - E(Typedat)

datify,,,,, = strict; (Am. case m of
e = datify ,;
bitfield [3, q,n] = unit (datify,,, 5))

» datify,,, : Type,; — Typey,
datify,;, = strict; (\S. case 3 of
int = int
signed-int = int
unsigned-int = unsigned-int)

This function extractsa datatype from otherkinds of types.An erroroccursif a datatype cannotbe
extracted e.g.if theagumentis anarrayor functiontype. Thepartof the functionthatcornvertsfrom
bit-field typessucceedsor all possiblearguments.For thisreasonijt returnsa datatype,insteadof a
monadicelement.

USuAL
ARITHMETIC
CONVERSIONS

DEFAULT
ARGUMENT
PROMOTIONS

DATIFY
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4.6.3 Compatible and compositetypes

Compatibletypes,asdefinedin §6.1.2.60f the standardand elsevhere,definea binary relationbe-
tweentypes. This relationis representedby function isCompatible. Functioncomposite, also
definedin §6.1.2.6andelsavhere,mapsa pair of compatibletypesto a third type, compatiblewith
both, which sharesthe characteristicof both types. The two functionsisCompatibleQual and
compositeQual aresimilar, with the exceptionthatthey effectively ignorequalifierswhenchecking
for compatibility All functionsarebi-strictwith respecto bottomandtop elements.

TherelationisCompatible for datatypesis partly implementation-definedndfor this reasont
is notfully specifiechere.Somepropertiegshatmustbe satisfiedaregiveninstead.

» isCompatible;,, : Typeg, x Typey,, - T
isCompatible, (1, 7) = true
isCompatible, (71, 2) = isCompatible, , (72, 71)
isCompatible ,,, (ptr [¢1], ptr [¢p2]) = isCompatible,,, (¢1,d2)
Ve. 3. isInteger(r) A isCompatible,,,(enum [e], T)

Therelationis reflexive andcommutatie, asstatedoy thefirst two properties Compatibilityof pointer
typesis definedn termsof thetypesthatarepointed.For eachenumerationype,thereis acompatible
integertype. Thistreatmenbf compatibleypesomitsthecaseof structureunionor enumeratetypes
that are definedin separatdranslationunits, as statedby deviation D-11 in Section2.3. The same
relationfor otherkindsof typesis definedasfollows:

» isCompatible,,; : Type,, x Type,; — T

isCompatible,,; = bi-strict: (A (a1, ). case (a1, as) of
{obj [11,q1], obj [2, q2]) = isCompatible;,,(t1,72) N (g1 = q2)
(array [a1,n], array [as2, n2]) = isCompatible ,;(a1,a2) A (niUn2 #T)

otherwise = false)

» isCompatible,,, : Typey,, x Type;,, = T

isCompatible,,, = bi-strict: (A {f1, f2). case (fi, f2) of
(func [r1, p1], func 12, p2]) = isCompatible,, ,(71,72) A isCompatiblep, ,(p1,p2))

» isCompatible,,, : Type,., x Type,., = T

isCompatible,;,, = bi-strict; (A {(¢1,p2). case (¢1, P2) of
(a1,as) = isCompatible ,;; (a1, az)
{f1, f2) = isCompatible,,, (f1, f2)
otherwise = false)

» isCompatible,,  : Type,,,,, x Type,,,, = T

isCompatible, . = bi-strict; (A (my,m2). case (my1, ms) of
(a1, as) = isCompatible ,;,; (a1, az)
(bitfield [B1, q1, ], bitfield [B2,g2,n2]) = (B1 = B2) A (g1 =g2) A (m1 =n2)
otherwise = false)
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» isCompatiblep,,, : Prot x Prot - T

isCompatible,,, = bi-strict; (A (p1,p2).
let (’n1,’Tn1,b1 Pp1
(n2, ma2,b2) = p2
in (n1 =n2) A (b1 =b2) A (Vi:1 <1< ny. isCompatible,,,(m1 i, mai)))

) =
)=

Whencomparingarraysfor compatibility theleastupperboundof arraysizesis top whenbothsizes
have beenspecifiedandthey aredifferent. Notice herethatthe presencef qualifiersdestrgys com-
patibility.

» isCompatibleQual,,, : Type,,, x Type;, — T Is
. . . . COMPATIBLE
isCompatibleQual ;,,(7,7) = isCompatible,,,(r,T) |GNORING
QUALIFIERS

» isCompatibleQual ,; : Type,; x Type,; — T

isCompatibleQual ,,; = bi-strict: (A {(mi, m2). case (m1, ms) of
{obj 71, q1], obj [T2,q2]) = isCompatible, (1, 72)
(array [o1,ni1], array a2, n2]) = isCompatibleQual ,;;(@1,@2) A (niUns #T)
otherwise = false)
» isCompatibleQual : Typey,, < Type;,, = T

fun

isCompatibleQual,,,(f1, f2) = isCompatible;,,(f1, f2)

» isCompatibleQual : Type,,, X Type,,, = T

den
isCompatibleQual ;,, = bi-strict; (A (@1, ¢p2). case (P1, p2) of
(a1, az2) = isCompatibleQual ,;; (o1, a2)

{f1, f2) = isCompatibleQual,,, (f1, f2)
otherwise = false)

» isCompatibleQual,,. : Type,,., % Type,,. — T

isCompatibleQual ., = bi-strict; (A (m1, mz). case (m1, mz2) of
(a1, az) = isCompatibleQual ,;; (1, 2)
(bitfield [B1, q1, 1], bitfield [B2,q2,n2]) = (B1 = B2) A (n1 = n2)
otherwise = false)

Thisrelationis similar to isCompatible, only the presencef qualifiersin thecomparedypesdoes
not destry compatibility It doeshowever whenthereare membersof structuresor unionsthatare
qualifiedwith differentqualifiers.

» composite,,, : Type,, X Type,,, — E(Type,,) COMPOSITE
TYPES
composite,,, = bi-strict; (A (r1,72). case (71, 72) of
{ptr[¢1], ptr [p2]) = composite;_ (41, ¢2) * (A@. unit ptr[¢])
{(enum[e], ) | (r,enum [¢]) | = isCompatible,,(enum [e],7) — unit T, error
otherwise = (11 = 72) — unit 71, error)

» composite,,; : Type, x Type,; — E(Typeab]-)

composite,,; = bi-strict; (A (a1, a2). case (a1,a2) of
(obj [r1, q1], obj [72, g2]) = (@ =¢q2)
composite ;,,(11,72) * (A7. unit obj [r,q:1]), error
(array[ai,ni], array [as,n2]) = (niUns #T) —
composite ;. (a1,a2) * (Aa. unit array [a,n1 Unsg]), error
otherwise = error)

obj
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» composite;,, : Type,,, x Type;,, — E(Type,,,)

compositey,, = bi-strict; (A {f1, f2). case (f1, f2) of
(func 11, p1], func 12, p2]) = composite ;. (11,72) * (AT
composite p,,,(p1,p2) * (Ap. unit func|r,pl)))

» composite,,, : Type,, x Type,., — E(Type,,,)

composite ;,, = bi-strict; (A (¢1,p2). case (@1, p2) of
(a1, a2) = compositeobj(al,az)
(f1, f2) = composite,,, (f1, f2)
otherwise = error)

» composite, .. : Type,,., % Type,.,. = E(Type,....)

composite, .~ = bi-strict; (A (mi, m2). case (m1, ma) of
(a1, as) = composite ,,; (a1, az2)
(bitfield [B1, q1, 1], bitfield [B2,q2,n2]) = (81 = B2) A (@1 = g2) A (n1 =n2) —
unit bitfield [B1,q1,n1], error
otherwise = error)

» compositep,,, : Prot x Prot — E(Prot)

composite p,,, = bi-strict; (A (p1,p2)-
let (n1,m1,b1) =p1
<’I’l2, ma, b2> =p2
in (n1 = nz) A (b1 = bz) —
traverse [1,n1] (Ai. composite ;,,(m1 i,m2 1)) T * (Am. unit (n1,m,b1)), error)

This function is usedto determinecompositetypes. Accordingto §6.1.2.60f the standardjt just
combinesarraysizesandfunctionparametelists.

» compositeQual,,, : Type,, x Type,,, — E(Type,,,)

compositeQual ;,,(7,7) = composite g, (7,T)

» compositeQual ,,; : Type,; X Type,,; — E(Type,;)

compositeQual ,,; = bi-strict: (A {1, az). case (a1, a2) of
{obj [1,q1], obj [2, q2]) = composite ;,,(11,72) * (A7. unit obj[1,q1 & g2])
{array[a1,n1], array [as,n2]) = (miUns #T) —
compositeQual ;. (a1, a2) * (Aa.
unit array [, ni U ns]), error
otherwise = error)

» compositeQual,, : Type,,, x Type;, — E(Type,,,)

compositeQualy,, (fi, f2) = composite;,,(f1, f2)

» compositeQual,  : Type,,, x Type,,., — E(Type,,,)
compositeQual ,,, = bi-strict; (A (@1, 2). case (¢1,p2) of
(a1, as) = compositeQual ,;; (a1, a2)

(f1, f2) = compositeQualy,, (f1, f2)
otherwise = error)
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» compositeQual, . : Type,.. % Type . — E(Type,,,.)

compositeQual . = bi-strict; (A {m1, mz2). case (m1, mz2) of
(a1, az) = compositeQual ;. (a1, o)
(bitfield [B1, q1,n], bitfield [B2,g2,n2]) = (B1 = B2) A (n1 = n2) —
unit bitfield [B1,¢q1 & g2,n1], error
otherwise = error)

This functionis similarto compositeQual , with the exceptionthatit alsocombinegyualifiers.

4.6.4 Functionsrelatedto qualifiers

» -&- : Qual x Qual — Qual COMBINE
QUALIFIERS
- & - 1 noqual const volatile const-volatile | T
1 1 1 1 1 1 T
noqual 1 noqual const volatile const-volatile | T
const 1 const const const-volatile | const-volatile | T
volatile 1 volatile const-volatile volatile const-volatile | T
const-volatile | L | const-volatile | const-volatile | const-volatile | const-volatile | T
T T T T T T T

This functionis bi-strict with respecto bottomandtop elementsandcombinedwo qualifiers.

>

IN

: Qual X Qual - T QUALIFIER
INCLUSION
1Cq¢ = (1&q=q)

This binary relation betweenqualifiers checkswhetherits first agumentis includedin its second
argument.

» getQualifier,,; : Type,; — Qual GET
X . QUALIFIER
getQualifier ,; = strict; (A a. case o of
obj[r,q] =g
array o, n] = getQualifier ,;; o)

» getQualifier;,, : Type,, — Qual

getQualifier ;,,, = strict; (A a. case o of
a = getQualifier ,;;
f = noqual)

» getQualifier,,,,, : Type,,..,. — Qual

getQualifier,,,,, = strict; (Am. case m of
e = getQualifier ,;; &
bitfield [8,¢,n] = q)

This functionextractsthe qualifierof atype. Functiontypesarenot qualified.

» qualify,; : Qual — Type, — E(Type,;) QUALIFY

obj
qualify ,,; = strict; (Aq. strict; (A a. case o of

obj[r,q'] = unit obj[1,q & q']

array[a,n] = qualify,,; g * (Ao'. unit array [o',n])))
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» qualify,,, : Qual - Type,,, — E(Type,,,)
qualify,,,, = strict; (Aq. strict; (A ¢. case ¢ of
a = qualify ;; q @
f = error))

» qualify,,. : Qual — Type — E(Type

mem mem)

qualify, = = strict; (Aq. strict; (A $. case ¢ of
a = qualify,,; q o
bitfield [3,q',n] = unit bitfield [3,q & q', n]))

Thisfunctionreturnsthe g-qualifiedversionof its secondargument.An erroroccursif afunctiontype
isused.

4.6.5 Miscellaneousfunctions

» fix-parameter : Type,,, — Type,,, x Qual

fix-parameter strict; (A ¢. case ¢ of

obilra = (ra)
array [a,n] = (ptr[a], noqual)
func[r,p] = (ptr[func|r,p]], noqual))

Thisfunctionfixesthetypeof aformal parameteby converting parametersf arrayor functiontypes
to pointers.

» fresh-tagged : Ide — Tag
» fresh-untagged : Tag

Thesetwo functionsreturnfreshtags,namedandnamelessespectiely. A freshtagis meantto be
distinctfrom all otherexistingtags. Theimplementatiorof thesefunctionsis omitted.

» sizeofqsr : Typey, = N
» sizeof,; : Type,; - N

» sizeofnem : Type,,,, & N

Theseare implementation-definetlinctions, returningthe sizein bytesof a given data,objectand
membeltype. They arestrict with respecto bottomandtop elements.

» bits-in-byte : N

This is an implementation-definedonstantelement,representinghe numberof bits in a byte. Its
valuemustsatisfya numberof requirementstatedn thestandard.

» isValidBitfieldSize : N — T
isValidBitfieldSize = strict; (An. (n > 0) A (n < sizeof (int) - bits-in-byte))

This predicatetakesaninteger numberandreturnstrue if this canbe usedasthe sizeof a bit-field,
false otherwise. Bit-field sizesmustbe non-n@ative and not larger thanthe numberof bits in an
integer Thereturnedvaluesmustsatisfya numberof requirementstatedn the standard.
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suffix : constant— characterset SYNTAX OF
CONSTANTS

prefix : constant— characterset

isDecimal : integer-constant— T

isStringLit : expression— T

isWideStringLit : expression— T

vV v.v.v VY

lengthOf : string-literal - N

Thesefunctionsarerelatedto the syntaxof C constantsFunctionsuffix returnsthe setof characters
thatare containedn the sufix of a constantyalid sufiix characterare“F”, “L” and“U”. Function
prefix actssimilarly for constantprefixes;the only allowed prefixis “L”. The next threepredicates
returntrue if their agumentis a decimalinteger constant,a string literal or a wide string literal,
respectiely. Finally, function lengthOf returnsthelengthof a string (or wide string) literal in char
acterqor wide characters).

» traverse[-,-] : NxN — (N — E(4)) - (N — A) - E(N — A) TRAVERSE

traverse[a,b] = Af.Am.(a <b) — fa * (A7 traverse[a + 1,b] f m{a — 7}), unit m

This recursvely definedfunction traversesfunctionm : N — A over the range[a..b] andapplies
functionf : N — E(A) toeachelementn thisrange.If noerrorsoccurfromary of theseapplications,
traverse returnsa new function that containsthe resultsof the applicationsin the range[a..b] and
agreeswith m outsidethisrange.Otherwisejf ary errorsoccur traverse generatesnerror






Chapter 5

Static semanticsof declarations

This chapterdefinesthe staticsemanticof C declarationsincluding externaldeclarationandtrans-
lation units. In Section5.1 the notionsof semanticfunctionsand equationsare presentecand the
adoptednotationis defined. The staticsemantic®of externaldeclarationandnormaldeclarationss
definedin Section5.2andSection5.3respectiely.

5.1 Static semanticfunctions and equations

Thestaticsemantic®f the C programmindanguageaesultin the constructiorof staticervironments
which mainly containtypeinformationaboutprogramidentifiers. Theseernvironmentsareusedin the
following stagesof the semantiadescription,namelytyping and dynamicsemantics.Following the
denotationahpproachthe staticsemantic®f the C programmindanguagés definedby a numberof
staticsemantidunctions

In general,a static semanticfunction mapswell formed phrasesastheseare specifiedby the
abstractsyntaxof C, to static semanticdomains. For the constructionof staticenvironments,it is
possibleto processonly the partsof a C programthat containdeclaiations sincethesecontainall
the necessaryype informationaboutprogramidentifiers® It is reasonabletherefore to restrictthe
definitionof staticsemanticto declarationsFor eachnon-terminakymbolusedin the grammairthat
definesthe abstractsyntaxof declarationgseeSection2.2.1), a static semanticfunctionis defined
which mapswell formed phrasegeneratedy this non-terminalto an appropriatelychosenstatic
semanticomain.This functionis denotedby { - |}

The definition of a staticsemantidunctionis given by a numberof semanticequations In the
abstracsyntax,non-terminakymbolsaredefinedin rulescontainingoneor morealternatve clauses.
For eachsuchclausethedefinitionof the staticsemantidunctionrequireshe presencef asemantic
equation.Thereforetherewill beasmary semanticequationsastherearealternatve clausedor the
non-terminain the abstracsyntax. Theright-handsideof eachsemanticequationmay usethe static
semantianeaningof subphrasessexpressedy the abstracisyntax,respectinghusthe composi-
tionalcharacteof denotationatemanticsThedefinitionof semantiequationsnayalsobeinductive,
basednthelengthof syntacticproductions.

This small example clarifies the notationthat will be usedfor the definition of static semantic
functionsusing equations.Considerthe hypotheticalnon-terminalsymbolnon-term definedin the
abstracsyntaxby thefollowing rule:

1 This approachdependsn deviation D-4 in Section2.3,which guaranteethatno programidentifiers otherthanlabels,
canbedefinedin expression®r statementand,consequentjall typeinformationcanbe gatheredrom declarations.
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¢ non-term ::= term non-term| ( othernon-term) | e

whereterm andthe parentheseareterminal symbolsand othernon-termis anothemon-terminal
symbol. Noticethatthe definitionof non-termis recursie, asspecifiedby thefirst alternatve clause.
Supposeahatan appropriatestaticsemantiadomainfor therangeof non-terms is D. Therefore the

staticsemantidunction for non-termmapswell formed phrasegeneratedy non-termto elements
of D. Similarly, supposehat D’ is the rangeof the staticsemantidunctionfor othernon-term The

definitionof the staticsemantidunctionfor non-termcangiven asfollows:

» {nontern} : D
{term non-tern} = (expressioroftype D, whichmayuseexpressior{non-tern} of typeD)

{( othernon-term) } = (expressiorof type D, which mayuseexpressior{othernon-ternd of typeD')
{e} = (constanexpressioroftypeD)

Thefirst line statesthat the static meaningof non-termis representedby elementsof domainD.
The next threelines are the semanticequationsdefining {non-ternj. They correspondlirectly to
the alternatve clausesn the abstractsyntaxof non-term A similar definitionmustbe givenfor the
non-terminakymbolothernon-term

Therearesomecasesvherethe staticmeaningof a phrasemustprovide morethanonepiecesof
information. This canbe achieved by usinga productdomainasthe rangeof the semanticfunction;
this approachis followed in mary casedn the semantiadescriptionthatfollows. However, in some
caseghereis clearlyoneprominentstaticmeaningwhich is usedmostof thetime, andoneor more
othermeaningswhich arerarely used. In this casesijt is corvenientto split the semanticfunction
in two or more functions,eachone returninga differentaspectof the whole static meaning. The
functionthatcorrespondso theprominentmeaningcanbestill denotedby { - |} for brevity. Functions
correspondingo alternatve meaningsare denotedby prependingcaligraphicletters,asin X{ - |}.
Eachfunctionis definedseparatelyusinga separatsetof semantiequations.

5.2 External declarations

» {translation-uni} : E(Ent)

{external-declaation-list} = rec {external-declaation-list} e,

Thestaticmeaningof atranslationunitis definedasthetype ervironmentthatreflectsall the external
declarationghatthetranslationunit contains.The ervironmentthatis usedasa basis,i.e. beforeary

externaldeclarationdiave taken place,is the emptytype ervironment. The presencef function rec

is explainedin Chapter6. For the time being,let it be saidthat rec allows the type environmentto
containrecursvely definedtypes.Thereademaywantto treatit astheidentity function,if thathelps
his or herunderstanding.

» {external-declaation-list} : Ent — E(Ent)

{external-declaation} = {external-declaation}}

{external-declaation external-declaation-list} =
{external-declaation} ; {external-declaation-list}



5.3. Declarations 73

The staticmeaningof an externaldeclaratiorlist is a function from environmentsto ervironments’

Theresultof this functionis the type ervironmentthatresultsfrom applyingthelist of externaldec-
larationsto aninitial environment,which is given asthe function’s agument. Notice the monadic
inversecompositionoperator‘;” in the secondsemanticequationwhich passesheresultof its first
operandasanargumentto its secondperand.

» {external-declaation} : Ent — E(Ent) EXTERNAL
. . DECLARA-
{declamtion} = {declamtion]} TIONS
{declamtion-specifies declaator { declamtion-liststatement-lis}} = MAe.

{declaation-specifies} e * (A (P, us, eu,en).
{declamtor} e, ¢ * (A{I,¢'}). case ¢' of
func[r,p] = us eu (I,¢")
otherwise = error))

Thestaticmeaningof anexternaldeclaratioris againa functionfrom ervironmentsto ervironments,
with the samebehaiour asbefore. If the externaldeclarationis simply a declarationjts meanings
simply used.Otherwisejf it is afunctiondefinition, the function’s identifierandtype arecalculated
in I and¢’ respectiely, andif it is really afunction,the ervironmentis updated

5.3 Declarations

» {declamtion-list} : Ent — E(Ent) DECLARATION
. LisTs
{e} = unit
{declamtiondeclamtion-listf = {declamtion}} ; {declaation-list}

The staticmeaningof a declarationlist andthe correspondingemantidunction are very similar to
thoseof externaldeclaratiotists.

» {declaation} : Ent — E(Ent) DECLARA-
TIONS
{declamtion-specifies init-declarator-list ; [ = {decla@ation-specifies]} ; {init-declamator-list

Still the samestatic meaningfor declarations.Notice that the semanticfunctionsfor declamation-
specifies andinit-declamtor-list, which are definedbelav, matchin sucha way asto allow sucha
simplesemantieequatiorfor the declaration.

» {declamtion-specifies]} : DECLARATION
Ent — E(Type,,, X (Ent — Ide x Type,,, — E(Ent)) x Ent x Ent) SPECIFIERS

{storage-class-specifietype-qualifietype-specifief = Ae.
{type-specifidf e * (A {P,eu,en).
{type-qualifief ¢ * (A ¢'. unit (¢, {storage-class-specifidk, e, en}))

2 The presencef the errormonadE in the semantidunctionssimply indicatesthatan error may occurwhenthe static
semanticds determined. For brevity, the error monadis overlooked by the textual descriptionsn the sequel. Without
this simplifying corvention, the phrase“function from environmentsto ervironments”would have been“function from
ervironmentgo ervironmentsallowing for errors”.

3 This approachallows the useof the typedefstoragespecifierin function definitions, as statedby deviation D-9 in
Section2.3.
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Thestaticmeaningof declaratiorspecifierds afunctionthatis somaevhatmorecomplicatedhanthe
previousones.Thefunction's agumentis theinitial type ervironment. Theresultis a productwhich
contains:the typethatis specified;the meaningof the storagespecifierthatis applied;andtwo nen
typeervironmentswhich encorporatéhe effect of the declaratiorspecifiers.

Thereasorwhy therearetwo suchervironmentsjnsteadf one,is thebehaiour of thedeclaration
“struct  tag; " which, asstatedin §6.5.2.30f the standarddefinesa new structuretag for an
incompletestructuretype and overridesary definitionsof the sametagin enclosingscopes.On the
contrary“struct  tag X; " doesnothave thesameeffect: if thetaghasalreadybeendefinedin an
enclosingscope the previous definitionis usedandno new structuretagis defined. The meaningof
thedeclaratiorspecifierin thiscasestruct  tag ”, shouldclearlyincorporateboth effects. Thus,
thefirst elementin the aforementionegbair is the ervironmentthatwill resultif the subsequenit-
declaator-list is notempty whereagheseconcelemenis theresultif it is empty In mostdeclaration
specifierghetwo ernvironmentsareequal.

» {storage-class-specifidr : Ent — Ide x Type,,, — E(Ent)

{e} = Xe. A{I,¢).isComplete(¢) — e[I — ide normal [¢]], error
{typedef | = Xe.A(I,¢).e[I — ide typedef[¢]]

Thestaticmeaningof a storagespecifieris afunctionwhosefirst amumentis theinitial typeernviron-
mentandits secondargumentis a pair, containingtheidentifier I thatis definedandits type ¢.* The
resultis thetype ervironmentafter I is appropriatelyassociateavith ¢.> Only completetypescanbe
usedwith the emptystoragespecifief

5.3.1 Basictypesand qualifiers

» {type-qualifie} : Type,., — E(Type,.,)
{e} = qualify noqual
{const |} = qualify const
{volatile } = qualify volatile
{const volatle [} = qualify const-volatile

The staticmeaningof qualifiersis a function from denotablaypesto denotabldypes. Theresultis
simply the qualifiedversionof thefunction's algument.

4 Again, a simplifying corventionis usedin the textual descriptionsof higherorderfunctions,suchasthe meaningof
storagespecifiers. A functionf : Dy —- D2 — ... — D, — D is consideredn its informal descriptionto have n
argumentsof typesD;. Thereadershouldbe warnedthat, for brevity, afunction f : Dy x D2 x ... x D, — D is also
consideredsafunctionof n agumentsf typesD;.

5 This approactis reasonabléor the emptystoragespecifierandtypedefwhich arethe only onesconsideredccording
to deviation D-5 in Section2.3.

® This resultsfrom deviation D-2 in Section2.3.
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» {type-specifief : Ent — E(Type,,, x Ent x Ent) TYPE
. . . . SPECIFIERS
{void } = Me. unit {(obj[void, noquall,e,e)

{char }
{signed char } = \e. unit (obj [signed-char, noquall,e,e)

Ae. unit {obj [char, noqual], e, e)

{unsigned char [ = MXe. unit (obj [unsigned-char, noqual], e, e)

{short int } = MAe. unit (obj [short-int, noquall,e,e)

{unsigned short int } = M\e. unit (obj [unsigned-short-int, noquall, e, e)
{int } = Xe. unit (obj [int, noqual], e, e)

{unsigned int |} = M\e. unit (obj [unsigned-int, noqual],e, )

{long int } = M\e. unit (obj [long-int,noqual], e, e)

{unsigned long int } = M\e. unit {obj [unsigned-long-int, noqual], e, )
{float [} = Me. unit {(obj [float, noqual],e,e)

{double } = MXe. unit (obj[double,noqual],e, e)

{long double } = M\e. unit (obj [long-double, noqual],e,e)
{struct-specifief {struct-specifie

{union-specifief {union-specifief

{enum-specifir = {enum-specifidy

{typedef-nam = Me. {typedef-namge * (A ¢. unit {p,e,e))

The staticmeaningof a type specifieris a functionthattakesthe initial environmentasanamgument
andreturnsa triple. The first returnedelementis the specifiedtype, whereashe secondand third
elementsarethe updatedype environments(seethe discussiorin Section5.3 wherethe meaningof
declaratiorspecifieravasdefined). The semanticequationsarestraighforvard, with the exceptionof
structure unionandenumeratiorspecifiersvhich aretreatedseparatelyn following sections.

5.3.2 Initializations

» {init-declamtor-list} : Type,,, % (Ent — Ide x Type,,,, — E(Ent)) x Ent x Ent — E(Ent) DECLARATOR
. LISTSWITH
{el = A {(,us,eu,en). unit e, INITIALIZERS

{init-declamator init-declator-list} = (@, us,eu,en).
{init-declarator} e, ¢ * (A{I,¢").
us ey (I,¢") * (Ae'. {init-declarator-list]} (¢, us, €', €')))

The staticmeaningof a declaratotist with initializersis usedin connectiorwith thatof declaration
specifiersasdiscussedn Section5.3. Its agumentsare: ¢, the specifiedtype; u,, the methodfor
updatingthe ervironment;e,,, theinitial ervironmentif atleastoneidentifieris containedn thelist;
ande,, theinitial ervironmentif thelist is empty Theresultis theupdatedensironment.Noticethat
whenthelist is emptye,, is simply returnedptherwiseit is notusedatall.

» {init-declarator} : Ent x Type,,, — E(Ide x Type,,,) DECLARATORS
WITH
{declaator} = {declamtor] INITIALIZERS
{declamtor = initializer} = X{(e, ¢).

{declamtor} (e, ¢} * (A{I,¢").
{initializer} e ¢' * (X ¢". unit (I,¢")))

Thestaticmeaningof adeclaratomwith initializer is afunctionmappingthe currentervironmente and
thespecifiedtype ¢ to apair, which containghedeclareddentifieranda (possibly)updatedype. The
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only casewhenthe updatedtype is differentfrom ¢ is wheng is anincompletearraytype andthe
initializer specifiegthe numberof its elementsin this casethe updatedypeis a completearraytype.

INITIALIZERS B {initializer} : Ent — Type,,,, — E(Type,.,)

INITIALIZER
LisTS

STRUCTURE
SPECIFIERS

{expressior} = Ae. A¢. case ¢ of
array [¢', L] = (isCompatible(¢', obj [char, noqual]) A isStringLit(expression) V
(isCompatible(¢', obj [wchar_t, noqual]) A isWideStringLit(expression))
— unit array [¢', lengthOf(expression], unit ¢
otherwise = unit ¢

{{ initializer-list }} = Xe. A ¢. case ¢ of
array [¢', 1] = {initializer-list} e ¢' * (An. unit array[¢',n])
otherwise = unit ¢

The staticmeaningof aninitializer is a function taking the ervironmentandthe specifiedtype and
returninga (possibly)updatedype,asdiscussedbefore.Noticethatarrayscanbeinitialized by string
or wide stringliterals,or by anexplicit list of initializers.

» {initializer-list} : Ent — Type,,, — E(N)
{initializer} = Xe.¢. unit 1
{initializer , initializer-list} = Xe. A ¢. {initializer-list} e ¢ * (An. unit (1 + n))

Thestaticmeaningof aninitializer list is a functionreturningthe numberof elementsn thelist.”

5.3.3 Structuresand unions

Structureandunionspecifiersaareprobablythe mostcomplicatecaspecto bedefinedn the semantics
of the type systemof C. Thisis dueto the presencef incompletestructureanduniontypesandthe
relatedintricaciesin the standard.

» {struct-specifief : Ent — E(Type,,, x Ent x Ent)

{struct | { struct-declaation-list}} = Xe.

e[I — fresh tag tag-struct] * (Aec.

ec[I taglD tag-struct] * (At.

{struct-declaation-list} (ec, 7o) * (A(e', ).

let 7 = struct [¢, 7

in €'[I — tag 7] * (Aey. unit {obj[r, noquall,es,es)))))
{struct  { struct-declaation-list}} = Xe.

{struct-declaation-list} (e, 7o) * (A (€', ).

unit {(obj [struct [fresh-untagged, r], noqual], e’,e'))
{struct I} = Xe.

e[l tag tag-struct] = (A (€', ). e[l — fresh tag tag-struct] * ()e.. unit (obj [r, noqual],e',e.)))

Thestaticmeaningof a structurespecifieris afunctionwith the samebehaiour astheonefor normal
typespecifiersThedefinitionof thisfunctionis rathercomplicatecand,for thisreasonit is described
in detail. We distinguishbetweenthree casesof structurespecifiers,as suggestedy the abstract
syntax.

" Theargumentof this functionareignoredin thisimplementationbecausef deviation D-4 in Section2.3. Also, notice
thatdeviation D-6 disallavs the useof partially braclettedinitializer lists.
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o Definition of a tagged structue. This is the mostcomplicatedcase. Startingwith the initial

ervironmente, a freshstructuretag is generatedresultingin e.. The freshtag, which con-
tainsanincompletetype, is necessaryn orderto hide definitionsof the sametagin enclosing
scope$. Let ¢ bethis freshtag. Startingwith the empty memberervironment,the structure
declaratiorlist is processedndresultsin the correctmemberervironmentr for the structure.
The(possibly)updatedypeervironmentthatresultsfrom this processs denotedoy e’. Finally,
thecompletetype updateghetagin €', resultingin e, andthe correctfinal resultis returned.

Definition of an untagged structue. In this caseijt is not necessaryo definea freshtag, since
untaggedstructuredefinitionscannotbe recursve. The structuredeclaratiorlist is againpro-
cessedstartingfrom the emptymemberenvironment. The resultis the correctmemberenvi-

ronmentr andthe (possibly)updatedype ervironmente’. Finally, the structuretypeis putin

e’ andis associateavith afreshunnamedag.

Declaration or useof a tagged structue. This is the only actualcasewherethe two returned
environmentsaredifferent,asdiscussedh Section5.3. Thefirst stepis to lookupfor thenamed
tag in the initial ervironment, with the side effect that a freshtag is created,if it doesnot
exist locally or in arny enclosedscope. Let 7 beits type and e’ the (possibly) updatedtype
environment. Obviously, €’ is theresultingervironmentin the case‘struct  tag x; 7, i.e.
whentheinit-declamator-list is notempty Ontheotherhand,a freshtagmustbe generatedn
thecase'struct  tag; 7, i.e.whentheinit-declamtor-list is empty Thisresultsin e., which
is the secondypeenvironmentto bereturned.

» {union-specifief : Ent — E(Type,,, x Ent x Ent)

Thestaticmeanindgor unionspecifiersaswell asits implementationis very similarto thatof structure

{union | { struct-declaation-list}} = Xe.

e[l — fresh tag tag-union] * (\ec.

ec[I taglID tag-union] * (At.

{struct-declaation-list} {ec, o) * (A {e',n).

let 7 = union [t, 7]

in €'[I — tag 7] * (\ey. unit {obj[r, noquall,es,ef)))))

{union { struct-declaation-list}} = Me.

{struct-declaation-list} (e, 7o) * (A{e', 7).
unit (obj [union [fresh-untagged, 7], noqual], e, e'})

{union I} = Xe.

e[l tag tag-union] * (X (€', 7). e[l — fresh tag tag-union] * (\e.. unit {obj[r, noquall, €', e.)))

specifiers.

| 2

{struct-declaation-list} : Ent x Memb — E(Ent x Memb)

{struct-declaation} = {struct-declaation]}
{struct-declaation struct-declaation-list} = {struct-declaation} ; {struct-declaation-list}

Thestaticmeaningof structuredeclarationistsis simplyafunctionupdatingghememberervironment
andthetypeervironment.lts definitionis straightforvard.

UNION
SPECIFIERS

STRUCTURE
DECLARATION
LisTS
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» {struct-declaation} : Ent x Memb — E(Ent x Memb)

{struct-specifies struct-declaator-list} = A (e, n).
{struct-specifies} e * (A (g, e'). {struct-declaator-list} e’ ¢ # * (Ax'. unit (¢’,7')))

The staticmeaningof structuredeclaratiorists is againa functionupdatingthe memberervironment
andthetypeervironment.Thelatteris updatedy processinghestruct-specifies, whereastheformer
by processindhe struct-declaator-list.

» {struct-specifies} : Ent — E(Type,,, x Ent)

{type-qualifiertype-specifif = Ae.
{type-specifif e * (A {9, eu, en). {type-qualifief ¢ * (A¢'. unit (¢, e,)))

Structurespecifierscan be viewed as a specialcaseof declarationspecifiers,with two exceptions
which affect the semantidunction. First, no storagespecifiersareallowed andthe returningproduct
is greatlysimplified. Secondpnly oneresultingernvironmentis necessarypecaus¢herecanbenotag
declarationsvith emptydeclaratotlists.

» {struct-declaator-list} : Ent — Type,, — Memb — E(Memb)

{struct-declaator} = Xe.A¢. Am.
{struct-declaator} e ¢ * (A(I,@"). w[I — ¢'])
{struct-declaator struct-declaator-list} = Ae. A¢. Am.
{struct-declaator} e ¢ * (A(I,¢"). n[I — ¢'] * (Ax'. {struct-declaator-list} e ¢ 7'))

Thestaticmeaningf astructuradeclaratotist is afunctionmappinghecurrenttypeervironmentthe
specifiedtype andthe initial memberervironmentto an updatednemberenvironment. Its definition
is straightforvard.

» {struct-declaator} : Ent — Type,, — E(Ide x Type

{declamtor} = Xe.A¢.
{declamtor} e ¢ * (A{I, ).
-isComplete (¢') — error , case ¢’ of
o = unit (I,a)
otherwise = error)
{declator : constant-gpressior} = Ae. .
{declamtor} e ¢ * (A{I, ).
ZIC[ constant-gpressior] e * (An.
-isValidBitfieldSize(n) — error , case ¢' of

mem)

obj [int, q] = unit (I, bitfield [int, q, n])
obj [unsigned-int,q] = unit (I, bitfield [unsigned-int, ¢, n])
otherwise = error))

Thestaticmeaningof a structuredeclaratois afunctiontakingasagumentghe currenttypeernviron-
mentandthe specifiedype. It returnsthe declareddentifierandthe associatednembertype. Notice
thatin the caseof ordinaryfields only completeobjecttypesareallowed. Furthermorejn the case
of bit-fields only int, andunsignednt areallowed?® The dynamicmeaningfunctionZC[ - ] simply
returnsthevalueof a constanexpressiorandwill bedefinedin Part1V.

8 1t is alsonecessarthata freshtagis visible in the structuredeclaratiorlist, to allow recursiely definedstructures.
% Notethatsignedint bit-fields cannotbe definedusingthis approach The problemis dueto thefactthatsignedint and

int areidentifiedasthesametypein Type,;;. Seedeviation D-7 in Section2.3.
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5.3.4 Enumerations

» {enum-specifigf : Ent — E(Type,,, x Ent x Ent) ENUMERATION

SPECIFIERS
{enuml| { enumeator-list }} = Me.

{enumeator-list} (e, €0,0) * (A (€', €,n).

let 7 = enum [¢]

in €'[I — tag 7] * (Aeys. unit {obj[r, noquall, es,ef)))
{enum { enumeator-list }} = Ae.

{enumeator-list} (e, €0,0) * (A {e',€,n).

unit {obj [enum [e], noqual],e’,e’))

{enumI} = Xe. e[l tag tag-enum] * (A{e', 7). unit (obj [, noqual], e, e))

Thestaticmeaningof anenumeratiorspecifieris againa functionwith thesamebehaiour astheone
for normaltypespecifiers.Thestandardorbidsthedeclaratiorof incompleteenumerationand,there-
fore, the two returnedervironmentsareequal. Thereareagainthreecasef enumeratiorspecifiers
but thedefinitionof theirmeaningss relatively straightforvard. Noticethatthevaluesof enumerators
startwith thenumberzero.

» {enumeator-list} : Ent x Enum x N — E(Ent x Enum x N) ENUMERATOR
LisTs
{enumeator} = {enumeator}
{enumeator enumeator-list} = {enumeator]} ; {enumeator-list}

Thestaticmeaningof anenumeratolist is afunctionupdatingthetype ervironment theenumeration
environmentandthe constantaluethatwill be givento the next enumeratiorconstantlts definition
is straghtforvard.

» {enumeator} : Ent x Enum x N — E(Ent x Enum x N) ENUMERATORS
{1l = Me,en).
e[l — ide enum-const [n]] * (Ae'. e[l — n] * (\€'. unit {¢',€',n+1}))
{! = constant-gpressio} = X{e, ¢, n).

ZIC[ constant-gpressior] e * (Am.
e[l — ide enum-const [m]] * (Ae'. e[l = m] * (A€ unit (¢',€',m + 1})))

Thestaticmeaningof enumeratorgs the sameasthatof enumeratolists. Justnoticethatif a constant
expressionis specifiedas the value for the enumerationconstant,its value is usedinsteadof the
parameteandnumberingcontinuesrom the successoof this value.
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5.3.5 Declarators

» {declamtor} : Ent — Type,,, — E(Ide x Type,,,)

{I} = Ae.)X¢. unit (I,¢)
{declamtor [ constant-gpression] [ = M\e. A¢. case ¢ of
ot = ZC[constant-gpressior] e * (An.
(n > 0) — {declamtor} e array [a, n], error)
otherwise = error

{declamtor[ ] } = Xe.A¢.case ¢ of
o = {declaatorf} e array [, 1]
otherwise = error
{* type-qualifierdeclamtor} = Xe.\¢.
{type-qualifief} obj [ptr[¢], noqual] * (A ¢'. {declamtor} e ¢')
{declamtor ( parametertype-list) } = Xe. A¢.
rec (F{parametertype-list}) (1 e) * (Aep.
{parametertype-list} e, po * (Ap. case ¢ of
obj[r,q] = {declaator} e func[r,p]
otherwise = error))

Theprimarystaticmeaningof a declaratolis a functiontakingasamgumentshe currenttype environ-
mentandthe specifiedtype. It returnsthe declareddentifier andits type. Its definitionis relatvely
straightforvard. In arraydeclaratorsif aconstantalueis specifiedwithin thebraclets,it is evaluated
usingthe dynamicsemantidunctionZC[ - J. In functiondeclaratorsa nev scopeis openedor the
function prototypeandthe type ervironmente,, thatcorrespondso it is calculated. The parameter
typelist is thenprocessed.

» T{declamtor} : T
T{I} = true
T{declamtor [ constant-gpression] [ = false
T{declamtor[ ] } = false
T{* type-qualifierdeclamtor} = false
T{declamtor ( parametertype-list) } = false

Thisalternatve is anauxiliary staticmeaningor declaratorsiepresentetly atruthvalue. It is true if
thedeclaratorconsistof a singleidentifier false otherwise.This meanings only usedto determine
whetheradeclaratois aleave atthe abstracsyntaxtree.

» F{declamtor} : Ent — E(Ent)

F{I} = Xe.error

F{declamtor [ constant-gpression } = F{declaator]}

F{declaator[ ] ] = F{declaator}

F{* type-qualifierdeclamtor} = F{declamator}

F{declamtor ( parametertype-list) | = (7 {declamtor}) — F{parametertype-list} , F{declaator}}

This alternatve staticmeaningfor declaratorss usedfor determininghetypeervironmentthatis as-
sociatedwith functionprototypescopeslt is afunctionfrom typeernvironmentgo typeervironments.
Assumingthatthe declaratoiis usedfor the declaratiorof a function,the algumentis theinitial type
environmentjust beforethe function's parametersredeclared.In otherwords, it is assumedhata
new scopemustalreadybe openfor thefunctiondefinitionandmustbe passedere.Theresultis the
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initial type ervironmentfor the function’s body afterthe function's parameterfiave beendeclared.
An erroroccursif thedeclaratois not usedfor thedefinitionof afunction.

» {parametertype-lisf} : Ent — Prot — E(Prot) PARAMETER
. TYPELISTS
{e} = Xe.unit
{... I = Xe.ellipsis
{parameterdeclamtion parametertype-lisft = Xe. ({parameterdeclamtion]} e) ; ({parametertype-list} e)

Thestaticmeaningof parametetypelistsis afunctiontakingthetypeenvironmentfor afunctionpro-
totypescopeandreturninga functionwhich updateghe function prototype.lts definitionis straight-
forward.

» F{parametertype-lisf : Ent — E(Ent) PARAMETER
i TYPELISTS
Flel = unit F-MEANING
F{.. } = unit
F{parameterdeclaation parametertype-lisf} = JF{parameterdeclamtion} ; F{parametertype-list}

This alternatve staticmeaningfor type parametelists is usedfor determiningthe type ervironment
thatis associatedvith function prototypescopes. It is a function from type ervironmentsto type
environments.The updatedype ervironmentcontainshe declaratiorof parametersontainedn the
parametetypelist.

» {parameterdeclamation} : Ent — Prot — E(Prot) PARAMETER
. . DECLARA-
{declamtion-specifies declaator} = Xe. Ap. TIONS

{declaation-specifies} e * (A (P, us, €u,en).
{declamtor} e ¢ * (A{I,d").

let (7, q) = fix-parameter ¢'

in p < 7))

{declaation-specifies abstact-declaator} = Xe. Ap.
{declaation-specifies} e * (A (P, us, €u,en).
{abstact-declaator} e ¢ * (A ¢'.
let (7, q) = fix-parameter ¢'
in p € 7))

The static meaningof parametedeclarationds similar to that of parametedeclarationlists. Just
noticetwo things. First, sincethe type ervironmente hasalreadybeenfixed, it alreadycontains
whatever identifiersmay be definedbecausef declaation-speciérs andthe resultse, ande,, need
notbeused. Secondfix-parameter is used,n orderto translatearrayandfunctiontypesto pointer
types.

» F{parameterdeclamation} : Ent — E(Ent) PARAMETER
. . DECLARA-
F{declamtion-specifies declaator} = Me. TIONS
{declamtion-specifies]} e * (A (P, us, eu,en). F-MEANING

{declamtor} e, ¢ * (A{I,¢").

let (7, q) = fix-parameter ¢'

in ey[I — ide normal [obj [1,q]]]))
F{declaation-specifies abstact-declaator} = Me.

{declamtion-specifies]} e * (A{P, us, ew,en). unit e,,)
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Thisalternatve staticmeaningor parametedeclarationss againusedn for determininghetypeen-
vironmentthatis associatewvith functionprototypescopesilt is similarto thecorrespondingneaning
for parametetypelists.

» {abstact-declastor} : Ent — Type,,, — E(Type,.,)
{e} = Xe.unit
{abstact-declaator [ constant-gpression] } = Ae. A ¢. case ¢ of
o = ZC[constant-gpressior] e * (An.
(n > 0) — {abstact-declaator} e array [a,n], error)
otherwise = error

{abstact-declaator[ ]} = Xe.A¢. case ¢ of
o = {abstact-declaator} e array [a, L]
otherwise = error
{* type-qualifierabstact-declaator} = Xe. A¢.
{type-qualifief} obj [ptr[¢], noqual] * (\¢'. {abstact-declaator]} e ¢')
{abstact-declaator ( parametertype-list) } = Xe. A¢.
rec (F{parametertype-list}) (1 e) * (Aep.
{parametertype-list} e, po * (Ap. case ¢ of
obj[r,q] = {abstact-declaator} e func |, p]
otherwise = error))

The staticmeaningof abstracteclaratorss similar to thatof declaratorswith the exceptionthatno
identifieris returned Its definitionis similar also.

5.3.6 Typenames

» {typedef-namp : Ent — E(Type,,,)

{I} = Xe.e[lide] * (A4. cased of
typedef [¢] = unit ¢
otherwise = error)

Thestaticmeaningof atypesynorym, i.e. anidentifierdeclaredwith the typedefstoragespecifiefis
simply a functionfrom the currenttype ervironmentto the type denotedby the synorym. An error
occursif theidentifieris notatypesynorym.

» {type-nam¢ : Ent — E(Type,,,)

{type-qualifiertype-specifienbstract-declaator} = Me.
{type-specifief e * (A (g, eu,en). {type-qualifie} ¢ * (\¢'. {abstiact-declaator} e, ¢'))

The staticmeaningof a type nameis a function from the currenttype environmentto the type de-
notedby thetypename.Noticethat,while processinghetypename thetypeervironmentis possibly
updatedl.0 However, this updatedervironmentis discardedjn accordancéo deviation D-4 in Sec-
tion 2.3.

10 To beprecisetheonly modificationin thetypeenvironmentthatis allowedby thestandardat this pointis the definition
of astructureunionor enumeratioriag.



Chapter 6

Static semanticsof recursively definedtypes

This chapterdealswith the static semanticsof recursvely definedtypes. Section6.1 identifiesa crapTer
numberof problemsin the presenstaticsemantidy studyingexamplesof recursvely definedtypes. OVERVIEW
It also motivatesthe changeghat take placein the following sections. In Section6.2, the domain

Ent thatrepresentsype ervironmentsis revisited andreplacedoy a modified version,suitablefor
recursively definedtypes. Finally, in Section6.3 the procesof fixing type ervironmentsis formally

defined.

6.1 Someexamples

Thesimplestexampleof arecursvely definedstructuretypeis givenin thefollowing declaration: SIMPLE
RECURSION

struct tag { struct tag * p; }

thatis, astructuretypecontaininga pointerto a similar structure . Thestaticsemantic®f C, asdefined
in the previouschapterscanonly associatétag” with typer, where:

T = struct [tagged [“tag”,1],{ “p” — obj [ptr [obj 1, noqual]], noqual] }]
70 = struct [tagged [“tag”, 1], 1]

wherel is theuniqguenumberassociateavith thistag. Notethatrg is theincompletetype associated
with the freshtagthatis declareduponenteringthe structuredeclarationist. Clearlythis is not the
intendedstaticmeaningof this declaration.The structures member“p” shouldnotbe a pointerto an
incompletestructure put a pointerto the completestructuretype containingit. It is easyto seethat
the presenstaticsemanticgails to correctlyrepresentecursvely definedtypes.

A correctstaticmeaningfor this declaratiormustassociatétag” with typer, wherer istheleast LeastFixep
solutionof theequation: POINTS

T = struct [tagged [“tag”,1],{ “p” — obj [ptr [obj [T, noqual]|, noqual] }]

Sincer is anelementof domainType,,;, it possibleto expressit by meansof the leastfixed point
operatorappliedto afunctionfrom Type,,; t0 Type ,;:

fix (A 7. struct [tagged [“tag”,1],{ “p” — obj [ptr [obj [, noqual]], noquall] }]
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In a similar way it is possibleto correctlydefinethe staticsemanticof mutually recursve type
definitions.Considetthefollowing declaratiorlist, definingtwo structuretags“tagx” and “tagy”:

struct  tagx { struct tagy * py; }
struct tagy { struct tagx * px; }

The typesthat a correctstatic meaningof this declarationlist mustassociatevith the two tagsare
againthosegivenby theleastsolutionof thefollowing systemof equations:

Te struct [tagged [“tagx”,1],{ “py” ~ obj [ptr [obj [r,, noqual]], noqual] }]
Ty, = struct [tagged [“tagy”,2],{ “px” — obj [ptr [obj 1, noqual]], noqual] }]

In orderto expressthis solutionasa closedformula, it is necessaryo groupthe two typesin a pair
andapplytheleastfixedpointoperatorto a functionover pairsof types.Theresultof the expression:

fix (A (7, Ty)-
(struct [tagged [“tagx”, 1],{ “py” +— obj [ptr [obj 1y, noqual]], noqual] }|
struct [tagged [“tagy”, 2], { “px” — obj [ptr [obj [, noqual]|, noqual] }]))

is thepairthatcorrespondso theleastsolutionof thesystemandit is easyto extractits two elements.

This approactcanbe generalizedor ary finite numberof typesdefinedby mutualrecursion.As
shavn abore, a tuple mustbe usedto groupthe typesbeforethe leastfixed point operatoiis applied.
However, this may be a problemin the definition of staticsemanticssincethe numberof typesthat
participatein the multiple recursionis not fixed. Evenworse,this numberdependn the syntaxof
C programs.In orderto avoid introducingproductswith a variablenumberof elementsa different
solutionis adopteda variationof which wasfirst proposedn [Seth8(. Insteadof applyingtheleast
fixed point operatorto a functionthat updatesa tuple of types,the proposedsolutionappliesit to a
functionupdatingthewholetypeenvironment.

Consideragainthefirst givenexampleof a singlerecursvely defineddatatype. In orderto obtain
thecorrectdatatypefor “tag”, thefollowing algorithmis usedwhichwill becalledtypeervironment
fixing. Thefirstfew stepsandthelimit areshavn in Figure6.1. Thestaticmeaningof thedeclaration
is first appliedto the initial type ervironmentand the resultis a type ervironmentcontainingthe
aforementionedncorrecttype for “tag”. This canbe usedasa first approximation.(In Figure6.1
the emptyernvironmentis usedastheinitial ervironmentin “Pass#0” andthe first approximations
labeled'Pass#1”.) Subsequent)yet usconsidempplyingthe staticmeaningof thedeclaratioragain,
this time usingthe first approximationasthe initial type ervironment. Ignoring for the momentthe
error that would occurfrom the redefinitionof “tag”, the new type ervironmentwould be a better
approximation.As shawvn in Figure6.1 underthe label “Pass#2”, the type associateavith “tag” in
thisapproximatiorwould bea morecompletestructuretype, containinga pointerto the structuretype
that was given by the previous approximation. By repeatingthis, the type ervironmentthat would
resultin eachstepwould be a betterapproximatiorof the previousone. Theleastupperboundof this
infinite sequencef type environmentswould containthe correcttype informationfor “tag”. In this
way it is possibleto obtainthe correcttype informationfor ary numberof typesgiven by mutually
recursve definitions.
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Figure 6.1: Exampleof type environmentfixing (simple).

(Pass#0) “tag” — T
(Passt1) “tag” w» struct [tagged [“tag”,1], 7]

x! = {“p” — obj [ptr|obj [struct [tagged [“tag”,1], L], noqual]], noqual] }
(Pass#2) “tag” + struct [tagged [“tag”, 1], 7%

w2 = {“p” ~ obj [ptr [obj [struct [tagged [“tag”,1], 7'], noqual]], noqual] }
(Pass#3) “tag” + struct [tagged [“tag”, 1], 7]

° = {“p” + obj [ptr[obj [struct [tagged [“tag”, 1], n*], noqual]], noqual] }
(LUB) “tag” > struct [tagged [“tag”,1], *°]

> = {“p” — obj [ptr|obj [struct [tagged [“tag”, 1], #*°], noqual]], noqual] }

However, thereis still a minor problemwith the proposedsolution. The functionsfor updating ProsLEMSsIN
typeenvironmentsdefinedin Section4.5.1,generatanerrorif anidentifieror atagthathasalready YPPAT'NG
beendefinedis redefinedin the samescope. Obviously, type ervironmentsdo not know of “better
approximations”exceptfor the simple caseof structureor union tagsthat have just beendeclared.

This mustbe correctedbeforethe proposedolutionfor recursively definedtypescanbe adopted.

The useof theleastfixed point operatorto take the leastupperboundof the infinite sequencef
generatedype environmentsin the algorithmdescribedefore,leadsto the adoptionof the domain
orderingrelationfor expressingbetterapproximations’df typesandtypeervironments.Therelation
1 C 7o is taken to meanthat “data type =, is at leastas good an approximationasr;”. This is
generalizedor otherkinds of types. Also, for the caseof type environments,the domainordering
specifiesthate; C ey if andonly if, for every identifier I, the type that e, associatesvith I is at
leastasgoodan approximationasthe onethate; associatesvith I. The domainorderingthat has
beendefinedin Chapterd needsnot be modified, sinceit expressegorrectlythis notion of “better
approximation”.

Onemight considerthat,asa conclusionfrom the previous discussionthe problemsin updating A Tricky
type ervironmentscould be solved by redefiningthe updateoperationsjn sucha way asto allow E*AMPLE
updatingary identifierwith a“betterapproximation’of its associatedype. However, thisis nottrue,
aswill be shawvn in the following example. Let us considerthe following situation,in which the
declaratiorlist thatis of primary interestis locatedin an enclosedscope.In additionto that, notice
that the recursiely definedstructuretype alreadyexists in the parentscopeand that identifier “a”
shouldbeassociatedvith the structurecontaining“x”, not “p”.

struct tag { int x; }

{

struct tag a;
struct tag { struct tag * p; }
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Figure 6.2: Exampleof type ernvironmentfixing (tricky).

(Outer #0) “tag” > struct [tagged [“tag”,1], 7¢]

Ta = {“” — obj[int,noqual] }
(Inner; #1) “a” — obj [struct [tagged [“tag”,1], 7], noqual]

“tag” +» struct [tagged [“tag”,2], mp]

7r11J = {“p” — obj [ptr[obj [struct [tagged [“tag”,2], L], noqual]], noqual] }
(Inner, #2) “a” —  obj [struct [tagged [“tag”, 2], w;], noqual]

“tag” +~— struct [tagged [“tag”,2], 7rf)]

2 = {“p” > obj [ptr[obj [struct [tagged [“tag”, 2], m}], noqual]], noqual] }
(Inner LUB) “a” — T (LUB of unrelatedypes,seefootnotel)

“tag” + struct [tagged [“tag”,2], 7p°]

e = {“p” > obj[ptr[obj [struct [tagged [“tag”,2], n;°], noqual]], noqual] }
(Inner, correct) “a” — obj [struct [tagged [“tag”,1], 7], noqual]

“tag” +— struct [tagged [“tag”,2], 7;°]

T = {“p” > obj[ptr[obj [struct [tagged [“tag”, 2], n5°], noqual]], noqual] }

By applyingthe proposedsolutionto the inner declarationist, one endsup with the infinite se-
quenceof type ervironmentsthatis shavn in Figure6.2. It shouldbe mentionedhat, for the time
being, the updateoperationfor type environmentsunconditionallyreplacestype informationif an
identifier hasalreadybeendefined. Theinitial type ervironmentfor theinnerdeclaratiorlist corre-
spondgo a newly openedscope basedon the ervironmentresultingfrom the outerdeclaration.lt is
labelled*Outer, #0” in thefigure. Thefirst stepis labelled“Inner, #1”, andsoonfor subsequergteps.

Thefirstthing to noticeis that,in thefirst stepthetype associateavith “a” is correctandthetype
associatewvith “tag” is indeedafirst approximation However, the secondstepincorrectlyassociates
“a” with the newly definedstructuretype,andthis associatioris repeatedn all subsequergteps.On
the otherhand,the typesassociateavith “tag” arecorrect. The resultof this incornvenientsituation
is thatin thefinal type ervironment,taken asthe leastupperboundof theinfinite sequencethetype
associatedvith “tag” would be correctbut the type associatedvith “a” would be the leastupper
boundof thetwo unrelatedstructuretypes,whichis clearlywrong?

After all this, it is evidentthatthe problemlies on the behaiour of the updateoperationon type
ervironments,in the caseof identifier redefinition. Specifically thereis a conflict amongseveral
desiredcasef redefinition,assummarizedn thefollowing requirements:

(R1) Identifier redefinition should not normally be allowed, i.e. the static meaningof “int  x;
double x; ” shouldclearly be anerror This requirementis satisfiedby the presentstatic
semantics.

! Thefinal ervironmentin Figure6.2is notentirely correct. Theleastupperboundfor “a” is notthetop elementsince
thetwo typesarenot completelyunrelated However, it is clearlynotavalid denotableype.
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Figure 6.3: Intendedbehaiour of typeervironmentupdating.

Ordinary update
. normally while fixing
[+ —ide -]
existing=T existing# T existing=T existing# T
existingC new impossible error impossible update
existing [Z new update error impossible ignore
Tagupdate
normally while fixing
existing=T existing# T existing=T existing# T
existingC new A jd(existing) impossible update impossible update
existingC new A —jd(existing) impossible error impossible update
existing [Z new update error impossible ignore

(R2) It shouldbe allowedto redefinestructureor uniontags,on conditionthatthey werepreviously
justdeclaredasin thecaseof “struct ~ tag; struct tag { int x; };”. Thisisalso
satisfiedoy the presenstaticsemantics.

(R3) Duringthefixing processredefinitionof anidentifierusinga “betterapproximation”shouldbe
allowed andperformedasin the caseof “tag” in Figure6.2, pass#2. This requirements not
satisfiedoy the presenstaticsemantics.

(R4) Duringthefixing processredefinitionof anidentifierusinga typethatis not a “betterapprox-
imation” shouldbe allowed but ignored,asin the caseof “a” in Figure 6.2, pass#l. This
requirements not satisfiedby the presenstaticsemantics.

It is not hardto seethatrequirementsR1l and R2 arein conflict with R3 andR4. Thereseems
to be no plausiblesolutionwithout taking specialmeasuregor the fixing process.Oneapproacho
fix this problemis to includeinformationaboutthe fixing processn type ernvironments. As shavn
in the next section,a truth valueis includedto determinewhetherthe fixing processhas started.
The updateoperationsshouldalsobe revisedto usethis informationin sucha way asto satisfythe
aforementionedequirements.Figure 6.3 shawvs the desiredbehaiour for the updateoperationson
typeenvironments By “jd(existing)” it is meantthatthe existing valueis a structureor uniontagthat
hasjust beendeclaredaswill beseenin thefollowing section the functionisDeclaredTag is used
to determinethis. Possiblebehaiours are: update i.e. redefinethe identifier; ignore, i.e. keepthe
existing definition; error, i.e. disallonv the redefinitionand generatean error; and impossiblei.e. a
situationthatcannever happeror, if it doestheresultof the operations of noimportance.

6.2 Typeenvironmentsrevised

In the light of the conclusiongdrawn in the previous section,the domainEnt that representsype
environmentsis subjectto revision. The mainmodificationthatis requiredis theadditionof informa-
tion aboutthefixing processAdditional operationsmustbe definedin relationwith this information.

SUMMARY OF
CHANGES
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Someof the existing operationssuchas ordinary andtag update,mustchangein orderto usethe
newly availableinformation. Others,suchasthe raw lookup operationsmustonly changeslightly,
becausef the modificationin the domains definition. Finally, someoperationgemainunchanged
andwill notberepeatedn this section.Theupdateoperationsareexamplesof thelastcatayory.

B ¢ : Ent = (Ide— Type,;,) X (Ide = Type,,,) X T x Ent

A truthvalueis addedasanelemenbf theproduct.It will betrue if thefixing progresss underway,
false otherwise.

» e : Ent
ec = (T,T,false,T)

Theemptyenvironmentis not beingfixed,whenit is constructed.

» -[-rawide] : Ent x Ide — Type;,,

e[l raw ide] =
let (mi, ms, bfiz,ep) =€
in (miI#T)—>mil, (ep # T)— ep[l raw ide], error

Thisis justaminor modification,in orderto allow for theextra elementy;, of thetypeervironment.

» - [-rawtag] : Ent x Ide — Type,,,
e[l raw tag] =

let (m;, m, bfiz,ep) =€
in ((meI#T)—>mel, (ep #T) — ep[I raw tag], error

A minor modificationagain.

» -[-—ide-] : Ent x Ide x Type,;,, — E(Ent)
e[l — ided] =
let (m;, mys,bfiz,ep) =€
in bgiz A(mi I [Z §) — unit e,
bfiz V (ms I =T) — unit (m;{I — 6}, m¢,bfiz,ep), error

Thisis oneof theoperationghatchangedhe most. It reflectstherequirementshatweresummarized
in theupperpartof Figure6.3. In orderto simplify theoperatiors definition,thetwo impossiblecases
ontheupperrow aretreatedasif they wereupdate andthe oneonthelower row asif it wasignore.
It is easyto seethat,for thecaseby;, = false, theresultis thesameasin theold definition.

» -[-+—tag-] : Ent x Ide x Type,,, — E(Ent)
ell — tagr] =
let (m;,m¢,bfiz,ep) =€
in bgix A(my I IZ 7) — unit e,
bfia V (m¢ I = T)V isDeclaredTag(ms I) — unit (mi,m¢{I — 7},bfiz,€p), error

This operationalsorequireda lot of changes.It reflectsthe requirementsummarizedn the lower
partof Figure6.3. In orderto simplify the operations definition,thetwo impossiblecaseson thetwo
upperrows aretreatedasif they wereupdate andthe oneonthe lower row asif it wasignore. It is
easyto seeagainthat,for thecaseby;, = false, theresultis the sameasin theold definition.
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» [+ — freshtag -] : Ent x Ide x TagType — E(Ent) FRESH TAG

e[l — fresh tag o] =
let (mi,m¢,bfiz,ep) =€
T =my I
in case 7 of
T = caseo of
tag-struct = e[l — tag struct [fresh-tagged I, L]|
tag-union = e[l — tag union [fresh-tagged I, l]]
otherwise = error
struct [t, ] = (o = tag-struct) — unit e, error
union [¢,7] = (o = tag-union) — unit e, error
enum[e] = (o = tag-enum) — unit e, error
otherwise = error

A minor modification,in orderto allow for theextraelementby;, of thetypeernvironment.

» 1. : Ent — Ent OPEN SCOPE
te = (T,T,false,e)

Newly openedscopesarenot beingfixed.

» |- : Ent - Ent CLOSE SCOPE

le = let (mij,ms,bfiz,ep) =eine,

A minor modificationagain.

» isLocal(-, - ide) : Ent — Ide — T LocAL
. . ORDINARY
isLocal(e, I ide) = let (m;,my,bfiz,ep) =ein—-(m; I =T)

» isLocal(-, - tag) : Ent —Ide — T LocAL TAG
isLocal(e, I tag) = let (m;, mys,bfiz,ep) =ein—-(my I =T)

More minor modifications.

» init-fix : Ent — E(Ent) INITIALIZE

FIXING

init-fixe = let (m;, my¢,bfiz,ep) = € in —bgiz — unit (mi, my, true, ep) , error
This functionsetsthetruth valuefor fixing to true, declaringthe startof thefixing processAn error
occursif theervironmentis alreadybeingfixed.
6.3 Thefixing process

The algorithmfor fixing type ernvironmentshasbeendescribednformally in Section6.1. In this
sectionit is formally defined. In addition, it is specifiedwhereandwhenthis fixing procesgakes
place.
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» rec : (Ent — E(Ent)) - Ent — E(Ent)

rec = Af.de.let z= fe * init-fixin mclo z f

Functionrec performsthe fixing of type ernvironmentsfor recursvely definedtypes. It takestwo
amgumentsthe staticsemantianeaningof a declaratiorist, i.e. afunction f from type ervironments
to type ervironments;andaninitial type ervironmente. It returnsthe type ervironmentthat results
from first applying f to e andthenfixing all recursvely definedtypes. The monadicclosureoperator
mclo is usedin this function’s definition. The startingenvironmentfor the closureis z, i.e. thetype
ervironmentwhich resultsfrom thefirst passn Figure6.1. Noticealsohow z is initialized for fixing.
In orderto verify thatthe resultof the monadicclosureoperationis indeedthe leastupperboundof
theinfinite sequencef graduallyfixed ervironmentsyecallthe definitionof mclo andclo:

mclozf = cloz(Az.z x f) = |_|()\:car:* "z

n=0

Thedefinitionis somevhatperplexed by thefactthaterrorsareallowed; however, it is easyto seethat
theleastupperboundof theinfinite sequencés taken.

Theequatiorfor the staticmeaningof translation-unit asshavn in Section5.2,involvesacall to
rec. Thesamaeis truefor declamator andabstiact-declaator in Section5.3.5,whenfunctiondeclara-
tionsareinvolved. Its presencés obviously necessarat thesepoints,sincerecursve definitionsmay
occuratfile scopeor functionprototypescope.ln generalrec mustbe calledwhen&er anewv scope
thatmay containrecursve type definitionsis opened However, aswasevidentin Chapters, the pro-
posedstaticsemantic®nly opensnew scopeswhennecessarinformationcanonly beobtainedrom
them. Therefore pnly file scopeandfunctionprototypescopeseedto befixed. For all otherscopes
including function scopeandblock scopesyrec is calledin the typing inferencerules, presentedn
Partlll andin the equationgor thedynamicsemanticspresentedn PartlV.
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Chapter 7

Typing judgements

This chapterintroducesthe notionsof typing semanticstyping judgementsandtyping derivations, crapTer
thatwill bethe primaryissuesof interestin Partlll. In Section7.1 a brief introductionis attempted. OVERVIEW
Section7.2 describeghe typing judgementghat are usedthroughoutPart Ill in the definitionof C’s

typing semanticsFinally, in Section7.3anumberof issueds discussedrelatedto the uniquenessf

typing resultsandtyping derivationsfor givenprogramphrases.

7.1 Intr oduction to typing

Typing semanticss usedin theformal definitionof programmindanguagesn orderto defineaspects
thatcannoteexpressedby a contet-freegrammar Theprimaryaimof alanguages typingsemantics
is the associatiorof phrases participatingin syntacticallywell-formedprogramswith phrasetypes
In this way, valuableinformationis given concerningthe meaningof programphrases.In simple
programmindanguagedyping semanticeanoftenreplacehelanguages abstracsyntaxcompletely
Thatis, the syntacticproductionscanbe definedat the sametime whenphrasetypesare associated
with programphrasesin this casethelanguages staticsemanticss alsodefinedaspartof thetyping
semanticsHowever, in the caseof a complex programminganguagesuchasC, the threephaseof
abstracsyntax,staticsemanticandtyping needbe separate.

Sincethe primary interestin typing is to definea relationbetweenprogramphrasesandphrase Tvrinc
types,a formal way is neededo describethis relation. This is achiered by meansof typingjudge- JUPGEMENTS
mentsalsocalledin literaturetypingassertions The mostcommonform of atyping judgements the
following:

'M:@0

wherel is atypeassignment i.e. agivenassociatiomf identifierswith types,M is aprogramphrase
andé is aphraseaype. Theintuitive meaningof thisjudgements that M is awell-typedphraseof type
#, underthe assumptionstatedin T". In specifyingthe typing semanticof a comple programming
languageadditionalformsof typingjudgementsnaybenecessarylypingjudgementsnaybeviewed
astruthvaluepredicatesthatcanbe true or false. A typingjudgements true if it canbeprovedto
hold usingthelanguages typing semanticsOtherwisejt is false.

The typing semanticof a programminganguagds mostcommonlydefinedasa consistenset Tvrinc RuLes
of axiomsandinferencerules which arecommonlycalledtypingrules Axioms aretypically used
to definethe typing semanticof simple phraseswhereasinferencerules are usedin the caseof

! Typeassignmentarealsocalledtyping contetsin literature.
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Figure 7.1: Typing semanticgor a simplehypotheticakxpressiorlanguage.

Typing rules
. (const) (I:int)is |n.1“ (ide)
'k n : explint] '+ I : exp|int]
' E;:explint] TF Ez : exp [int] (plus)
'+ Ei + E> : exp[int]
'+ E; : explint] T F E» : explint]
equal
' - E1 = E> : exp [bool] (equal)
I'-FE:explbool] T'HEi:0 T'F Es: 80 (cond)
I' Hif Ethen Eielse E; : 0
Example of typing derivation
(z:int)isinT
T F z : exp[int] ' 4 : exp|int] (z:int)isinT
I' - z=4": exp[bool] ' + 42 : exp[int] I' - z : exp[int]
Ik if z=4then 42else z : exp[int]

compoundohraseghat consistof smallersub-phrasesSinceaxiomscanbe consideredhsa special
caseof inferencerules, the latter are obviously the mostimportantissuein the formal definition of
typing semanticsThe generaform of aninferenceruleis thefollowing:

P P .. P,
C

(rule)

where“rule” is anidentifierspecifyingtherule’s uniqguenamen is anaturalnumberandmaybe zero
andall othercomponentaretyping judgementsin particular thetyping judgementsP; aretherule’s
premiseswhereaghetyping judgement is therule’s conclusion Theintuitive meaningof thisrule
is that, on conditionthatthe premisesare true, the conclusionis also true. In the casewhereno
premisesarepresen{n = 0), theinferencerule representanaxiom.

As an example,a small numberof typing rulesfor a hypotheticalsimple expressionlanguage
is givenin the upperpartof Figure7.1. Therule “ide” is the only onethat makesuseof the type
assignmenandits premiseis givenherein aninformalway.

The proof of a typing judgemenusinga setof typing rulesis calledtyping derivation A typing
derivationtypically combinesa numberof typing rulesin atree-like structurejn sucha way thatthe
conclusionof onerule becomes premiseof someotherrule. In this way, typing derivationsmay be
considerecascomple inferencerules. As mentionedoreviously, atyping judgemenis true if and
only if it canbe provedin the languages semanticsi.e. if thereexists a valid typing derivation. A
smallexampleof a typing derivation for the samehypotheticalexpressionanguageds shavn in the
lower partof Figure7.1.

A numberof typing problemsthat play animportantrole in the semanticof programmingan-
guagescanbe identified. Typing problemsarefamiliesof questionghat mustbe solved. Eachpar
ticular questionin sucha family is calledan instanceof the problemandis generallyrelatedto the
validity of typingjudgementsA proof of the solutionmustbegivenin termsof typing derivations.A
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typing problemis solvableif a proof of the solutioncanbe givenfor every instanceof this problem.
Of coursethetyping semantic®f a programmindanguages moreusefulif solvabletypingproblems
canbe defined.For a morethoroughdiscussiorof typing andtyping problemsthe readetis referred
to [Mitc90, Mitc96].

It is possibleto ask mary differentkinds of questionsabouta typing judgement. Probablythe
mostimportanttyping problemsn programmindanguagesemanticsrethefollowing, which arethe
only onesstudiedin therestof this thesis?

e Decisionproblem: GivenatypingjudgementT + M : 6, determinewhetherit is true, i.e. if
thereexistsa valid typing derivation with this typing judgementsits conclusion.In casesuch
aderivation exists,animportantquestionto be asledis whetherthis derivationis unique.This
issueis furtherdiscussedn Section7.3.

¢ Typeinference:Givenasyntacticallywell-formedprogramphraseM andatypeassignment’,
find aphrasaype @ suchthatthetypingjudgement = M : @ is true. If suchatypecanbe
inferred,animportantissueis whetherit is unique. The issueof uniquenessf the underlying
typing derivationis againimportant.

Thetypeinferenceproblemis “harder” thanthe decisionproblem,in the sensehatthe lattercanbe
reducedo theformer Thatis, if thetypeinferenceproblemcanbe solved,thenthe decisionproblem
canalsobesolved.

7.2 Typing judgements

Thetyping semantic®f C, asspecifiednformally in §6 of thestandardis largely complicated Apart
from the maintyping relation,an exampleof which waspresentedn the previous section,a number
of otherforms of typing judgementsrenecessaryn orderto simplify thetyping rules. A summary
of all formsof typing judgementshatareusedin C’s typing semanticss givenin Table7.1.

As waspreviously mentionedjn simpleprogramminganguagest is possibleto definetype as-
signmentsat the sametime with typing. However, in the caseof real programminganguagessuch
as C, this cannotbe donein an easyand elegantway. Instead,the variouskinds of ervironments
thatareproducedrom the staticsemanticareusedastypeassignmentsType ervironmentscontain
all necessarynformationaboutthe namespace®f ordinaryandtag identifiersandareusedin most
typing judgements Anotherkind of staticervironmentthatis usedasa type assignmenis member
ervironmentsgcontaininginformationaboutthe memberf structuresor unions.

Themaintyping relationis expressedy typing judgement®f theform:

e F phrase: 6

wheree is atypeervironment,phraseis a syntacticallywell-formedprogramphraseand@ is a phrase
type. As mentionedn the preliminarydiscussionthe intuitive meaningof sucha judgemenis that
thephrases well typedandhastype#, giventheidentifierdeclarationshatareincludedin e.

TYPE
ASSIGNMENTS

MAIN TYPING
RELATION
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Table 7.1: Summaryof typing judgements.

Main typing relation

e F phrase: 6 Thegivenphrasecanbeattributedphraseyped in type ervironmente.

Predicatesasjudgements

P PredicateP is true, whereP canbeary valid predicateover truth valuesT.
T=y Elementse, y € D areequal w.r.t. domainequalityin D.
v =z Thestaticsemantio/aluationz € E(D) produceshe (non-errorjvaluev € D.

Judgementsrelatedto ervironments

ekFIaé Identifier I is associatedavith identifiertyped in type ervironmente.
nkIT<am Identifier I is associatedvith membertypem in memberenvironmentr.

Judgementsrelatedto expressions

eFE>T ExpressiorE canbeassignedo anobjectof datatyper.
e F E = NULL ExpressionE is anull pointerconstant.
eFT = ¢ TypenaméeT denotesype¢ in typeernvironmente.

Ordinarypredicateganbe usedin the placeof typing judgementsPredicategre meta-language
expressiongesultingin truth values,i.e. elementof domainT. A predicatewhosevalueis true is
consideredsatyping axiom,i.e. asa true typing judgement.Onthe otherhand,a predicatevhose
valueis false, L or T, simply cannotbe usedin atyping derivation. Specialcasef predicatesised
astyping judgementareequalitytestsof theform x = y, betweerelementse andy of domainD.

Anotherform of typing judgementwhich is really a specialnotationfor a simple predicate s
usedto allow the useof staticvaluationsin typing rules. Static valuationsoften resultin elements
of domainE(D), whereD is ary domainandE is the errormonaddefinedin Section4.4. A typing
judgemenbf theform:

v = Z

wherev € D andz € E(D), hastheintuitive meaninghatthestaticvaluationz resultsn anormal,i.e.
non-erroyvaluewv of theunderlyingdomainD. Thistyping judgements equivalentto the predicate:

z = unitgv

but the speciaform is usedfor brevity.

Thenext two formsof typing judgementsrestronglyrelatedto staticervironmentsandareused
to extract typing informationfrom them. The differencebetweenthe two lies in the kind of static
environmentthatcontainghetypeinformation.n the caseof typing judgement:

eFTI«d

2 Othertyping problemsaretypeinhabitation andcontext derivation Thefirstis aboutfinding a programphrasewhich
inhabitsa given phraselypeundera giventype assignmentThe seconds concernedvith determiningypeassignments.
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theinformationis containedn type ervironmente andidentifiersareassociatedvith identifiertypes.
Ontheotherhand,in the caseof typing judgement:

Tk I<m

the informationis containedin the memberervironmentof a structureor union andidentifiersare
associateavith membettypes.

The last threeforms of typing judgementsare usedin the typing semanticsof expressions.A
typing judgemenbf theform:

et E >

wheree is atypeervironment,E is anexpressiorphraseandr is adatatype, hastheintuitive meaning
thatthevalueof expressionE canbeassignedo anobjectof typer, giventhetypeervironmente.

A specialform of typing judgements usedto identify null pointerconstantsn expressions:

e F E = NULL

wheree is a type ervironmentand E is an expressionphrase. The intuitive meaningof this typing
judgements that E is a null pointerconstantgiventhetypeernvironmente.

ASSIGNABIL-
ITY

NuULL POINTER
CONSTANTS

Thelastform of typingjudgements usedto simplify theassociatiomf typenameswith denotable Tvre Names

types.A judgemenbf theform:
et T = ¢

wheree is atype ernvironment,T' is a phrasegeneratedy the non-terminalsymboltype-nameand
¢ is a denotabletype, hasthe intuitive meaningthat T is a synorym for the type ¢, giventhe type
ervironmente.

Typing judgementsnay alsoappealin a nggative sense.For the maintype relation, a negative
judgementastheform:

e F phrase: 6

andthe intuitive meaningis thatthe positive judgemente + phrase : 6 is not true, thatis, there
doesnot exist a typing derivation with it asthe conclusion. Negative judgementsare only useful
whentherelatedtyping problemsaresolvable,sinceotherwiseit cannotbe determinedvhethersuch
aderiationexists.

NEGATIVE
TYPING
JUDGEMENTS
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Figure 7.2: Exampleof non-uniquayping resultsandderivations.

Typing rules
et E : val|r]
const, coerce
e b n : val [int] ( ) ek E : exp|r] ( )
ek E; :vallint] et E2 : val [int] (plus-al)
e - E1 + Es : val [int]
ek Ey :explint] el E2. : exp [int] (plus-ep)
e b E1 + E> : exp[int]
Two typing resultsfor the phrase: 42
const,
e F 42 : val [int] ( )
. (const) . (coerce)
e F 42 : val [int] e F 42 : exp[int]
Two typing derivationsfor the judgement: e + 42+ 1 : exp [int]
const const
e 42 : val [int] ( ) e k1 : val[int] ( )
- (plus-\al)
e - 4241 : val [int] (coerce)
e 4241 : exp[int]
const, const,
e F 42 : val [int] ( ) e F 1 : val[int] ( )
- (coerce) - (coerce)
e 42 : exp [int] e - 1 : exp[int] (plus-exp)
e 4241 : expint] P P

7.3 Discussionof uniquenessn typing

Thetyping semantic®f arealprogramminganguageexpressedn the form of inferencerules,often
leadsto ambiguity problems. Thereare two forms of suchproblemsthat appearin the study of

C’s typing semanticsas definedin the next chapters. Both problemsare presentedn this section
and briefly discussed.They areintroducedin a small examplethat usesa very small subsetof the
typing rulesfor C, slightly distortedfor the sale of simplicity. The completeexampleis illustratedin

Figure7.2. Theupperpartof thefigure containgfour typing rules:

o Ruleconst statingthatintegernumbersareconstanvaluesof typeint.

e Rulecoereg statingthata constantvaluecanbecoercedo anon-constantalue,if thefactthat
it is constanis notimportant. This rule is essentialin orderto avoid duplicatingall rulesthat
do notcarefor constanwalues.

e Rulesplus-valandplus-ep aretwo similar rulesfor the typing semanticof the additionop-
erator This operatordistinguishedbetweenconstantitndnon-constantalues.The sumof two
constanvaluesis aconstanvalue,in thesensehatit canbe computedat compile-time.Onthe
otherhand,the sumof two non-constanvaluesis a non-constanvalueandmustbe computed
atrun-time.Noticehow thepresencef rule coecce makesit unnecessarp includeall possible
combinationof constanandnon-constanvalues.
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The lower part of the samefigure identifiestwo kinds of potentialproblemsthat arerelatedto the
typing of expressions.The first hasto do with the uniquenes®f the typing results,andthe second
with theuniquenessf typing derivations.Both issuesarediscussedh the following paragraphsAll
typing derivationsin the figure aretaggedwith the namesof thetyping rulesthatareapplied,for the
sale of clarity.

Considerthe simpleexpression‘42”, consistingof just aninteger number The middle section
of Figure7.2 shawvs two valid typing derivationsthat concludein two differentphrasetypesfor this
phrase:val [int] andexp [int]. This provesthatthetyping results,asfar asthe maintyping relation
for thisexampleis concernedarenotunique.In fact,thephrasdypesthatareassociatewith program
phrasesneednot be unique. In somecases,it is useful or even necessaryo consideran integer
numberasa constantinteger value, e.g. in the caseof C’s constantexpressionsdefinedin §6.4 of
the standard.In othercaseshowever, this informationis not necessaryandthe more generaltype
of integer expressioncanbe used. In conclusion,non-uniquenessf typing resultsdoesnot posea
problem,sincedifferentphraseypesrepresentifferentaspectsn the semantic®f programphrases.

The lower sectionof Figure 7.2 shawvs two differentvalid derivations,both concludingwith the
sametyping resultfor thesimpleexpressiorf 42+1”. Thisexpressionis finally associateevith phrase
typeexp [int], thatis, anintegerexpression Both derivationsstartfrom thefactthatthetwo operands
areconstantntegervalues.Theupperderiationfirstaddsthetwo constantaluesandthencoerceshe
resultto aninteger expression.Ontheotherhand,thelower derivationfirst coerceghetwo operands
andthenaddsthetwo resultingintegerexpressions.

Of courseboth derivationsarevalid and, sincethe typing resultis the same they both describe
the samesemanticaspectof the given expression. However, aswill beillustratedin Part IV, the
dynamicsemanticdor a well-typedprogramphrasedargely depend®on the typing derivation thatis
used. Consequent|ythe issueof non-uniquenessf typing derivationsdoesposea problemfor the
typing semanticsof C. In orderto overcomethis problem,it mustbe guaranteedhat the dynamic
semanticghatcorrespondo all possibletyping derivationsfor a programphraseareall equal.In the
examplethatwasdiscusse@bove, the resultof first addingandthencoercingmustbe guaranteedo
beequalto theresultof first coercingandthenadding.

UNIQUENESS
OF RESULTS

UNIQUENESS
OF
DERIVATIONS






Chapter 8

Typing semanticsof expressions

This chaptercontainsthe typing rulesfor expressionsi.e. inferencerulesaiming primarily at asso- crapter
ciating expressionsvith phrasetypesby meansof formal typing derivations. Section8.1 definesthe COVERVIEW
maintyping relation,correspondingdo typing judgementof theforme + E : 6. Its structurecor
respondgo the structureof §6.3 of the standardwith small deviations. In Section8.2 typing rules
correspondingo otherformsof typing judgementsredefined.

8.1 Main typing relation

Themaintyping relationfor expressiongorrespond$o typing judgement®f the form: INTUITIVE
MEANING

et E: 0

whereFE is anexpressiong is thetype ervironmentfor the scopewhich containghe expressionand
0 is atypethatis attributedto E. Theintendedmeaningof typing derivationsfor the aforementioned
typing judgementis double. First, if a typing derivation canbe found having this judgementasits
conclusionthenkE is awell typedexpressiorof type#, i.e. it compliesto thetyping rulesaccordingo
thestandardindhastheappropriataéype. Secondit mustnotbepossiblego produceypingderivations
for not well typed expressionsj.e. incorrectexpressionsontainingone or more violations of the
typing rulesstatedn the standardValid valuesfor ¢ are:

val [7] Attributedto constanexpressionsvhich canonly betreatedasr-values.Con-
stantexpressionsieednot accesghe programstate,i.e. the valuesof stored
objects,in orderto beevaluated.

exp [v] Attributedto non-constanéxpressionsvhich canonly betreatedasr-values.
Evaluationof non-constanexpressiongjenerallyrequiresaccesdo the pro-
gramstate.

Ivalue [m] Attributed to non-constantexpressionsthat designateobjects and can be
treatedasl-values.

As hasbeendiscusseth Section7.3,thetypesthatcanbeattributedto expressiongrenotunique. UniQueness
Thisis primarily the effect of theimplicit coercionrulesthataredefinedin Section8.1.15. Further  'SSUES
more,for a giventyping judgementt maybe possibleto producedifferenttyping derivations. Thisis
aresultof the distiction betweerconstantandnon-constanéxpressionsthatis introducedn §6.4 of
the standardIn all arithmeticoperationghetyping rulesmustdistinguishbetweerconstanandnon-
constanwalues,i.e. expression®f typesval [r] andexp [r], aswasillustratedin the examplegiven
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in Section7.3. As hasalreadybeenmentionedthe dynamicsemanticghat correspondo different
possiblederivationsmustbeequal.

8.1.1 Primary expressions

The typing semanticf primary expressiondgs describedn §6.3.1 of the standard.As the reader
would expect,typesof theform val [r] areattributedto all kindsof constantswhereasstring literals
andidentifiersdesignatingbjectshave typesof theform Ivalue [m).

suffix(f) = @
e F f : val [double]

FLOATING
CONSTANTS

(E1)

suffix(f) = {'F}

e - f : val [float] E2)

suffix(f) = {‘'L’ }

e  f : val [long-double] E3)

Thetypeof afloatingconstants determinedy its sufiix, asstatedn §6.1.3.1of thestandardAbsence
of a sufiix makesit adoubleconstant.

suffix(n) = @ isDecimal (n)
7 := firstToRepresent(n,[int,long-int, unsigned-long-int )

et n: val[r] E4)

INTEGER
CONSTANTS

suffix(n) = @ —~isDecimal (n)
T := firstToRepresent(n, [ int, unsigned-int, long-int, unsigned-long-int ])

et n: val[r] 2

suffix(n) ={‘'U} 7 := firstToRepresent(n,|unsigned-int, unsigned-long-int|)
et n: vall7]

(E6)

suffix(n) = {'L’} 7 := firstToRepresent(n,[long-int, unsigned-long-int])

ek n: valr] E7)

suffix(n) = {'U,'L’} 7 := firstToRepresent(n, [ unsigned-long-int])
ek n: val[7]

(E8)

Thetypesof integer constantare somavhatmorecomplicatedasstatedin §6.1.3.20f the standard.
They aredeterminedot only by the sufix, but alsoby the baseof thesystemin whichthe constanis
expressed.

prefix(c) = @
e F ¢ : val [int]

CHARACTER
CONSTANTS

(E9)

prefix(c) = {'L" }

E10
e F ¢ : val [wchar_t] (E10)

Characteronstantsasstatedn §6.1.3.4of the standardaredistinguishedn normalandwide

prefix(s) = & n = lengthOf(s) + 1

E11
e s : lvalue [array [obj [char, noqual], n]] (E11)

STRING
LITERALS
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prefix(s) = {'L"} n = lengthOf(s) + 1

E12
e F s : Ivalue [array [obj [wchar_t, noqual], n]] (E12)

Stringliteralsarealsodistinguishedn normalandwide asstatedin §6.1.40f thestandardThey are
[-valuesof appropriatearraytypes.

e F I < normal [a]
e F I : Ivalue[a]

(E13) IDENTIFIERS

e F I < normal [f]

ek I: explf] (E19)

e + I < enum-const [n]

E15
e F I : val[int] (E19)

Identifiersthatare presenin the environmentareattributedthe typesthatthe environmentassociates
with them. Objectdesignatorsare |-values,function designatorsare r-valuesand enumeratiorcon-
stantsareconstantaluesof typeint.

8.1.2 Postfix operators

Thetyping semantic®f postfix expressionss describedn §6.3.20f the standard Postfixincrement
anddecremenbperatorsaredefinedin Section8.1.3.

e b *( E1+Es) : lvalue|o]

E16 A
e b Ei[ B3] : Ivaluela] (E16) RRAY

SUBSCRIPTS

As specifiedn §6.3.2.10f the standardthe connectiorbetweerarraysandpointersis obviousin the
definition of the array subscriptingoperator Its type relieson the correcttyping for indirectionand
theadditionoperatar

e b E : exp[ptr[func[r,p]]] e F arguments: arg [p]

E17
e F E(argumenty : exp [r] (E17) FUNCTION

CALLS

Thetyping rule for function callsis straightforvard. The typesof actualagumentsmustmatchthe
typesof formal argumentsijn the function prototype.Thefollowing rulesdefinethetyping semantics
for aguments.

R1
e ke : arglpo] (R1)
p := ellipsis po

R2
el e: argp] (R2)
e E> 1 el aguments: arglp] p =7 <p (R3)

e - E, arguments: arg [p']

ek E :exp[r] ek arguments: arg[p] p := ellipsisp, 7' := argPromote T

e - E, arguments: arg[p] (R4)
A functions agumentsaredistinguishedn two catgories:thosepassedsparameterthatarespecif-

ically declaredn thefunction’s prototypeandthosepassedn theellipsispart. RulesR1 andR3 treat

argumentghatcorrespondo thefirst cateyory, whereasulesR2 andR4 treatargumentscorrespond-
ing to the secondcateyory. In thefirst categyory, agumentsare convertedasif by assignmento the

appropriatgparametetype. In the seconccateyory, thedefault agumentpromotionsareapplied.
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e F E : lvalue[obj [struct[t,7],q]] 7 F Idm m' := qualifygm

E18
e b E. I : lvalue[m/] (E18)
ek E :explstruct[t,n]] wF Iam 71 := datifym (E19)
ek E. I: exp]r]
e - E : lvalue[obj [union [t,7],q]] wF I<m m' := qualifygm (E20)
e b E. I : Ivalue[m/]
ek E :explunionft,r]] wkFI<am 7 :=datifym (E21)

ek E.I: explr]

Thetyping rulesfor the dot operatordependon two independentactors. Thefirst is whetherthe left
operandis a structureor a union; this factordoesnot affect the type of the whole expression.The
seconds whetherthe left operands anl-value.If it is, theresultof the expressioris alsoanl-value,
otherwiset is not. Thus,four typing rulesfor thedot operatorarenecessary

e - E : exp[ptr[obj [struct [t,7],q]]] «F I<m m' := qualifyqm
e b E->1 : lvalue[m']

(E22)

e - E : exp|[ptr[obj[union[t,7],q]]] #F I<m m' := qualifyqgm
e b E->1 : lvalue [m']

(E23)

In the caseof the arronv operatoy on the otherhand,the resultis alwaysan I-value. Thereis only a
distinctionbetweerstructuresandunions.

8.1.3 Unary operators

Thetyping semantic®f unaryoperatorss describedn §6.3.30f the standard.

e - E : lvalue[m] isScalar(m) isModifiable(m) 7 := datify m

E24
e F E++ : exp|7] (E24)
e b E : Ivalue[m] isScalar(m) isModifiable(m) t := datify m (E25)
ek E-- :exp[r]
e k- E : lvalue[m] isScalar(m) isModifiable(m) 7 := datify m
(E26)
e ++E : exp|[7]
e - E : lvalue[m] isScalar(m) isModifiable(m) 7 := datify m (E27)

ek - E : exp[r]

Incrementanddecremenbperatorcanbe appliedto modifiablel-valuesof scalartype. Theresultis
notanl-value.

e - E : lvalue|o]

e - &E : exp [ptr[a]] (E28)

e E : expl[f]
e - &F : exp[ptr[f]]

(E29)

Theaddresf anobjector functiondesignatois attributedan appropriatepointertype. Notice that
anobjectdesignatohastype Ivalue [o], i.e. bit-fieldsarenot allowed,andthata functiondesignator

hastypeexp [f].
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e - E : exp [ptr[c]]

E30
e - *E : Ivalue[a] (E30) gﬁ:ﬁfg;or\l
e b E : exp[ptr[f]] £
31
ek *E : exp|f] (E31)
Theindirectionoperatoris the inverseof the addressperator Pointersto objectsandfunctionsare
takenbackto objectandfunctiondesignatorsespectiely.
et E : val[r] isArithmetic(r) r' := intPromote r
E32
et +E  val[r] (E32) UNARY PLUS
el E : exp[r] isArithmetic(r) ' := intPromote T (E33)
et +E : exp[r']
et E : val[r] isArithmetic(r) : 7' := intPromote T (E34) UNARY MINUS
etk -E : val[r]
ek E :explr] isArithmetic(r) 7' := intPromote T (E35)
ek -E : exp|r]
Unarysignoperatordake anarithmeticoperandandapplytheintegral promotions.They distinguish
betweerconstanandnon-constanbperands.
et E : val[r] isIntegral(r) :T := intPromote 7 (E36) BITWISE
ek ~E : val[r'] NEGATION
ek E : exp[r] isIntegral(r) 7' := intPromote T (E37)
ek ~E : exp[r']
The bitwise nggationoperatortakesan integral operandandapply theintegral promotions.lIt distin-
guishedetweerconstanandnon-constanbperands.
ek E;ZZO 1 0 (E38) LoGICAL
eF!'E:0 NEGATION
Thelogical negationoperatoris definedin termsof the equalityoperator;a zerovalueis takento be
thefalsetruth valuein C.
ek E: I‘IIaIue [m] —-1sBI'tﬁeld(m) (E39) SI7EOF
e - sizeof E : val [size_t] OPERATOR

et E : explf]

E40
e sizeof E: T (E40)

etk E : exp[r] isComplete(r)
e I sizeof E : val [size_t]

(E41)

et T =a isComplete(a)
e F sizeof (T) : val[size_t]

(E42)

Thessizeofoperatorcomesin two flavours. Thefirst flavour takesan expressiorasits operand.The
expressiormustnot be a functiondesignatorlt mustalsobe of a complete honbit-field type. Three
typing rulesare neededo definetheserequirementsrule E40is neededo invalidatefunction des-
ignatorsbecausef their implicit coercionC4 to function pointers. The secondflavour of the sizeof

operatortakes a type nameasits operand. Again, the type that is denotedby the namemust be
complete.
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8.1.4 Castoperators
Thetyping semantic®f castoperatorss describedn §6.3.40f thestandard.

ek E :explv] ek T = obj[void,q]

et (T) E : exp|[void] (E43)

Expression®f ary type canbe castto a qualifiedor unqualifiedversionof thetypevoid.

et E :val[r] isScalar(r) et T =o' isScalar(a') 7' := datify o'

ek (T) E : val [r'] (E44)

et E :explr] isScalar(r) e+ T =dqo' isScalar(a') 7' := datify o

ek (T) E : exp[r'] (E45)

Otherwisethetyper of theoperandandthe specifiedargettyper’ mustbebothscalar A distinction
is madebetweerconstanandnon-constanbperands.

8.1.5 Multiplicati ve operators

Thetyping semantic®f multiplicative operatorss describedn §6.3.50f the standard.

e E1 : val [Tl] e E2 : val [T2]
isArithmetic(r1)  isArithmetic(rz) 7' := arithConv {r1,Ts) (E46)
e El* E2 : Va] [T’]
e - E1 L exp [7’1] e = E2 : exp [Tz]
isArithmetic(r1)  isArithmetic(rz) 7' := arithConv {r1,Ts) (E47)
e - E1*E> : exp[7']
e E1 : Val [Tl] e E2 : Val [T2]
isArithmetic(r1)  isArithmetic(rz) 7' := arithConv {r1,Ts) (E48)
e b Eil Ey : val [1']
e+ E1 : exp [7’1] e E2 : exp [Tz]
isArithmetic(r1)  isArithmetic(rz) 7' := arithConv {r1,Ts) (E49)

e E1/ E2 : exp [TI]

The multiplication and division operatorsare very similar. They take two arithmeticoperandsand
applytheusualarithmeticcorversions.They distinguishbetweerconstantaindnon-constantalues.

e F Ey : val [r] e = E» : val [r]
isIntegral () _ isIntegral(r)) 1’ := arithConv (ri,m) 50,
e b E1Y%E, : val [TI]
et E; : exp [T1] e E> : exp [T2]
isIntegral (r1)  isIntegral(r2) 7' := arithConv (r1,72) (E51)

e b E1%F: : exp|[T']

Themodulooperatoiis similarto the multiplicationanddivision operatorswith the exceptionthatits
operandsnustbeintegral.



8.1. Main typing relation

107

8.1.6 Additi ve operators

Thetyping semantic®f additve operatorss describedn §6.3.60f the standard.

e+ E; : val [r] e k- E3 : val ]
isArithmetic(t,)  isArithmetic(r2) 7' := arithConv {11, 72) (E52)
e - E1+E5 : val [T’]
e Ei : exp[n] ek E> : exp[r2]
isArithmetic(r,)  isArithmetic(r2) 7' := arithConv {11, 72) (E53)

e Ei+E; : exp[r’]

et E1 : exp[ptr{oa]] et Ea: exp[rz] isComplete(c:) isIntegral(rz)

e - E1+Es exp [ptI‘ [al]]

etF E; :exp[ri] el E;:exp[ptr[az]] isIntegral(r1) isComplete(az)

e b E1+E; : exp [ptl' [052]]

(E54)

(E55)

Whentwo arithmeticoperandsireaddedtheusualarithmeticcorversionsareappliedandadistinction
is madebetweerconstantandnon-constanvalues.Thelasttwo rulesaresymmetric with respecto
the orderof thetwo operandsainddefinethetyping of pointerarithmetic. Theoneoperandnustbea
pointerto acompleteobjecttype,whereaghe secondnustbe of anintegral type.

e E1 H Va] [T1] e E2 H Va] [Tz]
isArithmetic(t,)  isArithmetic(r2) 7' := arithConv {11, 72) (E56)
e+ Ei- E» : val [7']
e E; : exp|ri] e - E; : exp ]
isArithmetic(t,)  isArithmetic(t2) 7' := arithConv {11, 72) (E57)

e Ei- E> : exp[r']

etk E; :expptrloa]] et Es:explr] isComplete(a1) isIntegral(rz)

e F Ei- E3 : exp [ptr[oi]]

e b E; : exp[ptr[oa]] e b E> : exp[ptr[oz]]
isComplete(a1) isComplete(az) isCompatibleQual (a1, a2)
e b Ei- E> : exp [ptrdiff_t]

(E59)

(E58)

Thetyping rulesfor subtractionare similar to the onesfor addition. The differencelies on the last

rule. Pointersubtractionis not symmetricwith respecto the orderof the two operands.Operands

of integral typesmay be subtractedrom pointersto completetypes,but not vice versa.However, as
specifiedoy thelastrule, two pointersto completetypesmaybesubtractedpn conditionthatthetypes

arecompatibleignoringqualifiers. Theresultis of type ptrdifft.

8.1.7 Bitwise shift operators

Thetyping semantic®f bitwise shift operatorss describedn §6.3.7of the standard.

e E1 : val [Tl] e E2 : val [Tz]

isArithmetic(ry)  isArithmetic(r;) 71 := intPromote 1 75 := intPromote 1,

e b E1<<E, : val [T{]

(E60)

ADDITION

SUBTRACTION

LEFT SHIFT
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et E;: exp[n] e - E> : exp[m]
isArithmetic(ti)  isArithmetic(m2) 71 := intPromote 1 15 := intPromote T2 (E61)
e b E1<<E, : exp|[ri]
e E1 H Va] [T1] e E2 : Val [T2]
o . L ) ;o ,
RIGHT SHIFT isArithmetic(t1)  isArithmetic(m2) 7 = 1ntPrlomote 71 Ty := intPromote T2 (E62)
e - E1>>FE5 : val [Tl]
et E; :exp[n] e - Ej : exp ]
isArithmetic(ty)  isArithmetic(m2) 71 := intPromote 71 15 := intPromote 12 (E63)
e b E1>>Es : exp 1]
Typing rulesfor left andright bitwise shift operatorsarevery similar. They take arithmeticoperands
and apply the integral promotionsto both operands. They distinguishbetweenconstantand non-
constanvalues.
8.1.8 Relational operators
Thetyping semantic®f relationaloperatorss describedn §6.3.80f the standard.
ek Ep : val[r] e - E; : val[r2]
isArithmetic(t,)  isArithmetic(m2) 7' := arithConv {11, 72)
E64
LESSTHAN e b E1<Ej : val [int] ( )
e By : exp|r] e - E; : exp|[r]
isArithmetic(t,)  isArithmetic(m2) 7' := arithConv {11, 72) (E65)
e b Ei1<E» : exp [int]
ek E; : expptrioa]] el Es: exp|ptr|az]] isCompatibleQual(ai,az)
; (E66)
e F E1<E5 : exp [int]
e - Ep : val[r] e - E; : val ]
A ! P ; A
GREATER isArithmetic(r1)  isArithmetic(7z) T = arithConv (71, T2) (E67)
THAN e - E1>FE5 : val [mt]
e Ep : exp|r] ek E; : exp|r]
isArithmetic(ry)  isArithmetic(r2) 7' := arithConv {11, 72) (E68)
e - E1>E5 : exp [int]
ek Ey : exp[ptrjoa]] et E:: exp[ptr|az]] isCompatibleQual(ai,az)
; (E69)
e - E1>E> : exp [int]
e F Ep : val[r] e+ E; : val 2]
A : F ) o
L £sS OR isArithmetic(71) 1sAr1thmft1c(7-2) T = arithConv (71, 72) (E70)
EQUAL e b E1<=E5 : val [int]
e Ep : exp[n] e E; : exp[m]
isArithmetic(ti)  isArithmetic(r2) 7' := arithConv {11, 72) (E71)
e b E1<=E; : exp [int]
et E; : expptrioa]] et Es: exp|ptr|az]] isCompatibleQual(ai,az) (E72)
e - E1<=E; : exp [int]
e E1 : Va] [T1] e E2 : Va] [Tz]
A ; Fo . Lo
GREATER OR isArithmetic(m1)  isArithmetic(rz) 7' := arithConv (11,72) (E73)

EQUAL e - E1>=E, : val [int]
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ek Ei : exp|[r1] e F Ey : exp [12]
isArithmetic(t,)  isArithmetic(t2) 7' := arithConv {11, 72)

E74
e - E1>=E, : exp [int] (E74)

et Ey :exp[ptriou]] el Es: exp[ptr[az]] isCompatibleQual(ai,az)
e - E1>=E, : exp [int]

(E75)

Typing rulesfor all relationaloperatorsarevery similar. The operandsmay eitherbe arithmeticor
pointersto objecttypes,which mustbe compatibleignoringqualifiers.

8.1.9 Equality operators

Thetyping semantic®f equalityoperatorsgs describedn §6.3.90f the standard.

e - Ey : val[r] e F E; : val[r2]
isArithmetic(t,)  isArithmetic(r2) 7' := arithConv {11, 72) (E76) EQUALITY
e b E1==FE5 : val [int]
e E1 . exp [Tl] e E2 : exp [Tz]
isArithmetic(r,)  isArithmetic(r,) 7' := arithConv {r1,Ts) (E77)

e b E1==E; : exp [int]

If the operandsreof arithmetictype,theequalityoperatoisimply dinstiguishebetweerconstanand
non-constantalues.

el Ey : exp[ptr[¢i]] et E:z: exp[ptr|¢2]] isCompatibleQual(¢1,p2)

E78
e - E1==E> : exp [int] (E78)

Pointerdo objector functiontypesmaybecomparedor equality Thepointedtypesmustbecompat-
ible ignoringqualifiers.

et E; :explptriou]] et Es : exp|[ptr|obj[void,q]]]

E79
e b E1==E, : exp [int] (E79)

e - E:1 : exp [ptr|obj [void,q]]] e F E2 : exp [ptr[az]] (E80)
e b E1==E; : exp [int]

A pointerto ary objecttype may be comparedor equalityto a pointerto a qualifiedor unqualified
versionof void

et Ep : exp[ptr[¢i1]] et E2 = NULL

E81
e b E1==E : exp [int] (E81)

ek E1 = NULL e+ E; : exp [ptr|¢:]]

E82
e - E1==E, : exp [int] (E62)

A pointerto ary objector functiontype maybe comparedor equalityto a null pointerconstant.

e E1 H Va] [T1] e E2 H Val [Tz]
isArithmetic(t,)  isArithmetic(r2) 7' := arithConv {11, 72) (E83) INEQUALITY
e k- Eil= E> : val [int]
e E1 . exp [Tl] e E2 : exp [Tz]
isArithmetic(r1)  isArithmetic(r,) 7' := arithConv {r1,Ts) (E84)

e - Eil= E; : exp[int]
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et E; : expptr|¢i]] et Ez : exp[ptr[¢z]] isCompatibleQual(¢1,p2)

E85
e - Eil= E; : exp[int] (E85)

et E; : exp[ptriou]] ek Es : exp[ptr|obj[void,q]]]
e - Ejl= E; : exp|int]

(E86)

e - E; : exp|[ptrobj[void,q]]] el Es : exp[ptrasz]]

E87
e - Eyl= E, : exp[int] (E87)

el E; : expptr|pi]] ebF E; = NULL
e b Ey!= E; : exp [int]

(E88)

e E; = NULL e+ Es : exp [ptr[¢s]]
e - Eil= E; : exp [int]

(E89)

Typingrulesfor theinequalityoperatorarevery similarto thosefor the equalityoperatar

8.1.10 Bitwise logical operators

The typing semanticf bitwise logical operatords describedn §§6.3.10,6.3.11and6.3.120f the

standard.
e b Ep : val[m] e b By : valr]
isIntegral (1) _isIntegral () 7' := arithConv (r, )  (ggp
e b E1&E, : val [r']
e b Ey : exp[r] e b Ez : exp|[m)]
isIntegral (r1)  isIntegral(m) 7' := arithConv {T1,72) (E91)
e - E1&E; : exp|[r']
e+ By : val[m] e b B : val[r]
isIntegral (11)  isIntegral(r) 7' := arithConv {T1,T2) (E92)
e E1| Ez : val [TI]
e b By : exp[n] e - Ey : exp|r]
isIntegral (11)  isIntegral(r2) 7' := arithConv (T1,72) (E93)
e - Ei| Es : exp[r']
e By : val[r] e F E; : val [r2]
isIntegral (r1)  isIntegral(r) 7' := arithConv {T1,T2) (E94)
et Ei" Ey : val 7]
e By : exp[n] e b Ez : exp|r]
isIntegral (r1)  isIntegral(r) 7' := arithConv {T1,72) (E95)

e [ ElAEz : exp [T’]

Thetypingrulesfor bitwiselogical operatorsarevery similar. Both operandsnustbeof integraltypes
andthe usualarithmeticcorversionsare applied. A distinctionbetweenconstantand non-constant
valuesis made.

8.1.11 Logical operators

The typing semanticof logical operatords describedn §§6.3.13and6.3.140f the standard.The
typing rulesaresomeavhatperplexed by theshort-circuitsemantic®f thetwo operatorsAll operands
mustbe of scalartype.
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etF Ey:val[ry] et Ej:vallr] isScalar(r;) isScalar(rs)
e b E1&&FE; : val [int]

(E96) LOGICAL
CONJUNCTION

If both operandgo the logical conjunctionoperatorare constantvalues,the resultis alsoa constant

value.

e+ E; : val[r] e E; : exp[m)]
isScalar(m1) isScalar(r;) —checkBoolean.,, ([E1] e)
e - E1&&FE; : val [int]

(E97)

If theleft operands aconstantaluethatevaluatego zero,theresultis aconstantalue. It will alsobe
zero,asis specifiedby the dynamicsemanticgor the logical conjunctionoperator This rule reflects
theshort-circuitsemantics.

et Ey :exp[ri] el Ez:exprs] isScalar(r;) isScalar(rs)
e b E1&&F> : exp [int]

(E98)
Finally, if bothoperandsrenon-constantalues theresultis alsoanon-constanvalue.

etF Ey:val[ri] et Ej:vallr] isScalar(r;) isScalar(rs)
e E1|| E2 : val [1nt]

(E99) LOGICAL
DISJUNCTION
ek Ep : val[r] e - Ez : exp[m)]
isScalar(m1) isScalar(rz) checkBoolean ., ([E1] e)
e = E1|| E2 H Val [int]

(E100)

ek Ey :exp[ri] elb E;:explr] isScalar(r;) isScalar(rz)
e - Ei|| E: : exp|int]

(E101)

Thetypingrulesfor thelogical disjunctionoperatoraresimilarto theonesfor thelogical conjunction.
Theonly differenceis in the short-circuitsemanticsthe resultvalueis knowvn to be a constanif the
valueof theleft operands constanindnon-zero.

8.1.12 Conditional operator

Thetyping semantic®of the conditionaloperatoris describedn §6.3.150f the standard.Thetyping
rulesareagainsomevhatperpleedby the short-circuitsemanticsin the caseof arithmeticoperands.
Thefirst operandnustalwaysbe of scalartype.

e - E : val[7] isScalar(t) e+ Ey : val[r] e - E; : exp[m]
isArithmetic(ry)  isArithmetic(r,) 7' := arithConv (11,72) checkBoolean,([E] e) (E102)
e - E?Eq Ep : val [1']
ek E : valr] isScalar(r) e E; : exp|ri] e k- E; : val [12]
isArithmetic(m1)  isArithmetic(r2) 7' := arithConv (11,72) —checkBoolean,([E] e) (E103)

ek E?E1: E» : val [1']

etk E :exp[r] 1isScalar(r) et E; :exp[ri] et Es: exp|m)]
isArithmetic(m1) isArithmetic(2) 7' := arithConv {11, T2)
e b E?Ey E> : exp[r']

(E104)

Whenthe secondandthird operandsrearithmetic,the usualarithmeticcorversionsareapplied.The
resultmay only be a constantvaluein two cases(i) if thefirst operands a constantzerovalueand
thethird operands alsoconstantasspecifiedby thefirst rule; or (ii) if thefirst operands a constant
non-zerovalueandthe secondperands alsoconstantasspecifiedoy thesecondule. Thethird rule
coversall othercases.
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et E :exp|r] isScalar(r) et E;: exp|[struct[t,n]] e+ E> : exp|struct[t,n]] (E105)

e - E?E;: E, : exp [struct [t, n]]

et E :exp[r] 1isScalar(r) et E;: exp[union[t,n]] et E, : exp[union [t, 7]]

: (E106)
e - E?E;: E5 : exp [union [t, 7]

ek E :exp[r] 1isScalar(r) et Ei: exp[void] et E: : exp|[void] (E107)

ek E?E;: Es : exp|void]

If the secondandthird operandsareof the samestructureor uniontype* or of typevoid, the resultis
of thesametype.

ek E :expr] isScalar(r) et Ei: exp[ptr(¢i]] et Es: exp|[ptr[pa]]

isCompatibleQual (¢1, ¢2) ¢’ := compositeQual (¢1,¢>) (E108)

e - E?Eq: E> : exp [ptr[¢']]

Thesecondandthird operandsnaybe pointersto compatibleobjector functiontypes,ignoringqual-
ifiers. In this casetheresulthasthe compositetype.

ek E : exp[r] 1isScalar(r) el Ei: exp[ptr[¢i]] et E2 = NULL

e - E?E1: E> : exp [ptr[é1]] (E109)

ek E :exp[r] isScalar(r) et E1 = NULL et E; : exp[ptr[¢:]]

e b E?E;: Es : exp [ptr[¢z]] (E110)

Thesecondperandnaybe a null pointerconstantjn this casethethird operandnaybea pointerto
anobjector functiontypeandtheresultis of the sametype. The sameappliessymmetrically

ek E : exp[r] 1isScalar(r) el Ei: exp[ptr[oa]] et E: : exp[ptr|obj[void,qgz]]]
q1 = getQualifier oy e ¥ E; = NULL

E111
e - E?E;: E> : exp [ptr[obj [void, 1 & ¢2]]] ( )

ek E : exp[r] 1isScalar(r) ek E:1: exp|[ptr[obj|[void,qi]]] e+ E2 : exp [ptr|az]]
e i/ B4 = NULL g2 = getQualifier a2 (E112)

e - E?E;: E> : exp [ptr[obj [void, 1 & ¢2]]]

Finally, the secondperandnaybea pointerto a qualifiedor unqualifiedversionof void; in this case
thethird operandmay be a pointerto anobjecttype andtheresultis a pointerto void, qualifiedwith
all thequalifiersof thetwo operandsThesameappliessymmetrically Thevoid pointeroperandnust
notbea null pointerconstantjn orderto disambiguat¢éhesetwo rulesfrom the previoustwo.

8.1.13 Assignmentoperators

Thetyping semantic®f assignmenoperatorss describedn §6.3.160f the standard.

e b Ej : Ivalue[m] isModifiable(m) t := datifym ek Es > 7

E113
e - E1=E; : exp|7] ( )

Theleft operandn a simpleassignmeninustbe a modifiablel-valueandtheright operandmustbe
assignablé¢o thetypeof theleft operand.
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e Ei1=Ei0pE; : exp|7] (E114) COMPOSITE
e - Eyop=E; : exp 7] ASSIGNMENT

Thetyping of compositeassignmentss definedin termsof the typing of simpleassignmentsThe
typingrulesfor thecorrespondindpinary operatorguarante¢hatthe operandiave arithmetictypes,
appropriatdor eachoperator

8.1.14 Commaoperator

Thetyping semantic®f thecommaoperatoiis describedn §6.3.170f the standard.

etk E; :exp[nn] el E;: explr]

E115
e E1, E2 . exp [Tz] ( )

The type of left operanddoesnot affect the type of the result. However, both operandanustbe
expression@ndtheresultis notanl-value,afunctiondesignatoor a constanexpression.Thelastis
specifiedn §6.4 of thestandard.

8.1.15 Implicit coercions

A numberof implicit coercionsarespecifiedn §6.2 of thestandardThesecoercionsareexpressedy
meanf inferencerules,which attribute “additional” typesfor expressionse.g.in the presencef the
declaratiorfint  x; ”, expressiori'’x” canhave type Ivalue [obj [int, noqual]| but alsoexp [int],
asspecifiedoy inferencerule C1. Thefirstwouldbeusedf “x” wastheleft operandf anassignment,
whereaghe secondvould would be usedin mostotherplaces.

e - E : Ivalue|obj[r,q]] isComplete(T)

ek E : exp|r] ()

As specifiedin §6.2.2.10f the standardan I-valuethat doesnot have arraytypeis corvertedto the
value storedin the designatedbject, exceptwhen an |-value is explicitly requiredby the typing
semanticof a particularoperator The assumptiorthat objectstypesare completeis implicit in the
standard.

e b E : lvalue[array [a, n]]

e - E : exp[ptr[a]] €2

Similarly, I-valuesof arraytypesare convertedto pointersto array elementsas specifiedagainin
§6.2.2.10f the standard.

e + E : Ivalue [bitfield [3,q,n]] T = datify 8

ek E : exp]r] ©3)

Thisimplicit coercionis specifiedn §6.2.1.10of the standard Accordingto it, bit-fields may be used
in expressionsvheneer the correspondingntegertypesmaybe used.

et E : exp[f]

e b E : exp[ptr[f]] €4

In §6.2.2.10f the standardt is specifiedthat function designatorsare convertedto pointersto func-
tions?
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et E : val[7]

ek E : exp|r] =

Finally, animplicit coercionthatis notspecifiedn thestandardut is anecessargnefor the proposed
type systems.Expressionsvith constantvaluescanbe consideredas expressionsvith non-constant
values.Thus,expressiorf1” canbeattributedtype val [int], but alsoexp [int].

8.2 Auxiliary rules

A numberof auxiliary rulesis usedto definethe typing semanticof auxiliary typing judgements,
which areusedin orderto simplify the maintyping rules.Most of theserulesarevery simply defined
in termsof predicatesstaticdomainfunctionsor othertyping judgements.

8.2.1 Typing from declarations

§ := e[l ide]

eFIT4é (T1)

An identifier I declaredn anernvironmente is simply attributedtheidentifiertype § thate associates
with it.

m = 7[l]

T2
bk Iam (T2)

The caseof identifiersdeclaredn memberervironmentsis similar. They areattributedthe member
typesassociateavith themby the memberervironments.

8.2.2 Typenames

¢ :={T}e
“err=¢ (Y

Thetypethatis denotedby atype nameT in atype ernvironmente is simply the denotablgype that
resultsfrom applyingthe staticmeaningof T' to e.

8.2.3 Assignmentrules

This setof rulesdefineswhenexpressionE is “assignableto a datatype . Thedefinitionis taken
from §6.3.16.10f the standard. One shouldkeepin mind that E is the right operandin a simple
assignmentwhereasr is the datatype of anobjectthatwill storethe valueof E. Whetherthe left
operandf theassignmenis indeeda modifiablel-valueis nottheissueat this point.

et E :exp[r] isArithmetic(r) isArithmetic(r")

Al
e-E > T Al

An expressiorof arithmentictype r canbe assignedo anobjectof ary arithmetictyper'.
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etk E : exp[r] isComplete(r)

A2
e E >rT1 (A2)

An expressiorof type r canbe assignedo anobjectof the sametype, provided thatit is a complete
type.

e - E : exp [ptr[¢]] isCompatibleQual (¢, ¢')
q = getQualifier ¢ ¢ = getQualifier ¢’ qCq
e - E > ptr(¢']

!

(A3)

A pointerto atype ¢ canbeassignedo anobjectof type pointerto ¢’ on conditionthat¢ and¢’ are
compatiblejgnoringqualifiers,andthatall qualifiersin ¢ arepresenin ¢'.

!

ek E : exp[ptra]] g = getQualifiera ¢Cgq

A4
e = E > ptrobj [void, q']] @4

!

e - E : exp[ptr|obj[void,q|]] ¢ = getQualifier o’ ¢ Cgq
e b E > ptrd]

(A5)

A pointerto atype ¢ canbeassignedo anobjectof typepointerto (possiblyqualified)void, andvice
versa. The conditionagainthat mustbe satisfiedis thatthe type pointedby the left operandof the
assignmenshouldincludeall qualifiersof the type pointedby theright operand.

e H E = NULL
e F E > ptr[¢']

(A6)
A null pointerconstantanbe assignedo ary pointertype.

8.2.4 Null pointer constants

et E : val[r] isIntegral(r) -checkBoolean.([E] e)

N1
e F E = NULL (N

e E : val[r] isIntegral(r) -—checkBoolean.([E]e) et T = obj|[void, noqual]

e F (T) E = NULL (N2)

As specifiedn §6.2.2.30f the standardanintegral constanexpressiorthatevaluatedo zero,or such
anexpressiorcastto type“void  *”, is anull pointerconstant.

1 Seedeviation D-11in Section2.3.
2 Theonly exceptionhereis the sizeofoperatorwhosetyping semanticsn rule E40preventsthisimplicit coercion.






Chapter 9

Typing semanticsof declarations

This chaptercontainghetyping rulesfor declarationsi.e. inferencerulesaiming primarily atassoci- crapter
ating declarationsandrelatedphrasesvith phrasetypesby meansof formal typing derivations. The OVERVIEW
typing rulesfor externaldeclarationsaredefinedin Section9.1, whereaghosefor otherdeclarations
aredefinedin Section9.2.

9.1 External declarations

The typing semanticof external declarationds specifiedin §6.7 of the standard. Its definition is
straightforvard.

e  external-declaation-list : xdecl
e  external-declaation-list : tunit

X1) TRANSLATION
UNITS

Any valid list of externaldeclarationgormsatranslationunit.

e  external-declaation : xdecl e  external-declaation-list : xdecl

. — X2 EXTERNAL
e  external-declaation external-declaation-list : xdecl *x2)

DECLARATION
LisTS

Thistypingrule allows forming sequencesf externaldeclarationsprovidedthatthe partsthemseles
arevalid externaldeclarations.

e  declamtion : decl

X3
e + declamation : xdecl x3) EXTERNAL

DECLARA-
TIONS

Any valid declaratioralsoformsanexternaldeclaration.

e + declamtor : dtor [func[r,p]] €' := rec (F{declamtor} ; {declaation-list}) (1 e)
e’ + declamtion-list : decl e’ - statement-list stmt [7]

e F declamtion-specifies declamator { declaation-list statement-lis} : xdecl

(X4)

This typing rule reflectsthe typing semanticof function definitions, as specifiedin §6.7.1 of the
standardandis probablythe mostcomplicatecbnein thetyping semanticof declarationsThefirst
conditionis thatthe declaratomustindeedbe a functiondeclaratar Then,the type ervironmentfor

thefunction’s bodyis constructea@ndfixed, by first addingthe formal parameterandthenaddingall

declarationgrom the function’s declaratiorlist. In addition,the declaratiorandstatementists must
bevalid andthereturnedypefrom thestatemenlist mustindeedoetheonespecifiedn thefunction's
declaratar
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WITH
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9.2 Declarations

Thetyping semantic®f declarationsrespecifiedn §6.5of thestandardIt shouldbe mentionedhat
notall non-terminakymbolsfrom theabstracsyntaxgrammaiof C needbeattributedtypes.In some
casesall thenecessarinformationis alreadypresentn thetypeervironment,e.g.in rulesD8 andD9

aboutthetyping of declaratorsandcanbe extractedfrom there. The typing rulesaretrivial in mary

cases.

(D1)

e F € : decl

e I declaation : decl e  declamation-list : decl
e - declamation declamtion-list : decl

(D2)
Declarationlists may be emptyor may consistof oneor moredeclarations.

e I init-declarator-list : idtor
e F declaation-specifies init-declarator-list ;

(D3)

: decl

Thetypingrule for declaration®nly requireghattheinitializer declaratotist is valid.

9.2.1 Declarators

(D4)

e € : idtor

e I init-declamator : idtor e F init-declamator-list : idtor

D5
e I init-declarator init-declarator-list : idtor (b3)

A list of declaratorswith initializers may be eitheremptyor may consistof several declaratorswith
initializers.

e F declaator : dtor [¢]

D6
e  declamator : idtor (e)

e I initializer :
idtor

e - declamtor : dtor [a]
e  declamtor = initializer :

init [a]

(D7)

Declaratoramay or may not have initializers. If noinitializer is presentary denotablegype may be
specifiedby the declaratar If aninitializer is presentthetype specifiedby the declaratomustbe an
objecttypeandtheinitializer mustbevalid for this objecttype.

e F I < normal [§]
e - I : dtor[g]

(D8)

e F I « typedef|¢]

e - I : dtor[¢] (B9)

Simpledeclaratorgorrespondo ordinaryidentifiersthatmaybeobjectdesignatorsr typesynoryms.
Thecorrespondinglenotabldypesareextractedfrom the type environment.

e  declaator : dtor[¢] e b constant-gpression: val [r] isIntegral (r)

D10
e I declamtor [ constant-gpression] : dtor [¢] (b10)
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e  declaator : dtor [¢]

e + declamtor[ ] : dtor [¢] (b11)

In thecaseof arraydeclaratorsthenecessartypeinformationis extractedfrom thetypeenvironment.

e - declamtor : dtor [¢]

D12
e + * type-qualifierdeclamator : dtor [¢] (b12)

Againthetypeinformationis extractedfrom thetype ervironment.

—(T{declamtor}) e F declaator : dtor [¢]

D13
e  declaator ( parametertype-list) : dtor [¢] (b13) FUNCTION

DECLARATORS

!

T{declamtor} e I declamator : dtor [func|r,p]] €' := rec (F{parametestype-list}) (1 e)
e’ - parametertype-list : prot [p]

D14
e I declaator ( parametertype-lis) : dtor [func [, p]] (b14)

In the caseof function declaratorstwo subcasemustbe distinguished If the functiondeclaratolis
not“terminal”, in thesencehatthedeclaratoiit contaings nota simpleidentifier thenthe necessary
type informationis simply extractedfrom the type ervironment. On the otherhand,if the function
declaratoiis “terminal”, the type informationis againextractedfrom the type ervironmentandthe
parametetypelist mustbevalid andmustcorrespondo thefunction’s type.

9.2.2 Function prototypesand parameters

(D15) PARAMETER
e F € : prot [po] TypeLISTS
p = ellipsis po (D16)
ek .. : prot[p]
e  parameterdeclamtion : par[r] e F parametertype-list: prot[p] p' =71 <p (D17)

e - parameterdeclamtion parametertype-list : prot [p’]

The casef emptyandellipsis parametetype lists are straightforvard. In the caseof a parameter
typelist consistingof a seriesof parametedeclarationsall componentsnustbevalid andthetype of
thefirst parameters prependedo the functionprototypethatcorrespondso all otherparameters.

e  declamtor : dtor [obj [, q]]
e F declaation-specifies declamator : par[r]

(D18) PARAMETER
DECLARA-

i . i . i TIONS

In thecaseof parametedeclarationsthe necessaryypeinformationis extractedby thetype erviron-

ment.
9.2.3 Initializations
Thetyping semantic®f initializationsis specifiedin §6.5.7 of the standard.Deviation D-6 statedin

Section2.3shouldbekeptin mind.

et E > 7t isScalar(r)V isStructUnion (7)
e + E : init[obj[7,q]]

(11) SIMPLE INI-
TIALIZATION
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UNION INI-
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e E>1 1 = datify 8

e - E : init [bitfield 3, q,n]] (2

An expressiornthatcanbe assignedo a scalay structureor uniontypeis avalid initializer for suchan
object.Initializersfor bit-fieldsmustbevalid initializersfor the correspondinglatatypes.

isStringLit(E)  isCompatibleQual (e, obj [char, q])
e + E : init[array [a,n]]

(13)

isWideStringLit(E) isCompatibleQual (¢, obj [wchar_t, q])

e - E : init[array [a,n]] 9

Stringandwide stringliteralsarevalid initializersfor arraysof the appropriatecharactetype,or ary
typecompatibleto that. Thelengthof thearraysis of noimportancehere.

e F initializer-list : init-a[a]
e F {initializer-list } : init [array [a, n]]

(15)

e  initializer-list : init-s [n]

|
e F {initializer-list } : init [obj [struct [t, 7], q]] ()

e F initializer-list : init-u [r]
e F {initializer-list } : init [obj [union [¢, 7], q]]

(17)

Exceptfor thecaseof rulesI3 andl4, initializersfor aggr@atetypesmustbe bracletedlists of initial-
izers. Threecasesredistinguishedarray structureandunioninitializers. Theinitializer list in each
casemustbe of theappropriatgphraseype.

e F initializer : init [a]
e & initializer : init-a [a]

(18)

e k- initializer : init[a] e F initializer-list : init-a[a]
e F initializer initializer-list : init-a [@]

(19)

An initializer list for anarraytype mustconsistof a sequenc®f oneor moreinitializersfor the type
of thearrays elements.

e F initializer : init[m] (I,m,n') :=|| 7

110
e  initializer : init-s [«] (110)

e F initializer : init[m] (I,m,n') :=|l 7 e I initializer-list : init-s [r']

111
e F initializer initializer-list : init-s [n] (1)

An initializer for a structuremustconsistof a sequenc®f oneor moreinitializersfor the structures
membersin theorderin whichthemembersveredeclared Thenumberof initializersin thesequence
needaot beequalto the numberof membersn thestructure.

e F initializer : init[m] (m,7') =l 7

112
e F initializer : init-u [n] (12)

An initializer for aunionmustconsistof a singleinitializer for theunion’s first declarednember



Chapter 10

Typing semanticsof statements

This chaptercontainghetyping rulesfor statementd,e. inferencerulesaiming primarily atassociat- crapter
ing statementsndstatementists with phrasetypesof the form stmt [r] by meansof formal typing ©VERVIEW
derivations. Section10.1 definesthe main typing relationfor statementists, whereasSection10.2

doesthe samefor statementsThe structureof the latter correspondsoughlyto the structureof §6.6

of thestandardln Section10.3afinal typing rule thatcorrespond$o missingoptionalexpressionss

defined.

10.1 Statementlists
Thetyping semantic®f statemenlistsis only indirectly definedin thestandard.

(S1) EMPTY
STATEMENT
LisT

ek e: stmt(r]

An emptystatemenlist canbeattributedary typeof theform stmt [r].

e | statement stmt[r] e I statement-list stmt [7]

_ S2 NON-EMPTY
e - statemenstatement-list stmt [7] (52)

STATEMENT
LisT
A non-emptystatementist canbe attributedtype stmt [7] if all its componentganbe attributedthe

sametype.

10.2 Statements

The typing semanticf statementss definedin §6.6 of the standard. Furtherdistinctionis made
betweerdifferentkindsof statements.

10.2.1 Empty and expressionstatements

Thetyping semantic®f the emptyandexpressiorstatementss definedin §6.6.30f the standard.

- (83 EMPTY
el ; : stmt]r] STATEMENT

An emptystatementanbeattributedary phrasetypeof theform stmt [r].
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e - expression: exp [r']

54
e - expression : stmt [7] =4

An expressiorstatementanalsoattributedary phraseypeof theform stmt [7], on conditionthatits
expressions attributeda valid expressiortype.

10.2.2 Compound statement

Thetyping semantic®f compoundstatementss definedin §6.6.20f thestandard.

e’ := rec {declamation-list} (1 e) €' F declaation-list : dec] €' F statement-list stmt [r]

- — - S5
e F {id declamtion-list statement-lis} : stmt [7] (S5)

Compoundstatementsr blockscanbe attributedtype stmt [r] ontwo conditions:(i) its declaration
list canbeattributedtype decl; and(ii) its statemenlist canbeattributedtype stmt [7].
10.2.3 Selectionstatements

Thetyping semantic®f selectionstatementss definedin §6.6.40f the standard.

e  expression: exp [r'] isScalar(r') e I statement stmt [7]

S6
e F if ( expression) statement stmt [7] (5

e I expression: exp [r'] isScalar(r')
e - statement : stmt [7] e - statement : stmt [7]
e F if ( expression) statementelse statement : stmt [7]

(57)

In bothformsof theif statementthe conditionmustbeattributeda valid scalarexpressiortype. The
typesof the two clausesdeterminethe type of the whole statement.If the if statemenhasan else
clausethenbothclausesnustbe attributedthe commonresulttype.

e  expression: exp [r']  isIntegral(r') 7" := intPromote(r') e F statement stmt [r]

S8
e F switch ( expression) statement stmt [7] (S8)

Thecontrollingexpressiorof the switch statementustbe attributeda valid integral expressiortype.
Thestatemenformingits bodydetermineghetypeof thewhole statement.
10.2.4 Labeledstatements

Thetyping semantic®f labeledstatementss definedin §6.6.10f thestandardlin generalthetypeof
alabeledstatements determinedy the type of theunderlyingstatementywithoutthelabel.

e I constant-gpression: val [r'] isIntegral(r') e b statement stmt [r]
e F case constant-gpression statement stmt [7]

(89)

As specifiedin §6.6.4.20f the standardthe expressiormpresenin a caselabeledstatemenmustbe a
constanintegral expression.

e F statement stmt [7]

S10
e - default : statement stmt [r] (510)
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e  statement stmt [7]

S11 |
e - | . statement stmt [7] (511) DENTIFIER

LABELS

Thetyping semantic®f thesetwo casess straightforvard.

10.2.5 lteration statements

Thetyping semanticof iterationstatementss definedin §6.6.50f the standardIn generalthetype
of aniterationstatemenis determinedy thetypeof its body

e  expression: exp [r']  isScalar(r') e I statement stmt [7]

: - (512) WHILE
e F while ( expression) statement stmt [7] STATEMENT
o H . ! . !
e - statement stmt [7] e.I— expression: exp-) [r']  isScalar(r") (S13) DO-WHILE
e  do statemenwhile ( expression) ; : stmt [7] STATEMENT

Thetyping semantic®f thewhile anddo statementss similar. The controllingexpressiormustbe of
avalid scalarexpressiortype.

e - expression-optional : exp [71] e - expression-optional : exp [73]
e - expression-optional : exp [72] isScalar(r2) e - statement stmt [7] (S14) For
e - for ( expression-optional; expression-optional; expression-optional) statement stmt [7] STATEMENT

Thetyping of thefor statemenis slightly morecomplicated All expressionsnustbe attributedvalid
expressiorntypes.In addition,the secondexpressionwhich controlsthe statementimustbe of scalar

type.

10.2.6 Jump statements

Thetyping semantic®f jump statementss definedin §6.6.60f the standard.

. - (515) CONTINUE
e F continue ; : stmt[7] STATEMENT
- (516) BREAK
e - break ; : stmt|[r] STATEMENT
- (517) GoTo
e goto |; : stmt[7] STATEMENT

Thesethreestatementsanbe attributedary type of theform stmt [r].

(518) RETURN
STATEMENT

e Freturn ; : stmt (7]

Accordingto the standarda return statementhat doesnot specifythe returnedvaluecanbe usedin
ary function, providedthatthereturnedvalueis not used.Thus,this form of thereturnstatementan
beattributedary typeof theform stmt [r].

e F expression>> T
e F return  expression;, : stmt [7]

(S19)

This form of the return statements the one that determineghe typesof all statements.lt canbe
attributedtype stmt [r], on conditionthatthe specifiedexpressions assignabléo the datatype .
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10.3 Optional expressions

(S20)

e € : val[int]

In for statementst is possibleo omit ary of thethreecontrollingexpressionsin orderto presere the
simpletyping semanticof thefor statementsuchmissingexpressionsareattributedtype val [int],
whichis avalid scalartype andcanbe usedin thedesiredway. Thistypeis preferredover exp [int],
sincemissingoptionalexpressiongould bereplacedy the constanexpressiori'1”.
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Chapter 11

Dynamic semanticdomains

This chaptedefineghedomainghatareusedfor the descriptionof thedynamicsemantic®f C. Do-

CHAPTER

mainsaredefinedtogethemwith operationghatareallowed on their elements Section11.1discusses ©VERVIEW

the structureof dynamicsemanticdomains. In Section11.2 a few auxiliary domainsare defined,
whereasSectionll.3definesthe domainsthat are usedfor the representationf C’s types. The dy-
namic semanticof C is definedby meansof a numberof monads. The value monadis definedin
Sectionll.4andthe powverdomainmonadin Section11.5. Sectionl1.6 presentsan abstractdefini-
tion of the programstate andthe definitionof monadsontinuesn Sectionl1.7with the continuation
monad Sectionl1.8with theresumptiormonadransformeandSectionl1.9with themonadusedfor
expressionsIn Section11.10and Sectionl1.11the dynamicdomainsfor environmentsandscopes
are definedrespectiely, whereasSection11.12presentamonadsthat are responsibldor statement
semanticsFinally, in Section11.14a setof auxiliary functionsis defined.

11.1 Domain ordering

The domainorderingrelationis easilydefinedfor mostdynamicsemanticdomains,sincetheseare
typically definedby usingstandaradiomainconstructorsThis orderingis againvery important.It rep-
resentexecutionpropertieof C programs Bottomelementsnodelnon-terminationasis usuallythe
casewith dynamicsemanticandtop elementsnodeltheoccurencef errors,usuallyrun-timeerrors.
Intermediatevaluesrepresentesultsof computationsvhich produceat leastsomenon-erroneouse-
sults.Non-terminatioranderrorsarepropagateevhennecessarhy variousoperation®f thedynamic
domainsandby monadoperations.

11.2 Auxiliary domains
B h : Obj (undefined)

Theelementof domainObj areusedto uniquelyidentify objectsin memory A completedefinition
of thisdomainis notgivenhere.However, it is expectedhatinformationaboutobjecttypesbepresent
in elementof Obj. It shouldbe notedthat objectscontainedn otherobjects,e.g.arrayelementsor
structuremembersare not assignedseparatedentifiers: elementof Obj correspondo the largest
possibleobjects.

» newObject, : Obj

FunctionnewObject , returnsafreshidentifierfor anew objectof typea.

OBJECT
IDENTIFIERS
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B f : Fun (undefined)

In the sameway, domainFun representsiniqueidentifiersfor functions. Thetypesof functionsare
keptseparatelandneednot be presenin elementof Fun.

» newFunction : Fun

FunctionnewFunction returnsafreshidentifierfor anew function.

B o : Addr = Objx Offset

The addressesf objectsin memoryarerepresentedy elementsof domainAddr. Suchaddresses
containtwo piecesof information:the (possibly)largerobjectthatcompletelycontainghe addressed
objectandthe offsetof theaddressedbjectin thelargerobject.

I Offset N

B b : BitOfs = N

Thedomainof offsets,aswell asthatof offsetsto specificbits in a byte,is simply a synorym for the
domainof integernumbers.

» addrOffset, : N — Addr — Addr
addrOffset, = An.)Xa.let (h,j) =ain{h,j + n - sizeof(a))

FunctionaddrOffset, returnstheaddres®f anobjectof typea thatis displacedy n positionsfrom
a similar objectwith given address:. This functionis usedfor calculatingthe addressesf array
elements.

11.3 Types

Thedomainsdefinedin this sectionrepresentdynamicelementf variouskinds of statictypes,with

the exceptionof phrasetypesthat are treatedin a differentway in the next chapters. Table 11.1
presentshe definitionsof dynamicsemantiadomaingfor types.It shouldbe notedthatdomainssuch
asVC areflat domainswhoseelementsepresenthe valuesof the correspondingypes.All integral

domainsge.g.VSI andVUL, aresubdomainsf N. Pointersarerepresentedsaddressesr aspecial
valuedenotingthe null pointer The dynamicmeaningof structuresandunions,treatedasdatatypes,
is a mappingreturningtheir members'values. The domainconstructor]n |} I]g4,: is definedin

Section11.10.2.

The dynamicmeaningof objecttypesis straightforvard. Single objectsarerepresentetby their
addresseandarrayshy functionsreturningthe meaningof their elements.Functiontypesarerep-
resentedy functionsfrom the dynamicmeaningof their agumentsto the dynamicmeaningof an
expressioncomputation,resultingin the returnedtype; [p]rr: is definedin Section11.10.3and
monadG in Section11.9. The definition of dynamicsemanticdomainsfor denotablemmemberand
valuetypesis alsostraightforvard. It shouldalsobe mentionedhatif two typesz andy arecompati-
ble,i.e.isCompatible(z, y), thenthecorrespondinglynamicsemanticlomainsarealsocompatible,

e.[z] =[y]-
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Table 11.1: Dynamicsemantiacdomaingor variouskinds of statictypes.

Data types Object types
[ void ] das U [obj [r, q]]obi Addr
[char] 4a: = VC [array [, n]]os; N — [a]os;
[ signed-char] gat = VSC )
[ unsigned-char] o vucC Function types
[ short-int ] gas = VSS [func 1, p]] fun [p]Prot = G([7]dat)
[ unsigned-short-int || gat vucC
[int]a —  VSI Denotabletypes
at —
[ unsigned-int ] 4o = VUI [a]aen [a]obi
[long-int ] dat = VSL [flien = Fun
[unsigned-long-int]4,: = VUL
[float ] se: — VF Member types
[double] 4at = VD [a]mem [a]os;
[long-double] 4at = VLD [ bitfield [1,q,n]mem = Addr x BitOfs
[ptr[a]] aa: = AddreU
[ptr [F]] dat — FungU Valuetypes
[enum [€]]aat = VE [7hoat = [7]aa
[struct[t,w]]]dat = I:Ide—»lIWUI]]dat [[f]]val = Fun
[union [t, 7] ] dat I:1de —» [7 | I]qat

» toAddr, : [a].,; — Addr

tOAddI‘Obj [ra] = id
toAddr oy (o,n) = Ady. toAddr, (dy 0)

» fromAddr, : Addr — [a]os

fromAddr,p(, q = id
fromAddrapmay jo,n) = Aa. Ak. (k> 0) A (k < n) — fromAddr, (addrOffset, ka), T

Thesetwo functionscorvert betweenaddresseand dynamicmeaningsof objects. In the caseof
singleobjects their addresseareidenticalwith their dynamicmeanings.The addres®of anarrayis
theaddres®f its first element.

» cast;,;r : [T]aat = [T Jdat

This functionmodelsthe dynamicsemantic®f type casting.lt convertsadynamicvalueof typer to
oneof typer’. Its definitionis omittedhere.

» zeroValue, : [7]aqas

» checkBoolean, : [7]ds: — T

Thesetwo functionscreateanddetectzerodynamicvaluesof a given datatype . Zerovaluesare
speciallytreatedby C in initializationsandpseudo-booleaconditions.FunctionzeroValue . returns
azerovalueof typer, while functioncheckBoolean . returnstrue if its parameteis non-zerofalse
otherwise.Their definitionsareomittedhere.

OPERATIONS
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11.4 Value monad

Thetrivial identity monadis usedfor representinghe computatiorof constantalues thatis, compu-
tationsthatdo not affect the programstateor ary otherpartof the abstracinterpreters ervironment.
Thedefinitionof monadV is givenbelow.

m v : V(D) = D

Equalityanddomainorderingaretrivially defined,andthe definitionsof the monads operationsare
alsotrivial. Themonads unitis definedby:

» unity : D — V(D)
unity = id
andthebind operatory:
> % - : V(A4)x (A= V(B)) = V(B)
vy f = fo
It is easyto seethatmonadV satisfieghethreemonadiaws andpreseresbottomandtop elements.

An operationfor generatingerrorscanalsobe defined,usingthe top elementasa representation
for errors. However, it shouldbe notedthaterrorsareonly propagatedby usingthe bind operatoron
strictfunctions.

» errory : V(D)

errory = T

Finally, a polymorphicoperationfor corverting elementf type E(A) to elementf typeV(A)
is requiredin thesequel.This operatiomeednly distinguishthe caseof errors.

liftE_,\/ = [1d7A’U1.T]

Theinverseoperationis alsoneededlt is definedas:

liftvwe = Av.(v=T) — unit v, errore

11.5 Powerdomain monad

Thecorvex poverdomainmonadP hasbeendefinedin Section3.3.6andmary of its propertieshave
alreadybeendiscussedhere. A summaryof its definitionis repeatederefor completenessvionad
P is usedin therestof thethesisto represenhon-deterministicomputationsilt is definedas:

mp: PD) = D

Theunitis simply the singletonoperatiorfor the corvex powverdomain:
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» unit, : D — P(D)
unite = Av. {v}}

andthebind operatoiis definedusingthe ext” function.
> % - : P(4) x (A— P(B)) = P(B)
pre f = ext' fp

Theresultingmonadsatisfiegthethreemonadaws andpreseresbottomandtop elementsMoreover,
the powerdomainoperatot canbe usedon domainsof type P(D):

» U : P(D)xP(D)— P(D)
This operatoimplementghe combinationof multiple valuesin a singleelemeniof P(D) andis used
in expressinghe semantic®f non-determinism.

11.6 Program state

Thedomainof programstatesS is oneof the mostdelicatedynamicdomainsin the specificatiorof
thesemantic®f C. In thisthesisdomainS is definedonly indirectly asanabstractatatype, by fear
thata completedefinitionwould be overly complicatecandwouldimposeunnecessargestrictionson
thesemantics.

B s : S (undefined)

Elementsf S areprogramstatesj.e. abstractepresentationgf the contentf thecomputers mem-
ory whenthe C programis executed.Programstatesshouldreflectthe memorymodelsuggestedn
the standardwhereeachmemorylocationcontainsa singlebyte andthe valuesof objectsarestored
in a seriesof consecutie memorylocations.In brief, a programstateshouldknow:

e whichmemorylocationsareoccupied;
o whatthecontentof theoccupiedocationsare;and
o whatsideeffectshave beengeneratedincethelastsequenceoint.

A setof operationsallows themanipulatiorof programstates.Therequirementfrom theseoper
ationsarebriefly statedbelow.

» stateAllocate,, : [m]mem — S — S OBJECT
ALLOCATION

This functionallocatesanobjectin memory Theaddres®f the objectis givenin thefirst parameter
while theinitial programstateis givenin the second.Notethataddressearenot absoluteandthis is
thereasonwhy they are passedasparametersit not the responsibilityof function stateAllocate,,
to find afreeaddresgor a new object. Theresultis the new programstate.An erroneoustateTg is
returnedn caseof anerror, e.g.if thegivenaddres$asalreadybeenallocated.

» stateDestroy,, : [Mm]mem -+ S — S OBJECT DEAL-
LOCATION

This function deallocatesan objectfrom memory The addressof the objectis given in the first
parametemwhile theinitial programstateis givenin the second.Theresultis the new programstate.
An erroneoustateT g is returnedn caseof anerror, e.g.if thegivenaddrestiasnotbeenallocated.
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» stateReadm—r : [M]mem = S = [7]dat

This functionreadsthevalueof anobjectfrom memory Theaddres®f the objectis givenin thefirst
parameterandthe programstatein the second.Theresultis the contentsof thataddresstegardedas
avalueof datatype . It is requiredthatm andr satisfytheconditionr := datify(m). It shouldbe
notedthatan errormustoccurif typem is not compatiblewith the type of valuestoredin the given
addressasstatedin §6.3 of the standard An errorshouldalsooccurif awrite sideeffectis pending
for the samememorylocation. Moreover, if the contentsof a volatile addressareread,a readside
effectshouldbegenerated.

» stateWrite;sm : [M]mem — [T]dat =S — S

This functionwrites a valueto anobjectstoredin memory The addresf the objectis givenin the
first parameterthe valueto bewritten is givenin the secondparameteandthe programstatein the
third. Theresultis the new programstate. It is againrequiredthatm andr satisfythe condition
T = datify(m). Also, anerrormustoccurif typem is notcompatiblewith thetype of valuestored
in the givenaddressasstatedn §6.3 of thestandardor if awrite sideeffectis pendingfor the same
memorylocation.In addition,a new write sideeffect shouldbe generated.

» stateCommit : S — S

This function implementssequencegoints. It takes asa parametethe currentprogramstatesand
performsall pendingsideeffects. Theresultis thenew programstate.

11.7 Continuation monad

Continuationshave beensuggested long time agofor specifyingthe semantic®f programmindan-
guagesvith complex controlstructuresTheir presencén the developedsemanticés mainly dictated
by C’sjump statements.

B C = S—PA)

H A (undefined)

Theelementof domainC arecontinuationsi.e. functionsthattake asparametethecurrentprogram
stateandreturnthefinal resultof the programs execution.It shouldbe mentionedhatthefinal result
is in generahon-deterministit andthis is thereasorwhy the poverdomairmonadis used.Thefinal
resultof the program$ executionis representedby an elementof the domain A of answers. This
domainneedsot bedefinedin this thesis.Usefuloptionsfor its elementsare:

e Theint resultof functionmain
e Thefinal programstate;or
e A functionfrom inputsto outputs assuminghatlibrary 1/0O functionshave beenmodelled.

The continuationmonadhas beenone of the first applicationsof monadsin the semanticsof
programmindanguagesilts definitionfollows:
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mc : C(D) = (D-C)—C

Intuitively, elementf C(D) representomputationshatresultin avalueof type D. The meaningof
sucha computatioris a functionwhich, giventhe continuationthat corresponds$o whatfollows the
computationparameterizetly thecomputatiors result,returnsa continuatiorfor thewhole program
includingthe computationTheunit of monadC is definedas:

» unitc : D — C(D)
unitc = A\v. Ak. K
whereaghebind operatoiis definedas:
> -xc- : C(A) x(4A— C(B)) = C(B)
c*c f = Ak.c(Aa. fak)

It is easyto shawv thatthethreemonadliaws aresatisfied.However, the continuationrmonaddoesnot
presere bottomandtop elementsi.e. unitc L, # L¢(py.

Errorsin computation@reagainrepresentefly top elementof domainsconstructedvith C. ERRORS
» errorc : C(D)

errorc = T¢(p)
It is easyto verify thaterrorsarecorrectlypropagatedhatis:

errorc *c f = errorc

m *c (Aa. errorc) = errorc

The samepropagatingoropertiescan be verified for bottomelementsl ¢y, which represennon-
termination.

Two polymorphicfunction are requiredfor the lifting of computationsxpressedy previously Lirring
definedmonads. The primary lifting functionis lift,_, while lift;_ . is definedin termsof other
alreadydefinedifting functions.

» lifty_c : V(A) = C(4)

liftvc = unitc

> liftec : E(A) — C(A)
Illf‘tE_.c = Illftv_.colllftg_,v

Threespeciafunctionsfor the continuatiormonadaredefinednext, togethemwith a non-determi-
nistic option operator They areusefulin the developedsemanticandwill be usedin the following
sections.
» escape : C — C(A) EscAPE
escape = Ac. Ak.c

This functiontakesa continuationc asa parameterlt returnsa computatiorwhichignoresits normal
continuationandusesc instead It is usefulin specifyingthe semantic®f jump statements.

1 According to the authors interpretationof the standard,C allows the developmentof programsthat may produce
differentanswersdependingon implementation-definedr unspecifiednatters,suchasevaluationorder An exampleof
sucha programis discussedh Sectionl17.3.
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» getState. : C(S)
getState, = Ak.As.kss

» setStatec : (S — S) — C(S)
setStatec = Af.Ak.As.ks(fs)

Thesetwo functionsare usedfor accessindghe programstate,which is hiddeninsidecontinuations.
Theresultof getState, is acomputationwhich resultsin the currentprogramstate Jeaving it intact.
FunctionsetState. takesasparametenfunction f from statego states.It returnsa computationn
whichthecurrentprogramstateis modifiedby applying f andwhoseresultis the programstateprior
to themodification? It shouldbenotedthatgetState. couldhave beendefinedn termsof setState.
as:

getState, = setStatec id

> - lc- @ C(A) x C(A) — C(A)

¢t |lc 2 = Ak.As. (c1K8) U (c2 K 8)

The polymorphicoption operatorexecutesoneof its operandsn a non-deterministievay. The same
continuationandprogramstateis usedin bothcasesandthefinal programanswersarecombined.

11.8 Resumptionmonad transformer

In orderto expressthe dynamicsemantic®f interleared evaluationof C expressionsa specialtype
of recursve domainis needed.This domainrepresentshe notion of interleavedcomputations An

interleaved computationcan be viewed as a sequencef atomic steps. In isolation, theseatomic
stepsareperformedoneafter anotheruntil the expressiors evaluationis complete.However, in the
presencef othercomputationsit is allowedthatthe sequencesf atomicstepsareinterleaved The
atomicstepsof ary givencomputatiormustbe executedn order but this processanbeinterrupted
by the executionof atomicstepsbelongingto differentcomputations.

In this sectionwe attemptto definea domaincapableof modellinggenericinterleaved computa-
tionsof type M (D). Onepossiblesolutionis the domainwhich containsaselementgheresumptions
of computationgdefinedby M. This domainis denotedas R(M)(D) and satisfiesthe following
isomorphism:

B RM)(D) =~ D& MRM)D))

In this domain,atomicstepsarearbitrarycomputationsiefinedby M. Theleft partof the coalesced
sumrepresentan alreadyevaluatedresult,i.e. a computatiorthat consistof zeroatomicsteps.The
right partrepresenta computatiorthatrequiresatleastoneatomicstep.Theresultof this atomicstep
is anew elementof theresumptiordomain.

Resumptionhave beenlong suggestedsa modelof interleaved executionin programmingan-
guages.For an extensve treatmentthe readeris referredto [dBak9§, wheredomainslike the one

2 Theresultof setStatec is usefulin the caseof postfixunaryassignmenoperators.
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definedabore arecalledbranching domainsandmary variationsfor specificinstancesf M areex-
plored. In the presenthesis,a structuredgeneralizatiorof this techniqueis attempted.The atomic
stepsare allowed to representary type of computationand are definedby an arbitrary monad M.
In this way, a monadtransformeris defined,which transformsmonadM to a nev monadR(M) of
interleaved computations.The definition of this monad,its propertiesandimplementatioraregiven
in thenext subsections.

11.8.1 Definition

Considera locally continuousarbitrarymonadM . In orderto definethe monadtransformemrR it is Goacr
necessaryo defineamonadR(M ). Thereforejt is necessaryo define:

e A domainconstructoyi.e.adomainR(M)(D) for eachdomainD;

¢ A functionmapping i.e. a continuousfunctionR(M)(f) : R(M)(A) — R(M)(B) for each
continuoudunctionf : A — B; and

e Theunit andbind operatorsyhich mustsatisfythethreemonadiaws.

Moreover, thedomainconstructoshouldsatisfythe aforementionedsomorphism.

Consideran arbitrary monad M and an arbitrary domainD. Thenit is possibleto definean PreLiminar-
endofunctoR,, , : Dom — Dom usingthefollowing domainconstructor: IES

Ru,p(X)=D @ M(X)

For an arbitrary continuousfunction f : A — B, functionRy n(f) : Rupn(A) — Ry p(B) is
definedasfollows:

Ru,p(f) = [inl,inr o M(f)]

Lemmall.l Ry p(f)cinr = inro M(f)
Proof:  Accordingto the previousdefinition:

Ry p(f) (inr m) = [inl,inr o M(f)] (inr m) = inr o M(f) O

Also, let f{M,D : Dom* — Dom®? be the endofunctorinducedby R, , on the cateory of
ep-pairs:

ﬁaM,D (X) = RM,D (X)
R o (f) = (Rarn (F), Rar.o (F7))

Accordingto Theorem3.18,domainO is aninitial objectin catggory Dom® andthereis a unique
ep-pairl: O — Ry p(O) withi = (L, 1).

Letusnow defineadiagramA : w — Dom®? as:
A = Ry p(0), Riy o (D)new

Following the procesgescribedn [Gunt92 p. 325]let usdefineadomainD,, asfollows:
D ={(@n)new | YR Ew. zn € RY 5(0) A zn = RY 5 (") (Tny1) }

anda point-wiseorderingof its elements:
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(Zn)new E (Yn)new © VN Ew. 20 C yn
Letusalsodefineaconeji : A — D,, with ep-pairsii,, : R}, ,(0) — D, givenby:

(R32,p () 0. .. Ri 5 (7))(2)
(

fin(2) = (&m)mew , where xm:{ (Rz;(z) Rl (19))(2)

)
)
i (z) = zn

In [Gunt92 p.325]it is prwedthatthe coneu definedin this way is colimiting. Also, by continuity
of RMD if follows thattheconeRMD( ) RMD(A) — f{MD(DM) is alsocolimiting and,dueto
Theorem3.22 theunlquemedlatlngep palrhMD : RMD(DM) - Dy, betweert:onesRMD( ) and
[~ is aninitial RMD-aIgebra The mediatingep- palrhMD satisfieghe following propertiesfor all
n € w.

Rsrp 0 Rav, (fif) = i1

RM,D(/\;':L) ° hIK/I,D = ftﬁ“

Taking into accountthat the domainR,, ,(D,,) hasbeendefinedasD & M (D,,), the abore
proof that h,, » is @ uniqgue R, p-algebraestablishesin isomorphismbetweendomainsD,, and
D & M(D,,). Thecomponentsf h,, , arecontinuousunctionsof thefollowing types:

hip: D@ M(Dy) — Dy
R p: Dy — D@ M(Dy)

Notice however thatthe existenceof the ep-pairBM,D hasbeenproved but the ep-pairhasnot been
constructed.

With all this in mind, it is a reasonablehoiceto definethe domainconstructorof the monad
transformeR asfollows:

R(M)(D) =D

Considera continuousfunction f : A — B. A continuousfunction f,, : A,, — B, canbe
definedasfollows:

fM (mﬂ)new = (Cr‘;"B fxn)nEw
wherefunction¢;;>? : (A — B) — R}, ,(0) — R}, ;(0) is definedas:

e f=1
G5 £ =linl o f,inro M(GH™ /)]

In thisway; it is reasonabl¢o definethe functionmappingrequiredfor the monadtransformerR as:

R(M)(f) =

Theunitfunctionunitgw, : D — R(M)(D) canbedefinedasfollows:

unitR(M) t= (wn)mew , where To = J_o
zp=1Inlt , n>0

Also, the bind operator- sz, - : R(M)(A) x (A = R(M)(B)) — R(M)(B) canbe definedas
follows:
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(Zn)new *rny = (627 f Tn)new
wherefunction¢;® : (A — By) — R}, ,(O) — R}, ;(O) is definedas:

grf=1
€ £ = AL (f Duga, inro M(E7 )]

Theorem11.2(1ST MONAD LAW).  (unitguy t) *rmy f = f 1t MONAD LAWS
Proof: Theleft handsideis equalto (¢ f (unitgm t)n)necw

If n =0then &°° f (unitgy t)n, = §° fL = L = (ft)

If n > 0then &5°° f (unite) t)n = &5°° f (inlt) = (f t),

Thereforefor all nitis &5 f (unitgm) t)n = (f t)n O

Lemmall.3 &, unitgw, = id
Proof: By inductiononn. If n = 0then £3** unitgmy = L = idooo
If n > 0 letusassumehatit holdsfor n — 1. Then:
&4 unitrow
= [Aa. (unitgm, a)n, inr o M (&% unitep)) ]
[Aa. inl a,inr o M(id)]
[inl,inr o id ]

= [inl,inr]
= id O

Theorem11.4(2ND MONAD LAW). & #gqy UNitguwy =T
Proof: Letz = (z,)neo- Startingfrom theleft handsideandusingLemmall.3we have:

xr *R(M) un.itR(M) = (é-;‘:’A unth(M) .’L'n)nEw = (ld iL‘n)neu) = (Cll'n)new =T O

Lemmall.5s ¢2® foinr =inro M(E) f)
Proof:  If n = 0 bothsidesareequalto L. If n > 0, from thedefinitionof ¢2-® f we have:

AB f (inrm) = (inro M(£5 f)) m =
Lemmall.6 &2° (Aa. (€2° g (f a)m)mew) = (£2°C g) o (E4P f)

Proof: By inductiononn. If n = 0 thenbothsidesareequalto T. If n > 0, assumehatit holds
forn — 1. Then:
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N (Aa. (€m° 9 (f a)m)mew)
[Xa. €3¢ g (f a)n, inr o M (£, (Na. (§° g (f a)m)mew))]

= ( Definitionof (4% f (inl a) andinductie hypothesis

[Aa £y ( 2P f (inl a)),inr o M(£79 g0 €377 f)]
[€2C go AP foinl, 1nroM(§n 19)OM(§n71 )]

= ( Lemma11.5thce>

(67 go&h? foinl,£3° goinro M(E," f)]

[ ﬁ’c go g;‘:’B fo jnl,fﬁ’c go 5;;"3 f oinr]

B:C go AP folinl,inr]

ngoly® foid

ﬁ,cgo ;Ll,B f D

Theorem11.7(3RD MONAD LAW). z #guy (Aa. fa *rmwy 9) =T *rauy f *rwy g
Proof: Letx = (zp)new. Startingfrom theleft handsideandusingLemmall.6we have:

z >“R(M) (Aa. f a *xu) 9)
(& (Aa. f‘l *R(M) 9) Tn)new
(& ( - (EmC 9 (f a)m)mew) Tn)new
(( A B f) Tn)new
( P f 2p))new
38 f Tdnew *ruy 9
xn)nEw *R(M) f *rv) 9
T *g(m) f *r(m) 9 O

(&n
(

11.8.2 Definition of the isomorphism

Someoperationsnvolving domainsof thetypeR(M ) (D) canbedefinedin amuchmorenaturalway
in theisomorphicdomainD & M (R(M)(D)). For this reasonit is usefulto definethe ep-pairh.,; »
which establishetheisomorphismThen,it is possibleto defineoperationsn ary of thetwo domains
andinducethe correspondin@perationn the otherdomainby applyingIV;,M,D appropriately

Consideranarbitraryelement(z,, ),c, € D,,. Accordingto the definitionof D,, we know that

zn, = R} ,(i")(zns1). Then,we candistinguishtwo cases:

e If 2,41 = inl t for somet € D, then:
zn, = [inl,inr o M(RY 5 (i?))] (inl t) = inlt
o If z, 1 = inr my 4 for somem, 1 € M(R}, ,(0O)) then:

o = [inl,inr o M(RTA(#))] (inr mat1) = inr (M(RYA(#)) mns1)

Theorem11.8 If (z)new € Dy then,with the exceptionof zg, all elementse,, areeitherleft or
right summandsThatis, exactly oneof thefollowing is true:
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@xzg=1L ANTteD. Yn>0. z,=1inlt

(b) Vn € w. Im, € M(RY 2(0)). z, =inrm, A mg= L
Moreover, Vn € w. my, = M(RY 5 () mpi1

Proof. Directly, from thepreviousremark. O

Let usnow attemptto definetheep-paierzM,D : Ry,p (D) — Dy Theembeddingpartis easy Derinition oF
If z € D ® M(D,) thenwe define: ha,p

71;,,,, 2= (Zp)necw €EDn , where zo=lo

zn = [inl,inro M(ii%_,)]z , n>0

The projectionpart is definedby distinguishingtwo casesbasedon Theorem11.8. Consideran
elementt = (2, )new € Dy

e IfVn > 0. z, = inl t, for somet € D, thenwe define:

Ropx = inlt

e If Vn € w. z, = inr m,, with m,, € M (R 3(0)), thenwe define:

h%, & = inr (|_| M(p;_l)mn)

new

First, noticethatfor all n € w we have M (jig, ;) : M(R% 5(0)) — M(D,,) andtherefore
M(jg,_q) my € M(D,,). It mustnow be provedthatthe leastupperboundexists. It sufices
to shav thatelementsV/ (jic,_,) my, form anw-chain,whichis statedby thefollowing theorem.

Theorem11.9 Vn € w. M(fag_q) my © M(f5) mpt1
Proof: Wehave:

M(ji,_q) my = M(fi5_y) (MRY5(2) mny1) = M(fi5,_y o Ry (1)) may1

SinceM is locally-monotoneit suficesto shav thatjic, ; o Ry 5 (i) C jig,. Letz € R}, ,(O) and
T = (Tm)mew € Dy With:

z = jis,_ (Ry5(%) 2)
Then,by definitionof j, ;:

_ { (R () o ... RE2(17) (R (1) 2) , m<n—1
(R, () o.. . Ry 5() (R 5(1#) 2) , m>n—1
(
(

Also, lety = (Ym)mew € Dy With:
Yy = fipz
Thenagain:
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g = | Biio(®)o CRip()z , m<n-—1
" (Rip (1) o...RY (1)) 2
Form < n — 1itisobviousthatz,, = y,,. Form > n — 1 we have:

, m>n—1

Tm
= (RED () o...RY (i) o Ri 5 () o RY (1)) 2
= RED(E)o...RYy () o R 5 (¥ 0 1)) 2
C (REL(F)o...RY (i) o RE 5 (id)) 2
= REL()o...RY (1)) 2
= Unm O

Thenext thingto dois to prove thath,, , is anep-pair thatis, prove thath, ,, o b3, , = id and

luz;w o 715\’,[,[, C id. In fact,astrongerresultis proved by thefollowing two theorems.

Theorem11.10 A%, 5, 0 b3, ,, = id

Proof:  Bothsidesof theequatiorarefunctionsof type D & M (R, p) — ®M (R, p). Proceedy
caseanalysisontheargumentof this functionandusingthedefinitionsof k3, , andh’, . Firstcase:

(Phi,p © R p) (inl €) = By p (R, p (i €)) = Ripp (2n)new
wherezg = L andz, = inl ¢t forn > 0. Then:

Rotp (Tn)new = inlt
Seconccase:

(Koep o by p) (inrm) = R p (B3, p (inrm)) =

wherez,, = inr (M (ji},_,) m) forn € w. Then:

hﬁl,D (-’En)nEw
= inr ( M (jig,—y) (M (fiy,_y) m))
= inr <|_| M(fiz, o fiy,_1) m
= inr ((I_I M (ji,_y © fi, 1)) m)
new

= ( M islocally continuous

o (L es) )

= ( i is colimiting)

(id) m)

= inr (id m)

inr (M

= Iinrm O
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Theorem11.11 ks, ,, o b4, , = id

Proof:  Both sidesof the equationare functionsof type Ry, , — R p. Consideran element
z = (zn)new € Ru,p. Proceedyy caseanalysisbasedon Theoremll.8andusingthe definitionsof
ks, , andhi, . Firstcasejf zo = L andVn > 0. z, = inl ¢, for somet € D, then:

(B;/I,D o ’ulg/l,D) r = 77’?\4,D (ﬁﬁd,D .”L') = E?M,D (jn] t) = (yn)nEcu
whereyy, = 1 andfor alln > 0:
yn = [inl,inro M (g, ;)] (inlt) = inlt

It is trivial to verify thaty = 2. Secondcasejf Vn € w. x, = inr m,, with m, € M(R% 5(0)),
then:

(ﬁi\/l,poﬁg/l,D)w = 77’?\4,D (ﬁﬁd,D T) = E?M,D (inr ('_l M (fiy,_y) mn)) = (Yn)new

new

o))

whereyy, = 1 andfor alln > 0:
Yn

= [inl,inro M(a?_,)] (inr (|_|
new

- ()
)

= ( Continuityof M (ji%,_,) )

inr (|_| (M (5 —y) o M(fizy 1)

n'€w

= inr (|_| M2 | o jit_y) mn,)

n'€w

= ( By thefollowing Lemmall.12andbecauseé/ (ji;,_, o i¢,_,) my, areanw-chain)

inr (I_I mn>
n'>n

= inrm,
Againit is trivial to verify thaty = . O
Lemmall.12 If m, = M(RY 3(i?)) mpy1 for alln € w andn’ > n, then:

M{(fiy, g © figy_y) My = Ma,
Proof:  Usingthedefinitionsof i, andjs, ;:
M (fin—y © figy_y) Mo

= M) o... o REZ () mu
_ (MEREAE) o0 MREZ() m
— MEREAE) (.. MEL() >
M(RE () (- 1)

= ( Repeatingy’ — n timesin total)

My, O
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What remainsto be doneis to prove that EMD is indeeda mediatingep-pairbetweencones
R, () andji~. Thisis provedin thefollowing two theorems.

Theorem11.13 k3, 5, o Rasp(ji5,) = ji5, 41

Proof: Bothsidesof the equatiorarefunctionsof typeR?{l%(O) — Dy,. Proceedy caseanalysis
ontheamgumentof this function. First case:

(71;1 b © Rup(ii)) (inl t)
p (Ru,p(fiy,) (Inl t))
hj“, ([inl,inr o M(jg,)] (inl t))
= h;w (inl t)
= (Tm)mew
wherezy = L andz,, = inl t for m > 0. It caneasilybeverifiedthatalsogs,  , (inl t) = =. Second
casestartingfrom theleft handside:
(Rss,p © Rarn(ji5,)) (inr m)
= Hirp (Rao(ii) (inr m))
= k. p ([1inl,inr o M(jig,)] (inr m))
= Ry, p (inr (M(l5) m))
= (Tm)mew
wherezg = 1 and
Tm = Inr (M(fip, ;) (M(jiz) m)) = inr (M (jiy, ; o ji,) m)
Considenralsotheright handside:

1 (i m) = (ymmew
Two casesaredistinguishedagain.If m — 1 < nthenji?, ; o ji, = R (i?) o ... o Ry 5 (%) and
therefore:
Tm
= inr (MRS () o... o R A(i)) m)
= (inro M(RTZL(#)) o ... 0 M(RYA(#)) m
= ( Lemmall.1lappliedrepeatedly
(RE’D(Z”) 0...0 RTAI,I’D(Z”) oinr) m
= (R, (7)o...o R () (inrm)
= ( Definitionof jig, ;)
Ym
Ontheotherhand,if m — 1 > n thenji?,_; o jis, = R (8) o ... o RY, (i) andtherefore:
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Tm
= inr (MR} () o...0oRY () m)
= (inro M(RP (i) 0...0 M(RY, () m
= ( Lemmall.lappliedrepeatedly
RT(#) o...0o REL(#) o inr) m
= (REZ(F)o...oREA(r)) (inr m)
= (Definitionofun 41)
Ym
Thereforejn generake = y. O

Theorem11.14 R p(fi2) o Ky p = fil),
Proof: Bothsidesof theequatiorarefunctionsof typeD,, — R’,}lﬁ(o). Proceedy caseanalysis
on the agumentof this function, accordingto Theorem11.8. Consideran arbitrary elementz =
(Zn)new € Dy Firstcasejf zo = L andvVn > 0. z, = inl t, for somet € D, then:
(Raro (fi) o Biyp) @
= Ru,p(fi}) (715)\/1,13 z)
= Ruy,p(i}) (inl ?)
= [inl,inro M(p2)] (inl t)
= inlt
= Tn+l
= fpp @
Seconctasejf Vn € w. z, = inr my,, with m,, € M (R}, 5(0)), then:

(Ra,p (fif) © iﬁw,n) x
= Rup(fiy) (Mo )

= Rup(iih) (inr(l_l M(ﬁ%—l)”‘ft))
ncw

= [inl,inro M(jiz)] (mr(l_l M(fiy,—1) ))

ncw

= inr (M(ﬁ;;) (I_I M(ﬁzl)mn»
necw

= ( Similarly to the secondctasen theproofof Theoreml1.11)
inr mpy1
Tn+1
= fip T O
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11.8.3 Specialoperations

The two functionsrun and step corvert an interleared computationof type R(M)(A) to a non
interleaved computationof type M (A) andvice-versa. The namesof thesefunctionsindicatetheir
behaiour. If aninterleaved computations viewed asa sequenc®f atomicsteps,the first function
runsthis sequencavithout allowing othercomputatiorto intervene. The secondunction corvertsa
wholecomputatiorto a singleatomicstepin aninterleaved computation.

» run : R(M)(D)— M(D)

v

run = fix (Ag. [unity,Am.m *u g]oh}, )

» step : M(D)— R(M)(D)

step = Am. i, p (inr (m *u (unity o A%, 0 inl)))

Thefollowing theoremconnectghe behaiour of thetwo functions.

Theorem11.15 run o step = id

Proof:  Accordingto thedefinitionsof step andrun andusingthe equationapropertyof theleast
fixedpoint operatorwe have:

run (step m)
= run (kS , (inr (m *u (unity o kS, , o inl))))
= fix (\g. [unitu, A\m. m *y g]o ki p) (S, (inr (m #u (unity o kS, , o inl))))
= [uniEM,)\nz. m *y fix (Ag. [unitM,)\um. m xw gloh% p)]

(Moo (B p (inr (m *y (unity o b, , o inl)))))

= [unity,Am.m %y fix (/\Vg. [unity, Am.m *y g]oh% )]
(inr (m *u (unity o k5, , o inl)))
xy (unity o ivzjv,,D oinl) *y fix (Ag.[unity,Am.m %y g]o ;Jlfu’D)
v (Aa. unity (kS , (inl @) *u fix (A g. [unitu, Am.m *u g]o R4 5))
su (Aa. fix (\g. [unity, \m. m *u g]o k% ) (kS ,, (inl a)))
s (Na. [unity, \m. m xy fix (\g. [unity, A\m. m *y g]o h% )]
(Re,p (RSy,p (inl @))))
*v (Aa. [unity, Am. m *y fix (Ag. [unity,Am.m %y g]o hi )] (inl a))

3 3 3 3

*v (Aa. unity a)

I
3 3 3

*M unth
= m O

In orderto definean interleaved computationof type R(M)(D), it is assumedhat an non-
deterministicoption operatoris definedfor computationgepresentedy monad M. This option
operatoris denoteds ||y andhasthetype:

> |lu- : M(D)x M(D)— M(D)
Thesubscriptmaybe omittedif it canbededucedrom thecontext.

Assumingtheexistanceof operatot]y, it is possibleto defineanoperatoof theresumptiormonad
transformeifor performingtheinterlearing of computationsilt is definedasfollows:
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> o<iean - ¢ R(M)(A) x R(M)(B) — R(M)(A x B)

braey = fix (Ag. Az, y).
[Ave. y *rany (Avy. unitrmy (v, vy)), A mg.
[Avy. T *remy (Avg. unitromy (Vz,vy)), A my.
inr (mg *w (Az'. unitu (g (z',9))) | my *w (Ay'. unitu (g (z,4))))1])

The subscriptmay be omittedif it canbe deducedrom the contet. If oneof thetwo computations
doesnot requirethe executionof ary atomicstep,i.e. if one of the two computationshasalready
beenexecutedthentheothercomputatioris executedandthetwo resultsarecombined Otherwisejf
both computationgequireat leastoneatomicstep,thenthereis a non-deterministioption of which
computatiorwill startexecuting.

11.9 Monad for expressionsemantics

Monad G representshe computationof C expressions.Suchcomputationsan affect the program DeriniTion
stateandcanbe interleaved. For the definitionof G, theresumptiormonadtransformeiis appliedon
the continuatiormonadC.

B g : GD) = ROD)

Theunit, bind operationandotherpropertiesof monadG arespecifiedin termsof the corresponding
operationobtainedrom theresumptiormonadtransformer

Again the top elementof domainG(D) representgrrorsin computations.Non-terminatiorand Errors
errorsareagaincorrectlypropagated.

» error¢ : G(D)

error¢ = T

A numberof polymorphicfunctionsareneededor convertingbetweervaluesfrom variousmonad LirtinG
domains Functionslift._,¢ andlift._,c areprimitive, whereasll othersaredefinedin termsof other
lifting functions.

» liftc¢ : C(A) = G(4)
liftc.¢ = step

> lifteuc : G(A) — C(A)

Iift(;_,c = run
Thesewo functionscorvert betweerinterleaved andnon-interlesed computations.

Iiftg_,g = ijtc_,(; [¢] ijtv_)c [¢] IIftE_)v

b liftyne @ V(A) = G(A)
Iiftv_,c = Iiftc_,g Oliftv_;c

Thefollowing functionsimplementspecialoperationgor monadG.
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» getState; : G(S)
getState, = liftc_,c getState_

» setStatec : (S — S) — G(S)

setStates = liftc_¢ o setStatec
Thesetwo functionsarelifted versionsof the correspondindgunctionsfor the continuationmonad.
They areusedin thedefinitionof thefollowing functions.
» getValue,, ,. : [Mm]mem = G([T]dat)

getValue,, .. = MAdn.getState, * (unit o (stateReadmsr dm))
This functionreadsthe valueof an objectthatis storedin memory It takesasparametethe address
of the objectandreturnsa computatiorresultingin the storedvalue. Parametersn andr mustsatisfy
T := datify m. Theresultinginterleaved computatiorrequiresonestepfor accessinghe program
state.
» putValue, ,,, : [Mm]mem = [T]dat = G([7]dat)

putValue_ .. = Adm. Ad. setStatec (stateWrite,m dm d) * (unit o (stateReadm—+ dm))
This functionwrites a valueto anobjectstoredin memory It takesasparametershe addresf the
objectandthe valueto be stored. Again, it mustbe = := datify m. Theresultis a computation
which storeshevaluein the currentprogramstateandreturnsthe valuethatwaspreviously storedin
theobiject.It requiresonestepfor accessinghe programstate.
» segpt : G(U)

seqpt = liftc_,¢ (setState stateCommit * (A s. unit u))
This functionreturnsa computatiorwhich generates sequenc@oint. The programstateis changed
by applyingthefunctionstateCommit. Onestepis required.
» fullExpression : G(A) — C(A)

fullExpression = M\g. liftgc (g * (Ad. seqpt * (Awu. unit d)))

This function corverts the interleared computation,which represents full expression,to a non-
interleaved computation A sequenc@ointis generatedfterthefull expressiorhasbeenevaluated.

11.10 Environments

The domainsdefinedin this sectionrepresenvariouskinds of dynamicernvironments.Sucherviron-
mentsareeitherthe dynamicequivalentof staticervironments,or provide informationaboutaspects
of the programthatis notincludedin the programstate suchasthe meaningf definedfunctions.

11.10.1 Typeernvironments

Dynamictypeernvironmentsassociatédentifierswith theirdynamicmeaningsSincea staticmeaning
of anidentifieris requiredto be known beforea dynamicmeaningcanbe given, dynamictype ervi-
ronmentsarecloselyrelatedto statictype ervironment. Given a statictype ervironmente, [e] gnt IS
thedomainof dynamictypeervironmentsthatarerelatedto e.
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B p : [elegsr = ([[:Ide—[el I]) x[{e]ent DEFINITION

Justasstatictype environments dynamictype ernvironmentsare organizedin a tree-like structureof
nestedscopesln thefirst partof the product,eachidentifieris associatedvith its dynamicmeaning.
Noticethe useof thedependenfunctionhere.The secondoartof the productrepresentthe dynamic
ernvironmentof theenclosingscope.lt is equalto T in the caseof the outermosscope.

Givenastatictypeervironmente, thedynamicmeaningof identifier I is anelemenbf thedomain
[e I I]. Thisdomainis definedasfollows:

[el Il = -isLocal(e,I ide) - U,
case e[l raw ide] of

normal [¢] = [¢]den
otherwise = U

If Iisanidentifierdeclaredocallyin e anddoesnotcorrespondo atypedefthenits dynamicmeaning
is anelementof the dynamicdomainthatcorrespondso its staticdenotabldype. Otherwisejt is an
elemenibf thetrivial domainU.

Thefollowing operationsaredefinedfor dynamictype environments.

> 1 : e:Entx[|e]en — [e]Ent OPEN SCOPE

etp = let m; =X\I.-isLocal(e, I ide) — u,
case e[l raw ide] of
normal [¢] = T
otherwise = u
in (mi, )

This operationcreatesa dynamictype ervironment,taking as parametershe relatedstaticerviron-
mentandthe dynamicervironmentthatcorrespondso the enclosingscope.Local identifiersthatdo
not correspondo a typedefare associatedvith the errorvalue T, reflectingthe factthatthey rep-
resentobjectswhich have not beengiven anaddresget. This is fixed by the dynamicsemanticof
declarations.

> -l : e:Entx[e]gn = [ | e]ent CLOSE SCOPE

elp = let(m,pp) =pinp,
This operatiorreturnsthe dynamicernvironmentcorrespondingo the enclosingscopeof p.

» create : e:Ent —» [e]eznt — Ide — V([e]En:) CREATE

OBJECT
create = Ae.Ap. A 1.

let createge, : ¢ : Typeg,,, — [¢]den
create jen = A ¢. case ¢ of
o = create,,; a newObject,, 0
f = newFunction
create,y; : a: Type,,; - Obj — Offset — [a].s;
createq,; = Aa. Ah. \j. case o of
obi[ral = (h,3)
array[a',n] = Ak. (k> 0) A (k <n) — createy, &' h (j + k- sizeof (a)), T
(mi,pp) =p
in -isLocal(e,I ide) — T,
case e[l raw ide] of
normal [¢] = unit (m;{I — creategen ¢}, pp)
otherwise = T
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This function creategshe objector function that correspondsvith identifier I in the given dynamic
environment. The resultis the updateddynamicervironment. An error occursif I is not defined
locally in theervironmentor if it is atypedefIf theobjectis anarray all of its elementsarecreated.

» allocate : e:Ent — [e]g.: — Ide — C(U)

allocate = Ae.Ap. 1.
let allocategen : ¢ : Typeg,, — [¢]laen — C(U)
allocategen = A ¢. A d. case ¢ of
a = allocate, a d
f = unitu
allocate,p; : a: Type,,; — [a].s; — C(U)
allocate,,; = Aa. Ad. case o of
obj [1, 4] = setStatec (stateAllocate ;[ q d) * (As. unit u)
array [@',n] = foldIn[0,n — 1] (A k. allocate.; ' (d k)) (unit u)
(mi,pp)  =p
in —isLocal(e,I ide) — T,
case e[l raw ide] of
normal [¢] = allocategen ¢ (m; I)
otherwise = T

This functionallocateshe objectthat correspondsvith identifier I in the currentprogramstate.The
resultis a computationwith an unimportantresult. An error occursif I is not definedlocally in
the ervironmentor if it is a typedef If the objectis anarray all of its elementsareallocated. If I
correspond$o a function,the programstateremainsunaltered.

» destroy : e:Ent — [e] g — Ide — C(U)

destroy = Xe.Ap. Al
let destroy ., : ¢ : Type,,, = [#]daen — C(U)
destroy 4., = A ¢. Ad. case ¢ of
a = destroy,,; ad
f = unitu
destroy,, : a:Type,; - [a].; — C(U)
destroy,,; = Aa. Ad. case a of
obj |1, 4| = setStatec (stateDestroy ,, ,;d) * (Xs. unit u)
array[o’,n] = foldIn[0,n — 1] (Ak. destroy,,; o'(d k)) (unit u)
(mi,pp)  =p
in -isLocal(e,I ide) — T,
case e[l raw ide] of
normal [¢] = destroyg,, ¢ (m; I)
otherwise = T

This functiondeallocateshe objectthatcorrespondsvith identifier I from the currentprogramstate.
Theresultis a computationwith anunimportantresult. An erroroccursif I is notdefinedlocally in

the ervironmentor if it is atypedef If the objectis anarray all of its elementsaredeallocatedIf I

correspond$o a function,the programstateremainsunaltered.

» lookup : e:Ent — [e]gn: — I :1Ide - V([e | I])

lookup = M\e. strict; (Ap. A1
let (m, pp) = p
in -isLocal(e,I ide) — T,
case e[l raw ide] of
normal [¢p] = m; I
otherwise = T)
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This function returnsthe dynamicmeaningof identifier I in p. An error occursif I is not defined
locally in the ervironmentor if it is atypedef

11.10.2 Member ervironments

Dynamicmemberervironmentassociateédentifiersthataremembersof structuresor unionsto their
dynamicmeanings. Again, the static memberervironmentsmustbe knovn. They comein two
flavours. In the first case,the dynamicmeaningsof membersare elementsof dynamicdatatype
domains.n thesecondthey areelementf dynamicmembertype domains.Thus,thefirst casecor
respondso treatingamemberasthevaluethatit containswhereashe secondorrespondto treating
it asanl-value.

Givenastaticmembelernvironmentr andanidentifierI thatis declaredn =, thedynamicdomains
[7 I I]gee @and[7 | I]mem thataredefinedbelon representhe two aforementionedlavours of
dynamicmeanings.

[74 gt = let (n,myn,m;) = 7in case m; I of
obj [, q] = [7]dat
bitfield [B3, q,n] = [datify]da:
otherwise = U

[7V I]mem = let(n,my,m;)=mxin
(m,—I=T) - U, [[m,- I]]mem
It shouldbe notedthatarraymembersanonly be given meaning®f the secondlavour.

Thefollowing two functionsareusedfor looking up the dynamicmeaningof structureandunion
membersespecitiely.
» structMember, : Addr — I:Ide — [7 | I]mem
» unionMember, : Addr — I :Ide — [7 I]mem

Both functionstake asparameterthe addres®f the structureor unionobjectandtheidentifier of the
member Their definitionis implementation-definedndis omittedhere.

11.10.3 Function prototypes

The dynamicdomainsrelatedto function prototypes. Given a function prototypep, [p]prot IS the
domainof dynamicvaluesfor the actualparametersf functionswhoseprototypeis p.

B [pleree = i:N->[pli]

For eachof the function’s parametela dynamicmeaningis associatedThatis, for a given function
prototypep anda giveninteger numberi, [p | 7] is thedomainof possibledynamicvaluesfor the
t-th agumentof p. This domainis definedbelow.

[pl:] = let(n,mp,bey) =pin
(1<i<n)—[mpi]dat,
beu A (i >mn) > Arg, I

Notice that the presenceof ellipsis in function prototypesperplees the definition of this domain.
Thedynamicmeaningof actualparametershatfall in the part of the prototypeafter the ellipsis are
element®f thespecialdomainArg, definedasthe coalescedumof all dynamicdatatype domains.

DEFINITION

Lookup

DEFINITION
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H Arg = @ [7]4at

TETyYPeyq;

11.10.4 Function codeernvironments

Functioncodeervironmentsassociatéunctionidentifiers,.e.element®f domainFun to thedynamic
meaningsof their definitions. The useof pointersto functionsin C, combinedwith type casting,
enforcegun-timecheckingof functiontypesin the semantic®f functioncalls. Thus,the statictypes
of functionsmustbeincludedin thedynamicenvironment.

B ¢ : Cod = Fun—)fiTyPefmxllf]]fun

Thedefinitionof functioncodeervironmentss straightforvard. They arefunctionstakingasparam-
etera function identifier Notice the useof a dependenproductin the result. The first part of the
productis thefunction’s statictype andthe secondpartis the dynamicmeaning.

Thefollowing operationsaredefinedfor functioncodeervironments.

» -[-] : Cod x Fun — V(f : Typey,, X [ f]sun)
€ldg] = (£df # T) — unit (§ df), error

This operatiorreturnsthedynamicmeaningof agivenfunctionin agivenfunctioncodeervironment.
An erroroccursif thefunctionis notdefined.

» [- =] : Cod xFunx (f: Typey,, X [f]u.) = V(Cod)
£[df|—>w] = unit ﬁ{df'—)’w}

This operationupdateghe function codeervironment¢ by settingthe dynamicmeaningof function
dy tow. Theresultif theupdatecervironment.

11.11 Scopes

The modelling of nestedscopesin dynamictype environmentsis not adequateor the developed
semanticsC allows jumpsof variouskindsbetweerdifferentandevenunrelatedscopesFurthermore,
thestandardequireghatobjectallocationanddeallocatiormusttake placein jumpsbetweerdifferent
scopeskor thesereasonsa specialtreatmenbf scopess requiredin thedynamicsemanticof C.

Every scopeis identified by an elementof domainScopeld, i.e. aninteger number The top
elementof this domaincorrespondso the outermostscope.DomainScope representinformation
aboutscopesandtheir structure.

B Scopeld = N

B 7 : Scope = Scopeld x (Scopeld — Scopeld) x (Scopeld — Ent)
x (Scopeld — e : Ent — [ | e]gnt = C([e]Ent))
x(Scopeld — e : Ent — [e]ent — C([ | €] znt))
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The first part of the productin Scope is the identifier of the currentscope. The secondpartis a
functionmappingeachscopeidentifierto the identifier of the enclosingscope representinghusthe
tree-like structureof scopes. The third partis a function which associatescopeswith their static
typeervironments.Finally, the fourth andfifth partsassociatscopeswith theactionsof creatingand
destrging objects,.e. with thenotionsof thedynamicmeaningof declarationshataremadein these
scopes.

Thefollowing functionsconcerningscopesand scopeinformationareusefulin the specification
of thesemanticdgor C statements.

» scopeEmpty, : Scope EMPTY SCOPE
scopeEmpty, = (T, T,T{T —e},T,T)

An emptyscopeinformationcontainsonly the outermostscope. The lasttwo partsare T sincethe
outermoskcopecontainsno statementandjumpstherearenot allowed.

» scopeGetld : Scope — Scopeld GET

. IDENTIFIER
scopeGetld = An.let (n,mp, me,mc,mg) =ninn

This functionreturnstheidentifierof the currentscope.

» defineBlock : Scopeld — Ent — DEFINE BLOCK
(e:Ent - [ | e]n: = C([e]lEnt)) =
(e : Ent — [e]znt — C([ | €] &nt)) — Scope — V(Scope)

defineBlock = Am.)Xe. X fe. A fq. An. let (n, mp, me, mc,mg) =nin
unit (m,mp{m — n}, me{m — e}, m.{m — fc}, ma{m — fa})

Thisfunctiondefinesanew scope lts parameteraretheidentifierfor thenew scopeijts statictypeen-
vironmentthefunctionsfor thecreationanddestructiorof local objectsandthestructurerepresenting
currentscopeinformation. Theresultis the updatedscopenformation.

» endBlock : Scope — V(Scope) END BLOCK

endBlock = MAn.let (n,mp, me, Mc, mq) = nin unit (my n, My, Me, Me, Ma)
This functionleavesthe currentscopeandreturnsto the enclosingone.

» inScope : Scopeld — (Scope — A) — Scope — A IN ScoPE

inScope = Am. A f. An.let (n,mp, me, me, mg) = nin f (m, myp, me, mc, Mq)
This polymorphicfunctionsetsthe currentscopeto the oneidentifiedby its first parameter

» scopeUse : Scope — (Scope — A) — Scope — A USE SCOPE

scopeUse = An. Af.An'. fn

This polymorphicfunctionis mostly usedon elementf domainsof type K. (D) andL. (D), which
have thegeneraform Scope — andaredefinedin Section11.12.Viewed underthis perspectie, it
returnsa computatiorwhich the scopeinformationgivenby thefirst parameter
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» scopeGoto : Scope — Scopeld — e : Ent — [e]gn: — C(e' : Ent X [€' ] gnt)

scopeGoto = An. Am. de. Ap.
let (n,mp, me, mc,mq) =7

isAncestor : Scopeld — Scopeld — T

isAncestor =Am. fix (Ag. An. (m = n) — true,
(n=T) — false,
g (mp n))

commonAncestor : Scopeld x Scopeld — Scopeld
commonAncestor = fix (Ag. A (m,n). (isAncestor mn) — m,
(isAncestor nm) — n,
g (mp m,mp n))
ascend : Scopeld x Scopeld — e : Ent — [e]g.: — C(e’ : Ent X [€'|gnt)
ascend = fix (Ag. A\(m,n). Xe. Ap. (m = n) — unit {e, p),
g{m,mpn)ep x (A, p).
lete” =men
in mene" p' x (Ap".
unit (", p"))) )
descend : Scopeld x Scopeld — e : Ent — [e]zn: — C(e’ : Ent X [’ ] znt)
descend =fix (Ag. A\(m,n). Ae. Ap. (m = n) — unit (e, p),
mamep * (Ap'.
let ¢’ = m. (mp m)
in g (mpm,n) e o))
k = commonAncestor {n,m)
in descend (n,k)ep * (A{(€,p').
ascend {k,m) e’ p')

This function performsa changein the static and dynamicervironments,requiredwhen jumping
betweendifferentscopes. It takes as parametershe currentscopeinformation, an identifier for a
talgetscopeandthe currentstaticanddynamicervironmentsijt returnsacomputatiorresultingin the
environmentscorrespondingo the taiget scope. This computatiorensureghatall objectsgoing out
of scopearedestryed andall objectscominginto scopearecreated.Thetree-like structureusedin
the scopeinformationis usedfor this purpose.

B SC = Scopeld x (e:Ent - [e]zn — C)

ThedomainSC represents continuatiorthatjumpsto a differentscope.Thefirst partof the product
is the identifier of the scopewherethe jump is made. The secondpartis a functionwhich, givena
staticanddynamicervironmentfor the scopedentifiedby thefirst part,returnsa continuation.

» makeSC : Scopeld — (e : Ent — [e]znt — C) — SC
makeSC = An.\f.{(m,f)

This simplefunctioncreatesanelemenif SC from its components.

» convertSC : Scopeld —» C — SC
convertSC = An. Ac. makeSC m (Ae. Ap.c)

This function cornverts a continuationto an elementof SC, usingthe given scopeidentifier for the
tamgetscope.
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» useContinuation : e:Ent — [e]g.: — Scope - SC — C(U)
useContinuation = Ae.Ap. An. Ac.let (m, f) =cin

scopeGotonmep * (e, p'. escape (f €' p'))

This function performsa jump usinga continuationfrom a differentscope. The currentstaticand
dynamictypeenvironmentsarepassedsparametergogethemwith the currentscopeandthe contin-
uationthatwill be used. In its definition, function useContinuation usesfunction scopeGoto to
changeo the properenvironmentfor thetamgetscopeandthenfunction escape to performthejump.
Theresultis acomputatiorof unimportantesult.

11.12 Monadsfor statementsemantics

Two familiesof monadsaredefinedin this sectionfor representinghe dynamicsemanticof C state-
ments. Thesemonadsare closely relatedand presentmary similarities. In brief, the family K of
monadsepresenteomputationgorrespondingo the executionof statementsywhereaghe family L
of monadsis usedfor the extraction of otherusefulinformationconcerningthe executionof state-
ments.

B k£ : K;(D) = Scope—SCxSC — ([r]dat — SC) — C(D) MONAD K

For a given datatype 7, monadK is usedin the dynamicsemantic®f statementé the body of a
functionwhoseresulttypeis . Elementof domainK (D) arefunctionswhoseparameterare:

e Thecurrentscopeinformation;
e A pair of continuationgorrespondingo breakandcontinuestatements;
¢ A functionmappingpossibleresultsof the currentfunctionto correspondingontinuations.

Theresultis acomputatiorresultingin D. All parametermaybeviewedasinformationthatis passed
to thecomputation. Theinit of monadK; is definedas:

» unity : D— K, (D)

unity = Av. An. A{cp,Cc). Acr. unite v
thatis, the givenparameteraresimplyignored.The bind operatoiis definedas:
> s Ko(4) x (4 — K.(B)) = K, (B)

ko f = An.X{cpyce)- Aer-kn{es,ce) er %¢ (Aa. fan{co,cc)er)

which meanghatthe valuesof the parameterareusedthroughouthe whole computation|t is easy
to seethatthis monadsatisfieghethreemonadlaws.

B z : L.(D) = Scope—+SCxSC— ([r]dat =+SC)— (U—-C)—=D MONAD L

In away similarto monadK,, monadL, is definedfor all datatypesr. Elementsof typeL.(D) are
functionswhich take asparameterall thethosedescribedabove andalsothefollowing:

e A continuationcorrespondingo the statemens normalcompletion.

Theresultis notacomputationput only anelemeniof type D. ThetypeU — C hasbeenchoserfor
thelastparameterinsteadof just C, sothatK,(U) andL,(C) arethesamedomain.This is a useful
propertythatwill beusedlater Theunit of monadL. is definedas:
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» unit, : D— L, (D)

unity, = Av. An. A{cp,Cc). Acr. AK. v
ignoringall parametersyhereagshe bind operatoiis definedas:
> % - : L (A) x (4> L.(B)) = L. (B)

z*x f = An.A{ce,¢cc). Aer. Ak.let a = z2n{cv,cc) er kin fan (cv,cc) er K
Againit is easyto verify thatthe monadsatisfiegshethreemonadiaws.

ERRORS Similarly to the previously definedmonads,top elementsof monadsK, andL, representhe
occurencef errors.

» errorx : K;(D)

errory = T

» error, : L. (D)

error, = T
LIFTING The following functionsare useful for corverting betweenvariouskinds of monads. Primitive
functionsarelift_« andlift,_,, andall otherfunctionsarederived.
> lifteuk : G(A) = K, (4)

liftesx = Ag. An. A{cp,cc). Acr. fullExpression g

> liftun, ¢ V(4) = L.(4)

Illftv_u_ = unitL

IllftE—bK = Ilft(;_,K [e] Iiftc_,(; [e] Iiftv_,c o IlftE_,\/

lllftE_,L = Illftv_,LolllftE_)v

b liftuok :© V(A) = K, (A)
Illftqu = Iif‘tg_,K [e] Iiftc_,g [e] Iiftv_,c

» ijtc_)K . C(A) — KT(A)
lllftc_)K = lllftq_,KOijtc_)G

Thefollowing functions,mostof whicharepolymorphic defineaspect®f theexecutionbehaiour
of statements.
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» result; : e:Ent —» [e]gnt = [T]dar = K- (U) FUNCTION
i . RESULTS
result, = Ae.Ap.Ad. An. A{cp,cc). Acr. useContinuation e p n (¢, d)

This functionterminatesxecutionof thefunctionbodyby returningtheresultvaluegivenby its third
parameter The first two parameterare the staticand dynamictype environments. The resultis a
statementomputatiorof anunimporantesult.

» funbody : K,;(U) = G([7]4at)
funbody = Xk.liftcoc (Ak. kT (T,T) ((convertSC T)ok) (Au. & T))

This function corvertsa statementomputatiorrepresentinghe body of a functionto an expression
computation. The resultof the expressioncomputationis the resultthatis returnedby the function
body

» use : L,(4) = (A — K. (U)) = K, (U) COMBINING K
L
use = Az. Af.An. A ¢cc). Aer- AK. f (21 {cb,¢c) er K) ) {Cb,Cc) Cr K AP
This polymorphicfunctionis the bridgebetweermonad<K, andL,. It resembleshe bind operatar
Thevaluethatis hiddenin the monadin the first parameteis appliedto the functionin the second
parameteandtheresultis returned.
» follow : L,(A) = K,.(U) — L,(A)
follow = Az. Af.An. A{cp,cc). Aer. AK. 2m (b, Cc) ¢ (Au. kn (cb,cc) er K)
This polymorphicfunctionspecifieghatthe statementwhosesemanticsn isolationis definedby the
first parameteiis followed, undernormalorder of execution,by the statemenivhosesemanticss
definedby the seconcdparameterTheresultis the updatedsemantic®f thefirst parameter
» getBreak : e:Ent — [e]g.: — K- (U) BREAK AND
CONTINUE

getBreak = MAe.Ap. An. A{cp,cc). Acr. useContinuation e p n ¢y

» getContinue : e: Ent — [e]gn: — K- (U)

getContinue = Ae.Xp. An. A{cy,cc). Acr. useContinuation e p 7 cc

Thesefunctionstake as parametershe currentstaticand dynamictype environmentsandreturna
statementomputatiorthatcorrespond$o executionof a breakor continuestatementespectiely.

» setBreak : L.(A) — L-(A)
setBreak = Az.An. A{cp,cc). Aer. Ak. zm (convertSC (scopeGetld n) (k u),cc) cr k

» setContinue : L,(A) — L.(4)

setContinue = Az.An. A{c,¢cc). Aer. AK. 21 (cp, convertSC (scopeGetld n) (k u)) ¢r K

Thesepolymorphicfunctionstake asparametershe semantic®f a statemenin isolationandsetthe
continuatiorcorrespondingp thebreakandcontinuestatementsespectiely to thecontinuatiorunder
normalorderof execution.
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11.13 Label ervironments

An additionaltype of dynamicenvironment,relatedto the semantic®f statementsis alsorequired.
DomainLab representiabelen/ironmentsvhichassociatéabelidentifiersto continuationsA fixing
processsimilarto the oneusedfor statictype ervironmentsin Chapter6 mustbe usedfor label ervi-
ronmentssince(possiblynon-terminatingjoopscanbe definedusinglabelsandthe goto statement.

B ¢ : Lab = (Ide—SC)xT

Thefirst partof the productis thefunctionfor theassociatiorof identifiers. The secondpartis atruth
valuewhich denoteswvhetherthe fixing processhasstarted. The following functionsare definedfor
managindabelenvironments.

» ¢ : Lab
Lo = (L,false)

This functionreturnsanemptylabelenvironment.All labelidentifierscorrespondo non-terminating
continuationsandthefixing proces$asnot yet started.

» init-fix-L : Lab — L,(Lab)

init-fix-L. = A{.let (my,byip) = £in —bys;, — unit (my, true), error
Thisfunctioninitializesthefixing processAn erroroccursif this hasalreadybeenstarted.

» rec-L : (Lab — L.(Lab)) — Lab — L,(Lab)
rec-L = Xf.\l.let z = f £ % init-fix-L in mclo, z f

This function performsthe fixing of label ervironments.It usesthe monadicclosureoperatorandit
similarin its definitionto operatorinit-fix for type ernvironments.

» getLabel : Ide — e: Ent — [e] g, — Lab — K, (U)

getLabel = XI.Xe.Ap. Al.An. A{cb,cc). Acy.
let getLabelRaw : Ide — Lab — SC
getLabelRaw = A 1. ML. let (my,bfiz) =Linbsips A(myI=1)—>T,m I
in useContinuation e p n (getLabelRaw I ¢)

This functiontakesas parametersinidentifier, the currentstaticanddynamictype ervironmentand
alabelervironment.lIt returnsa statementomputationcorrespondindo the continuatiorassociated
with theidentifierin thelabelenvironment.An erroroccursif thereis no suchlabelidentifier

» setLabel : Ide — (e: Ent — [e]gnt — K-(U)) — Lab — L.(Lab)

setLabel = XI.Xkg. Al An. A{cp,cc). Aer. AK.
let setLabelRaw : [7']4e: — SC — Lab — Lab
setLabelRaw = AI. Ac'. Ml.let (my,bfiz) = Linbsie V (my I = L) = (m{I — '}, bfiz), T
in setLabelRaw I (makeSC (scopeGetld n) (Aec. A. pckys ec pe 1 (cb,cc) er K)) £

Thisfunctionupdateghelabelervironmentby settingthe continuationassociateavith identifier I to
thevaluegivenby k;. An erroroccursif thelabelidentifierhasalreadybeendeclarecandthefixing
processs notunderway.
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Casdabels,i.e. constanexpressionsvhich follow the casekeyword in the body of switch state- caseLaseLs
ments,form one morekind of dynamicervironment. However, no fixing processs requiredhere,
sincetherecannotbe ary loopscausedy this kind of labels. DomainCas, is usedfor associating
caselabelswith continuationsThe datatype 7 is thetype of the controlling expressiorof the switch
statement.

B v : Cas;, = ([7]as = SC)xSC

Thefirst part of the productis a function mappingthe valuesof constantexpressiongo the corre-
spondingcontinuationsThe secondpartis the continuatiorthatcorrespondso the defaultlabel.

» w, : Cas, EmMPTY CASES

wo = T
Thisfunctionreturnsanemptycaselabelenvironment.All continuationsresetto erroneouyalues.

» getCase, . : [7']aat — €: Ent — [e]r.: — Cas, — K, (U) GET CASE

getCase,_ ., = Ad.de.Ap. Aw. An. A{cp,ce)- Aer.
let getCaseRaw : [7']4at — Cas,» — SC
getCaseRaw = A\d. Aw.let (mi,cg) =win(mid# T) —>mid, cq
c = getCaseRaw d w
in (¢c=T) — unit u, useContinuation e pnc

This function takes as parametershe value of the controlling expressionthe currentstaticand dy-
namictypeernvironmentanda casdabelervironment.It returnsa statementomputationgorrespond-
ing to the continuationassociatedavith the controllingexpressiorin the givencasdabelervironment.
A computatiordoingnothingis returnedf thevalueof thecontrollingexpressiordoesnotcorrespond
to a casdabelandthe defaultlabelhasnotbeenassociated.

» setCase,, : [7']dat = (e : Ent — [e]ent — K;(U)) — Cas,» — L,(Cas,r) SET CASE

setCase,, .+ = Ad.Akf. Aw.An. A{cb,cc). Aer. AK.
let setCaseRaw : [7']4.: = SC — Cas,» — Cas,
setCaseRaw = Ad. Ac'. Aw.let (my,cg) =win(md=T) = (m{d—c'},cq), T
in setCaseRaw d (makeSC (scopeGetld n) (Aec. X. pckf €c pc n {cb,cc) ¢r K)) w

Thisfunctionupdateghecasdabelervironmentby settingthe continuatiorassociateavith thegiven
caseexpressiorto thevaluegivenby k. An erroroccursif thesamecaseexpressiornasalreadybeen
associated.

» setDefault,, : (e:Ent — [e]g.. = K,(U)) — Cas,s — L.(Cas,) SET DEFAULT

setDefault, ,» = Aks. Aw. An. A{cp,cc)- Aer. Ak,
let setDefaultRaw : SC — Cas,» — Cas
setDefaultRaw = A cj. Aw.let (my,cq) =win(cg =T) — (my,cy), T
in setDefaultRaw (makeSC (scopeGetld n) (Aec. X. pcky ec pe 1 {CbyCc) ¢ K)) w

Thisfunctionupdateshecasdabelen/ironmentby settingthecontinuatiorassociatewith thedefault
labelto thevaluegivenby k¢. An erroroccursif thedefaultlabelhasalreadybeenassociated.
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11.14 Auxiliary functions

» shift : N> (N> A) >N A
shift = Ad.Af.An. f(n+d)

This polymorphicfunctionshiftsfunction f, whosedomainis N, by d placesto theleft. Thatis, the
d-th elemenif f becomeshe0-th elemenbf theresultingfunction.

» zeroMember,, : [Mm]mem — C(U)

zeroMember ;4 = Adm. fullExpression (putValue 1 dm zeroValue;) * (Ad. unit u)

T obj [T,q

zeroMember ayray (0,n] = Ady. zeroArray, dsn

zeroMemberyfield[,q,n] = Adm.let T = datify,;, §in
fullExpression (putValue,, pife1d [g,4,n] m zeroValue,) * (Ad. unit u)

This function storesa zerovaluein the objectwhoseaddresss specifiedby its first parameterlt is
usedin initializations.

» zeroArray, : (N — [a].;) = N — C(U)

zeroArray, = Adg.An.(n <0)— unit u,
zeroMember, (df 0) * (Aw.
zeroArray,, (shift 1ds) (n — 1))

This functionis usedin theinitialization of arrayelementghatarenotexplicitly initialized.

» zeroStruct, : ([:Ide — [7 | I]mem) = C(U)
zeroStruct, = Admy.let (n,m,,m;) =7in
foldIn [1,n] (A k. let I = m, k in zeroMember,; 1 (dmys I)) (unit u)
Thisfunctionis usedin theinitialization of structurememberghatarenotexplicitly initialized.

» foldln[-,-] : (NxN)— (N— C(U))— C(U)— C(U)
foldln [a,b] = Af.Ac.(a <b)— foldln[a+1,b] f (c * (Au. fa)), ¢

This functiontakesasparameters range[a, b] over theintegernumbersafunctionf : N — C(U)
andacomputatiore : C(U). Theresultis thefollowing computation:

cx (Aug. fa) * Augpr- f(a+1)) x ... x Aup 1. f(b—1)) x (Aup. fb)

» storeStringLit, : string-literal - (N — Addr) - N — C(U)
» storeWideStringLit, : string-literal - (N — Addr) - N — C(U)

Thesdawo functionsstorethestringliteral (normalor wide) givenby thefirst parameteto thememory
locationsthataregivenby thesecondparameterThethird parameters thesizeof the charactearray
thatwill holdthestringliteral. Type « is thetype of thearrays element.Theresultis acomputation
with anunimportantesult.
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Dynamic semanticsof expressions

This chaptedefineshedynamicsemantic®f C expressionsSectionl2.1containsganintroductionto  crapter
thedynamicsemantidunctionsandequationgor expressionsThedefinitionof semanticstartswith ~ OVERVIEW
thesemantic®f primaryexpressionsn Sectionl2.2andendswith thesemantic®f implicit coercions

in Section12.9.

12.1 Dynamic semanticfunctions and equations

In generala dynamicsemantidunction mapswell typedprogramphrasego dynamicsemantiado- semantic
mains. A programphraseis well typedif thereexists a typing deriation for it. The conclusionof FUNCTIONS
this typing derivation specifieghe phrasetype, which is usedto determinewhich dynamicsemantic
functionis used. Thus, the definition of dynamicsemanticfunctionsfollows not only the abstract
syntaxof C, but alsothelanguages typing semantics.

Considera non-terminakymbolnt which producegphraseghat canbe attributedthe phrasaype
#. Thedynamicsemanticof a programphraseP definedby this non-terminaksymbol,with respect
to type 0, is denotedby [ P]e. In this, it is assumedhat a typing derivation exists, concludingin
thejudgement + P : @ for someervironmente. This ervironmentis usuallya parameteof the
dynamicsemantidunction.

In general,programphraseghat can be attributed a given phrasetype 8 may be producedby
differentnon-terminalsymbols. For this reasonjn the restof Part 1V, aline of theform [6] : D
specifieshatdomainD is usedto representhe dynamicsemantianeaningof programphraseghat
canbeattributedphrasdypeé.

Dynamicsemanticequationsarebasedn typing rules. Consideffor examplearule of theform:  semantic
EQUATIONS

J1 JIn

ek-P:0

(R)

Then,adynamicsemanticequationcorrespondingo this rule hastheform:
(R) [P]e = (expressiorwhichcanusethedynamicsemanticef phrasepresenin J;)

In the caseof anequationcorrespondingo mary typing rulessharinga commonform, the common
form of therulesis writtenfirst followed by the numbersof the typing rules. The equationis written
next.
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As in the caseof staticsemantianeaningsit is possibleto have morethanonedynamicsemantic
meaningdor agivenprogramphraseandphrasdype. Thesemeaningcorrespondo differentaspects
of execution.Themultiplemeaningsredistinguishedy prependingaligraphidetters,asin X[ P]s.
Thefunctionscorrespondindgo eachof the multiple meaningsaredefinedseparately

The dynamic semanticmeaningof expressionds typically a function returningan expression
computation.The dynamicsemantidunctionsfor programphraseghatcanbe attributed expression
phrasaypesaregivenbelow.

» [vallr]] : e: Ent — V([7]dat)
» [Ivalue[m]] : e:Ent — [e]gn — Cod = G([m]mem)
» [exp[v]] : e:Ent —» [e]ent = Cod = G([v]va)

The meaningof a constanexpressiorof type val [r] is a functionfrom the statictype environment
to anelementof domainV([7]4,:). It cannotaccessary of the dynamicernvironmentsnor the pro-
gramstate. The meaningf non-constanexpressionsalsotake the dynamictype ervironmentand
the function codeerviromentas parametersand returninterleaved computationghat can affect the
programstate.

» [arg[p]] : e:Ent — [e]gn: = Cod — G([p]prot)

Thedynamicsemantidunctionfor thenon-terminakymbolargumentswith respecto thephrasdype
arg [p], is afunctiontakingasparametershe staticanddynamictype ervironmentsandthe function
codeernvironmentandreturningan interleared computationof the amguments’dynamicvalues. The
programstatecanbe affected.

> Alexp[r]]ex +] : e:Ent— [e]rn = Cod = G([7]da:)

The alternatve dynamicsemantidunction 4 correspondso assignabilitytyping judgementf the
forme - E > 7. Itstypeis similar to the normalmeaningfor expressionswith respecto the
phraseypeexp [7].

» C[constani, : [7]das

This functionspecifieghe dynamicmeaningof constant®f typer. Its completedefinitionis omitted
in thisthesis.

Providedthate - E : val [r] andisIntegral (), it is possibleto defineanalternatve dynamic
semantianeaningfor constanintegral expressionsasfollows:

» ZC[constant-gpressior] : Ent — E(N)
IClIE]] = Ae. liftv_,g ([[E]]m] [7] 6)

Thismeaninghasbeenusedin Partll andPartlll of thisthesis.
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12.2 Primary expressions

(Rules:E1,E2 andE3) FLOATING

et f:val[r] CONSTANTS

A [flvaifs1 = Ae.unit C[f]-

Thedynamicmeaningof floating constantss simply their value.

= (Rules:E4,E5,E6,E7 andES8) INTEGER
et n: val[r] CONSTANTS
A [n]vai;;1 = Ae.unit C[n],
Similarly with integer constants.
- (Rules:E9andE10) CHARACTER
et c: val[r] CONSTANTS
A [clvas) = Ae. unit C[c]-
Similarly with characteconstants.
(Ell) [[s]]lvalue [array [obj [char,noqual],n]] = Ae. A P- A £ STRING
let ay = fromAddrapyay [ob [char,noqual],n] {NEWODJECT 41y, [0b [char,noqual],n]> 0) LITERALS
in Iiftc.c (storeStringLit ,; (char, noquar) 8 @ ) * (Auw. unit ag)
(E12) ﬂs]]lvalue [array [obj [wchar_t,noqual],n]] — Ae. Ap. AE.
letay = fromAddra,.my [obj [wehar_t,noqual],n] (neWObjectamy [obj [wehar_t,noqual],n]> 0)
in Iiftc_.c (storeWideStringLit ,y; (yehar_t,noquan) $ @f ) * (Au. unit ay)
The dynamicmeaningof string literalsis a computationresultingin their addressn memory The
computatioraffectsthe programstateby storingthe stringliteralsin memory
(E13) [I]waluela] = Ae.Ap. X lifty_ (lookup e p I) IDENTIFIERS
(E14) [Ilexspi; = Ae. Ap. A€ lifty_c (Iookup e p I)
(E15) I[I]]Vﬁ1 [int] = Ae. unit n
The dynamicmeaningof identifiersdesignatingobjectsor functionsis their associatedialuein the
dynamictype ervironment.In the caseof enumeratiorconstantsit is justtheirvalue.
12.3 Postfix operators
(E16) [Eil B2] Jvaea) = [*( E1+E2) lvalue o] ARRAY
SUBSCRIPTS

The dynamicmeaningof array subscriptsis indirectly specified,as suggestedn the standard by
meansof theindirectionoperatorandpointerarithmetic.
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(E17) [E(argumentyJexpr; = Ae. Ap. AE.
|IE]]exp [ptr [func [r,p]]] € p§ > [[argumentﬂa,g [p] € P € * ()\ (mf,dp>.
case my of
inl dy = seqpt * (Au.
Liftyc &[ds] * (A(f,bs).
isCompatible( f, func[r,p]) — bs dy , error))
otherwise = error)

Thefunctionpointerandthe actualamgumentsarefirst evaluatedandtheir interleaing is allowed. If
thefunctionpointeris not null, a sequenc@ointis generate@gndthefunctionis calledwith thegiven
actualaguments.An erroroccursif thetype of the pointedfunctionis not compatiblewith the type
of thefunctionpointerthatwasusedto accesst.

(R1) lelargipo] = Ae-Ap. A€ unit T
(R2)  [elage) = Ae-Ap. A€ unit T
(R3) [E, argumentyag,r = de. Ap. AE.

Al E]expr1 e p € >a [argumentd,oye p € * (A {d,dp).
unit (shift (—1) dp){1 — d})

(R4) [E, argumentd,..,7 = Ae. Ap. A&

([E]expi-1 e p € * (unit o cast,,.)) < [argumentdae, e p€ * (A (d,dp).
unit (shift (—1) dp){1 — d})

The dynamicmeaningof actualargumentsperformstheir interleaved evaluation. If the type of the
correspondindgormal agumentis known, thenan actualparameteis corvertedasif by assignment
to thetype of theformal agument.Otherwise jn the caseof parameterpassedn the ellipsis partof
aprototype the default aumentpromotionsareperformed.

(E18) |IE I]]Ivalue [m!] = Ae. Ap )\£ HE]Ilvalue [obj [struct [t,7],q]] € pf * ()\ a. unit (SiZI'llCﬂ\J(—L'II]bel‘,r a I))

(Elg) |IE I]]exp ] = Ae. )\p )\f |IE]|eXp [struct [¢t,x]] € pf * ()\ dmf. unit (dmf I))

(E20) [E. Ilwatemy = Ae. Ap. XE. [ Elivatue [obj [union [t,x],q]] € P € * (Aa. unit (unionMembery a I))
]

(E21) [E. Iexppr] = A& Ap. A& [Elexp pstruct pa € P € % (Mg unit (dyny T))

Thedynamicmeaningof thedot operatoiis relatively simple. Theaddres®f thememberor its stored
valuecaneasilybefound.

(EZZ) HE'> I]]Ivalue [m!'] = Ae. )\P >\€ |IE]]exp [ptr [obj [struct [t,m],q]]] € Pﬁ * (>\ Mmg.
case mg of
inl a = unit (structMember, a I)

otherwise = error)

(E23) HE'> I]]Ivalue [m!'] = Ae. A P A € |IE]]exp [ptr [obj [union [¢,x],q]]] € P € * ()\ Mg
case mg of
inl a = unit (unionMember, a I)
otherwise = error)

Thedynamicmeaningof thearrov operatoris alittle morecomplicated.In caseof anull pointer an
errormustbegenerated.
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12.4 Unary operators

et E : lvalue[m] ... 7 := datifym (Rules:E24,E25,E26andE27) UNARY
e OpE : exp|r] ASSIGNMENTS
A ﬂopE]]exp[r] = de. Ap. A&
[Elvaemiep € * (Adm.
getValue,,, ,, dm * (Ad.

let (d',v) = [op], d in putValue dp d' x (Au. unit v)))

Thel-valueis first evaluated.Thestoredvalueis retrieved from memoryandtherequiredoperations
performed.Thentheupdatedsalueis storedin memoryandtheresultis returned.

The dynamicsemanticfunction for unaryassignmenbperatorss definedas follows, usingthe
semantic®f additionandsubtractionlt is parameterizetly the datatype of the operand.

» [unary-assignmefit : [7]dat = [7]dat X [7]dat
[++ (prefi) ], = Xd.letd =[+]rnr (d,C[1],)in (d',d")
[++ (postfiy], = Ad.letd = [+]rr (d,C[1],)in (d',d)
[ (prefiy]- = Ad.letd =[- ]+ (d,C[1].)in{(d',d")
[-- (postfin], = Ad.letd =[-]++- {d,C[1]-)in (d',d)

Theparametepf thesefunctionsis theinitial valueandtheresultis the pair of theupdatedvalueand
thereturnedvalue. In the caseof postfixunaryassignmenoperatorsthe returnedvalueis theinitial
value.In the caseof prefix unaryassignmenbperatorsthereturnedvalueis theupdatedvalue.

(E28) [&E]expptrio] = A€ Ap. A& [Elwaneia) € p € * (unit o inl o toAddr,) ADDRESS
(E29) [8E]lexpppiryyy) = Ae-Ap- Aé [Elexpsyepé * (unit o inl) OPERATOR

Thedynamicsemantic®f theaddres®peratoiis simple. A null pointercannever be obtained.

(E30) [*Elnaeia] = Ae-Ap. X [Elexpiprianepr € * (Ama. INDIRECTION
case m, of OPERATOR
inl a = unit a

otherwise = error)
(E31) [*Elexpisg = AeAp. A [Elexpormeré * (Amy.

case m, of
inl dy = unit dy
otherwise = error)

In the dynamicmeaningof the indirectionoperatora checkfor null pointersis performed.An error
occursif anull pointeris dereferenced.

The dynamicsemanticfunction for unaryoperatords definedbelown, parameterizedy the data unary
typeof theoperand The completedefinitionof this functionis omittedin this thesis. OPERATORS

» [unary-opeator], : [7]dat = [7]dat

Thefollowing equationglefinethe dynamicmeaningf expressionsisingarithmeticunaryop-
erators.
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e E : val 7]

e F OpE : val[r'] (Rules:E32,E34andE36)

A ﬂOpE]]m] '] = Ae. [[E]]val [r]1€ * (unit o [[Op]],,_l (¢} C&St.,.,_,_r:)

e E:explr] ... .
o opE : exp[r] (Rules:E33,E35andE37)

A [P E]expirt] = AeeAp. A€ [Elexprr1e p€ * (unit o [op], o cast,.,.r)

The dynamicmeaningof expressionsisingthe unary plus, minusor bitwise negation operatorsare
simple.

(E38) [!'EJe = [E==0]
Logical negationis definedin termsof equalityto zero,assuggesteéh the standard.

(E39) [sizeof Elvasizet; = Ae. unit sizeof(m)
(E41) [sizeof Elvaisize.t; = Ae. unit sizeof(r)
(

(E42) [sizeof (T)lvaijsize] = Ae. unit sizeof(a)

Thedynamicmeaningof the sizeofoperatoiis alsovery simple.

12.5 Castoperators
(E43) [(T) Elespivoia) = Ae-Ap. A [Elexprriepé * (Md. unit u)
In the caseof castingto void, thevalueof anexpressions simply discarded.

(E44) |I( T) E]Ival [+1] = Ae. [[E]]val [r] € * (unit o Cast.,.,_,.,_:)
(E45) [(T) Elexpirr; = Ae-Ap. A& [Elexpr1ep € * (unit o cast,,,,1)

Otherwiseatypecastingis performed.

12.6 Binary operators

Threedynamicmeaningdor binary operatorsaredefined.The primary meaningof a binary operator
is afunctiontakingtwo parametersf typesr; andr, andreturningaresultof typer. All datatypes
aregivenasparametersThe completedefinitionof this functionis omittedin thisthesis.

» [binary-opeator],, -, : [71]dat X [72]dat = [7]dat

Thesecondalternatie dynamicmeaningor binaryoperatorsnodelstheirapplicationon constant
values.The parameters; andr, specifythe datatypesof the two operandseforecorversion. The
parameters; andr) specifythetypesafterthe necessargonversionshave taken place. Finally, the
parametet specifieghedatatype of theresult.
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> V[[binary-opeator]]n,TM;,TQ,T : V([71]dat) X V([ 2] dat) = V([ 7] dat)
VlIOp]]TI,Tg,T;,Té,T = )\(’U1,’U2>.
v1 * (unit o cast,,,,,;) * (Ad1.
vy * (unit o cast,, ;) * (Ad1.
unit ([op],; -1 - (d1,dz2))))

Thedefinitionof this meanings simpleanduniformfor all binaryoperators.
The third alternatve dynamic meaningfor binary operatorsmodelstheir applicationon non-
constanwalues,.e. expressiorcomputationsThe purposeof the parametersvasexplainedabore.

» £[binary-opestor],, -, .7t 7,r + G([71]dat) X G([72]aar) = G([7]aat)
Noticethatthe definitionof this meanings notuniformfor all binaryoperators.

E[8&] 7, rg et = A{g1,92).
g1 * (unit o cast,,,,,;) * (Ad1.seqpt * (Au. checkBoolean,;(d:) —
g2 * (unit o cast,,,,.;) * (Ada. checkBoolean,, (d2) — unit C[1]., unit C[0],),
unit C[0]))
ELN Try oy rpr = A{91,92).
g1 * (unit o cast,,,,,;) * (Ad1.seqpt * (Au. checkBoolean,;(d:) —

unit C[1]-,
g2 * (unit o cast,, 1) * (Ad2. checkBoolean,;(dz) — unit C[1]-, unit C[0],)))

In the caseof the logical binary operatorsthe left operands evaluatedfirst anda sequencgointis
generatedlIf thefinal resulthasnot beendeterminedthe secondperands alsoevaluted. Theresult
of the expressioris oneof theintegervaluesl or 0.

&l ]]7'1,7'2,7'},7'2,7' = A(g1,92)-
g1 * (unit ocast,,,,,;) * (Adi.seqpt * (Au.
g2 * (unit o cast,,.,.1)))

In the caseof the commaoperatoy the left operandis first evaluated,its valueis discardedand a
sequenceointis generated.Then,the secondoperands evaluatedandits resultis the resultof the
wholeexpression.

glIOp]]n,Tg,T;,'r:’g,r = /\(91,92).
let g} = g1 * (unit o cast, 1)
g2 =g2 * (unit o cast,, 1)
in g{l > g’2 * (umt olIOp]]T;,Té,T)

Finally, in the caseof all otheroperatorstheevaluationof thetwo operandss interleared.

Thefollowing equationglefinethe dynamicsemanticshatcorrespondo varioustyping rulesfor Dbvnawmic

expressionsvith binaryoperators. EQUATIONS
er Ey:vallr] ebk Es:valln] ... (Rules:E46,E48,E50,E52,E56,E90,E92and
et Ei0pE, : val [1'] E94)

A I[El OpE2]]V61 = = Ae. v[[op]]n,‘rz,‘r’,‘r’,‘r’ <|IE1]]V61 [r4] & |IE2]]V31 [T2] e>
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, , (Rules:
et By :val[rn] et Ey:val[rs] ... 1 := intPromote 75 := intPromote 7> E60and
e - E1 OPEQ : val [T{] E62)
A |IE1 OpE2]]va1 [+ = Ae. V[[Op]]n,rg,v—g,ré,v'; <|IE1]]vaI 1] € |IE2]]va1 [72] e)
et Ey:valln] el Ey:vallr] ... 7' := arithConv (11, 7s) (Rules:E64,E67,E70,
e - E10pEs : val [int] E73,E76andE83)
A |IE1 OpEZ]]vaI [int] = Ae. leOp]]T1,Tg,T’,T’,int (lIEl]]VHI [r1] € [[EZ]]VaI [72] 6)
ek Ey:val[n] el E;:val[r] .. (Rules:E96andE99)

e+ Eq OpEz : val [int]
A [[El 0pE2]]Vﬁ1 [int] = Ae. V[[Op]]n,"'g,nﬂ'z,iﬂt ([[El]]Val [r:1 & [[Ez]]"ﬁ] [T2] e)

(Rules:E47,E49,E51,

e Ey:exp[ri] eb E;:exp[r] ... E53 E57 E91. E93and
et E10pE; : exp[r'] ’ ’ ,

E95)
A [E10pEs]expir) = Ae. Ap. A& E[OPlry rp et ot \[ Bt ]expirs) € P& [ B2 ]expirs1 € P €)
. _ (Rules:
eb By :exp[n] ek Eb:exp[n] ... i := intPromoters 73 := intPromoters — ppiooq4
F E10pE; : e ]
€ 1 0p L2 Xp [Tl] E63)
A |IE1 OpEz]]eXp [‘r;] = >‘e' Ap AE gllop]]'r],'rg,‘r;,'ré,'r; <[[E1]]9XD [74] ep§7 |IE2]]9XP[T2] €p§>
ek Ei:exp[ri] ek Ey:exp[ra] ... 7 := arithConv {11,72) (Rules:E65,E68,E71,
e - E10pE, : exp|int] E74,E77andE84)
A |IE1 OpE2]]eXp [int] = Ae. )\P )\€ gllop]]‘r;,'rg,v",v",int <|IE1]]eXp [r11€P £7 |IE2]]eXp [r2] € Pf)

(Rules:E54, E55,E58,E59,E66, E69,
et Bi:expln] eb By :explrn] .. E72,E75,E78,E79,E80,E85,E86
l— E E . ! ] ] ] ] ] ] ]
eF BropEs : explr] E87,E98,E101andE115)

A |IE1 OpEg]]eXp ' = Ae. )\p )\f 8[[Op]]71,72,n,72,71 <|IE1]]eXp [r4]1 € P£7 [[E2]]exp [r2] €P £>

In thecaseof arithmeticor simplepointeroperationstheonly thingto determindrom thetypingrules
above arethe parametersor the variousdatatypes.

(E97) [E1&&FE2]variing = Ae.[Ei]vaiir;e * (Adi. ~checkBoolean,(d1) — unit C[0]. , error)
(E100) [E:ll E2lvarqing Ae. [E1]vai[r,1 € *# (Adi. checkBoolean,, (di1) — unit C[1]. , error)

Thesetwo equationglefinethe short-circuitsemanticof the logical booleanoperatordor constant
values.
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(Egl) l[El::E2]]exp [int] = Ae. Ap }\g

[E1]exppiris 1 € € * (Ad. checkBoolean . (4,1(d) — unit C[0]int , unit C[1]int)
(E82) [Er==E:2]exppingy = Ae.Ap. A&

[E2]expptriozn1 € € * (Ad. checkBoolean . (4,1(d) — unit C[0]int , unit C[1]int)
(E88) [E1'= Ea]expringg = Ae. Ap. A&

[E1]exp ptr g2 € P € * (Ad. checkBoolean p, (4,1(d) — unit C[1]in¢ , unit C[O]int)

(E89) |[E1!: E2]]exp [int] = Ae. Ap )\§
|IE2]]exp [ptr[p2]] € P 6 * ()\ d. CheCkBOO]B&Hptr [¢2](d) — unit Cl[l]]jnt s unit Cl[o]]int)

Thesefour equationgiefinethe semantic®f pointercomparisorwhenoneof the operandss the null
pointerconstant.

12.7 Conditional operator

The dynamicmeaningof the conditionaloperatoris a functiontaking asits first parametethe con-
trolling expressiorandasits secondbarametethe pair of alternatve expressionsAll parameterare
interleaved computationsandsois theresult. It is parameterizetly the datatypesof the controlling
expressionthealternatvesandtheresult.

» cond, et ¢ G([7]dat) = G([71]dat) X G([72]dat) = G([7']dat)

COHd.,.’.,.l’T2’TI = Ag A <91792>~
g * (Ad.seqpt * (Au.checkBoolean.(d) — g1 * (unit o cast,,,,,+), g2 * (unit o cast,,,,,1)))

The controlling expressioris first evaluatedanda sequencégoint is generated Then,dependingon
the value of the controllingexpressionpneof the alternatvesis evaluatedandthe resultis returned,
afteracastto theappropriataype.

(ElOZ) |[E?E1: E2]]V31 ] = de.
[E]var-1 € * (Ad. checkBoolean.(d) = [ E1]var(r-,) ¢ * (unit o cast,,.,,), error)
(E103) [E?E:: Esluapy = Me.

[Elvai-1 € * (Ad. ~checkBoolean,(d) — [E2]vai[,,] € * (unit o cast,,,,.r), error)

Theseequationgdefinethe short-circuitsemanticof the conditionaloperatorin the caseof constant
values.

e E:exp[r] et E;:exp[rn] eb E;:expl[r] ... (RUIES.'E104,E105,E106,
e - E?E( E> : exp[r'] E107,E108,E111landE112)
A I[E?EI:E2]]9XP[T’] = /\e)\p/\§

cond oy rt ([Elexpir1 € p &) ([E1]exp1ri1 € P& [ E2]lexpra1 € £ €)

In caseof all sortsof alternatves exceptnull pointers,the only thingsto determinefrom the typing
rulesarethetype parameters.
(E109) |[E?E1: E2]]exp ptrip ] = Ae. /\p )\f

cond ;. pir 1g,1,ptr [p1]ptr 1911 ([ Elesp 11 € P &) ([ Erlexprs1 € p € unit (inr u))
(E110) [E?E1: Ex]expipuripe) = e Ap- AE.

cond ;. pir (g1, ptr [po].ptr [pa] ([ E lexp (] € p &) (unit (inr u),[Ez2]expro] € p &)

Whenoneof thealternatvesis anull pointer it is implicitly corvertedto thetypeof the otheralterna-
tive.
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12.8 Assignmentoperators
(E113) [B1=Eslegir = Ae-Ap. A& [=lmr ([B1Divatue () € p & Al B2 lexp 1 € p )

Thedynamicsemantic®f simpleassignmenis straightforvard. It is definedin termsof the meaning
of the simpleassignmenbperator This meaningis a function, taking asparametershetwo expres-
sionscorrespondindo thel-valueandther-value. It is parameterizety the membertype m of the
[-valueandthedatatype = of ther-value,whichis thesameasthetype of theresult.It is requiredthat
T := datify m.

> [=lnr 2 G([m]mem) X G([7]aat) = G([7]aat)

[=]mr = Xg1,92).
g1 > g2 % (A(dm,d).
putValue__,,, dm d * (\d'.
unit d))

Thel-valueandther-valueareevaluatedallowing interlearing. Then,theevaluatedvalueis storedin
theevaluatedocation. Theresultis the storedvalue.

The definition of compositeassignments probablythe most complicatedpart of the dynamic
semanticof C expressionsThereasorns thattheleft sideof the assignmenimustonly be evaluated
once.For thisreasontyping rule E114cannotbe useddirectly. A typingdervationwith morelevels
mustbe usedinstead.This dervationhasthegeneraform:

e k- E: : Ivalue|[m]

e = E1 : exp [Tl] e = E2 . exp [Tz]
ek Ei0pE; : exp|r']
e - Ey : Ivalue[m] ... ek E10pE; > T

e - E1=E1 OpEz : exp[r]
e - Eiop= E> : exp|t]

where:

Theimplicit coercionrule atthefifth (higher)level is oneof C1or C3;
Thearithmeticoperationrule at thefourth level is oneof E47,E49,E51,E53,E54,E57,E58,
E61,E63,E91,E930r E95;

Theassignabilityrule atthethird level is oneof AL, A2, A3, A4 or A5;

Therule atthesecondevel is E113;and

Therule atthefirst level is E114.

Thedynamicsemantieequatiorthatcorrespondso this derivationis the following:

(E114) [E10p= Exlexpfr] = Ae- Ap- A& [0 ],z rp,rt 202 [ B [ 1vatue (m] € P & [ E2]exp[ra] € P )

Thedynamicsemantianeaningof compositebinaryassignmentperatorss afunctionsimilarto
theonefor thesimpleassignmenbperator However, the numberof parameterss larger
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» [binary-assignmedt,. ., -, 51,7, © G([M]mem) X G([72]dat) = G([7]dat)

Hop:]]m,n,‘rg,‘r;,v'é,r = )\<91792>~
let g1 = g1 * (Adm.
getValue,,, ,  dm * (Ad.
unit (dm, cast,, ., d)))
g2 = g2 * (unit o cast .1 )
in gll > gl2 * (>‘<<dm:d1>7d2>'
let d = castrr; ([OP]), 1, (d1,d2))
in putValue dm d * (\d'. unit d))

T1HmM

The l-value expression the contentsstoredthereandthe r-value expressionare evaluatedallowing
interleaving. Then,theresultis calculatecandstoredin memory

An alternatve dynamicsemantianeaningor expression®f type exp [r'] is defined,correspond- conversion

i i ili i ASIFBY
ing to assignabilitytyping rules. A oS GAMENT

eb B:explr] .. (Rules:Al, A2, A3, A4 andA5)
e E >T1
A AlE]expir] = Ae Ap. A [Elexpir1ep € * (unit o cast,,,,r)

In all casesxceptnull pointerconstantsa simpletypecastingis necessarjo converttheexpressiors
value.

(AG) AlIE]]exp [ptr[¢!']] = Ae. Ap )\5 unit (iHI' u)

Thecaseof null pointerconstantss evensimpler

12.9 Implicit coercions
(Cl) [[E]]exp =] = Ae. )\p. Af HE]]jva]ue [obj [7,q]] € pf * getVa]ueobj [ral—T
(C3)  [Elepiry = Ae-Ap- A& [Elwvalue pitiera [3,q,,11 € p € * getValuey; s s,q,n1s+

Implicit coercionfrom agivenobjector bit-field designatorequireshereadingof the contentof the
givenobjector bit-field.

(c2) [Elespptricn = Ae- Ap- XE. [Eivatve [array [a,n]] € € * (unit o inl o toAddraray [a,n])

(C4)  [Elepperyy = Ae-Ap. A [Eleprsjep€ * (unit o inl)

Implicit coercionfrom arraysor functionsto pointersis simple.It cannever producea null pointer
(C5)  [Elespiry = Ae-Ap. AL iftvosc ([E]var(r €)

Finally, implicit coercionfrom a constantvalueto a non constantvaluerequiresa simplelifting be-
tweenmonadsV andG.
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Dynamic semanticsof declarations

This chapterdefinesthe dynamicsemanticof C declarationsjncluding external declarationsand
translationunits. A large numberof alternatve dynamicmeaningsare givento declarationsrepre-
sentingdifferentaspect®f their executionbehaiour. Sectionl13.1presentshe semantic®f external
declaration@ndSectionl13.2the semantic®f declarations.

13.1 External declarations

> [tunit] : C([int]da:)

(X1) [ external-declaation-list]¢unis =
lifte_,c (rec {external-declaation-list} e,) * (Ae.
[external-declaation-list]ygect € (€ T T) * (Ap.
lifty_,c (mfixyv (C[external-declaation-list] e p)) * (A¢&.
Z[ external-declaation-list] e p £ * (Aw.
lifte . e[“main” ide] * (AJ. case § of
normal [func [int, p.]] = liftv_,c (lookup e p “main”) * (Adm.
liftyoc (Eldm]) * (A{fm,bm)-
isCompatible( fm, func [int, po]) — lift¢c (bm T), error))
otherwise = error)))))

The dynamicmeaningof translationunits is a computationresultingin the value of type int that
is returnedfrom functionmain The statictype ervironmentis first calculatedandthe objectsof the
outermosscopearecreatedandallocated Following that,thefunctioncodeervironmentis calculated
asthe monadicleastfixed point of the C-meaningfor all externaldeclarations.The fixed point is
necessargothatrecursve function callsareallowed. Following that, objectsof the outermosscope
areinitialized andfunctionmainis called. It is assumedhat main hasthetype“int  main (); "
andfor this reasonno actualparametersre passed.An error occursif no main function hasbeen
definedor if its typeis notcompatiblewith “int  main (); .

> [xdecl] : e:Ent — [e]g.: — C([e]Ent)
x2) [ external-declaation external-declaation-list]ygees = Ae.
[external-declaation] xgec € ; [external-declaation-list]xgec €

(X3) [declamtion]zgecs = Ae. Ap.
liftv_,c ([declamtion]gea € p) * (A p'. A[declamtion]geq € p' * (Auw. unit p'))

(X4)  [declamtion-specifies declamator { declaation-list statement-lis} Jxgees = Ae. Ap.
lifty_,c ([declamtor]gewr [func [,p]] € P)

The primary dynamicmeaningfor externaldeclarationss a function that updateghe dynamictype
ernvironment.In the caseof objectdeclarationsthe objectsmustbe createdandallocatedwhereasn
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the caseof functiondeclarationsfunctionsneedonly becreated.

> I[xdecl] : e:Ent — [e]zn: = Cod — C(U)
x2) TI[external-declaation external-declaation-list]xgeas = Ae. Ap. AE.
ZI[ external-declaation]xgec: € p & * (A u. Z] external-declaation-list]xgec € p &)

(X3) Z[decla@ation]sgea = Z[declamtion]gec
(X4)  ZI[declamtion-specifies declamator { declamtion-liststatement-lis} Jxazee: = Ae. Ap. A€ unit ndu

The Z-meaningfor external declarationgs useful for the initialization of objectsof the outermost
scope.In the caseof function definitions,no initialization is necessarybecausef deviation D-5 in
Section2.3. Thiswould notbetrueif staticobjectsweresupportednsidefunctionbodies.

> Cl[xdecl] : e:Ent —» [e]En: - Cod — V(Cod)
x2) C[ external-declaation external-declaation-list]xgess = Ae. Ap. AE.
C[ external-declaation]xdes € p ; C[external-declaation-list] yde € p

(X3) Cl[declamtion]xgees = Ae.Ap. AE. unit €

TheC-meaningfor externaldeclarationgs usedfor the definitionof functions.lt is afunctionwhich
takes as parametershe currentstaticand dynamictype ervironmentandthe currentfunction code
environmentandreturnsanupdatedunctioncodeenvironment.

(X4)  C[declamtion-specifies declamtor { declamtion-list statement-lis} Jxgeas = Ae. Ap. AE.
lifte_v (rec (F{declamtor} ; {declamtion-list}) (1 €)) * (\e'.
g[[declalator]]dm, [func [,p]] € P * ()\ df
let by = Adyp. funbody (
HftG—»K (FAlldEdaIator]]dtor [func [7,p]] e (el T p) dp) * ()‘ pl‘
liftv_« (defineBlock 0 €'
(Mec- A pe. lifty_c ([declamtion-list] gec ec (€c T pc)) * (A pL-
Al declamtion-list] gecr €c p; * (Au.
unit p.;)))
(Aec- A pe. R declamtion-list] gec ec pe * (X pp-
fR[[dEda'ator]]dtor [func [T,p]] €c plc * (Aplcl
unit (e | p!)))
scopeEmpty,) * (An.
lifty_k (P[statement-lifsume [, € 1) * (A7'.
scopeUse 1’ (

lifty_« ([declamtion-list]gear €' p') * (A p".
liftc_,« (A[declamtion-list]gec €’ p") * (Awus.
liftc« (Z[ declamtion-list]gea €' p"" &) * (A ua.
use (rec-L (L[statement-lifsme () €' p" €) £o) (AL
[statement-lisksme () €' p" € £ * (Aw.
liftc_x (R[declamtion-list]gea €' p"") * (A p"".

liftc« (Fr[decla@tor] ator [func [r,p1 € ™) * (Ap"".

unit ))))))))))))
in £[df — (func|r,p],bs)]))

TheC-meaningof functiondefinitionsis the mostcomplicatedart of the dynamicsemantic®of dec-
larations. First the static type environmentfor the function’s body is calculatedand the function
identifieris looked up in the dynamictype ervironment.Following that,thedynamicsemantic®f the
function’s bodyis definedandthefunctioncodeervironmentis updated.

The semanticof the function’s body requiresa corversionfrom a statementomputatiorto an
expressioncomputation performedby function funbody. Executionstartsby the calculationof the
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body’s dynamictype ervironment,in which the declarationof formal parametersnustbe takeninto
account.Thisis performedoy the F 4-meaningof thefunctiondeclaratarFollowing that,anewv scope
for the function’s body is defined,startingfrom the emptyscopeinformationthat correspondso the
outermosscope Uponenteringhefunction’s scopetheobjectso becreatedirethosedeclarednside
the body; uponleaving it, the objectsto be destrgyed alsoincludethe function's formal parameters.
Subsequent)yscopeinformationis updatedby including enclosedscopesdefinedin the function's
body Thisis performedby the P-meaningof thebody’s statements.

After all environmentsandscopeinformationhave beendeterminedthe objectsdeclarednside
thebody needto be createdallocatedandinitialized. Thelabelenvironmentis thencalculatedusing
the function rec-L andstartingwith an emptylabel ervironment. The statementén the functions
bodyarethenexecutedfollowedby thedestructiorof the objectsdeclaredn thebodyandtheformal
parametersTheresultof the body's executionis the resultobtainedfrom the executionof the body’s
statements.

13.2 Declarations

> [decl] : e:Ent — [e]gn: — V([e]Ent) DECLARA-
TIONS

(Dl) [[6]]ded = Me. unit

(D2) [declamtiondeclamtion-list]ses = Ae. [declamtion]eq e ; [declaation-list] gec e

(D3) [declamtion-specifies init-declamator-list ; Jges = [init-declamator-list];qtor

> Aldecl] : e:Ent — [e]g.. — C(U) DECLARA-
TIONS

(D1)  Alellaes = Xe.Ap.unit u A-MEANING

(D2) Al declamtion declamtion-listjges = Ae. Ap. A[declamtion]gect € p * (A u. A[declamtion-list]gec € p)
(D3) Al declamtion-specifies init-declarator-list ; Jaea = A[init-declamtor-list];qtor

> R[decl] : e:Ent — [e]zn — C([e]znt) DECLARA-
TIONS

(Dl) ’Rﬂe]]ded = )\e. unit R-MEANING

(D2) R[declaationdecla@tion-list]geer = Ae. R[declamtion]ge. e ; R]declamtion-list]gec e

(D3) ‘R[ declamtion-specifies init-declartor-list ; Jgea = R[init-declamtor-list];qtor

> Z[decl] : e:Ent — [e] gt — Cod — C(U) DECLARA-
TIONS
(D1) I[€laec = Ae.Ap. A& unit u T-MEANING

(D2)  I[declamtiondeclamtion-listjges = Ae. Ap. AE.
Z[declamtion]gec € p € * (A w. Z[declamation-list]gec € p &)

(D3)  Z[declamtion-specifiesinit-declamtor-list ; Jger = Z[init-declarmtor-list J;gtor

The primary semanticmeaningof declarationssimply createsthe declaredobjectsand functions.
The A-meanings usedfor the allocationof objects whereaghe R-meaningis responsibldor their
deallocatioranddestructionFinally, theZ-meaningoerformsthe declarecbjects’initialization.
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13.2.1 Declarators

DECLARATORS B> [idtor] : e:Ent — [e]zn — V([e]&nt)
WITH .
IniTiaLizers  (D4) leliaor = Ae. unit

(D5) [init-declafator init-declarator-list]ia.or = A e. [init-declamtor];gsor € ; [init-declatator-list;ator €
(D6) [declamtor]ig,r = [declamtor]gsor ¢
(D7) [declamtor = initializer;g.or = [declamtor]gsor ¢

DECLARATORS P Alidtor] : e:Ent —» [e]z.: — C(U)
WITH )
inTiaLizers (D4 Aleligor = Ae. Ap. unit u

A-MEANING  (D5) Al init-declarator init-declarator-list];gr = Ae. Ap.
Al init-declamator]iger € p * (A u. A[init-declamtor-list];gor € p)
(D6) Al decla@ator]ig,r = A[declamtor]gsor 4]
(D7) Al declaator = initializer ]igor = A[declamtor]geor 4]

DECLARATORS b R[idtor] : e:Ent — [e]en: — C([e]znt)
WITH
InTiaLizers (D4)  Rleliqgor = Me. unit
R-MEANING  (D5)  R[init-declarator init-declarator-list]jgr = A e. R[init-declamtor];ger e ; R[init-declamtor-list];gor e

(D6) R[decla@ator]ig,,r = R[declamtor]geor 4]
(D7) R[declamtor = initializer]ig.or = R[declamtor]geor 4]

DECLARATORS b Z[idtor] : e:Ent — [e]zn: — Cod — C(U)
WITH
IniTiaLizers  (D4) Ifelidtor = Ae-Ap. A unit u

I-MEANING  (p5)  Z[init-declarator init-declamator-listJigor = Ae. Ap. AE.
Z[init-declamtorJiator € p € * (Aw. Z[init-declartor-listJiator € p €)

(D6) I[decla@ator]igor = Ae. Ap. AE. unit u
(D7)  ZI[declamator = initializerJigor = Ae. Ap. AE.
lifty_¢ (G[declamtorgeor (o) € p) * (Ad. [initializer i (o] € p € d)

Thealternatve meaningf declaratorsvith initializers sene the samepurposeasthe corresponding
meaning®of declarationsin theinitialization of objectswhosedeclaratiorincludesaninitializer, the
dynamicsemantic®f theinitializer is used.

DECLARATORS b [dtor[¢]] : e:Ent —» [e]znt — V([e]Ent)

(D8)  [Ilatorie) = Me.Ap.createepl

(D9)  [Ilatorie) = Ae-Ap.unitp

(D10) [declaator [ constant-gpression] Jawre) = [declamtor]asor 4]
(D11) [declamtor[ ] Jawrie) = [declamtor]gor 4]

(D12) [* type-qualifierdecla@tor]g,rg) = [declamtor]r (4]

(D13) [declaator ( parametertype-list) Jawor (o) = [declamtor]gsor 4]
(D14) [declaator ( parametertype-list) Jaworjp) = [declamtor]gsor 4]

The purposeof the primary meaningfor declaratorshasbeendiscussedefore. Declaratorscorre-
spondingto atypedefaresimplyignored.
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> Gldtor[¢]] : e:Ent — [e]gnt = V([@]den)
(D8)  GlIlatoris) = Ae.Ap.lookupepl

(D9)  GlI]ator e
(D10) G[declamtor [ constant-gpression Jqor(s) = Gldeclamtor]gor (4]
(D11) G[declamtor[ ] Jatrfg) = Gldeclamtor]ior 4]

(D12) G[* type-qualifierdeclamtor]g.riy) = G[declamtor]gor 4]

(D13) G[declamtor ( parametertype-list) Jaor(g; = G[declamtor]geor (4]
(D14) G| declamtor ( parametertype-list) Juwors) = Gldeclamtor]uor s

Ae. Ap. error

The G-meaningfor declaratorss usedin orderto extracttheir denotedvaluefrom the dynamictype
ernvironment.An erroroccursif thedeclaratorcorrespond$o atypedef

> Al dtor[¢]] : e:Ent — [e]rgns — C(U)

(D8)  A[Ilatorjgy = Me.Ap. allocateep I

(D9)  AlI]atris) = Ae.Ap.unit u

(D10) A[declator [ constant-gpression] Jators) = A[declamtor]gor 4]
(D11) Aldeclamtor [ ] Jawr gy = Aldecla@tor]geor (4]

(D12) A[* type-qualifierdeclamator]gior () = Al declamtor]gsor o]

(D13) A[declamtor ( parametertype-list) Jaworig) = Aldeclamtor]geor 4]
(D14) A[declamtor ( parametertype-list) Jaor(s) = Aldeclamtor]geor 4]

The A meaningof declaratorsenesthe purposeof allocatingobjects.Declaratorgorrespondingo
atypedefareignored.

> R[dtor [¢]] : e:Ent — [e]zne = C([e]znt)
(D8)  R[I]atoris) = Me-Ap.destroyepl

(D9) R[] ator [$]
(D10) R[declamtor [ constant-gpression] Jawrje) = R[declamtor]geor 4]
(D11) R[declamtor [ ] Jaworgp = R[declamtor]geor 4]

(D12) R[* type-qualifierdeclamtor] gy (g = R[declamtor]gsor 4]

Ae. unit

(D13) R[declaator ( parametertype-list) Jawor[s) = R[declamtor]geor 4]
(D14) R[declaator ( parametertype-list) Jawor[o) = R[declamtor]geor 4]

TheR meaningof declaratorsenesthe purposeof deallocatinganddestrging objects.Declarators
correspondingo atypedefareagainignored.

> Fal[dtor [func[r,p]]] : e:Ent — [e]zn — [P]rrot = G([€]Ent)

(D8) FalIlator (funcir,p)] = Ae-Ap. Adyp. error

(D9)  FalIlator (funcir,p]] = Ae.Ap. Ady. error

(D10) Fa[declamtor [ constant-gpression| Jator [func[r,p)] = Faldeclamtor]ator [func r,p]]
(D11) Fa[decla@tor [ | Jator funcr,py = Fal[declamtor]ator (funcr,p])

(D12)  Fa[* type-qualifierdeclamtor]ator func[r,p) = Faldeclamtor]tor func[r,p]

(D13)  Fa[declamtor ( parametertype-list) lator (func[-,p) = Faldeclamtor]aor func r,5]]
(D14) Fa[declamtor ( parametertype-list) Jacor [func[r,p)] = [Parametertype-list],o [,
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The F4-meaningss only definedfor functiondeclaratorsAn erroroccursif it is usedon othertypes
of declarators.lt is a function which takes as parametershe staticand dynamictype ervironments
and the dynamicvaluesof the function’s actualparameters.It returnsa computationresultingin
the updateddynamictype ervironment,wherethe formal parameterhave beencreated. Also, this
computationnitializesthevaluesof theformalparameterto thegivenvaluesof theactualparameters.

> Frldtor [func[r,p]]] : e:Ent — [e]zn — C([e]Ent)

(D8)  Frl[I]dator func[r,p] = Xe-Ap.error

(D9)  FrlIldtorifuncir,s1 = Xe- Ap. error

(D10) Fr[declamtor [ constant-gpression Jacor func[r,p]] = Fr[declamtor]gsor func [r,p]]
(D11)  Fr[decla@tor [ ] Jator[func(r,py = Frldeclamtor]acor func r,p]]

(D12) Fr[* type-qualifierdeclamtor] sor (func [r,p)) = Fr[declamtor]qor tfunc [r,p]]

(D13) Fr[declaator ( parametertype-list) lator (func[r,) = Frldeclamtor]aiwr unc r,p]]
(D14) Fr[declamtor ( parametertype-list) [acor [runc[r,p)] = RI[parametertype-list] .o ]

The Fr-meaningis againonly definedfor function declaratorsandan error occursotherwise. It is
a function which takes as parametershe staticand dynamictype ervironmentsand returnsa com-
putationresultingin the updateddynamictype ervironment,wherethe formal parametertiave been
deallocatecnddestrged.

13.2.2 Function prototypesand parameters

> [prot[p]] : e:Ent — [e]en: — [P]Prot = G([€]Ent)

(D15)  [elprot[po] = Ae.Ap.Adp. unit p

(D16) [... lprot[z] = Ae.Ap.Adp. unit p (Inaccurate.)
(D17) [parameterdeclamtion parametertype-list] ot 17 = Ae. Ap. Adp.

p
[parameterdecla@tion] .- (-] € p (dp 1) * (A p'. [parametertype-lisf o () € p' (shift 1dy))

The primary dynamicmeaningof parametetype lists senesthe samepurposeasthe F4-meaning
for function declaratorswhich wasdefinedabore. The given semanticgs inaccurateasfar asthe
semanticof functionprototypesontainingellipsisis concerned.

> Rlprot [p]] : e:Ent — [e]z. = C([e]Ent)

(D15) R[elprot(pe] = Ae. Ap.unit p
(D16) R[... lprot;p) = Ae-Ap. unit p (Innacurate.)

(D17) R[parameterdeclamtion parametertype-lis],.o¢ 1] = Ae.
[ parameterdeclamtion] .- -1 € ; [parametertype-list o 1) €

The R-meaningof parametettype lists senes the samepurposeas the Fr-meaningfor function
declaratorsgefinedabove. Again,thegivensemanticss inaccurateasfar asthe semantic®f function
prototypescontainingellipsisis concerned.

> [par[r]] : e:Ent — [e]gn: — [T]aat = G([€]Ent)

(D18) [declamtion-specifies declamtor] par ;) = Ae. Ap. Ad.
lifty_,¢ ([declamtor]ator (obj [,q € P) * (Ap'.
liftc . (A[declamtor] gor [obj[r,q € ') * (Au.
lifty_,¢ (G[declamtor ] aiwor (obj (r,q)) € P') * (Aa.
putValue,, i1, gad * (Ad'.

unit ¢))))
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The purposeof the primary dynamicmeaningfor parametedeclarationdasalreadybeendiscussed.

The formal parameteis created allocatedandinitialized by the value of the correspondingctual
parameter

> Rlpar[r]] : e:Ent — [e]ent — C([e]znt)

(D18) R[declamtion-specifies decla@ator] ., [,; = R[declamtor[acor fobj [r,q]]

The purposeof the R-meaningfor parametedeclarationshasalreadybeendiscussed.The formal
parameters deallocatecinddestryed.

13.2.3 Initializations

The primary dynamicmeaningof initializationsis a function which takes as parametershe current
staticanddynamictype ernvironmentsthe functioncodeenvironmentandthe addres®f the objectto
beinitialized. It returnsacomputatiorwith anunimportantesultwhichinitializesthe givenobjectto
thevaluecontainedn theinitializer.

> [init [m]] : e:Ent — [e]z.: — Cod = [m]mem — C(U)

(Il) [[E]]im't [obj [r,q]] = Ae. )\p Af Aa. fullExpression (
AlE]espirjep & * (Ad.
putValue jad x (Ad.
unit u)))

(12) LE Linit pitfield [8,q,=) = e Ap. AE. Aap. fullExpression (
A[E ] exp repé * (Ad.
putValue,, ifeia(s,q,n @ 4 * (Ad'.
unit u)))

T o0bj [T,q

Bya,n

For the initialization of simple objectsandbit-field memberghe initializing expressions evaluated
andtheresultis corvertedasif by assignmento the appropriatalatatype. The obtainedvalueis then
storedin memory

(13) [ETinit jarray [a,n]] = A€- Ap- A€ Xay. storeStringLit, E ayn
(14) [Elinit [array [a,n)] = A€ Ap. A€ Xay. storeWideStringLit, E af n

Thedynamicsemantic®f theinitialization of characteandwide charactearraysby meansof string
andwide string literalsis definedby usingthe storeStringLit, and storeWideStringLit , func-
tions.

(15) [{ initializer-list } [init [array [a,n]] = A€ Ap. A€ Aag.
[[initializer-list]],-nit_a @] €P f afrmn

(16) [{ initializer-list } Jinit foby [struct [t,x],q)] = A€ Ap. A& Aa.
[initializer-list] init.s o] € p € (structMember a)

(17) [{ initializer-list } Jinit fobj [union [t,x],q] = A€ Ap- A€ Aa.
[initializer-list] injt.u [o] € p § (unionMembery a)

Aggragate objectscan also be initialized by bracletedlists of initializers. The type of the object
determineshe semantidunctionthatwill beused.
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> [init-a[a]] : e:Ent — [e]g.: — Cod — (N — [a]o;) = N — C(U)
(18) [initializerinitate; = Ae. Ap. A€ Aag. An. (n>0) —
[initializerinic (o1 € p € (a5 0) * (Awu.
zeroArray,, (shift 1 as) (n — 1)), error
(19) [initializer initializer-list]initafa) = Ae. Ap. A€ Aag. An. (n>0) =
[initializer]inis (o1 € p € (a5 0) * (Awu.
[initializer-list]ini.a (o] € p € (shift 1 af) (n — 1)), error

Thedynamicmeaningof arrayinitialization is definediteratively for eachof the arrays elementsin
casethe numberof initializers containedn thelist is smallerthanthe numberof arrayelementsthe
remainingelementsareinitialized to zerovalues.

> [init-s[7]] : e:Ent — [e]gnt = Cod — (I : Ide — [7 | I]mem) — C(U)

(110)  [initializer Jinit.s(x = Ae- Ap. A€ Adimy.
[initializer]init [m) € p € (dims I) * (Au.
zeroStruct .+ dmy)

(111)  [initializer initializer-list] s (x) = Ae. Ap. A& Admy-
[initializerinit [y € p € (dmy I) * (Au.
[initializer-list]init-s ('] € p € dimys)

Thedynamicmeaningof structurenitialization is definediteratively for eachof the structures mem-
bers.In casghenumberof initializerscontainedn thelist is smallerthanthenumberof thestructures
memberstheremainingmembersreinitialized to zerovalues.

> [init-u[x]] : e:Ent — [e]gn — Cod — (I : Ide — [ |} I]mem) — C(U)
(I12) [[initializer]]im-t_u [x] = Ae. Ap >\§ A dmf [[initializer]]im-t [m] € pg (dmf I)

Finally, the dynamicmeaningof unioninitializationis definedasthe dynamicmeaningof initializing
theunion’sfirst element.
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Dynamic semanticsof statements

This chapterdefinesthe dynamicsemanticsof statements.An introductionto the four alternatve
dynamicmeaningf statementss givenin Section14.1. Subsequent/ythe dynamicsemanticof
statementists is definedin Section14.2andthe dynamicsemanticof statementss definedin Sec-
tion 14.3.

14.1 Dynamic functions

Four alternatve dynamic meaningsare definedfor statementsand statementists of phrasetype
stmt [r]. Eachcorresponddo a differentaspectof their execution. The primary dynamicmean-
ing of statementss a functionreturninga statementomputationlts parameterarethe currentstatic
anddynamictype ervironmentsthe functioncodeervironmentandthelabelenvironment.

» [stmt[r]] : e:Ent — [e]g. — Cod — Lab — K, (U)

The secondalternatve dynamicmeaningfor statementss usedfor the extractionof information
concerningscopes.lt is a function, taking as parametershe currentstatic environmentand scope
informationandreturningthe updatedscopeinformation.

» P[stmt[r]] : Ent - Scope — L,(Scope)

Thethird alternatve meanings usedfor updatinghelabelervironment,addinginformationabout
thelabelsthataredefinedin thestatementlt is a functionwhich takesasparameterthe currentstatic
anddynamicervironmentsthefunctioncodeervironmentandaninitial labelenvironmentandreturns
theupdatedabelervironment.

» CL[stmt[r]] : e:Ent — [e]z. — Cod — Lab — L,(Lab)

Finally, thefourth alternatve dynamicmeanings usedn asimilarway for updatingthecasdabel
ervironment.It is againa functiontakingasparameterghe currentstaticanddynamicenvironments,
the function codeenvironmentandthe label ervironment. It alsotakesthe datatype 7’ of the con-
trolling expressiorfor thecasdabelervironmentandaninitial casdabelenvironmentof type Cas,-.
Theresultis the updatedcaseabel ervironment,which additionallycontainsinformationaboutcase
labelsdefinedin the statement.

» C[stmt[r]] : e:Ent —» [e]ent = Cod — Lab — 7' : Type,,, —» Cas,» — L.(Cas,)
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14.2 Statementlists

(81) [elstmetr] = Ae.Ap. A€ AL unit u
(S1) P[[e]]stmt r] = Ae. unit

(S1) Llelstmtr1 = Ae. Ap. A€ unit

(1) Clelstmtr) = Ae-Ap. A€ AL A7c. unit

Thedynamicsemantic®f emptystatementlistsis very simple,for all alternatve meanings.

(52) [statemenstatement-lighm: ;] = Ae. Ap. A& AL
[statemenfsime (-] € p € £ * (Au. [statement-lighsme () € p € £)

(52) P[statemenstatement-lisksime ;] = Ae.
P[statemenitme (] € ; P[statement-lisksme ] €

(52) L[statemenstatement-lissime (-] = Ae. Ap. A€ AL
follow (L[statemerisim: ] € p € £) ([Statement-lisfsme ;1 e p £ £) * (AL
L[statement-lisksme (-1 e p € £')

(82)  C[statemenstatement-lifsme (-] = Ae. Ap. AE AL ATe. Aw.
follow (C[[statementsm (-] € p € £ 7o w) ([statement-lissm¢ (-1 € p € £) * (Aw'.
C[statement-liSksime (-1 € p € £ 7 ')

Thedynamicsemantianeaningof non-emptystatementists is formedby appropriatelysequencing
the meaningsf their componentsThe first two equationsaresimple. In thelasttwo, the auxiliary
function follow is usedto indicatethatthe statementvhosedynamicinformationis givenby its first
parameters followed, undernormalorderof execution,by the statemenlist whoseprimarydynamic
meanings givenby its secondparameter

14.3 Statements

The following sectionsdefinethe dynamicsemanticof all kinds of C statementsaccordingto the
sameclassificatiorthatis followedin thestandard.

14.3.1 Empty and expressionstatements

(S3) [ Istmts) = e Ap. A€ AL unit u
(S3) Pl lstmt =] = Ae. unit

(S3) L[ lstmt (s = Ae.Ap. A€ unit

(S3)  CL; lstmtpr] = Ae-Ap. A€ AL A7, unit

As in the caseof emptystatemenlists, the dynamicsemanticof emptystatementss very simple.

(S4)  [expression Jsme-; = Ae. Ap. A€ AL lifte_« ([expressiofe, (1) e p€) * (Ad. unit u)
(54) Plexpression; Jsme[r] = Ae. unit

(S4) L]expression Jeme[r] = Ae. Ap. A€ unit

(S4) Clexpression Jemer] = Ae. Ap. A AL A 7. unit

The primary dynamicmeaningfor expressionstatementmeedsonly corvert the expressioncompu-
tation to a statementomputation discardingthe result. The other alternatve meaningsare easily
defined.
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14.3.2 Compound statement

(S5)  [{id declaation-liststatement-lis} Jsme -] = Ae. Ap. AE AL BLOCKS
lifte_.« (rec {declamtion-list} (1 €)) * (A€’
inScope id (
liftv_« ([declamtion-list]gec €' (' T p)) * (A p'.
liftc_« (A[declamtion-list] et €' p') * (Au1.
liftc_« (Z[ declamtion-list] gee €' p' €) * (A ua.
[statement-lisksme (-1 €' p' € £ * (Au.
liftc« (R]declamtion-list]gec €' p') * (Ap".
unit )))))))

In the primary dynamicmeaningfor the compoundstatementthe static type ervironmentfor the
bodyis first calculatedanda changeof the currentscopes performed.Following that,objectsdefined
within theblock arecreatedallocatedandinitialized, usingthreeformsof alternatve dynamicmean-
ingsfor declarations.The statementist is thenexecuted,andfollowing that, the definedobjectsare
destrged.

(85)  P[{ id declamtion-list statement-lis} [sime [;] = Ae. An.

lifte_v (rec {declamtion-list} (1 €)) * (Ae'.

defineBlock id €'
(A ec- A pe. lifty_¢ ([declamtion-list] gea ec (ec T pc)) * (X pl.

Al declamtion-list] gect €c p; * (Aw. unit pg)))

(X ec. A pe. R[declamtion-list]gec €c pe * (X py. unit (ec | p)))
nx (An'.

P[statement-lisfsim: -1 €' n' * endBlock))

Updatingthe scopeinformationfor compoundstatementsequireshe definitionof a new scope.The
dynamicsemanticof the declarationis usedfor specifyingthe objectsthatneedto be createdvhen
the scopeis enteredanddestroyed whenthe scopeis left. Finally, the scopeinformationis further
updatedby statementi theblock’s body

(S5)  L[{id declamtion-list statement-lis} [seme [;] = Ae. Ap. A€ AL
lifte_,. (rec {declamtion-list} (1 e)) = (A€’
inScope id (
lifty_,. ([declamtion-list]gec €' (e' T p)) * (A p'.
follow (L[statement-lisfsime ;) €' p' € £)
(liftc« (R[declamtion-list] e €' p') * (A p". unit w)))))
(S85)  C[{ id declamtion-list statement-lis} [sime ;] = Ae. Ap. A& AL ATe. Aw.
lifte_. (rec {declamtion-list} (1 e)) * (\e'.
inScope id (
lifty_. ([declamtion-list]ge.; €' (' 1 p)) * (Ap'.
follow (C[statement-liSkm¢ -] €’ p' € £ 7c w)
(liftck (R declamtion-list]gect €' p') * (A p". unit w)))))

ThemeaningsC andC for block statementarevery similar. Theonly thing to noticeis thatthe state-
mentlist is followed, undernormalorderof execution by thedestructiorof locally definedobjects.



IF-THEN
STATEMENT

IF-THEN-ELSE
STATEMENT

SWITCH
STATEMENT

182 Chapter 14. Dynamic semanticsof statements

14.3.3 Selectionstatements

(S6) [if ( expression) statemenfsm:-] = Ae. Ap. A& AL
lifte_« ([expressioexy (11 € p &) * (Ad.
checkBoolean i (d) — [statementsm: [, e p € £, unit u)

(S6) Plif ( expression) statemerfsm:[;; = P[statementsm: -]
(S6) L[if ( expression) statemenfym:[;; = L[statementsm: -]
(S6) Clif ( expression) statemenfym:;,; = C[statemenltme (-]

In the caseof theif statemenwith no elseclausethedefinitionof dynamicsemanticss very simple.
In the primary meaning the conditionis evaluatedand,if it is true,thethenclauseis executed.Oth-
erwise,nothingis done. In the alternatve statementsthe meaningof theif statemenis trivially the
meaningof its thenclause.

(S7) [if ( expression) statementelse statememt]sme;] = Ae. Ap. A€ AL
lifte_« ([expressiofes, ;11 e p &) * (Ad.
checkBoolean .+ (d) — [statement]sum¢ (-] € p € £, [Statemest]sim: -1 e p € £)

(57) Plif ( expressior) statementelse statement]sm:;; = Ae.
P[statement] sm -] € ; P[statement]sm: (] e

(57) L[if ( expression) statementelse statement]sme,] = Ae. Ap. AE.
L[ statement]sme (-] e ; L[ Statement]sume (-] €

(§7)  C[if ( expression) statementelse statememt]smi(r] = Ae. Ap. A AL A7e.
Clstatement]sme -1 € p € £ e 5 C[statement]sime (1€ p & £ 7c

Thecaseof if statementgontainingelseclausess slightly morecomple. In the primary meaning,
the elseclauseis executedf the conditionfails. In otheralternatves, the dynamicmeaningsof both
clausesave to beappropriatelycombined.

(S8) [switch ( expression) statemerfsm:;-] = Ae. Ap. AE AL
lifte_k ([expressiofes, ;11 e p &) * (Ad.
use (setBreak (C[statemenfm: -1 e p& £ 7" wo)) (Aw.
getCase_ . (cast i, d) e pw))

The primary dynamicmeaningof the switch statementirst evaluateghe controlling expression Fol-
lowing that,thecasdabelenvironmentfor thebodyis calculatedstartingwith anemptyervironment.
Executiondepend®n the value of the controlling expression.Notice that within the body the break
statementompletegheexecutionof the switch statement.

(S8) P[switch ( expression) statememnfym:(,; = P[statementsm: (-]
(S8) L[switch ( expression) statemenfs,: ;) = L[statementsme (-]
(S8)  C[switch ( expression) statemerifym:;;} = Ae.Ap. A€ AL A 7. unit

Alternative meaninggor the switth statemenareeasyto define.The only thingto noticeis thatits C-
meaningdoesnot entera new switchstatementywhencalculatingcaselabels. Caselabelsarealways
associateavith the smallesinclosingswitch statement.
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14.3.4 Labeledstatements

(S9) [case constant-gpression: statemensme ;] = [Statementsme -] CASE LABEL
(S9)  P[case constant-gpression statemerfym: ;; = P[statementsm: -]

(S9) L[case constant-gpression: statemenfym:[;; = L[statementsm; -]

(S9) C[case constant-gpression: statemenfsme[;] = Ae. Ap. AL AL ATe. Aw.

lifty_,. ([constant-gpressior] ;1) €) * (unit o cast .. ) * (Ad.
setCaser,r, d (Aec. Apc. [statemenfsme (-] €c pe § £) w * (A w'.
Clstatementsime [,y e p & £ 7c w'))

Thedynamicsemantic®f caselabelsis straightforvard, exceptfor the caseof theC-meaning.n this
casethelabelneedgo bedefinedin the casdabelervironmentOtherwise caselabelsareignored.

(510) [default : statemerfsme;;) = [Statementsme (-] DEFAULT
(S10) Pldefault : statemenfyme,; = P[statementsme -] LABEL
(510) L[default : statemerfsm:[;; = L[Statementsme -]

(510) C[default : statemenfyme;] = Ae. Ap. A& AL ATe. Aw.
setDefault, . (Aec. A pc. [Statementsme ] €c pe £ &) w * (Aw'.
C[statementmi (- e p € £ 7c w')

In a similar way, the dynamicsemanticof defaultlabelsis straightforvard. In the caseof the C-
meaningthelabelagainneedgo bedefinedin the caselabelervironment. Otherwise defaultlabels
areignored.

(511) [I: statemenfsume;r; = [Statemenfsime -] IDENTIFIER
(S11) P[I: statementyme[,) = P[statementime (-] LABELS

(511) L[I : statemerfsmi;r] = Ae. Ap. A AL
setLabel I (Aec. A pe. [Statemenfsime ] €c pc £ £) £ % (AL,
L[ statementsime - e p € £')

(S811) C[I : statementsmi(r] = Ae. Ap. A AL ATe. Aw. [statementsyme (-]

In the caseof the dynamicsemanticgor identifierlabels,the focusof attentionis on the £-meaning,
wheretheidentifierlabelmustbe defined.Otherwisejdentifierlabelsaresimply ignored.

14.3.5 lIteration statements

The semanticf iterationstatementss definedby usingthe auxiliary function loop,, .., wherethe
parametet- determineghe datatype of the resultthat canbe returnedby return statementsn the
loop’s body and parameterr’ determineghe datatype of the loop’s condition. The function takes
three parameters:an expressioncomputationthat correspondso the loop’s condition, a statement
computatiorthat correspondso the loop’s body and an expressioncomputatiorthat correspondso
additionalcodethat must be executedbetweensuccessie iterationsof the loop. The resultis the
statementomputatiorfor thewholeloop.

» loop, . : G([7'aa) = K- (U) = G(U) — K, (U)

loop, .1 = Xge. Akp. A gs. fix (k.
liftex go * (Ad.
checkBoolean,:(d) — setBreak (follow (setContinue ky) (liftek gs * (Aw. k))), unit u))
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The leastfixed point operatoris usedfor the definition of the loop’s dynamicsemantics.The loop’s
conditionis first evaluated.If it is true,thenthe bodyis executed followed by the additionalcode,
andtheloop is repeated.Otherwise,nothingis done. Insidethe loop’s body statementbreak and
continuemay alterthe normalorderof execution.

(512) [while ( expression) statemenlyme[r;; = Ae. Ap. A€ AL
loop,. .+ ([expressiofex, (1] € p &) ([Statementsim: (] € p € £) (unit u)

(512) P[while ( expression) statemerfsm:;,;] = P[statemertsm: -]

(812) L[while ( expression) statemenfsmi(,] = Ae. Ap. A€ AL
let k = loop,, .+ ([eXpressiofex, 1] € p €) ([Statemensime (-1 € p € £) (unit u)
in follow (L[statementsmc(-j e p € €) k

(S12) C[while ( expression) statemenfyme[,; = Ae. Ap. A AL AT, Aw.

let k = loop, ., ([expressiofex, (1] € p §) ([Statemenkmt (] € p € £) (unit u)
in follow (C[statemenlym: (-1 e p€ LT w) k

Thesimplesttypeof loopis thewhile statementwhichis directly definedusingthe loop .. ., function.
No additionalcodeis requiredto be executedbetweeriterations.In the £ andC-meaningsexecution
of theloop’s bodyis followed by a repetitionof theloop.

(513) [do statemenwhile ( expression) ; Jsmer] = Ae. Ap. A€ AL
let ky = [statementsm (-1 e p & £
k =loop, . ([expressioexy (1] € p &) kp (unit u)
in setBreak (follow (setContinue ks) k)
(513) P[do statemenwhile ( expression) ; Jsime[r] = P[statementme -]

(513) L[do statemenivhile ( expression) ; Jsme[-] = Ae. Ap. A& AL
let k = loop, ; ([expressiofexp 1] € p €) ([Statementsme (-] € p € £) (unit u)
in follow (L[statementsm: 1 e p & £) k

(513) C[do statementvhile ( expression) ; Jsmer] = Ae. Ap. AE AL AT Aw.

let k = loop, ., ([expressiofexp 711 € p £) ([Statemenksme (-1 € p € £) (unit u)
in follow (C[statementym: (-1 e p€ LT w) k

In the dynamicsemanticdor do statementshe loop’s body is executedfirst, makingthe necessary
adjustmentgor the breakandcontinuestatementsThen,the full loop is executedn theway defined
by functionloop., ... No additionalcodeis requiredto be executecbetweeriterations.

(S14) [for ( expr-opt ; expr-opt: ; expr-opts) statemenfsm:;] = Ae. Ap. AE AL
lifte_k ([expr-opti Jexpr,1 € &) * (A d.
Ioop-,—,-r' (l[expr'opb]]eXp [r2] €P €) ([statementsyme 1epé £)
([expr-opts Jexp (g1 € p € * (Ad. unit u)))
(S14) P[for ( expropt;; expr-opt ; expropts) statemenfsme(,] = P[statemenfsim (-]
(S14) L[for ( expropt ; expr-opt ; expr-opts) statemenfum:(;; = Ae. Ap. A& AL
let k = IOOpT’TI ([[@(pr'opt2]]exp [r2] €P 5) ([[Statemerﬂstmt [r]1€P £ 2)
([expr-opts Jexp (51 € p € * (Ad. unit u)))
k' = lifte_k ([expr-opts]exp g1 € p € * (Ad. k))
in follow (L[statemenfsm: (-1 e p & £) k'
(S14) C[for ( expropt;; expr-opt ; expr-opts) statemenfsme;] = Ae. Ap. A& AL ATe. Aw.
let k = loop, .. ([expr-optJexp(r,] € p &) ([Statementm: ;1 e p € £)
([expr-opts Jexp (g1 € p € * (Ad. unit u)))
k' = lifte_k ([expr-opts]exprs1 € p € * (A d. k))
in follow (C[statemenlsum; -1 € p £ £ 7c w) k'

Finally, in thecaseof thefor statementfunctionloop.. .. is againusedthistime with additionalcode
betweersuccessk iterations.In the £ andC meaningstheloop’s bodyis followed by the execution
of theadditionalcodeanda new iterationof theloop.
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14.3.6 Jump statements

(516) [break ; Jstmtr] = Ae- Ap. A AL getBreak e p BREAK
(S16) P[break ; Jsmer; = Ae. unit STATEMENT
(516) L[break ; Jsmefr] = Ae. Ap. A€ unit

(516) C[break ; Jsimefr] = Ae. Ap. AE AL A7 unit

(515) [continue ; Jstmer] = Ae. Ap. A€ AL getContinue e p CONTINUE
(S15) P[continue ; Jstme[r] = Ae. unit STATEMENT
(515) L[continue ; Jsmes) = Ae. Ap. A€ unit

(515) C[continue ; Jsmer] = Ae- Ap. A€ AL A7e. unit

Thedynamicsemantic®f the breakandcontinuestatementss very simple. The appropriatecontin-
uationis takenfrom the statementomputation.

(817) [9oto I; Jstmefr] = Ae-Ap. A€ AL getLabel Iep? GoTo
(S17) P[oto | Jame[r] = Ae. unit STATEMENT
(517) L[goto |; Jstmer) = Ae- Ap. X unit

(S17) C[goto |; Jsmi(r] = Ae.Ap. AE. AL ATe. unit

Thesemantic®f thegotostatemenis alsoeasy Theappropriateontinuatioris foundfrom thegiven
labelervironment.

(518) [return ; Jstmtvoia) = Ae. Ap. A€ AL resulty,qepu RETURN
(S18) [retum ; Jume(r) = Ae-Ap. AE AL result,ep T STATEMENT
(518) P[retun ; Jstmer] = Ae. unit

(518) Lfreturn ; Jsmer] = Ae. Ap. A unit

(518) C[retun ; lsmer] = Ae- Ap. A& AL A 7. unit

(519) [return  expression Jsmefr; = Ae. Ap. AE AL lifto_k(A[expressiofey, ;1€ p €) * (result; e p)
(519) P[return expression Jsmi[,] = Ae. unit

(519) L[return expression, Jsme[-] = Ae.Ap. A€ unit

(519) C[return expression; Jsmer] = Ae. Ap. A& AL A 7. unit

The semanticof the two flavoursof the return statements againstraightforvard. In the caseof a
simplereturn,adistinctionis madebetweerfunctionswhosereturntypesarevoid andotherfunctions.
For the former, thevalue u is returnedasthe function's result. For the latter, the erroneousalue T

is returned. If this valueis usedin the calling function, an error occurs. In the caseof returned
expressionsgorversionsasif by assignmenapply

14.4 Optional expressions
(S20) [elvarfinty = Ae.C[1]int MISSING
EXPRESSION

The dynamicsemanticsof a missingoptional expressionis the sameasif aninteger constantwas
presentwith thevaluel.
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Chapter 15

Implementation

This chapterinvestigategossiblewaysto implementa denotationakemanticsusinga generalpur
poseprogrammingdanguageln Sectionl5.1the problemis discusse@ndthe denotationatemantics
of asmallbut purposefullycomplex functionalprogrammindanguages definedandusedasanexam-
plein therestof thechapter Sectionl5.2explorestheadvantagesanddisadantage®f thefunctional
programmingparadigmfor the given task, usingthe languagesStandardML andHaslell, whereas
Sectionl5.3doesthe samefor the object-orientegrogrammingparadigm,usingthelanguageC++.
Finally, in Sectionl5.4animplementatiorof theproposedgemanticgor theC programminganguage
is outlined,usingHaslell asthetamgetlanguage.

15.1 Definition of the problem

Althoughnotin the spirit of operationakemanticsa denotationatlescriptionof a programmindan-
guagedefinesdirectly an executionmodel, thatis, an abstractinterpreterfor the programmingan-
guage.This executionmodelcanbeimplementedy translatingthe denotationakemanticdo a pro-
gram,writtenin sometargetlanguagelt is notalwayseasyto implementsuchaninterpreteiby using
a generalpurposeprogramminglanguageasthe target. It is muchharderto implementan efficient
interpreterbut this subjectis not touchedin this thesis.Using anappropriatdargetlanguages very
importantandcangreatlyreducethe compleity of this task. Severallanguage$ave beensuggested
andusedfor this purposewith more or lesssuccess.lt seemghat typed functional programming
languagesare more suitable,as suggestedn [Watt8q, whereML is usedas a meta-languagéor
denotationatiescriptionsNon-strictfunctionallanguagedik e Haslell alsopresensignificantadwan-
tages.Imperatie programminganguageave alsobeensuggestedsuchasAlgol 68 [Paga79 and
PascalAlli83, Alli85], with considerablyesssuccessA morethoroughpresentatiomf relatedwork
is madein Sectionl6.4.

In orderto formulatea denotationatlescriptiona meta-languaghasto beemplgyed. A variation
of the typed A-calculusover Scottdomainshasbeenusedin this thesisfor definingthe semanticof
C, andthe samemeta-languagés consideredn this chapter Regardlesf the tamget languagethe
implementatiorof a denotationatlescriptiorrequiresa meansof translatingabstracsyntax,domain
definitionsandsemanticequationsnto code. A completeinterpretemwould alsorequirea parserand
atranslatoffrom concreteo abstracsyntax,but thesearenot coveredin this chapter

For simplicity reasonsalanguagesimplerthanC is usedasan examplein this chapter Thislan-
guageis purely functionalandfeatureshigh-orderfunctions,recursionby meansof afix operator
adwancedcontrol constructssuchasabort , call/lcc  anda control delimiter or prompt written
as#. It is called PFLC (PureFunctionalLanguagewith Control). The complity of this exam-

CHAPTER
OVERVIEW

IMPLEMENTA-
TION OF
SEMANTICS

EXAMPLE



ABSTRACT
SYNTAX

CONTROL
OPERATORS

190 Chapter 15. Implementation

ple senesthe purposeof usingas mary elementsof the meta-languagaspossible,in its semantic
description.

The abstracsyntaxof PFLC is definedasfollows. A programis justanexpressionthatmustbe
evaluated.Expressionsreinteger or booleanconstantsboundidentifiers,conditionals applications
of binary or unaryoperatorsjambdaabstractionsfunction applicationsfixed pointsor applications
of controloperatorsA variety of binaryandunaryoperatorss supported.

¢ program := expression

¢ expression:= n | true | false || |if expressionthen expressiorelse expression
| expressiorbinary-opeator expression| unary-opeator expression
| lambda | . expression| expressionexpression| fix | . expression
| abort expression| calllcc  expression| # expression

¢  binary-opeator == + |- |* |/ |=| |<>|<|>]|<=|>=]and | or

4 unary-opeator ::= - | not

All control operatorshave beeninspiredfrom the work of Sitaramand are describedn detail
in [Sita9d. A brief descriptionis attemptechere. An evaluationcontext canbe understoodas an
expressionwith a holein it; the value of the whole context dependson the valuethatis placedin
the hole. At ary time duringthe executionof a program thereis stackof evaluationcontexts andan
expressiornhatis currentlyevaluated. The contet thatis at the top of the stackis calledthe current
evaluationcontet andthe resultof the currentlyevaluatedexpressionis the valueplacedits hole. In
the beginning of the program the stackcontaingust one context which consistof a singlehole;the
currentlyevaluatedexpressioris thewhole program.

Expressiorfabort E” abortstheevaluationof thecurrentcontext andreplacest with expression
E. As anexample,considetthefunctionF definedby theterm:

lambda x. lambda y. 7 + (if y=0 then abort 42 else x+y)

With thisin mind, expressiorf F 1 2” resultsin thevaluel0, i.e.7+ 1+ 2, whereasxpressiorfF 1 0”
resultsin thevalue42, sinceabort istriggered.

In expressiorfcall/lcc  E, it is expectedthatE is afunction,takingasagumentanabstracted
form of the surroundingevaluationcontet, i.e. a continuation It leavesthe evaluationcontet in-
tact. On application this continuatiorreplaceghe currentevaluationcontext. Considerthefollowing
example,in whichfunctionG is definedby theterm:

lambda n. 2 + call/cc (lambda c¢. n + (f n=0 then c¢ 40 else n))

In this example,expressior' G 1" givestheresult4, i.e.2 + 1 + 1, whereasxpressior'G 0” gives
theresult42, i.e.2 + 40. In thesecondcasethe contet ¢ surroundinghecall/cc operatolis used
with thevalue40 in its hole.

Finally, thecontroldelimiterconstraintsontrolmanipulatiorby restrictingthe currentevaluation
context. Whenexpressiort'# E” is evaluated,a nev evaluationcontet is pushedo the stack,con-
sistingof asinglehole. Apart from that,evaluationof E continuesasusual. The effect of the control
delimiter s illustratedby the following example. Considerthe functionH definedbelow, which is
identicalto thefunctionF in the examplefor abort, exceptfor the prompt:

lambda x. lambda y. 7 + #(if y=0 then abort 42 else x+y)

In this casehowever, evaluationof “H 1 0” resultsin the value 49, i.e. 7 + 42, becausahe abort
operatiorwasrestrictedoy the controldelimiterto theinterior of the parentheses.
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Figure 15.1: Thedenotationabemantic®f PFLC.

» P[program] : V
Plexpressior] = E[expressiod (AI. Tv) id

» CE[expressio : Env » K —»V

Elnlpr = kn
Etrue Jpk = ktrue
E[false Jprk = k false
NNl pr = w(pI)
E[if expressiorthen expressionelse expression] px =

Elexpressio p (Ae. (e| T) — E[expression] p x, E[expressionr] p )
E[expression binary-opeator expression] p x =

B[ binary-opeator] ([ expression] p) (€[ expression] p) k
E[unary-opeator expressior] p x = U[unary-opeator] (€[ expressior p) &
Ellambda | . expressio pk = & (¢ (Ap. E[expressior] p{I — p}))
E[expression expression] pk = E[expression] p (Aei. E[expression] p (Aez2. d e1 ez k))
Elfix 1. expressior] px = &k (¢ (fix (Aw. § (E[expressior] p{I — ¢ w} id))))
Elabort expressiof pxk = E[expressiod p id
E[callcc  expressior] px = E[expressior] p (Me.d e (P (Ap. Ak'. kD)) K)
E[# expressior] pk = k (E]expressior] p id)

» B[binary-opeator] : (K—-V)—> (K—>V)>K-=>V » ¢ : (V2>K—->V)=>V
Bl+] f1 far = fr(Xe1 fa (Aea. 5 ((e1|N) + (e2|N)))) ¢ f = (upostrict) f
ete. > §: Vo (V, K—=V)
» Ufunary-opeator] : (K—-V)—-K—=V se = down (e|F)
Ul-1fr = fxe r(=(e|N)))
etc.

Thefollowing domainsareusedn thedefinitionof thesemanticef PFLC. Theprimitivedomains semantics
N, T andIde represenintegernumberstruth valuesandidentifiersrespectiely. PFLC is anuntyped
language. Valuesare distinguishedn basicvalues,i.e. integersand booleansandfunctions. The
environmentis asimplemappingfrom identifiersto values.

| B = NoT (basicvalues)
| | F = (Vo K—=>V), (functionvalues)
] A% = BoF (values)
B p : Env = Ide—>V (ervironments)
m « K = V-V (continuations)

The semantidfunctionsfor PFLC aredefinedin Figure15.1,wheren : N and : Ide. A simple
continuatiorsemanticss used.Theauxiliary functions¢ andd facilitatethemanagemeruf function
values. The semanticstself is not further discussedere,sinceit is only given asan example. The
readeris referredto [Moss9(Q for anintroductionto the denotationakemanticof purely functional
languagesandto [Sita9Q for the semantic®f controloperators.
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15.2 The functional programming paradigm

Typedfunctionalprogrammindanguagepresenimary similaritieswith the meta-languagethatare
usedin specifyingdenotationasemantics.Functions,productsand sumsare directly supportedn
mosttypedfunctionallanguagesndthe leastfixed point operatorcanbe rathereasilyimplemented.
Bottomandtop elementfeedspeciatreatmentHowever, bottomelementsansimply be omittedif
they representon-terminationasis usuallythe case.The correctrepresentationf non-termination
is a problemthat cannotbe solved in ary implementatiorof denotationasemanticsthe interpreter
will simply not terminatein the caseof non-termination...Moreover, top elementsnodellingerror
conditionscanbe representetdy exceptionswhich aresupportedn mosttypedfunctionalprogram-
ming languages.The abstractsyntaxcanusually be representedery naturally by appropriatedata
types.With all thisin mind, a directtranslatiorfrom a denotationabemantic$o a functionalprogram
is notonly feasible but relatively easy For moderatelysizedlanguagesthis is the mostefficient way
to createa rapid prototypeof aninterpreter The approachthat was sketchedaborve is discussedn
Sectionl5.2.1,usingStandardViL asthetargetlanguage.

As thesizeof thesemantidescriptiongrows, the disadwantage®f thedirecttranslatiorapproach
multiply. The mainproblemsarethatthe resultingfunctionalprogramis not well-structurecandthat
the detailsof the translation,which mustbe repeatedver and over, are easilyforgotten. For these
reasonsa secondmore well-structuredapproachs suggestedor large semanticdescriptions.This
approachexploits featuresof thetamgetlanguagesuchasmodules signaturesfunctorsor typeclasses,
which improve the modularity of the resultingfunctional program. Furthermore the mathematical
objectswhich participatein the semanticaremodelledin a consistentvay andthusthe development
of the functionalprogramis facilitated. This secondapproactis furtherdiscussedn Section15.2.2,
usingHaslell asthetargetlanguage.

15.2.1 Standard ML

Standad ML is a strongly-typedeagerfunctionallanguagdHarp86 Harp89 Miln90, Miln91]. In a
relatvely shorttime, it hasbecomeemarkablypopularin thefunctionalprogrammingommunityand
anumberof very goodcompilersarecurrentlyavailable. StandardML featuresa staticpolymorphic
type system,exceptions,mutablevariablesand arrays,modulesand abstracttypes. In this section
a direct translationof the semanticoof PFLC to a StandardviL programwill be attempted. The
structuredapproactcouldalsohave beenused.

The direct translationof the semanticf PFLC resultsin a StandardML programof approxi-
mately200lines. Nearly40 lineswererequiredfor theimplementatiorof theabstracsyntaxand150
linesfor thatof thesemanticsTheimplementatiorof thesemanticsvasrelatively straightforvardand
its sizeis surprisinglysmall, consideringhat the implementatiorof a pretty-printerfor the abstract
syntaxrequiredanadditional100linesof code.

The implementatiorof the abstractsyntaxwas completelystraightforvard. The following data
typesweredefinedfor the abstracsyntaxof expressionsAll constructorendwith a prime symbol,
in orderto bedistinguishedrom typenames.

datatype Expr =
Int of int
| True’
| False’
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Ident’ of Ide

BinOp’ of Expr * BinOp * Expr
UnOp’ of UnOp * Expr

I of Expr * Expr * Expr
Lambda’ of Ide * Expr

App’ of Expr * Expr

Fix’ of Ide * Expr

Abort’”  of Expr

CallCC’ of Expr

Prompt’" of Expr

Thedefinitionof semantiddomainspresentsomedifficulties. The mainproblemis thatthedefi- semantic
nition of typesin StandardVIL doesnot allow mutuallyrecursve definitions. Thus,mutualrecursion POMAINS
hadto be eliminated. Bottom andtop elementsvereomittedfrom semanticdomains andlifted do-
mainswerenot used.An exceptionwasdefinedfor therepresentatioof all top elements.

bool
int

type T
type N

datatype B = Number’ of N | Boolean” of T

datatype VvV = Basic’ of B | Function’ of V-> (V > V) >V
type K =V >V

type F =V-> K->V

type Env = Ide -> V

exception  TOP

Theleastfixedpointoperatoicannoteimplementedn StandardL usingits equationaproperty Least Fixep
Thefollowing definitionleadsto non-terminatiorverytimefix is called,dueto StandardL’seager PO'NTS
evaluation:

fun fix f =f (fix f)

Unfortunatelyit doesnot seempossibleto implementa leastfixed point operatorof the polymorphic
type (A — A) — A. However, it is possibleto constructsuchan operatorof the more specific
type (A - B) - (A — B)) - A — B, andthis is adequatdor the semanticof PFLC. The
straigthforvard approachis:

fun fix f x =f (fix f) x
but thefollowing versionsuggestedéh [Gunt9g canalsobeused:

FUNof 'a fix -> 'a
X

local datatype ’'a fix
fun NUF (FUN x)
in fun fix f =
(fn x == (fn y => f(NUF Xx) x) V)
(FUN (fn x => (fn 'y => f(NUF x) X) V)

end

In casethe more generaltype of the leastfixed point operatoris required,the direct translationap-
proachis not possibleanda differentway of circumwentingthis problemmustbefound.
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Thetranslatiorof thesemantiequationss againstraightforvard. A smallexcerptis givenbelow.
Theresemblanceetweerthis codeandFigure15.1is striking.
fun semP E = semE E (fn | => raise TOP) (fn e => g)
and semE (Int'(n)) rho kappa = kappa (Basic’ (Number' n))
| semE True’ rho kappa = kappa (Basic’ (Boolean’  true))
| semE (Ident'(l)) rho kappa = kappa (rho )
| semE (If'(E, El, E2)) rho kappa =
semE E rho (fn Basic’ (Boolean’” t) =>
if t then semE E1 rho kappa else semE E2 rho kappa)
| semE (App’(E1, E2)) rho kappa =
semE E1 rho (fn el => semE E2 rho (fn e2 => delta el e2 kappa))
| semE (Abort'(E)) rho kappa = semE E rho (fn e => e)
| semE (CallCC'(E)) rho kappa =
semE E rho (fn e => delta e (phi (fn p => fn kappa’ => kappa p)) kappa)
| ..
and phi f = Function’ f
and delta (Function’ ) =f
| delta _ = raise TOP
In orderto usetheimplementedsemanticspneneedsonly to write a programlik e thefollowing,
usinganimplementatiorof StandardvL: !
(*
* fact = fix (lambda f. lambda n. if n = 0 then 1 else n * f(n-1))
*)
val fact = Fix'("f", Lambda’("n",
If(BinOp’(Ident’'("n"), Equals’, Int’(0)),
Int'(1),
BinOp’(Ident’("n"), Times’,
App'(Ident’("f"), BinOp’(Ident’("n"), Minus’,  Int'(1))))))
(*
* Evaluate the expression “fact 7" using the semantics of PFLC
*)
val main = semP (App’'(fact, Int'(7)))

This programcalculateghefactorialof 7, usingarecursie definition. The resultof the evaluationof
“main” isthevalue“Basic’ (Number’ 5040) .

15.2.2 Haskell and relatedlanguages

Haslell belongsto the family of strongly-typedazy purely functionallanguagegHuda96 Pete9T.

Its popularityincreasesteadilyandthereare currentlymary efficient compilers. Haslell provides
non-strictsemanticsa static polymorphictype system,algebraicdatatypes, modules,monadsand
monadicl/O andarich systenof primitive datatypes.A variationof Haslell is Gofer, which extends

! TheStandardviL of New Jersg, availablefrom http://cm.bell-labs.com/cm/cs/what/sml| nj/ ,provides
avery goodcompilerandinterpreteffor StandardML. Othergoodimplementationglsoexist.
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thelanguageby addingtype classesvith multiple parameterbut doesnot supportimodulegJone94.
In this section,the structuredapproachtowardsthe implementationof the semanticsof PFLC is
presentedOf course thedirectapproactcouldalsohave beenused resultingin a muchsmallerand
simplerHaslell programof approximately350lines (30 for the syntax,200 lines for the semantics
and120linesfor parsingandpretty-printing).

Thestructuredranslatiorof thesemantic®f PFLC is aprogramof approximately70lines. The overview
implementatiorof the abstractsyntaxrequires35 lines, that of the semanticgequiresl35linesand
400linesareneededor theimplementatiorof theframewvork for domains.The basicclassdefinedin
thisframework is theDomain class:

class Domain a where

(<<=) = a -> a -> Bool
isBottom :: a -> Bool
bottom Doa

isTop : a -> Bool
top Toa

whereoperator<<= representshe domainordering. Notice that for bottomandtop elementswo
membersare needed:one for accessingheseelementsand onefor checkingif a given elementis
bottomor top. Thisis necessargincein generaHaslell typesdo not provide anequalityoperator

Domainconstructorproduceinstance®f theDomain class like the onesdefinedbelov. Notice Domain Con-
thatdomainorderingfor functionsis notcomputablendthatflat domainsarebasednequalitytypes. STRUCTORS

--  Function domains

instance  (Domain a, Domain b) => Domain (a -> b) where

f <<= ¢ = error "Cannot compare functions with  <<="
isBottom f = error "Cannot compare function to bottom"
bottom = \a -> bottom

isTop f = error "Cannot compare function to top"
top =\a -> top

-- Product domains

instance  (Domain a, Domain b) => Domain (a, b) where

(x1, x2) <<= (y1, vy2) = (x1 <<=yl) && (X2 <<= y2)
isBottom  (x, y) = isBottom x && isBottom 'y
bottom = (bottom, bottom)

isTop (X, y) = isTop x && isTop vy
top = (top, top)

--  Flat domains
data (Eq a) => Flatbomain a = FlatBottom | FlatElement a | FlatTop

instance (Eq a) => Domain (Flatbomain a) where

FlatBottom <<= = True
(FlatElement Xx) <<= (FlatElement y) =X =y
_ <<= FlatTop = True

_ <<= _ = False
isBottom  FlatBottom = True

isBottom = False

bottom = FlatBottom

isTop FlatTop = True
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False
FlatTop

isTop
top

-- Coalesced sums
data SumDomain a b = SumBottom | SumLeft a | SumRight b | SumTop

instance  (Domain a, Domain b) => Domain (SumDomain a b) where

SumBottom <<= = True
(SumLeft x) <<= (SumLeft ) =X <<=y
(SumRight x) <<= (SumRight y) = x <<=y
_ <<= SumTop = True

_ <<= _ = False
isBottom  SumBottom = True

isBottom = False

bottom = SumBottom

isTop SumTop = True

isTop = False

top = SumTop

Specialoperationgor sometypesof domainsmay alsobe required,asin the caseof coalesced
sums.Functiondnl andinr areusedto insertof elementsn thecoalescedumswhereadgunctions
outl andoutr areusedto extractelements.

inl :: (Domain a, Domain b) => a -> SumDomain a b
inl  x = if isBottom x then SumBottom else
if isTop x then SumTop else SumLeft x

inr :: (Domain a, Domain b) => b -> SumDomain a b
inr x = if isBottom x then SumBottom else
if isTop x then SumTop else SumRight x

outt : (Domain a, Domain b) => SumDomain a b -> a
outl (SumLeft x) X

outl (SumRight x) top

outl  SumBottom = bottom

outl SumTop = top

outr : (Domain a, Domain b) => SumDomain a b -> b
outr (SumLeft x) = top

outr (SumRight x) = x

outr SumBottom = bottom

outr SumTop = top

BecausdHaslell is alazy languagetheleastfixed point operatorcanbe definedin avery simple
way, accordingto its equationalproperty Its type is the mostgeneralthat can be achieved. The
requirementDomain a” is notreally necessary

fix = (Domain a) => (a -> a) -> a
fix f =f (fix f)

Theabstracsyntaxof PFLC asdefinedn Haslell is very similarto thedefinitionfor StandardviL
thatwasgivenin theprevioussection.The sameconventionwith primesymbolsfor dataconstructors
holds.A smallexcerptis givenbelow:
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data Expr =
IntInt
| True’
| False’
| ldent’”  String
| BinOp’” (Expr, BinOp, Expr)
| UnOp’ (UnOp, Expr)
| 1 (Expr, Expr, Expr)
| Lambda’ (String, Expr)
| App’ (Expr, Expr)
| Fix (String, Expr)
| Abort’  Expr
| CallcC Expr
| Prompt” Expr

The definition for the semanticdomainsdeviatesslightly from the correspondinglefinitionin  semantic
StandardML. Theframawvork for representinglomainss usedhere,andtheauxiliary domainsT and POMAINS
N aredefinedasflat domains. The mutualrecursionneedsnot be eliminatedin the caseof Haslell.

However, Haslell doesnot allow mutual recursionon type synoryms, and this is the reasonwhy
thenewtype declarationis neededin the caseof V. The newly definedtype mustalsobe madean
instanceof classDomain andanadditionaldataconstructomustbe used.

type T = FlatDomain Bool

type N = FlatDomain Int

type B = SumDomain N T

type F = LiftedDomain VvV > K->V
newtype V =V (SumDomain B F)

type Env = Ide -> V

type K =V >V

instance Domain V where

V' x) <<= (V' y) =x <<=y
isBottom (V' Xx) = isBottom X
bottom = V' bottom
isTop (V' Xx) = isTop x
top =V top

In orderto avoid using a seriesof insertand extract operationsfor coalescedsum domains,a
numberof moreabstracsuchoperation@redefined. ExamplesareinBV andoutVB thataredefined
below:

inBV :: B>V
inBV =V . inl

outvB : V -> B
outVvB (V x) = outl x

The semanticequationsare translatedalmostdirectly from the meta-languagéo Haslell. The semantics
smalldeviationsaredueto the notationfor flat domainsandcoalescedums.As farascoalescedums
areconcernedit is importantto remembethatthe omissionof explicit insertorsandextractors,e.g.
inl andoutl, from the meta-languagés a notationalcorvention. The operatorsshouldnormally be
there.An excerptof thedefinitionof the semanticef PFLC in Haslell is givenbelow:
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semP i@ Expr -> V
semP expr = semE expr (i -> top) id

semE i@ Expr -> Env > K-> V
semE (Int’ x) rho kappa = kappa (inNV (FlatElement X))
semE True’ rho kappa = kappa (inTV (FlatElement True))
semE (ldent’ i) rho kappa = kappa (rho (FlatElement i)
semE (If’ (expr, exprl, expr2)) rho kappa =

semE expr rho (\e ->

nif  (outVT e) (semE exprl rho kappa, semE expr2 rho kappa))

semE (App’ (exprl, expr2)) rho kappa =

semE exprl rho (\el -> semE expr2 rho (\e2 -> delta el e2 kappa))
semE (Abort’ expr) rho kappa = semE expr rho id
semE (CallCC’ expr) rho kappa =

semE expr rho (\e -> delta e (phi (\p -> \kappa" -> kappa p)) kappa)

phi = (V > K-> V) > V
phi f = inFV (up (strict_D f)

delta = V-> V> K->V
delta x = down (outVF Xx)

The implementedsemanticsanbe usedfor the evaluationof the sameprogramthat recursiely
calculateghe factorialof 7. The programis givenbelow, andits result,ignoring the presencef the
trivial dataconstructolV’ , is thevalueinl(inl(5040))

-- fact = fix (lambda f. lambda n. if n = 0 then 1 else n * f(n-1))
fact :  Expr
fact = Fix'("f", Lambda’("n",
If(BinOp’(Ident’("n™), Equals’, Int’(0)),
Int'(1),
BinOp’(Ident’("n"), Times’,
App’(Ident’("f"), BinOp’'(Ident’("n"), Minus’,  Int'()))))))

-- Evaluate the expression "fact 7" using the semantics of PFLC

main = semP (App’'(fact, Int'(7)))

15.3 The object-oriented paradigm

In this section the object-orientegorogrammingparadigmis appliedto the problemof implementing
denotationatlescriptionandC++ is suggeste@sthetamgetimplementationanguage Theresultsof
this researcthave beenpresentedn [Papa96h and[Papa96lk. It is clearthat C++ is not a natural
choicefor this problemdomain,lackinglexical closuresgexpressiblegfunctionsandfully operational
high-orderfunctions. However, it is shavn that object-orientatioris a usefultool in this problem
domainandsomeof themary difficultiesimposedby C++ areovercome.

In therestof this section,an object-orientedrameavork is suggestedh several versions provid-
ing a type-safeimplementatiorfor the A-calculusover Scottdomains. However, it is clearthatthe
achieed resultsare not aselegant, nor asefficient in termsof executiontime asthoseof a possible
implementatiorin a moresuitablelanguagesuchasML. It is alsoclearthatthe presencef features
suchas high-orderfunctions,currying, partial binding and the A-notationdetermineghe suitability
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of aprogrammindanguagdor implementingdenotationatiescriptionsSuchfeaturesareinherentin
the functionalprogrammingparadigmandthis partly explainswhy ML is a moreappropriatechoice
in this problemdomain.

In orderto overcomethe dravbacksof C++, an attemptis madeto integrate suchfeaturesin
the proposedramevork. However, in contrastto otherapproachesowardsthe samegoal [Rose92
Klag93 Sag93 Dami94 Watt94 Kuhn9j Lauf95 Rams9%, theintegrationsuggestetheredoesnot
requireary extensiongdo thelanguage Unfortunatelythereis a tradeof betweematuraldescription
usingpure C++ andperformance This dilemmais resolhed in this sectionat the expenseof perfor
mance on the groundsthatimplementation®f denotationatiescriptionsarecommonlyusedfor the
studyof programmindanguagesin a context whereperformancés of little importance.

Furtheranalysisof the problems requirementsnspiredby technique®f object-orientednalysis usine c++
anddesign/eadsto thefollowing remarks:

e Domainsshouldberepresentethy classeswhoseobjectswould representlementsencapsu-
lating dataandoperations.

e Representingompounddomaing(i.e. domainsof functions,products/ifted domainsetc.) by
classtemplatesparameterizethy the type of their componentseemso be a very appropriate
choice. By properrepresentationf operatorsover suchdomainsby function templatesit is
possibleto createatype-safdramevork for elementexpressionsFurthermorein thiswayit is
possibleto overcomethe shortcomingpf C++ asfar ashigh-orderfunctionsareconcerned.

¢ |t doesnot seemnecessaryo treatsyntacticdomainsin a differentway. However, expressing
syntacticdomainsby using productsand sumscomplicatesthe implementationof semantic
equations.It might be moreappropriatdo implementa specialcoalescedgumdomainfor the
representationf syntacticdomains.

e In orderto naturallyrepresent\-abstractionsit is necessaryo find a way of expressingun-
namedfunctions. The definition of a C++ function for eachuseof the A-abstractioncannot
be considered naturalchoice. For the expressiorof binding variablesin abstractionslack of
lexical closuresn C++ expressionsnustbeovercome.

In Section15.3.1an untypedversionof the framewvork is presentedimplementingan untyped section
versionof the meta-languagein Section15.3.2the sameframenvork is extendedby theintroduction ©OVERVIEW
of typesto themeta-languag@ndtheuseof templatess exploitedto malkeit type-safe Sectionl5.3.3
describegnelementarypreprocessahatcanbeusedasafront endto overcomethelack of function
closuresn Sectionl5.3.4several extensiongo C++ areconsideredthatwould be beneficialfor the
implementatiorof denotationasemanticsandalastversionof the suggestedfamevork is presented,
usingthe GNU C++ extensions.In Section15.3.5the full exampleis given anddiscussedFinally,
Sectionl5.3.6summarizesindevaluategheresultsof this approach.

15.3.1 Untyped version

The first implementatiorin C++ to be considereds for an untypedversionof the meta-language. EnveLores
The ervelope/ letter idiom [Copl97 is used,in orderto achiere methodpolymorphismandat the

sametime alleviatethe memory-managemeptoblemshatresultfrom theuseof objectpointers.An
ervelopeclassis usedfor therepresentationf Scottdomainelementswhereaseveral letter classes
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areusedfor therepresentatioonf variousoperation®on suchelementsThe envelopeclassElement
is definedas:
class Element {

private:
Elementimpl  * const impl;

public:
Element (Elementimpl * const ei) : impl(ei) {1}
Element (const Element & e) : impl(e.impl->copy()) {1}

"Element () { delete impl; }

Element operator () (const Element & arg) const {
return  Element(new  Applicationimpl(impl, arg.impl));

}

friend Element lambda (const Element & exp) ({
return  Element(new  Abstractionimpl(exp.impl));

}

friend Element arg (int db) ({
return  Element(new Parameterimpl(db));

}

friend  Element fix (const Element & exp) {
return  Element(new  FixImpl(exp.impl));

}

friend Element evaluate (const Element & e) ({
return  Element(e.impl->evaluate());

}
h
wherefunctionslambda andarg areusedfor the creationof A-abstractiorelementspperator
() isusedfor thecreationof functionapplicationsaandfunctionfix is usedfor theimplementatiorof
theleastfixed point operator In addition,methodevaluate is usedfor the evaluationof elements,
by usingevaluationrulesof A-calculusover Scottdomains.

A setof letter classesreusedfor elemenimplementationsgerived from the abstractetterclass
Elementimpl . In orderto differentiatebetweenimplementationclassesn run-time, a dynamic
type castingmechanisris required. Although run-time type inference(RTTI) haslong beensug-
gestedas part of the proposedC++ standardjt is not generallysupportedoy compilers,at leastin
a portablemanner For this reasona customversionof RTTI is usedhere,which definesa virtual
whatls methodanda staticisMember methodfor all concreteclassesThedefinitionof thesetwo
is facilitatedby usingtwo specialmacros:

#define RTTI_ABSTRACT \

public: \
virtual const char * whatls () const = O;

#define  RTTI_SIGNATURE(AbstractType, sig) \

public: \

virtual const char * whatls () const { return sig; } \

\

static int isMember (const AbstractType & Xx)
{ return  stremp(x.whatls(), sig) == 0; }
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wherestringsignaturesreusedfor clarity, insteadof defininga specialenumeratiorior classes.
ClassElementimpl is definedas:

class Elementimpl {
RTTI_ABSTRACT

public:
Elementimpl () { }
virtual "Elementimpl 0O {1}
virtual Elementimpl * copy () const = O;
virtual Elementimpl  * subst (int db, const Elementimpl * val) const = O;
virtual Elementimpl * incFV (int t = 0) const = O;
virtual Elementimpl * evaluate () const = O;

h

wheremethodcopy implementsthe duplicationof an object, methodsubst is usedfor textual
substitutionmethodincFV will beexplainedlaterandmethodevaluate is usedfor theevaluation
of elements.

Concreteletter classesanbe definedfor the implementatiorof domainoperationssuchas A-
abstractionsfunctionapplicationsor the fix operator A letter classmustbe definedfor bottomele-
ments.Furthermorealletterclassmustbe definedfor theimplementatiorof functionparametersi-or
this purposeDe Bruijn indicesareusedinsteadof nameddummiesdBru72.2 De Bruijn indicesfa-
cilitate the definitionandimplementatiorof textual substitution Of theaforementionetktterclasses,
Abstractionlmp | canbedefinedas:

class Abstractionimpl: public  Elementimpl  {
RTTI_SIGNATURE(Elementimpl, "Abstractionlmpl")
private:

Elementimpl  * const expression;

public:
Abstractionimpl (const  Elementlmpl * exp): expression(exp->copy()) {1}
virtual “Abstractionlmpl () { delete expression; }
virtual Elementimpl * copy () const;
virtual Elementimpl * subst (int db, const Elementimpl * val) const;
virtual Elementimpl * incFV (int t = 0);
virtual Elementimpl * evaluate ();
Elementimpl  * Abstractionimpl::apply (const  Elementlmpl * arg) const;

Methodsevaluate andsubst mustbeimplementedaccordingo a setof evaluationrulesfor EvaLuation
themeta-languagé/ariousevaluationstratgiesarepossibleandthe stratgy thatis adoptechereuses RULES
left-mostreductionand call-by-value function application. A subsetof the evaluationrulesthatare
usedis givenin Figure15.2. Theserulescorrespondo the subsebf the meta-languageontainingh-
abstractiondunctionapplicationsandthe fix operator ThenotationE |} V representtheevaluation
relationandis readas” E evaluateso V", whereasE[#n := F| denotegextual substitutionandis
readas“E wheredummyn is substitutedwith F”. MethodincFV implementsthe adjustmenof
De Bruijn indices, thatis necessarfor substitutingwithin A-abstractions.

2 De Bruijn indicesaredenotedas#tn, wheren > 1.
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Figure 15.2: A subsebf the evaluationrulesfor the meta-languagwith De Bruijn indices.

Evaluation of terms.
FUMNE AV E#1:=V]{|R
AE || AE FAJR
E | MF F[#1:=fixE]|| R
fixE | R
Textual substitution.
m=mn m<n m>n
#Fmfn=F] = F #Fm#n = F] = #m #Fm#n = F] = #(m - 1)
IFV(F,0) = F' E[#(n+1):=F] =R Eil[#n:=F] = E{ Es[#n:=F] = E}
(AE)[#n:=F] = AR (E1 E»)[#n := F] = E} E;
Adjustment of De Bruijn indices.
n>t n<t
IFV(#n,t) = #(n+1) IFV(#n,t) = #n
IFV(E,t+1) = E' IFV(E:1,t) = Ei IFV(E»,t) = Ej
IFV(\E,t) = \E' IFV(E: E»,t) = Ei E3

For example,theimplementatiorof someof thesemethoddor the letter classeghatwere previ-
ouslymentioneds givenbelow:

Elementimpl  * Applicationimpl::evaluate () const {
Elementimpl * eFun = function->evaluate();
Elementimpl * eArg argument->evaluate();
Elementimpl  * result (Abstractionimpl::isMember(*eFun))
? ((const  Abstractionimpl *)  eFun)->apply(arg)
new BottomImpl();

delete  eFun;
delete eArg;
return  result;

}
Elementimpl  * FixImpl::evaluate () const {
Elementimpl * eExp = expression->evaluate();
Elementimpl  * result = (Abstractionimpl::isMember(*eExp))
? ((const  Abstractionimpl *)  eExp)->apply(this)
new BottomImpl();
delete  eExp;
return  result;
}
Elementimpl  * Abstractionimpl::apply (const  Elementlmpl * arg) const {

Elementimpl * applied = expression->subst(1, arg);
Elementimpl  * result applied->evaluate();
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delete applied;
return  result;

}

Elementimpl  * AbstractionImpl::subst (int db, const Elementimpl * val) const {
Elementimpl * fVal = val->incFV();
Elementimpl * sExp expression->subst(db+1, fval);

Elementimpl * result = new Abstractionimpl(sExp);
delete fval;
delete  sExp;
return  result;

}
Elementimpl  * Parameterimpl::incFV (int t) const {

return  new Parameterimpl(deBruijn > t ? deBruijn+1 . deBruijn);
}

As anexample,considerthe expressionAz. Ay. z y) (Az. ) 42, which evaluatesto 42. This
expressioris written as(AA#2 #1) (A#1) 42, whenusingDe Bruijn indices. The evaluationof this
expressiornis performedby thefollowing C++ code:

Element x = lambda(lambda(arg(2)(arg(1))))(lambd a(arg( 1))(I nteger (42));
cout << x.evaluate() << endl;

whereit is assumedhata classinteger hasbeenderivedfrom Element , animplementatiorfor
integer numbershasbeenwritten, aswell asan operator << for printing elements. Note that,
althoughthe evaluatedelementcontainsan implementationfor the integer number42, its type is
Element andnotinteger ,asit would beexpected.Thisis dueto theuntypednessf thisversion
of theframework andis correctedn thenext section.

At this point, afew remarksaremadeaboutthe suggestedramenork.

e A term of the meta-languagés representedy elementswhoseimplementationgollow the
term’s structure.Functionsareimplementedasobjectsof the classAbstractionimpl and
canbedirectly expressedn afairly naturalway without definingfunctions.However, termsof
the meta-languageanonly be evaluatedat run-timeby explicit callsto methodevaluate
No optimizationscanbe madeat compile-timejn contrasto possiblemplementation#n func-
tionallanguagesuchasML.

e It is possibleto improve the efficiengy of the framevork by implementingpart of the evalu-
ation processn elementconstructorssuchaslambda andoperator () . In this way; it
is possibleto reducethe size of elementimplementations.An improved frameavork contains
asimplify  methodfor elementimplementationswhich performsall possibleevaluations
without evaluatingleastfixed point operations. Thus, invocationof this methodwill always
terminate somethingvhichis nottruefor methodevaluate

e The memorymanagemenschemefor elementimplementationsesultsin a heary useof op-
eratorsnew anddelete . By overloadingtheseoperatorsand by changingaccordinglythe
copy method,it is possibleto implementa smartermemorymanagementchemehat would

not copy elementimplementationsvhen not necessarye.g. by keepingreferencecounters).

Betterresultscanbeachiezed by usinga propergarbagecollectorfor C++.

EXAMPLE

REMARKS



TYPE SAFETY

TEMPLATES

204 Chapter 15. Implementation

‘ Elementimpl ’»>‘ Valuelmpl ’»>‘ BottomImpl ‘ ‘Abstractionlmpl‘
>‘ Parameterlmpl‘ >‘ Functionimpl ‘ Strictimpl ‘
Hierarchy of implementations >‘ Applicationlmpl‘ >‘ Booleanimpl ‘ ‘ Updatelmpl ‘
(letter classes) - -
>‘ FixImpl ‘ >‘ Liftedimpl ‘

>‘ Conditionallmpl‘ >‘ Productimpl ’%‘ SProductImpI‘

Hierarchy of elements

(envelopeclass%) >‘ Downlmpl ‘>‘ Sumimpl ’%‘ CSumimpl ‘
>‘ Fstimpl ‘?‘ AtomIimpl ‘
‘ Element %é‘ Boolean ‘ >‘ Sndimpl ‘>‘ Integerimpl ‘
~[Fosrnon] [ oami |
[ - owm |
%‘ Product<T1,T2> ’%‘ SProduct<Tl,T2% >
%‘ Sum<T1,T2> ’%‘ CSum<T1,T2>‘ >
= Atom >‘ BinaryOperatorImpI<I1,I2,IR>‘

= Integer =

UnaryOperatorimpl<l,IR> ‘

Figure 15.3: Classhierarchiedor domainelementsandimplementations.

15.3.2 Type-safeversion

Althoughthe untypedversionthe framevork succeed# implementingthe numerousoperationson
Scottdomaingn afairly naturalway, it failsto representhe Scottdomainghemseles. As anattempt
to provide the elementswith type information, it is possibleto derive classefrom Element but
operation®n suchelementsio not propagatéhe typeinformation. Furthermorethe untypedversion
is only ableto diagnosesemanticerrorsin elemenexpressiongsuchasapplicationof anagumentto
anelementhatis notafunction)at run-time.

It is possibleto createa type-safeversionof the framevork, implementinga typedversionof the
meta-languagelhisversionrepresentScottdomainsasclasseslerivedfrom Element , assignsype
informationto elementandpropagatethis typeinformationcorrectlyandconsistentlyin operations.
In addition,it is ableto detecttype errorsat compile-time by usingthetype systemof C++. A setof
classesandclasstemplatesarederived from Element , asshavn in Figure15.3. The variousclass
templategepresentiomainconstructorsandare parameterizedby the typesof their operands.The
samefigurealsoshavs the completehierarchyof implementations.

In the type-safeversion,functionssuchasevaluate  mustbe replacedby functiontemplates,
propagatinghecorrecttypeinformation. Thedefinitionof evaluate becomes:
template<class T
T evaluate (const T & e) {

return  T(e.getimplementation()->evaluate());

}

TheclasstemplateFunction<in, Out> representfunctiondomains.t is definedas:
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#define  FUN(In, Out) Function< In, Out >

template<class In, class Out>
class Function : public Element {
public:
Function  (Elementimpl * ei) : Element(ei) {1}
Function  (const  Function<In, Out> & f) : Element(f) {1}

Out operator () (const In & arg) const;

k

andthe correspondinglomainoperatorsthatis functionapplicationandtheleastfixed pointoperator
aredefinedas:

template<class In, class Out>
Out Function<In, Out>::operator () (const In & arg) const {
return  Out(new Applicationimpl(getimplementation(), arg.getimplementation()));
}
template<class In, class Out>

FUN(In, Out) fix (const FUN(FUN(In, Out), FUN(In, Out)) & exp) {
return ~ FUN(In, Out)(new FixImpl(exp.getimplementation()));

}

In thetypedversionof A-notationit is necessarto specifythetypeof theparameterAlso, in order Tvresor
to malke theframework type-safeit is alsonecessaryo explicitly specifythetypeof eachparameteg PARAMETERS
instancesincethe C++ compilercannotdeducehetype of anexpressiorsuchasarg(l) . Thisisa
possiblesourceof errors,sincethereis no way of checkingwhetherthe typesof parametemstances
areconsistentvith the typesspecifiedn the correspondingh-expressionsTherefore the A-notation
thatis usedin the type-safeversionis not as simple as that of the untypedone. The two macros
lambda andarg hidetheugly implementatiordetailsfrom theuser Theuseof operator  |= for
theimplementatiorof lambda is justifiedbecaus¢his operatotis right associatie andhasavery low
precedenceAn emptyclasstemplatehasto be defined(LambdaOperator<l n>) justto provide
theparametes typeto operator  |=.

#define lambda(T) (LambdaOperator< T >(0)) |=
#define arg(T, n) (T(new Parameterimpl(n)))

template<class In>
class LambdaOperator {
public:
LambdaOperator  (int) {}
h
template<class In, class Out>
FUN(In, Out) operator |= (const LambdaOperator<in> & I, const Out & exp) {
return  FUN(In, Out)(new Abstractionimpl(exp.getimplementation() );
}

As an example,consideragainthe expression(Az : N — N. Ay : N. z y) (Az : N. ) 42, ExampLe
which evaluatesto 42. This expressionis written as (AN7N AN 22 1) (AN 4:1) 42, in the typed
meta-languageisingDe Bruijn indices.Notethatthetype of eachparametes instancds determined
by thetypespecifiedby the corresponding\-notation. The evaluationof this expressioris performed
by thefollowing C++ code.The evaluatedelements of the expectedtype Integer
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Integer x = (lambda(FUN(Integer, Integer)) lambda(Integer)
arg(FUN(Integer, Integer), 2)(arg(Integer, 1)))
(lambda(Integer) arg(Integer, 1))
(Integer(42));
cout << x.evaluate() << endl;

It shouldbe notedat this point that two problemsstill remainin the type-safeversionof the
framework. Both aredueto thetypesystemof C++:

e Typeunificationin templatesioesnot work asexpectedin somecompilers.in GNU C++, for
instance type unificationfails whenthe formal parameteis a (referenceo a) classtemplate
andtheactualparameteis a subclas®f the classtemplate. The sametypeunificationsucceeds
in BorlandC++3

e |t is difficult to definerecursve domainssuchasTree = N + (Tree x Tree). The olbvious
definitionwould be somethindike:

class Tree;
typedef  SUM(Integer, PROD(Tree, Tree)) Tree;

only thisdoesnotwork, neitherin GNU C++ norin BorlandC++. It seemghattheonly wayto
overcomethis problemis thefollowing definition,whichis problematidoecaus®f theprevious
remark:

class Tree : public SUM(Integer, PROD(Tree, Tree))

{
public:
Tree (const SUM(Integer, PROD(Tree, Tree)) & t)
SUM(Integer, PROD(Tree, Tree))(t) {1}

15.3.3 Preprocessor

Theframavork thathasbeensuggestedh the previous sectionis capableof expressingdenotational
descriptionsin a fairly naturalway. However, elementexpressionsontainredundantinformation
andthis is a possiblesourceof errors. The redundantnformationis the type of parameteinstances.
Considettheexpressiom z : N. (Az : N. z) z, whichis written as:

lambda(Integer) (lambda(Integer) arg(Integer, 1))(arg(Integer, 1))

Thereare two difficulties with the representatiof suchan expression:(i) nameddummiesin A-

abstractionfiave to bereplacedy De Bruijn indices,and(ii) thetypesof parametemstancehaveto

be explicitly specifiedalthoughthis informationis redundantThe formeris a matterof choice,sim-
plifying theframevork andimproving its performanceopn the otherhand,nameddummiesprovide a
morenaturalway of representingh-abstractionsThe latter, however, is a problemof theimplemen-
tation,dueto thechoiceof C++astheimplementatiorlanguage.
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After a coupleof unsuccessfuhttemptgo overcomethesetwo difficulties by usingthe C++ pre-

PREPROCES-

processqrit seemghatthis is not possible becauseC++ lackslexical closuresandvariablescoping SR

within expression$. It is possible however, to implementanexternalpreprocessdor the conversion
of A-notationswith nameddummiesto De Bruijn indicesandexplicitly typed parameteinstances.
Thecompletecodeof sucha preprocessas givenbelaw. It consistsof 42 linesof flex codeand124
lines of bisoncode,including full error handling,and correctlytranslateshe extensionsusedin a
program,ignoringall therest. Theimplementatiorof the preprocessois elementaryandatotal of 8
tokensand4 nonterminakymbolsareused.

Lexical analyzer (preproc.|

9%{

#include  <string.h>

#define  YYSTYPEchar
#include  "preproc.tab.h"

#define COPYdo { yylval

#define  MOREyymore()
#define NL  (lineNo++)

int lineNo = 1;
%}

%x COMMENTBSTRING PREPROC

%%

"lambda"

DON]

e
<COMMENT>["*\n]+
<COMMENT>\n+
<COMMENT>"*"+["*/\n]
<COMMENT>"*"+\n
<COMMENT>"*"+"/"
"II"[\n]*\n

\ll
<STRING>["\n]+
<STRING>\\.
<STRING>\"

T \#
<PREPROC>["\\n]+
<PREPROC>\\.
<PREPROC>\\n
<PREPROC>\n

[A-Za-z0-9_]+
[+
\n

e N Ratn Rata) leon Rt Raa W W W ey

e R N et W

{
{
{

)

= strdup(yytext); } while(0)
return
return

MORE; BEGIN(COMMENT);

MORE;

MORE; NL;

MORE;

MORE; NL;

COPY; BEGIN(INITIAL); return

COPY; NL; return

MORE; BEGIN(STRING);

MORE;

MORE;

COPY; BEGIN(INITIAL); return

MORE; BEGIN(PREPROC);

MORE;

MORE;

MORE; NL;

COPY; NL; BEGIN(INITIAL); return

COPY; return

COPY; return

COPY; NL; return

TK_LAMBDA; }
yytext[0]; }
}
}
}
}
}
TK_WHITE; }
TK_WHITE; }
}
}
}
TK_OTHER; }
}
}
}
}
TK_OTHER; }
TK_ID; }
TK_WHITE; }
TK_WHITE; }

% It is hopedthatthe emegenceof the standardor C++will eliminatethis kind of problems.
4 Seesectionl5.3.4for animplementatiorusingthe setof GNU C++ extensions.
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%%

Parser (preproc.y )

%{
#include
#include
#include
#include
#define

<assert.h>
<stdlib.h>
<stdio.h>
<string.h>

struct  stack {
char *
char
struct stack *
b
struct stack
void push (struct
struct stack *

YYSTYPE char

* dummies =

stack ** s,
node

{ COPY; return TK_OTHER; }

*

name;

* type;
next;

NULL;

char *
stack

name, char * type) ({

= (struct *)  (malloc(sizeof(struct stack)));

9%}

node->name =
node->type =
node->next =
*s = node;

name;
type;

*s;

}

stack **
node =

void pop (struct
struct  stack *

s) {

*s:

assert(node 1=
*s = node->next;
free(node->name);
free(node->type);
free(node);

NULL);

}

void search (struct stack * s, const char * name) {

int 1;

for (i =1; s != NULL;

if  (strcmp(s->name,

printf("ARG(%s,
return;

i++) {

name) == 0) {
%d)", s->type, i)
}
S = s->hext;
}

printf("%s", name);

}

%token TK_ID, TK_LAMBDA, TK_OTHER, TK_WHITE

%%
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expression:

expression (" { printf("("); } expression ') { printf(")");
| expression lambda
| expression v { printf(":"); }
| expression ' { printf("."); }
| expression TK_ID { search(dummies, $2); free($2); }
| expression TK_OTHER{ printf("%s", $2); free($2); }
| expression TK WHITE { printf("%s", $2); free($2); }
| 7~ empty *
lambda:

TK_LAMBDAwhite (" white TK_ID white '’ type {

printf("LAMBDA(%s)(", $8);

push(&dummies, $5, $8);
free($2); free($4); free($6);

}
expression |
printf(*)");
pop(&dummies);
}
type:
type ' type ) |
$$ = (char *) (malloc(strlen($1) + strlen($3)
strepy($$, $1); free($1); strcat($$, "(");
strcat($$, $3); free($3); strcat($$, ")");
}
| type TK_ID {
$$ = (char *) (malloc(strlen($1) + strlen($2)
strepy($$, $1); free($1);
strcat($$, $2); free($2);
}
| type TK_OTHER({
$$ = (char *) (malloc(strlen($1) + strlen($2)
strepy($$, $1); free($1);
strcat($$, $2); free($2);
}
| type TK_WHITE {
$$ = (char *) (malloc(strlen($1) + 2);
strcpy($3$, $1); free($1);
strcat($$, "y, free($2);
}

| 7~ empty * {
$$ = (char *) (malloc(1));

*($$) = 0%
}
white:
white  TK_WHITE {
$$ = (char *) (malloc(strlen($1) + strlen($2)

strcpy($$, $1); free($l);
strcat($$, $2); free($2);

+ 3));

+ 1));

+ 1));

+ 1));
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| 7 empty * {
$$ = (char *) (malloc(1));
*($%) = \0;
}

%%

int yyerror (const char * s) {
extern int lineNo;

fprintf(stderr, "line %d: %s\n", lineNo, S);
abort();

}

int main () { return yyparse(); }

By usingthe preprocessoelemeniexpressiom z : N. (Az : N. z) x canbewritten as:

lambda(x : Integer. lambda(y : Integer. y)(X))

No redundaninformationis given andthis notationis much clearerand more naturalthanthe one
givenin thebeginningof this section.

15.3.4 Extensions

It is possibleo enhanceheobject-orientedramenork for theimplementatiorof denotationaseman-
tics by usinga setof extensionsto C++. The setof GNU extensionseven makesthe preprocessor
unnecessaryithout affectingthe readabilityof elementexpressionsTwo extensionghatarepartic-
ularly usefulare:

o Statemenéxpressionscompoundstatementsvithin parenthesesanappeamvithin expressions.
Thelaststatemenin the compoundstatementietermineshevalueof thewholeconstruct.This
extensionis particularlyusefulbecausé allowsthedefinitionof nen scopedor variablesnside
expressions.

e Opeiator typeof acompile-timeoperatorreferringto thetype of anexpressionwhichis never
evaluated.t canbeusedn ary typeexpressiorandis very usefulin combinatiorwith statement
expressions.

The first and obvious improvementto the frameawork, usingthe two GNU extensionsthat were
mentionedabore, is thatthe meta-languageannow usenameddummiesnsteadof De Bruijn indices
in A-abstractions.The setof evaluationrules mustbe revised and a subsetof the newv evaluation
rulesis givenin Figure 15.4. The only point that needsspecialtreatments textual substitutionin
A-abstractionsilt is resohed by therenamingdummiesvhen&er necessary

A secondmportantimprovementis thata classtemplatefor domainghemselescanbe defined,
namelyDomain<E>, in additionto classegor domainelements.This allows the modellingof do-
main constructorasC++ operatorsandthe useof suchdomainexpressionsn elementexpressions,
wheneerthisis required. Thetype parametekE thatis usedin this classtemplaterepresentghetype
of domainelementslt is thenpossibleto define:
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Figure 15.4: A subsebf theevaluationrulesfor the meta-languagwith nameddummies.

Evaluation of terms.

FUM.E AYV E[I:=V]|R

M.E | \M.E FAUlR
E | MN.F F[I:=fixE] || R
fixE | R
Textual substitution.
I=r I#71 Ei\[l :=F) = E{ Es[[:=F) = E}
I'lI:=F]=F I'IT:=F =T (E1 E»)[I := F] = E} Ej}
I=1r I#4I' I'¢FV(F) E[[:=F] =R
(M".E)[I:=F] = Xl'.E (M[".E)[I:=F] = Xl''R
I#I' I'e FV(F) E[I':=I"|][I:=F] =R I":nevdummy
(A E)I:=F] = \[".R
Freevariables.
FV(E) = S FV(E:) = S1 FV(E:) = S:
Fv(I) = {1} FV(AI.LE) =S—-{I} FV(E1 Es) = S1US>
Domain<Integer> N;
Domain<Boolean> T;
TheclasstemplateDomain<E> is definedas:
template<class E>
class Domain {
public:
Domain () { }
E * nullinstance () const { return NULL; }
E bottominstance () const { return E(new BottomIimpl()); }
E operator () (const E & e) { return e; }
3
#define  bottom(T)  ((T).bottomInstance())
template<class El, class E2>
Domain<FUN(E1, E2)> operator |= (const Domain<El> & d1, const Domain<E2> & d2) {
return Domain<FUN(E1, E2)>;
}
template<class El, class E2>

Domain<PROD(E1, E2)> operator * (const Domain<El> & d1, const Domain<E2> & d2) {

return Domain<PROD(E1, E2)>;
}

#define  OBJ(T) typeof(  *((T).nullinstance()) )
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whereoperator  |= andoperator * representespectiely the domainconstructordor func-
tionsandproductsandoperator () simplifiesthe expressionof domainelementsallowing ex-
pressionsuchasN(42) . Themacrobottom returnsthe bottomelementof adomain,whereaghe
macroOBJ(T) returnsthetype of a given domains element.Finally, the A-notationcanbe imple-
mentedas?®

#define lambda(v, T, E) (lambdaOperator(#v, T, \
({ OBJ(T) v(new Parameterimpl(#v)); \

new typeof( E )E); 1))

template<class In, class Out>
FUN(In, Out) lambdaOperator (const char * dummy, const Domain<in> &, Out * exp) {
FUN(In, Out) result(new Abstractionimpl(dummy, exp->getimplementation()));

delete  exp;
return  result;

As anexample consideragaintheexpressionAz : N — N. Ay : N. z y) (Az : N. z) 42. This
time, the evaluationof this expressionis performedby thefollowing C++ code:

OBJ(N) x = (lambda(x, N|=N, lambda(y, N, x(y))))(lambda(x, N, Xx))(N(42))
cout << x.evaluate() << endl;

A third possibleextension,the presencef which would changethe framework radically is un-
namedfunctionsassuggestedh [Breu8g. Unnamedunctionswould renderunnecessarthe defini-
tion of a specialclassfor A-abstractiongndwould muchsimplify the hierarchyof implementations.
They would significantlynarrav the gapbetweenC++ andfunctionallanguagesUnfortunately un-
namedfunctionshave not beenadopted o the bestof the authors knowledge,in ary popularC++
compiler althoughtheirimplementatiordoesnot seemparticularlyproblematic.

15.3.5 Example

An interpreterfor PFLC, basedn the denotationabemanticof Sectionl15.1hasbeendevelopedin
threevariations,usingthe type-safdramevork with De Bruijn indices,the custompreprocessoand
the framavork basedon GNU extensions.In all casesthe framework itself wasimplementedn a
headeffile of approximately3,000lines. The sizeof the programsthatimplementthe semanticof
PFLC in thethreecaseslo not differ significantly Executiontime is the samefor thefirst two cases,
andit slightly increase#n thethird case.

Theprogramconsistedf approximatelyl,000linesof code,includinganumberof testprograms.
A significantpartof the C++implementatiorfapproximatel\350lines)wasdevotedto theimplemen-
tation of syntacticdomains.It wasdecidednotto usecoalescedumsandproductsfor this purpose,
in orderto simplify the equations.From this experience|t is now clearthatthe implementatiorof
syntacticdomainsn the suggesteframework is inadequate.

Thefollowing codeis a partof theimplementatiorof PFLC’s semantiequationsin theform that
wassuggesteth sectionl5.3.3.Syntacticandsemanticdomainsweredefinedearlierin the program
andtheproblemof recursve domainssuchasV, washandledoy definingemptyclassesasdiscussed
in section15.3.2.

5 A pointertype for the resultof the statemenexpressionhadto be used,becausef a bug in GNU C++ statement
expressions.
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V semP (const Expr & E) {
return  semE(E) (lambda(l: Ide. BOTTOM(V))) (lambda(e: V. e));
}

FUN(Env, FUN(K, V)) semE (const Expr & E) {
if (E.is("Int™))
return  lambda(rho: Env. lambda(kappa: K.
kappa(V::inl(B::inl(semN(E[1]))))));

else if (E.is("BinOp™)) {
return  lambda(rho: Env. lambda(kappa: K.
semBO(E[2])(semE(E[1])(rho))(semE(E[3]) (rho)) (kappa )));
}

else if (E.is("Lambda™))
return  lambda(rho: Env. lambda(kappa: K.
kappa(phi(lambda(p: V. semE(E[2])(update(rho, E[1], P

else if (E.is("Fix™))
return  lambda(rho: Env. lambda(kappa: K.
kappa(phi(fix(lambda(w: FUN(V, FUN(K, V)).
delta(semE(E[2])(update(rho, E[1], phi(w)))(lambda(e: V. e

else if (E.is("Abort™))
return  lambda(rho: Env. lambda(kappa: K.
semE(E[1])(rho)(lambda(e: V. e));

}

The schemdor accessingyntacticdomaing(methodis andoperator [] ) is a simplificationof
theonethatwasactuallyused.In fact,this schemeannotbeimplementedn atype-safevay without
dynamictype castingin functionsemE anda hierarchyof classtemplatedor syntacticdomains.

Exceptfor the (ratherclumsy)implementationof syntacticdomains,the implementatiorof an EvaLuation

interpreterfor PFLC by usingthe suggestedrameavork wasentirelysuccessfubnddemonstratethe

ability of C++to implementdenotationatiescriptionsn a naturalway. The performancef theinter

preteris muchlower thanthe performancef animplementatiorin a functionallanguage However,
thiswasexpectedsinceC++ hardly supportghefunctionalprogrammingparadigmwhichis sonatu-

ral in this problemdomain,andperformancevassacrificedfor ease-of-represenian. As discussed

in sectionl15.3.4,it is believed that the extensionof C++ with a singlefeature(unnamedunctions)

would make it possibleto achiere a performanceomparablédo functionallanguages.

15.3.6 Discussion

Thevariationsof a type-safdramavork for theimplementatiorof denotationatlescriptionsn C++
thatweresuggestedh the previous sectionsexploit the object-orientegorogrammingparadigm.Pure
C++ canbeused,althougha setof extensionds definitelyvaluable.The suggestedramevork could
be translatedo otherobject-orientedanguagesupportinginheritance polymorphismand generic
types.

The main criteriain the evaluationof this framewvork are expressivenesandperformance Con-
cerningthe first criterion, the framewvork providesa naturalway of expressingdenotationatlescrip-
tions. Somedravbacksof this approachjmposedby C++, have beenalreadydiscussedCompared
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with othergeneralpurposeprogramminganguageshat have beensuggestedor the samepurpose,
this framework is inferior to implementationsn functionallanguagesThe object-orientegprogram-
ming paradigmresultsin morenaturaldenotationatiescriptionghanpossibleéimplementationsising
imperatve programmindganguages.

Performancassuesin the implementationof this framewvork have beenconsciouslyngglected.
Performancés reducecdbecaus®f threefactors:

e The memorymanagemenof C++ is poor for the requirement®f this problemdomain. This
canbealleviatedby usinga garbagecollectorandoverloadingoperatorsiew anddelete

e \-abstractionandhigh-ordefunctionsaremanagedy theprogrammeinsteacbf thecompiler
resultingin pooroptimizationswvhencomparedo thosethatareperformedby thecompilerof a
functionalprogrammindanguageThis canonly be solved by extendingC++ with anunnamed
functionfeature asdiscussedtarlier

¢ A largenumberof virtual methodss requiredandtheir callsreduceperformanceThis problem
is inherentin the object-orientegorogrammingparadigmwith C++.

Neverthelessperformancds not consideredo be a very significantfactorin the evaluationof the
framewvork. Implementation®f denotationatlescriptionsaaremainly usedasexperimentalexecution
modelsfor the studyof programmindanguagesln this contet, performancés seldomanimportant
issue.

15.4 Implementation of the proposedsemanticsfor C

A significanteffort hasbeenmadeto evaluatethe proposedienotationatemanticgor the C program-
ming language.n this task,the majorissuewasto asses$iow completeandaccuratehe developed
semanticss. Unfortunately thereis no systematiovay for suchan evaluation,sincethereis simply
no way to comparea formal systemof this compleity againstaninformal specificationsuchasthe
ANSI C standardFor thisreasonanimplementatiorof aninterpretercorrespondingo thedeveloped
semantichasbeentestednstead usingsometestsuitesfor C implementationghatwereavailable.

An earlier versionof the developedsemanticavas first implementedusing SML as the tamget
language.Although that versionof the semanticglid not usemonadsa numberof problemswere
envounteredn theimplementationLater, SML wasabandonedndHaslell wasusedinsteadmainly
becausé hasarichertypesystemmoreflexible syntax,elegantsupporfor monadsandalsobecause
lazy evaluationavoids a numberof non-terminatiorproblems.

The currentimplementatiorconsistsof approximatelyl5,000lines of Haslell code,which are
distributedroughlyasfollows: 3,000linesfor thestaticsemantics3,000linesfor thetyping semantics,
5,000linesfor thedynamicsemantics3,000linesfor parsingandpretty-printingand1,000morelines
of generalkcodeandcoderelatedto testing. As it wasexpectedtheimplementatioris very slow and
this presentsa serioushandicapn theyet unfinishedevaluationprocesssignificantlylimiting the size
of testprograms. Although the evaluationof the developedsemanticss still underway and minor
bugsarewaitingto befixed,theresultsindicatethatthe developedsemanticés completeandaccurate
to a greatextent,with respecto the ANSI C standard.
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Relatedwork

This chaptempresentgelatedwork in the main researctfields that are addressedby this thesisand, crapter
wheneer applicable,comparest with the presentwork. Section16.1 coversthe field of defining CVERVIEW
the semanticof real programminganguagesnd Sectionl6.2 specializesn the semanticof the C
programminglanguage. Section16.3 presenteselatedwork in the useof monadsin denotational
semantics Finally, Section16.4 briefly outlinesrelatedwork in the implementatiorof denotational
semantics.

16.1 Semanticsof real programming languages

Thesemanticof mary popularprogrammindanguage$ave beenformally specifiedduringthelast
30years.Variousformalismshave beenusedfor this purpose However, in mostcasegheformaliza-
tionsarenotcompleteandfeatureghatarehardto formalizeareoftenomitted.Only few realprogram-
ming languagesave beengiven formal semanticsgven incompleteto someextent, as part of their
official definitions.SchemendML areprobablythe only examplesof suchlanguagesln thesearch
for formal specificationof real programminganguagesthe authormustgreatfully acknavliedgethe
invaluablehelpthathe hasrecevedfrom theresearclof Baumannbaumann@ifi.uniz  h.c h) at
the University of Zrich, who gathereda large numberof referencego relevant currentliteraturein
1995 In thefollowing list of referencesattemptgo formalizethe semantic®f C have beenomitted,
asthey areseparatelypresented Sectionl6.2.

¢ Denotational semanticshave beenusedfor theformal specificatiorof:

— SequentiaRda, in thework of PederseifPede8(.

— Algol 60andPascal in thework of BjgrnerandJonegBjor82a Bjor82l, usingthe VDM
formalism.

— Sdemein thework of alargeresearchgroup,resultingin a publicationeditedby Clinger
andReedAbel9]]. Thedenotationaspecificatioris partof the [EEE standardIEEE91].

— Smalltalk-80in thework of Wolczko [Wolc87.
o Variationsof operational semanticshave beenusedfor the specificatiorof:

— Standad ML, aspart of the languages definition by Milner, Tofte andHarper[Miln90,
Miln91, Kahr93, usingnaturalsemantics.

1 Unfortunately the resultsof this researcthave now apparentlydisappearerom the Internet. They were previously
accessiblérom the URL: http://www.ifi.unizh.ch/groups/baumann/ sol.ht ml.
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— Eiffel, in thework of Attali, CaromelandOudshoorrjAtta93], usingagainnaturalseman-
tics.

— Sdeme in the work of Honsell, Prarato and Ronchidella Rocca[Hons93, usingstruc-
turedoperationakemantics.

e Axiomatic semanticshave beenusedfor the specificatiorof:

— Pascal in theseminalwork of HoareandWirth [Hoar73, probablythe earliestattemptto
aformal specificatiorof areal programminganguage.

e Abstract state machines formerly knovn asevolving algebrashave beenusedfor the specifi-
cationof large subset®f mary languagesincluding:

— Ada in thework of Morris andPottinger{Morr90Q].

— Cobol in thework of Vale[Vale93.

— C++, in thework of Wallace[Wall93, Wall95].

— Modula-2 in thework of Gurersich andMorris [Gure88 Morr88].
— Obeon, in thework of KutterandPierantonidK utt97h Kutt973.

— Occamin thework of GurevichandMoss[Gure9(Q andalsoin thatof Borger,Durdanwit
andRosenzweidBorg94a Borg9g.

— Prolog, in thework of BorgerandRosenzweigBorg944.
— Smalltalk in thework of Blakley [Blak92].

o Finally, action semanticshave beenusedfor theformalizationof the semantic®f:

— Pascal in thework of MossesandWatt[Moss93.

— Standad ML, in thework of Watt [Watt87, which wasoneof the earliestapplicationsof
actionsemantics.

16.2 Formal semanticsof C

Until recently C hasnot beena very popularlanguageasfar asthe formalizationof its semanticss
concernedHowever, after1990,significantresearchasbeenconducteadoncerningsemanti@aspects
of the languagemainly becausef its popularityandits wide applications.In general the majority
of the suggestedormalizationsfocuseson subsetof the languageand avoids to addresghe most
complicatedissues,suchas side effectsin expressionsunspecifiedevaluationorder and sequence
points.

e The earliestformal approachto the semanticof C is givenin the work of Sethi, wherethe
semantic®f pre-ANSIC declarationss mainly addressefSeth8(. This appoachusesdenota-
tionalsemanticandmalkesanumberof simplifications themostimportantbeingarequirement
for left-to-right evaluationof expressionsThiswork, althoughlargely incompletewith respect
to the ANSI C standardhassignificantlyinfluencedhe presenthesis.
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In adifferentpapef{Seth83, Sethiaddressethesemantic®f C’scontrolstructuresisingagain
denotationasemanticendintroducingpipesasa notationalvariationfor combiningfunctions.
Thiswork is partof Sethis researchin the areaof semantics-directedompiling. Left-to-right
evaluationof expressionds againenforcedandthe declarationof variablesis not allowed in
compoundstatements.

Thework of Gurevich andHuggins definesa formal semanticgor C usingthe formalismof

evolving algebraspr abstractstatemachinedGure93). However, in a numberof casesthe
proposedsemanticss not accuratewith respecto the standard.The semanticof expression
evaluationis basedon two mistalen assumptions:(i) that no interleaing is allowed in the
evaluationof subepressionsand(ii) thatsideeffectstake placeatthe sametime thatthey are
generated.

Black and Windley have proposeda high-level axiomatic semanticsfor programminglan-
guageswith side effectsin expressiongBlac9q. The semanticgs formalizedasa setof in-

ferencerulesfor assignmentsyhile loopsandfunction calls. The inferencerulesdistinguish
betweerpre-evaluationandpost-&aluationsideeffects. Furthermoreanimplementatiorof the
proposedsemanticsn the HOL theoremprover is usedin the samework for the verification
of a secureHTTP daemongconsistingof about100lines of C. The proposedsemanticss not
complete with respecto the standardandin analltogetherdifferentlevel of abstractiorfrom

thework presentedh thisthesis.

In thework of Cook andSubramaniananoperationakemantic$or C is developedin thetheo-
remprover Ngthm[Cook94h Subr9§. The proposedemanticeanbe usedfor theverification
of simpleC programsn thetheoremprover. However, it is incompleteandinaccurateo alarge
extent. Restrictionson C’s type systemallow only the type int, arraysof int andfunctionsre-
turningvoid or int. Only a smallsubsebf C’s controlstatementss allowed, excluding switd,
do, for andjump statementsut return Furthermorerestrictionson operatorsareenforcedand
left-to-right evaluationorderis assumed.

Cook, CohenandRedmondhave alsodevelopeda denotationatemanticgor C in anunpub-
lishedwork [Cook9434. The semanticds basedon a temporallogic definedby the authors.
Although left-to-right evaluationis assumedn this work, the authorssuggestow this canbe
remedied.However, it is not clearwhetherthe suggestiorallows for interlearing andthereis
notreatmenbf sequencgoints.

An operationakemanticgor C hasbeensketchedin termsof a randomaccessnachineasa
part of the MATHS project in California StateUniversity The proposedsemanticgioesnot
apparentlycover declarations@ndis vaguein partsrelatedto the semantic®of expressionand
statements Becauseof the formalismusedby the authors,a comparisorof this work to the
presenthesisis noteasy

Finally, the work of Norrish describesan operationakemantic§or ANSI C, which hasbeen
fully definedin the HOL theoremprover andhasbeengiventhe nameCholera[Norr97]. The
operationabemanticaisessmall-stepreductionsandfollows the tradition of theformal defini-
tion of SML [Miln90]. A derivedaxiomaticlogic is alsodevelopedin thesamework asa setof
theoremghatcanbeprovedin HOL usingtheoperationamodel[Norr96]. Theaxiomaticlogic
is usefulin verifying propertief C programs
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To the bestof the authors knowledge,the work of Norrishis the only approachthat formal-
izesaccuratelyC’s unspecifiedorder of evaluationandsequenceoints. The languagehatis
specifiedby Choleradoesnot supportswitch and goto statementsnor string literals. Its type
systemlacksqualifiedtypes,unionsandbit-fields. Moreover, no dynamicmemoryallocation
is possibleanda stack-basednemorymodelis assumedwhich is probablya restrictionwith
respecto the standard.

Overall, the operationakemantic®f Norrishspecifiesaccuratelya languagedhatis a subsebf

the onespecifiedin the presenthesis. His work follows an alltogetherdifferentpathtowards
the samegoal. For this reasona morethoroughcomparisorof his operationakemanticswith

thedenotationatemanticslefinedherewould be beneficiaffor bothends.

The authorof this thesisknows of no otherdenotationabpproacho the semanticof the C pro-
gramminglanguage.

16.3 The useof monadsin denotational semantics

The conceptof monadscomesfrom cateyory theory Monadshave beenproposedoy Moggi asa
usefulstructuringtool for denotationatemanticgMogg89 Mogg9Q. Moggi demonstratetheuseof
monaddor representinglifferentaspect®f computationsgefinednonaddor programmindanguage
featuressuchas state,exceptionsand continuations and presentedall-by-value and call-by-name
semanticg$or the A-calculus.In ashorttime, theideaof monadsecamevery popularin thefunctional
programmingcommunityas a way of structuringfunctional programsand simulatenon-functional
features. The work of Wadler [Wadl92 WadI95h WadI954 playeda very importantrole in this
direction.

In the last few years,researchrelatedto the applicationof monadsin denotationalsemantics
hasfocusedon the combinationof monadsto structuresemanticinterpreters.Monadtransformers,
whichwerealsofirst proposedy Moggi [Mogg9( as“holes” insidemonadsandothersimilar con-
structshave attractedheattentionof mary researcherdn thework of Steeld Stee94, pseudomonads
were proposedas a way of building interpretersout of smallerparts. The first modularinterpreter
basedon monadtransformersvasa systemwith the nameSemantid_ego, writtenin Schemeby Es-
pinosalEspi9g. In this work Espinosdirst raisedthe issueof lifting, andproposedstratificationas
an alternatve. In the work of Liang, HudakandJonegLian95h, monadtransformersare demon-
stratedto succesfullynodularizesemantidnterpretersaandthelifting of severalmonadoperationss
investigated.

Paverdomaingaverefirst proposedy Plotkin [Plot76 asthe domain-theoreti@analogueo pow-
ersets.They have beenused,in mary variations,to modelthe semanticof programminganguages
with non-deterministideatures,or parallelismthat canbe treatedin a non-deterministiavay. The
corvex poverdomainhasbeenproved to be a monadin the cateyory of completepartial ordersand
continuoudunctions[Gunt93. However, theauthorof thisthesishasnotfounda completeclearand
concisedefinitionof this monadandits operationsn literature.

The techniqueof resumptionshasbeenusedto model the semanticof interleared execution
in programminganguages.An extensie treatmentcanbe foundin the book of de Bakker andde
Vink [dBak9q, wheremary variationsof domainsfor modellingresumptionsare definedandtheir
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propertiesareexplored? In this work, afamily of similar domainsis definedincludinga domainfor
resumptionsover a direct semanticavhich satisfiegheisomorphismD ~ A + (S — P(S x D)),
whereP is a powverdomainconstructar However, no generalizatioris attemptedo differentkinds of
resumptionsSucha generalizatiortanbe achieved by defininga resumptiormonadtransformemand
is attemptedn thepresenthesis.

16.4 Implementation of denotationalsemantics

Denotationakemanticeanbe consideredsan abstracexecutionmodelof programmindanguages.
By rewriting the semanticequationsn anappropriatdarget programminganguageandby attaching
afront-endfor lexical analysisandparsinganda back-endor communicatiorwith the ervironment,
aworking implementatiorof suchan abstractnterpreteris possible.However, this rewriting of de-
notationalsemanticss not easy The choiceof taigetlanguagés a crucialissueandseveralgeneral-
purposdanguagedave beensuggestedlt seemghatfunctionallanguagesre moresuitable,since
semantiequationsaretypically written in meta-languagesfluencedoy the A-calculus.

Thellist belowv indicatessomegeneral-purposprogramminganguageshat have beenusedfor
the implementatiorof denotationakemantics.However, it doesnot include the meta-languagesf
semantics-orientespecificatiorsystemsuchasSISor VDMSL.

e Algol 68 wasthe first imperatve programminganguageto be suggestedor this purpose,n
thework of Pagan[Paga79. An extensionto thelanguagevassuggestethy Pagan,in orderto
allow partialparametrizatiomn functionsandfacilitatetheimplementatiorof semantics.

e Pascalhasalsobeenusedfor the samepurposein the work of Allison [Alli83, Alli85]. Al-
thoughPascalis a more modestlanguagethan Algol 68, this approachcircumwentsmary of
the difficulties indicatedby Pagan.However, it is clearfrom this work thatthe introductionof
extensionsn Pascalcouldsignificantlysimplify thetask.

e Lisp andSchemewereprobablythefirst from thefamily of functionallanguageso be usedfor
the implementatiorof denotationakemantics.Their main advantageis that, beingof a func-
tional nature they aremuchcloserto the meta-languagehatarecommonlyusedin semantics.

¢ ML wassuggestedsa muchmore naturalchoicefor theimplementatiorof denotationake-
mantics,in the work of Watt [Watt8g. ML alsobelongsin the family of functionalprogram-
minglanguageskurthermorein contrasto Lisp, ML is strongly-typedandthis propertyproves
extremelyvaluablein detectingerrorsin semantiequations.

o Haskell andotherlazy functionallanguagesave alsobeenusedrecentlyfor theimplementa-
tion of denotationakemanticsLazy languageseemto circumwentnon-terminatiorproblems,
arisingfrom the directtranslationof semanticequationsn eagerfunctionalprogrammingan-
guagesHaslell andits sibling Gofer arealsostronglytyped.

The currenttrendis towardsthe use of strongly-typedfunctional languagessuchas ML and
Haslell. Althoughthesdanguagesrenotperfectlysuitedfor this purposeasdiscusseih Chapterls,
in mostcaseghey prove to beadequatdor theimplementatiorof denotationabemantics.

2 The terminologyis slightly different, hawever, as suchdomainsare called “branchingdomains”in the book of de
Bakker andde Vink andtheterm“resumption”is usedin a differentway.”






Chapter 17

Conclusion

This thesispresentghe resultsof the authors researcton the formal semanticof the ANSI C pro-  crapter
gramminglanguage. In this concludingchapter a recapitulationof the thesisis first attemptedn  OVERVIEW
Section17.1, wherethe accomplishmentand contritution are briefly summarized.In Section17.2
directionsfor futureresearctarepresentedFinally, Sectionl7.3containsafew closingremarks.

17.1 Summary

A formal semanticgor the ANSI C programminganguagéhasbeendevelopedin thisthesis.Empha- AccompLish-
sishasbeengivenprimarily ontheissuef accurag andcompletenessndsecondarilyonsimplicity. “M&ENTS
Thedenotationahpproacthasbeenfollowed. In orderto improve the modularityandeleganceof the
semanticandfacilitateits developmentmonadsandmonadtransformerdiave beenused represent-

ing differentaspect®f computationsThe semanticss dividedin threedistinctphases:

e Staticsemantics;
e Typing semanticsand
e Dynamicsemantics.

Amongthe possibleapplicationsof a formal semanticgor C, oneshouldfirst mentionits possi-
ble useasa precise,abstractandimplementation-indepeient standardor the languagea point of
referenceor implementersand advancedprogrammers However, its mostimportantapplicationis
probablyasa formal basisfor reasoningaboutthe correctnessf C programs.

Thedevelopedsemanticstogethemwith a simplemodulefor syntacticanalysis formsanabstract
interpreteffor C programsA directimplementatiorof suchanabstractnterpreteihasbeendeveloped,
usingHaslell astheimplementationanguage Theimplementatiorhasbeenusedin orderto testthe
formal semanticandassesdts accurag andcompletenessAlthoughthis evaluationprocesss still
underway, the resultsso far have shavn thatthe developedsemanticss satishctorily completeand
accuratewith respecto the standard.

Themaincontritution of thiswork is thedevelopedsemanticétself. Theauthorknows of noother contrisu-
denotationakemanticor ANSI C thatis asaccurateandcompleteasthe onepresentedhere. With ™M
respecto thesetwo propertiesthe developedsemanticss alsosuperiorto all otherproposedormal
semanticgor C, regardlesf the usedformalism. This work is a demonstratiothata programming
languageasusefulin practiceandasinherentlycomplicatedas C cannonthelesde given a formal
semantics.

Another significantcontritution is the applicationof monadsand monadtransformerdor the
specificatiorof a real programmingdanguage.The useof monadsover the catgyory of domainsand



222 Chapter 17. Conclusion

continuoudunctionssimply enhancethemodularityandeleganceof thesemanticswithoutrequiring
changesn the mathematicafoundations.Throughoutthis thesis,it hasbeendemonstratethatthe
useof monadnotationindeedachievesits purpose.

Furthermorejnterestingresultshave beenachiered in an attemptto modelthe interleaing of
computation@ndnon-determinisnusingmonadnotation. Theresumptiormonadtransformerwhich
is definedandinvestigatedn this thesis,in conjunctionwith the corvex poverdomainmonadpro-
videsabasisfor specifyingthesemantic®f programminganguagesupportingnon-determinisnand
executioninterleaiing or parallelism.

Experimentationwvith theimplementatiorof the abstracinterpretethasalsoled to interestingre-
sults. Theadwantagesnddisadwantage®f usinglazy andeagerfunctionallanguagessuchasHaslell
and StandardviL, for theimplementatiorof denotationakemantichave beenexplored. Moreover,
it hasbeendemonstratethatthe implementatiorof denotationabemanticss alsopossiblen object-
orientedlanguagesvith generictypeslike C++, althoughsuchlanguagesrenot a naturalchoice.

17.2 Futurereseach

Several directionsfor extensionsand future investigationsare naturally suggestedby this research,
rangingin the authors mind from “definitely feasible”to “almost sciencefictional”. They arepre-
sentedn thefollowing list.

e The primary focus of the authors researchin the nearfuture will be the evaluationandim-
provementof the developedsemanticsandit is estimatedhat significanteffort will be made
for the improvementof the existing implementationjn orderto facilitatethe testingprocess.
Accuray and completenessemainthe primary objectives. To achieve the first, a numberof
correctionsin the semanticswill be required,mostof which will addresgproblemsthat have
not yet beenidentified. To achieve the second,an effort will be madeto withdrav someof
the deviationspresentedn Section2.3. Supportfor staticobjectsis thefirst plannedaddition.
Supportfor dynamicobjectallocationis the second.A third plannedaddition,of significantly
highercompleity, is the extensionof the semanticgo alsocover alarge subsebf C’s standard
library.

e Furtherresearclis requiredin orderto investigatehepropertiesandapplicationof theresump-
tion monadtransformerwhich canmodelarbitraryinterleaved computations.

e Theimplementatiorof the developedsemanticgave riseto aninterestingquestion:

Whatare the characteristicsof a programminglanguaye that male it suitablefor
implementinglenotationakpecificationsespeciallyusingmonadnotation?

Basedon the experiencethat hasbeengainedfrom the implementatiorof the semanticsising
the functionaland object-orientecorogrammingparadigmsthe desiredfeaturesof animple-
mentationlanguagdor denotationatemanticsill beinvestigated.t is hopedthattheresults
of thisresearchwill narrav the gapbetweerthetwo programmingparadigmsandwill be prof-
itablefor the programmingcommunity

e Switchingto a lesstheoreticaltrack, a differentresearchdirection aims at the study of the
practical applicationsthatthe developedformal semanticgor C may have in the softwarede-
velopmentprocess.Programverification,deluggingandunderstandingvill be consideredhs
possibleapplicationareasaswell asproving the correctnessf programtransformations.
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Figure 17.1: Exampleof misinterpretatiorn staticsemantics.

1: struct tag { int a; } struct tag { int a; }
2: vod f () { void f () {
3: struct tag dummy; struct  tag;
4. struct tag * Xx; struct tag * Xx;
5: struct tag { int b; } v; struct tag { int b; } v;
6: } }
Segment(a) Segment(b)

¢ Along the samdline, the applicationsof the developedformal semanticsn compilerconstruc-
tion remainto be explored. Major goalsof relatedresearcthasalwaysbeenthetransformation
of theformal semanticgo correctcompilersor, at least,the developmentof correctnesproofs
for existing compilers.

¢ A final directionfor futureresearchkaimsat studyingandspecifyingthe semantic®f theobject-
orientedlanguageghat descendrom C, suchas C++ andJava Thesetwo languageplay
a very importantrole in the contemporarysoftware industry and the situationis unlikely to
changdor mary years.Theintroductionof object-orientedeatureds boundto producealarge
numberof changesandit is expectedthatthe formal semanticof C++ or Java will be orders
of magnitudemorecomple thanthatof C.

17.3 Closingremarks

C is probablythemostwidely spreadorogrammindanguagen todays softwareindustry Theauthor
believesthatthereis a large numberof programmersvho areconfidentof their understandingf the
C languagebut whoseunderstandings unfortunatelysubjectve andincorrect,i.e. they donotunder
standthe languagen theway thatis intendedn the standard He supportshis opinionby presenting
threesimple programswhich are sourcesof commonmisinterpretationemongC programmersin
all caseshowever, all doubtsvanishwhenonereadsthe standarccarefully The examplesaretaken
respectiely from the areasof static,typing anddynamicsemantic®f C, asthesearedistinguishedn
thepresenthesis.

Considetthetwo smallprogramsegmentsshavn in Figurel7.1. Thetwo segmentdiffer only in
thepresencef identifierdummyin line 3. Thisidentifieris never usedwithin functionf andtherefore,
onemightassumehatthetwo sggmentsareequivalent. A questionwhich mayseemeasyatfirstis:

Whatare the membes of the structue pointedby x?”

Possiblecandidatesreolviously a andb, dependingon which of the declarationgor tag is in effect
atline 4. But which oneis it? The correctansweris thatthe two programsare not equivalentand
the only memberof the structureis a, in the caseof segment(a), andb in the caseof segment(b).
The rationalebehindthis answercanbe foundin §6.5.2.30f the standardandhasbeendiscussedn
Section5.3.

COMMON
MISINTERPRE-
TATIONS

IN STATIC
SEMANTICS



IN TYPING
SEMANTICS

IN DYNAMIC
SEMANTICS

WHEN THE
STANDARD
FAaILs
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Next, considerthe following programsegment,which is intendedto increasethe contentsof a
variablerepresentinghenumberof countedmenor women,dependingnthevalueof aboolearflag.

int countMen = 0, countWomen = O;
(sexFlag ? countMen : countWomen)++;

Thequestiomow is:
Is this program segmentiegal?

Theanswerdepend®nwhethera conditionalexpressioris anl-valueor not. A footnotein §6.3.150f

the standardstateghatit is not, thusinvalidatingthe abore segment. However, popularC compilers
(e.g.GNU C) treatthis asan extensionto the standardand by default allow suchconstructs.The
developedtyping semanticgs very specificaboutthis. Rule E104in Section8.1.12statesthatthe
resultof the conditionaloperatotis notanl-value.

As athird example,consideroneof themostinfamousC expressions:
X = X++
togethemwith thequestion:
Is this expressionlegal and,if yes,whatare the contentsof variablex afterits execution?

Now mary answersare possible. The correctansweris that this expressioneadsto undefinedbe-
haviour, sinceit violatesthe restrictionin §6.3 of the standardaccordingto which “betweenthe pre-
vious and next sequencepoint an object shall have its storedvalue modified at most onceby the
evaluationof an expression”. The developeddynamicsemanticsor C expressiongivesthe same
answeyralthoughthis cannotbe very easilyverified.

Onemightamgueherethat,althoughthe presentegrogramsegmentsaresimple,they do notoften
occurin practice. Althoughthis is rathertrue, it is very probablethatary given C programmemill
eventuallyruninto asimilarcase Moreaover, onemightarguethatsincetheinformal standardlictates
the answersthe real problemis the programmersincompetenceln reply to that, let us considera
casewherethe standardtself is not at all clearandmary possibleinterpretationgxist. Considerthe
following simpleC program:

int r = 0;

int f (int x) {
return (r = a);

}

int main () {
return  (f(1) + f(2), 1),
}

This programpresentsgaina situationthatwill eventuallyarisein practice.A naturalquestions:
Is this programlegal and,if yes,whatis thenumbemreturnedby mainafterits execution?

Similar programsandquestionsareoftendiscussedn thecomp.std.c  newsgroupby distinguished
researchergprogrammersand even membersof the ANSI C standardizatiorommittee,invariably
leadingto theexpressiorof numerougontradictoryopinionsandno conclusionseachedAlthougha
technicaldiscussiomwill beavoidedhere two soundanswergorrespondingo differentpossiblanter
pretationf the standardarethefollowing. Theapproachakenby thedevelopeddynamicsemantics
correspond$o thesecondanswer
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e Theprogramis notlegal because is modifiedtwice betweersuccessie sequenc@oints.

e Theprogramis legal andits resultmaybe 1 or 2, but it is unspecifiedvhichone.

Theresultfrom all thisdiscussions thatprogrammersincompetenceglthougha significantprob-
lem on its own right, is not solelyresponsibldor misunderstandinggkesponsibilitylies in the stan-
dardaswell. C is aninherentlycomplicatedanguageandsimply cannotbe definedinformally, using
naturallanguagewithoutintroducingambiguities.Informal texts arevaluableasintroductionsto the
languageandfor educationapurposes.However, the authorbelievesthat the definition of the lan-
guagethe standardtself, mustbe formal. After all, C is very oftenusedto programapplicationsof
avery delicatenature wheresoftwarefailure may have disastrougesults.In this context, misunder
standingsaboutthe programmindanguagecannotbe allowed.

After approximatelyhalf a centuryof experiencewith computersand software, it is widely ac-
ceptedby now that software developmentis an engineeringdiscipline, as emphasizedy the terms
softwae engineeringand system®ngineeringthat are commonlyusedto describeit. Typically, all
engineeringlisciplinesare basedon theoretical mathematicafoundations.In the caseof software
engineeringhowever, thereis still aremarkablywide gapbetweertheformaltechniquegor program
development,devised andadwocatedby academicsn universities,andthe techniqguesand methods
usedin practiceby softwareengineersThe authorbelievesthatanimportantgoalfor ComputerSci-
enceis to narraw this gapandbring togethetthesetwo communitiesfor the benefitof both. Oneway
to achiere this goalis throughthe formal studyof tools andtechniquesisedby software engineers,
andthe formal definition of the C programminganguagehappily falls into this researcharea. The
authorbelievesthatfuturetools usedin the softwaredevelopmentprocesswill be basedon fully for-
mal definitionsof programmindanguagesndwishesto seethe work thathasbeenpresentedn this
thesisasonesmallstepin this direction.

A VIEW OF
THE FUTURE
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