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seek more general exact solutions of the coupled Higgs equation and the Maccari system.
As a result, hyperbolic function solutions, trigonometric function solutions and rational
function solutions with free parameters are obtained. When the parameters are taken
as special values the solitary wave solutions are also derived from the traveling wave
solutions. Moreover, it is observed that the suggested technique is compatible with the
physical nature of such problems.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

There have been various approaches to search for soliton solutions for nonlinear wave equations. These methods
include the inverse scattering method [1], Hirota’s bilinear method [2], Backlund transformation method [3], algebra
method [4], sine-cosine method [5], tanh-coth method [6], Jacobi elliptic function method [7], Homotopy perturbation
method (HPM) [8,9], Luapanov’s artificial small parameter method, §-expansion method, Adomian decomposition method,
variational iterative method, Homotopy analysis method (HAM), Homotopy Padé method (HPadéM) [10-13] and so on.

In the past few decades, qualitative analysis together with ingenious mathematical techniques for handling various
nonlinear problems has been studied. Among them, variational approaches, such as He’s semi-inverse method is a powerful
tool to the search for variational principles for nonlinear physical problems directly from field equations without using the
Lagrange multiplier and provides physical insight into the nature of the solution of the problem. Based on this formulation,
a solitary solution can be obtained using the Ritz method. Variational principles have been studied widely in physics and
mathematics [14-18].

Unlike some known methods such as the (%)—expansion method, He’s semi- inverse method is a powerful mathematical
tool to the construction of variational formulations for physical problems.
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Recently, Wang et al. [19] proposed the (%)—expansion method to find traveling wave solutions of NLEEs. Next, this
method was applied to obtain traveling wave solutions of some NLEEs [20-22]. Zhang generalized the (%)—expansion
method [23-25].

The (%)—expansion method is based on the explicit linearization of nonlinear differential equations for traveling waves

with a certain substitution which leads to a second-order differential equation with constant coefficients. Computations
are performed with a computer algebra system such as Maple to deduce the solutions of the nonlinear equations in an
explicit form. The solution process of the method is direct, effective and convenient due to solving the auxiliary equation of

second-order differential equation with constant coefficients. The main merits of the (%)—expansion method over the other

methods are that it gives more general solutions with some free parameters which, by a suitable choice of parameters, turn
out to be some known solutions gained by the existing methods. As a result, hyperbolic function solutions, trigonometric
function solutions and rational function solutions with free parameters are obtained. When the parameters are taken as
special values, some solitary wave solutions are also derived from the hyperbolic function solutions. Whereas only solitary

wave solutions are obtained by using He’s semi-inverse method. Besides, the % -expansion method handles NLEEs in a

direct manner with no requirement for initial/boundary conditions or initial trial functions at the outset. But, He’s semi-
inverse method depends on the initial trial function.
Consider the following coupled Higgs equations
U — Uy + |u|?u — 2uv = 0,
2
Ve + U — ([U])e = 0.

(1)

Tajiri obtained N-soliton solutions to Eq. (1) in [26]. Zhao constructed more general traveling wave solutions of Eq. (1) in [27].
Recently, Attilio Maccari derived a new integrable (2 4+ 1)-dimensional nonlinear system [28]
iUy + Uy +uv =0,
) (2)
vr + vy + ([u])x = 0.

The integrability property was explicitly demonstrated and the Lax pairs were also obtained. Zhao also constructed more
general traveling wave solutions of system Eq. (2) in [27].

In this paper we will use He’s semi-inverse and (%)—expansion methods to the coupled Higgs equation and Maccari
system.

2. Description of He’s semi-inverse method

We suppose that the given nonlinear partial differential equation for u(x, t) to be in the form
P(u, uy, u, Uy, Uxe, Uge, - ..) =0, (3)
where P is a polynomial in its arguments. The essence of He’s semi-inverse method can be presented in the following steps:
Step 1. Seek solitary wave solutions of Eq. (3) by taking u(x, t) = U(£), & = x — ct, and transform Eq. (3) to the ordinary
differential equation
QU, U, U",..)=0, (4)
where prime denotes the derivative with respect to &.

Step 2. If possible, integrate Eq. (4) term by term one or more times. This yields constant(s) of integration. For simplicity, the
integration constant(s) can be set to zero.

Step 3. According to He’s semi-inverse method, we construct the following trial-functional

JU) = /Lds, 5)

where L is an unknown function of U and its derivatives.
There exist alternative approaches to the construction of the trial-functionals, see Refs. [29-33].

Step 4. By the Ritz method, we can obtain different forms of solitary wave solutions, such as U(§) = A sech(B§), U(§) =
Acsch(BE), U(E) = A tanh(BE), U(E) = A coth(B£) and so on. For example in this paper we search a solitary wave solution
in the form

U(E) = A sech(Bg), (6)

where A and B are constants to be further determined.
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Substituting Eq. (6) into Eq. (5) and making J stationary with respect to A and B results in

3

A" 7
o

9B 0 ©

Solving simultaneously Egs. (7) and (8) we obtain A and B. Hence, the solitary wave solution (6) is well determined.

3. Description of the (G’ /G)-expansion method

We suppose that the given nonlinear partial differential equation for u(x, t) to be in the form

P(u, ux, U, Uxx, Use, Use, - . .) =0, 9)
where P is a polynomial in its arguments. The essence of the (G'/G)-expansion method can be presented in the following
steps:
Step 1. Seek traveling wave solutions of Eq. (9) by taking u(x, t) = U(£), & = x — ct, and transform Eq. (9) to the ordinary
differential equation

Qu,u,u",..)=0, (10)
where prime denotes the derivative with respect to &.

Step 2. If possible, integrate Eq. (10) term by term one or more times. This yields constant(s) of integration. For simplicity,
the integration constant(s) can be set to zero.

Step 3. Introduce the solution U (&) of Eq. (10) in the finite series form

moGE)
U = i s 11
&) Za(c@) (11)

i=0

where g; are real constants with a,;, # 0 to be determined, m is a positive integer to be determined. The function G(£) is the
solution of the auxiliary linear ordinary differential equation

G'(§) +AG'(§) + nG(E) =0, (12)
where A and p are real constants to be determined.

Step 4. Determine m. This, usually, can be accomplished by balancing the linear term(s) of highest order with the highest
order nonlinear term(s) in Eq. (10).

Step 5. Substituting (11) together with (12) into Eq. (10) yields an algebraic equation involving powers of (G’ /G). Equating the
coefficients of each power of (G'/G) to zero gives a system of algebraic equations for a;, A, u and c. Then, we solve the system
with the aid of a computer algebra system, such as Maple, to determine these constants. On the other hand, depending on
the sign of the discriminant A = A2 — 4, the solutions of Eq. (12) are well known to us. So, as a final step, we can obtain
exact solutions of the given Eq. (9).

4. Using He’s semi-inverse method

In this section, we apply He’s semi-inverse method to solve the coupled Higgs equation and the Maccari system.

4.1. Coupled Higgs equation

We first consider the coupled Higgs equation (1). Using the wave variables
u=e'UE), v=V(E), O=px+rt, £ =x+ct. (13)
Substituting (13) into (1), we have
(S —-1DU"+@*—rHU —20v + U3 =0,
(2 + 1V —2U")? —2UU" = 0. (14)
Integrating the second equation in (14) and neglecting the constant of integration we find

(@ + 1V =U2 (15)
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Substituting (15) into the first equation of the system and integrating we find

C=DU" +CE+DP*=rHU+ (¢ = DU =0, (16)

where prime denotes differentiation with respect to &.
By He’s semi-inverse method [ 14], we can obtain the following variational formulation

00 4_ 2 2 _ .2 2 _
j:/ [—(C > 1)(u/)2+ EHDE =) (€ UU“] dé. (17)
0

2 4

By a Ritz-like method, we search a solitary wave solution in the form
U(§) = A sech(Bg), (18)

where A and B are unknown constants to be further determined. Substituting Eq. (18) into Eq. (17), we have

0 2p2( 4
] = / [—AB(;D sech? (B£) tanh? (B&)
0

2 2 .2\42 2 _ 4

+ (c+ 1)(2 oA sech?(Bg) + % sech4(Bf§)] de (19)
_ABCt 1) (D)@ -r)A (- 1DA?
- 6 + 2B T

Making J stationary with A and B results in

a _AB(C“ -1 N @+ D(P? —12HA N 2(c? — DA® _

= o, (20)
0A 3 B 3B
o] At —1) A+ DE?—rHA? (2 - DA*
g __ - - =0. (21)
0B 6 2B? 6B2
From Eqgs. (20) and (21), we get
2 2 1 2 _pn2
A 2D ) 22)
-1

and

[rr—p* @ -r)
B= Ep— o < 0. (23)

The soliton solutions are, therefore, obtained as follows

2 2 1 2 _pn2 2 _ n2
U(x,t):i\/ ©+ D~ p9) sech i x+ct) |,

cz2—1 cz2—1
202 —p*) _ o [PP—P
Vx,t) = a1 sech o (x+ct) |,
20c2 + 1)(r2 — p2 2 _ 2
ulx,t)y =1i €+ D@ —p%) sech i (x+ ct) expli(px + rt)], (24)
cz -1 cz -1
2r? — p? 12— p2
v(x, t) = 20 =p) sech? P (x + ct)
-1 -1

The solutions (24) are same Eq. (4.11) in [34] respectively. If we take the solution in the form U(§) = A csch(B§), U(§) =
A tanh(B¢) and U(£) = A coth(B£), the other solutions in [34] can be derived.
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4.2. Maccari system

We next consider the Maccari system (2). Let us assume the traveling wave solution of (2) has the form

u=ei9U($), v=V(E), O=px+qy+rt,E=x+y+ct.
Substituting (25) into (2), we have
U" — (r+pHU+UV =0,
(c+ 1DV +2U0U" = 0.
Integrating the second equation in the system and neglecting the constant of integration we find
—(c+ 1V =U%
Substituting (27) into the first equation of the system and integrating we find
(c+ DU —(c+1D(r—pHU -U? =0,

where prime denotes differentiation with respect to &.
By He’s semi-inverse method [ 14], we can arrive at the following variational formulation

© 1 (@ —p? 1
]:/ e+ )(U,)z_(ch )(r p)U2_7U4 d.
0 2 2 4
By a Ritz-like method, we search a solitary wave solution in the form
U(€) = A sech(B¢),

where A and B are unknown constants to be further determined.
Substituting Eq. (30) into Eq. (29), we have

0 22 a2 4
= / [—w sechZ(Bs)tanhz(Bg)—Msechz(sg)—%sech‘*wg)] d&
0

_ AB(c+1)  (c+ D@ —pHA* A
N 6 2B 6B’
Making J stationary with A and B results in

A _ AB(c+1D) (c+Dr—pHA 24 _

= ey}
0A 3 B 3B
a A%(c+1 c+ D@ —pHA> A*
l:_ ( )+( )(r —p) LN
JB 6 2B2 6B2

From Egs. (32) and (33), we get

A=iy2(c+ 1)(@p*—r)

and

B=+\r—p?, p’—r<0.

The soliton solutions are, therefore, obtained as follows
Ux,y, 0) = iv/2(c + 1)(p* = 1) sech [M(x +y+ Ct)] :
V(x,y, t) = 2(p* — ) sech’ [M(X +y+ ct)] ,
u(x,y,0) = (V2 + D@ = 1) sech [Vr = p2e+y + o) | ) explicox + ay + )],
v(x,y,t) = 2(p* —r) sech? [M(X +y+ ct)] .

2181

(26)

(29)

(30)

The solutions (36) are the same as Eq. (5.11) in [34] respectively. If we take the solution in the form U(§) = A csch(B¢),

U(&) = A tanh(B£) and U(£) = A coth(B&), the other solutions in [34] can be derived.
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5. Using the (G’ /G)-expansion method

In this section, we apply the ( ) -expansion method to solve the coupled Higgs equation and the Maccari system.

5.1. Coupled Higgs equation

We begin first with the coupled Higgs equation (1). Using the wave variables
u=e%UE), v=V(E), O=px+rt, E=x+ct. (37)
Substituting (37) into (1), we have

S =DU"+@*=rHUu-20v+U3=o0,

4+ 1DV —2U")* —2u0U" = 0. G8)
Integrating the second equation in the system and neglecting the constant of integration we find

2+ 1V =U (39)
Substituting (39) into the first equation of the system and integrating we find

(e =DU" + @+ DE*—rHU+ (- DU* =0, (40)
where prime denotes differentiation with respect to £. By using (11) and balancing U” terms with U in (40) gives

m+ 2 =3m, (41)
so that

m=1. (42)
The (G'/G)-expansion method (11) admits the use of the finite expansion

b

U() =ap+a; (E) , a3 #0. (43)

Substituting Eq. (43) into (40), collecting all terms with the powersin ( ) (i=0,1,...,3)andsetting each of the obtained

i
coefficients for (G/) to zero yields the following set of algebraic equations with respect to ag, a; and r:

s\ O
<E> s —aia 4 o + pPag — r’ag + c2ad — a3 + c*p*ap — c*r’ap = 0,

G\’
<E> C—A? = 2a1u — 3410} + pPar — r’a; + c*a A + 2cta e + c?p’ay — c*rla; + 3c’qal = 0,

G/
<E> =31\ — Bafao + 364a1A + 3c2a%a0 =0,

G/
<E> 1 —2a; — @ +2ca; + c?a = 0.
Solving this system by Maple gives

ap = +i 1+ a; = £2i l+ c==+ 1+2 (44)
411« 4M

where A, w, p and r are arbitrary constants. Substituting Eq. (44) into Eq. (43) yields

UE) =i 1+ 2" a1+ B2 (€ (45)
= 1 —_ 1 —_— | = ].
A2 —4u A2 —4u \ G

Substituting general solutions of Eq. (12) into (45) we have three types of traveling wave solutions of the coupled Higgs
equation as follows:
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When A% — 411 > 0, we obtain the hyperbolic function traveling wave solutions
ULE) = i |02 — 4) [1 N p? —r2 ] Cisinh 33/A2 — 4ué + G cosh 3/A2 — 4ug
1 = 1 — 4l 3
A? —4u |\ € cosh 3\/A2 — 4ug + G sinh 3/32 — 4ug
2
A2 —4u (c1 sinh 4/A2 — 4u& + C; cosh 3/A2 — 4;@)

Vi(§) = —
2 Cicosh /A2 — 4ué + Gy sinh 5/A2 — 4ué 46)
, p? —r2 ] ( Cysinh 33/A% — 4ué + C; cosh 31/A2 — 4ué .
€)=+, /02 —4w) | 1+ 5— W — = expli(px + 1)1,
— 21 1\ Cycosh 54/A% — 4u& + Gy sinh 5/A% — 4ué
2
® 22 —4p [ Cysinh 33/A% — 4ué + C; cosh 3/A% — 4ué
V1 = — .
2 Cycosh 2\/A2 — 4ué + Gy sinh /A2 — 4ué
When A2 — 41 < 0, we obtain the trigonometric function traveling wave solutions
. p2 —r2 ] [ —Cysin 34 — 2%& + Gy cos 1/4u — A2
Uy () = i, [ (4 — A2) 1—%—)\2 2 ] = — . ,
—4au Cicos 51/4p — A%E + Gy sin 5/ 4 — A28
V(&) 4 — 2? [ —Cysin 33/4p — A2€ 4 G, cos /4 — A2E ?
2 = - )
2 Cycos 34/4u — A% + Cysin 5/4p — 22 )

nE) = :l:i\/(4u —22) [1 L por } (‘Cl Sin 5v/4p — 326 + Gy cos 5/4p — 3%
A2 —4p C; cos %\/mg + G sin ;\/mg

4p — 22 [ —Cysin 24 — 226 + Gy cos 1 /ap — 22 2

2 ( G cos%\/mé—i—Czsin%\/mé ) '

where &€ = x + (:I: 1+ Zfzzjli) t, for (46) and (47). In solutions (46) and (47), C; and G, are left as free parameters. In

particular, if in (46), we take C; # 0, C; = u = 0 and A = 2, then we obtain

2 _ 2
Ui(x,y,t) = £iy/2(c2 + 1) tanh (x—l— b zr +1t>,

[2 _ 2
Vl(x,y,t)=—2tanh2 <x+ p 5 +1t),

2 _ 2
ui(x,y, t) = £i/2(c2 + 1) tanh <x + P 3 4 + 1t> expli(px + rt)],

) expli(px + rt)],

02(8) = —

p2 —r2
vi(x,y,t) = —2tanh® | x + 5 +1t).

Also, if we take C; = 0 and C, # 0, the solutions in terms of coth can be derived. which are the solitary wave solutions of
the coupled Higgs equation. The solutions (48) are the same as Eq. (4.21) in [34] respectively. Therefore the solutions in [34]
are only a special case of the our solutions.

5.2. Maccari system

We next consider the Maccari system (2). Let us assume the traveling wave solution of (2) has the form
u=eU®E), v=V(E), O=px+qytrt, E=x+y+ct. (49)
Substituting (49) into (2), we have

U" = (r+pHU+UV =0,

(50)
(c + 1)V +2UU" = 0.
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Integrating the second equation in the system and neglecting the constant of integration we find

—(c+ 1DV =U% (51)
Substituting (51) into the first equation of the system and integrating we find

Cc+DU" —(Cc+Dr—-pHU-U3=0, (52)
where prime denotes differentiation with respect to £. By using (11) and balancing U” terms with U in (52) gives

m+ 2 =3m, (53)
so that

m=1. (54)
The (G’ /G)-expansion method (11) admits the use of the finite expansion

I

Ué)=a+a (G)’ a; # 0. (55)

Substituting Eq. (55) into (52), collecting all terms with the powers in <%)1 (i=0,1,...,3)andsetting each of the obtained

i
coefficients for (%) to zero yields the following set of algebraic equations with respect to ag, a; and r:

7\ O
(E) s CaiAp 4 a1Ap — crag + cp?ag — rag + p*ag — a® = 0,

G\
(E) scapa? + 2cai e + aA® + 2a1u — cra; + cp2a1 —raq —|—p2a1 — 3a1aé =0,

G\*
(E) : 3ca A + 3a.A — 3a§a0 =0,

¢\’
<E) N anl 4+ 2(.11 — a? = 0.

Solving this system by Maple gives
2

A A
ao=i5 2c+1), a1 ==+J2(c+1), r=—?+2u+p2, (56)

where A, w, p and r are arbitrary constants. Substituting Eq. (56) into Eq. (55) yields

uE) = :I:%\/Z(c+ D+20c+1) (%) (57)

Substituting general solutions of Eq. (12) into (57) we have three types of traveling wave solutions of the Maccari system as
follows:
When A% — 4,1 > 0, we obtain the hyperbolic function traveling wave solutions

Cisinh 3\/A2 — 4u& + G, cosh 3/A2 — 4p
C; cosh %\/ms + G, sinh ;m&) '
C; sinh %ms + G, cosh %m& 2
C; cosh %\/m5 + G sinh ;m&) '

Cisinh 3\/A2 — 4u& + G, cosh ;ms) (58)
C; cosh %ms + G, sinh %ms

)\'2
X exp [i(px +qy + (—2 +2u +p2) t)] ,

2
Cy sinh 2\/32 = 4u€ + C, cosh 1/32 — 4ug
Cy cosh 1 /A2 — 4ug + Cysinh 1/32 —4ug |

1
Up(§) = i5¢z<c + 1)(A2 — 4y) (

Vi) = —(A? —4u)(

1
up(§) = iﬂz(c +1)(A2 — 4p) (

vi(§) = —(3? —4u>(



A. Jabbari et al. / Computers and Mathematics with Applications 62 (2011) 2177-2186 2185

When A% — 4 < 0, we obtain the trigonometric function traveling wave solutions

1 —Cysin 3/4p — A& + Gy cos 3/4u — A2€
Up(€) = £ v/2(c + D(dpn —32) 1 = — — .
Cicos 3/4p — A6 + Gy sin 54/4p — A%
2
—Cy sin 3/4p — A2& + Gy cos 3/4n — A2
Cicos 3/4p — 326 + Gysin 1\ /ap — 2% )

—Cysin 3/4p — 22€ + Gy cos /4 — 22 (59)
. cos 1A =7 + Gosin by =7

)\‘2
X exp |:i <px+qy+ (—7 +2u +p2) t)],

2
—Cysin 3/4p — A2E + Gy cos 3/4p — 12€
Crcos 1/4p — 326 + Gsin 1\ /ap — 2% )

When A% — 444 = 0, we obtain the rational function traveling wave solutions

V2 + DG

Va(§) = —(A* — 4p) (

1
Uy (§) = :i:E\/Z(c +1)(4p — 22) (

v(8) = —(A% — 4p) (

) = YT,
Vo) = —2
€+ G )
13(6) = 72(::;@ exp [i(px+ @+ (—f +2u +p2) r)} ,
2C,2
B®) =

where £ = x 4+ y + ct, for (58)-(60).

In solutions (58)-(60), C; and C, are left as free parameters. It is obvious that hyperbolic, trigonometric and rational
solutions were obtained by using the (%)—expansion method, whereas only hyperbolic and trigonometric solutions were
obtained in [34] by using the sine-cosine method and the tanh-coth method. In particular, if in (58), we take C; #£ 0, C; =

= 0and A = 2, then we obtain

Ui(x,y,t) = £4/2(c + 1) tanh(x + y + ct),
Vi(x,y,t) = —2tanh?(x + y + ct),

U (%, y, ) = (ﬂ:\/Z(c T 1) tanh(x +y + ct)) expli(px + qv + (p? — 2)6)],

v1(x,y, t) = —2tanh®(x + y + ct).

Also, if we take C; = 0 and C;, # 0, the solutions in terms of coth can be derived, which are the solitary wave solutions of the
Maccari system. The solutions (61) are the same as Eq. (5.21) in [34] respectively. Therefore the solutions in [34] are only a
special case of the our solutions.

6. Conclusions

We established variational formulations for the coupled Higgs equation and the Maccari system by He’s semi-inverse
method. It is obvious that the employed approach is useful and manageable and remarkably simple to find various kinds of
solitary solutions. Also the (G'/G)-expansion method was used to conduct an analytic study on the coupled Higgs equation
and Maccari system. The exact traveling wave solutions being determined in this study are more general, and it is not difficult
to arrive at some known analytic solutions for certain choices of the parameters C; and C,. Compared with the methods used
in [27,34], one can see that the (G'/G)-expansion method is not only simple and straightforward, but also avoids tedious
calculations. Moreover, the methods are capable of greatly minimizing the size of computational work compared to other
existing techniques.
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