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On April 8, 1974, in Atlanta, Georgia, Henry Aaron hit his 715th major league
homerun, thus eclipsing the previous mark of 714 long held by Babe Ruth. This
event received so much advance publicity that the numbers 714 and 715 were on
millions of lips. Questions like “When do you think he’ll get 7157” were perfectly
understood, even with no mention made of Aaron, Ruth, or homerun.

In all of the hub-bub it appears certain interesting properties of 714 and 715
were overlooked. Indeed we first note that

© 714-715=510510=23-5-7-11+13-17= P,

where P, denotes the product of the first k primes. Is this really unusual? That
is, are there other pairs of consecutive numbers whose product is P, for some k?
We readily see that 1:2=P;,2:3=P,, 56 =P3, 14-15 =P Putting the problem
to the CDC 6400 at the University of Georgia (using 5 minutes of computer
time), we found that the only P, which can be expressed as the product of two
consecutive numbers in the range 1 < k < 3049 are Py, Py, P3, P4, and P5. Hence
if there is any other pair of consecutive integers whose product is a Py, then these
integers exceed 105921 Great.as Henry Aaron is, we believe he will never again
hit two consecutive homeruns whose numbers have their product equal to some
P, .However, on April 26, 1974, Henry Aaron did hit his 15th grand slam home-
run, breaking the old National League mark of 14, and, of course, 14-15=P,.

Conjecture: The largest pair of consecutive integers whose product is also the
product of the first k primes for some k is 714 and 715.

If the unique prime factorization of an integer n is pirpsr © 0 PRk, we let
S(ny=a;py tap, + "t apr. 1t follows that for any natural numbers m, 1
we have S(mn) = S(m) + S(n); that is, S is totally additive. A student at the
University of Georgia, Jeremy Jordan, noted that

S(714)=5(715)}.

We shall call # an Aaron number if S(r) = S(n + 1). In the table we have the
results of a computer search for all of the Aaron numbers not exceeding 20000.

The numerical data suggest that Aaron numbers are rare. We suspect they have
density 0, but we cannot prove this. We also suspect that there are infinitely
many Aaron numbers. In fact, suppose x is an integer such that
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Table 1.
n Sim {=8in+ 1)) n Sin) {(=S{n+ 1)

L5 5 4191 141
8 6 5405 75
15 8 5560 160
77 18 5959 160
125 15 6867 122
714 29 8280 40
948 86 8463 54
1330 33 10647 39
1520 32 12361 205
1862 35 14587 532
2491 100 16932 107
3248 44 17080 79
4185 45 18490 93

s=2x+ 1

p=8x+35

q=48x% +24x - 1
F=a48x2+ 300 - 1

are all primes. Then it is not hard to check that pg + 1 = 4sr and S(pq)=ptq=
4 + 5 + r = S(4sr), so that

pg =384x% +432x% + 112 - 5

is an Aaron number. So for example, when x =3, we have s =7,p = 29,9 = 503,
r= 521, and pq is the Aaron number 14587. We note that Schinzel’s Conjecture
H {1} implies that there are infinitely many integers x for which s, p, ¢, rare all
primes. Hence this famous and widely believed conjecture would imply that
there are infinitely many Aaron aumbers. We checked the integers x in the
interval 1 << x < 23900 on the CDC 6400 and found that s, p, g, r were simul-
taneously prime for 18 values of x, the largest being x = 23331, giving rise to the
Aaron number ‘

_ 4876994057472763.
The pair 714 and 715 has an additional peculiar property, namely
S(0(714)) = S(a(715))

where o(n) is the sum of the divisors of n. This property is also enjoyed by the
Aaron pair 6867, 6868. However, 714 and 715 is the smallest such Aaron pair.

In closing, we wish to record several other unusual properties of 714 and 715,
(Here y is Buler’s function.) ‘
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unusual properties of 714 and 715.

714 AND 715 [/ B9

[y

o{714) = a perfect cube

%% = g perfect square

A0(714)) = 2p(0(715)) = a perfect square

714 + 715 = 1429 = a backwards-forwards-sideways prime, in that 1429,

9241, 1249, 9421, 4129, and 4219 are all primes {not to mention that
Columbus discovered America in 1492).
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