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1.  Introduction.
In [16], 0. Ore introduced the arithmetic functions A(n), G(n), H(n) which
are respectively the arithmetic mean, the geometric mean, and the harmonic mean

of the natural divisors of n. Thus one easily has
A(n) = a(n)/d(n}, G(n) =7/n , H(n) = nd(nj/a(n},

so that all three functions are seen to be multiplicative. We note that G(n)

is an integer if and only if n i< a square, so that the set of n with G(n)
integral has density 0. In [10], Kanold showed that the set of n with H(n)
integral also has density 0. The corresponding statement for A(n) is certainly
not true, for, as Ore pointed out (in [16]), if n is odd and square-free, then
A(n) is integral. In fact, the set of n for which A(n) 1s integral has density
1 {cf. [18]). In our Theorem 2.1 we study the distribution of these exceptional
n for which A(n) is not integral.

We show in Theorem 3.1 that the set of n for which d{n}zio{n} has asympto-
tic density exactly 1/2.

In cur Theorem 4.1 we show that the mean value of A(n) for n < x is
asymptotic to ¢ x/v¥1og x where ¢ is an explicit constant. Mereover, in
Theorem 5.1, we show that the number of n with A{n) < x {s asymptotic to a
constant times x log x. This last result is somewhat more difficuTt to establish
than, say, an asymptotic formula for the number of n with o(n) < x
(cf, Bateman [1]).

In [18], Pomerance asked what can be said about the distribution of the

distinct integral values of A{n). In Theorem 6.1, we show that they have
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density O and that, in fact, the non-integral values may be thrown in as well,

At the end of the paper we briefly consider some further problems.

This paper 1s the long-term result of conversations which the first and
fourth authors had with Herbert Wilf in the spring of 1962. We also take this
opportunity to acknowledge several interesting conversations about the contents
of this paper with Harold Diamond and Gébor Haﬁsz. Finally, we mention that
the research of the last two authors was supported by grants from the National

Science Foundation.

2. The distribution of the n for which A{n) is not integral.

THEOREM 2.1, Let N(x) denote the number of n < x for which A(n) = o(n)/d(n)

is not an integer. Then
N(x] = x-exp{-(1+o(1))-2vTog 2 +Tog log x }.

PROOF. We first show N(x) > x-exp{-(1+o(1))-2v/Tog 2 +Tog Tog x }.

Let Po * po(x} be the closest prime to /{Tog Tog x)/Tog 2. (If there is a tie,
choose either prime). Then By ™ (1+0(1))/TTog Tog xJ/Tog 2 . We-shall consider

p.-1
fntegers n < x such that 2 8 |n, poj a{n). For such n, d(n)fo(n). Let
M(y) = #{m < y:2/m, p fo(m}}.

The following lemma will enable us to estimate N(x) from below.

LEMMA 2.1. There is an absolute constant ¢ » O such that imr_x1/2 <y <K,
1/{py-1)
My} > c y/(log y) :

Assuming Lemma 2.1, we have at once

1 Wpyr1)

P Pl
N(x) > M(x/2 % ) > cx/t2 % .(log x)

= x-exp{-(1+0(1)}.2/Tog 2 Tog Tog x ).
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To prove Lemma 2.1 (and several other results in this paper) we shall use

the following corollary of the Siegel-Walfisz theorem.

THEOREM A. (Norton [15], Pomerance [17]). Let 0 < £ < k be integers with
(2.k} = 1. Then for all x > 3

1 * 1
1p = log leg x + ¢+ Of log k)
i 3] 3]

¢ (mod k)

p
P

m A~

where !.* = 1/¢ if ¢ 1s prime and 0 otherwise. The constant implied by the

0 -notation is absolute.

PROOF OF LEMMA 2.1. Let

W(z) = (1/2) n i-1/q).
q=-1 (mod Py

qQ<z

Then using Theorem A, we have, uniformly for z > 3,

Mz) =(172)- el T 1/(kg*)3

(/2 etk I (ke )} - expl-5* 1/a)

= exp (0(1)) - exp(-(log log z)/(po..}])_

where }' denotes the sum over primes q < z, q = -1 (mod po}. Thus if
13 oW

- J;le:(-ﬂcg Tog ¥y 2, = yexP(-(log Tog ¥

4
then

1/(py-1) 1/(py-1)
(2.1) cy¥/(log y) < YM(zq) < yW(z,) < coy/(Tog ¥)



where 0 < €y < ¢, are absolute constants. For 1 = 1,2 let P1 =2 1 q.
932

A

m

q = -1 (mod p,)

Since

M(y) > #m < y:(mPy) = 1, polo(mil,

it follows that

§1=8,-5,-5,-5.-5

M(y) 17929375 e

v

where

Sy =# {n< yi(n,Py) =11,
y:(npy) = 1, Ja
y:(n.Pz) =1, E]q

1A

1}

S, =4 in “1p,)s 2y < a < y/z:? ajn}

v
"

Hi

3= #(n -1(p,), y/:}u <q< .v/z;c, qn}

A

Sg=#i{n<y: 30 > y/r.??o. qin}
yi(ny) = 1, Ja® < w2l a5 1, T = p,). o?Ind
g=f#{ncy: aq" 2 y/:{o, a>1,qnk

(7]
L

A

5 #-{n

(]
"

By Theorem 2.5 in [7], we have
cayM(zy) < 5y < cuyilzy),

where 0 < ¢4 < ¢, are absolute constants. Thus by (2.1) the proof of Lemma 2.1
will be complete if we show that S, = 0(51) for 2 < 1 < 6. We have the following
estimates (where we use Theorem A in considering S, and upper bound sieve results

in considering S,, S3, and Sc)

S, < ) ) 1
2% g2 “1(py! m < y/q

z'l < g < _Y/Z}U (I'I'I,P-i:i =]

b W(z]) ‘E /9 .
gz~

1
1(p,)
2y <q<y
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log Po)
Po

= yH(z,)- {—T log 19'3-!-+ o(

1/6

<< yW(zy)/(Tog Tog ¥} '™ = o(s).

gz )-:Hnol m :Iy/q
(m,Py) =1

Y = 0{51}.

b 5

55 : a E 10 : a1
q < y/z m < y/q

R AU TN U U

i

<< yH(z]} ; z 1 1792 < yH(Z1) s ; 11/qa << yu{z])p;]/4 = 0(5])_

a+l _
q N 1(Poj ¢ > DI/g
o
Sy 1 W <yl < y?3 = als)).
q? > y!z}o
a»> 1

This completes the proof of Lemma 2.1 and thus of our estimate of N(x) from below.

We now show that N(x) < x-exp{-(1+0(1))2/Tog Z /Tog Tog x}. For any
integer n, we may write n = sm where 4s is square-full, m is odd and square-free,

and (s,m) = 1. Suppose d(n)Jo(n). MNow d(n) = d(s)d(m), of{n) = o(s)e(m), and
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d(m)|a(m). Thus d(s)]a(n)/d(m). We now divide the n < x for which d(n)}c(n)

into 3 classes:
(1) s > exp(4/Tog 2 +Tog Teg x ),

(2) s < log log x,

(3) log Tog x < s < exp(4vTog Z +Tog Tog x).

Let N1(x], Nz(x}. N3(x) denote, respectively, the number of n in classes 1,2,3.
Let S(y) denote the number of s < y for which 4s is square-full. Then

1/2. Thus

S(y) <<y
Nl{x} << x-exp(-2/Tog 2 vTog Tog x).

To constider the n in the other two classes, we shall use the following lemma.

LEMMA 2.2. Let u,v be integers with (u,v) = 1, v > 3, Let N(v,u,k,y) denote

the number of integers m < y which are not divisible by k or more primes

q = u (mod v). There are absolute constants ¢ and c¢' such that

k-1
log log ¥i1,044 1/6(v)
N(v,u,k,y) < ¢ igﬂ y(—i—m }' /{11 (Tog y) ¥

P_r;gy_ided!:k«:ﬂjﬂ-'hgTDgY'C' and y > 3.

PROOF. This Temma follows by applying a result of Halasz [6] in conjunction
with Theorem A.
Now say n = sm is in class 2, Since d(s)fo(n)/d(m), it follows that m is

not divisible by any prime q =-1 (mod 2d(s)). From Theorem 317 in [9] we have

(2.2 dlt) < 2(1#0(1))(Tog t)/log Tog t

So, since s < log log x, we have d(s) < %ﬁ YTog Tog x for large x.

Applying Lemma 2.2, we have

3178 (2d(s))

Ny(x) < ) N(2d(s), -1,1.x) < ex/{log x)

s < log log x § < ﬁng log %
< ¢ x(1og log x)/exp(5/Tog Tog x) ,



so that class 2 is under control.

Thus to complete the proof of Theorem 2.1, it remains only to consider the
n in class 3. Suppose n = sm is in class 3. Since d(s)fo(n)/d(m), it follows
that there is a prime power.pk with pk1d(s} but pk!a(n)/d(m). Thus it is not

the case that there are k primes in the class -1 (mod 2p) which divide m. Thus

(2.3) Nq(x) < § E N(2p, -1,k,x/s)
5 pfld(s)

where s runs through the integers in [log log x, exp(4vTog 2 vTog Tog x)]

for which 4s is square-full. We shall require the following lemma.

LEMMA 2.3. Suppose t is an integer and pkld(t). where p is a prime. Then for

all sufficiently large t we have

p<2logt, k< (3/2)(log t)/log Tog t.

PROOF. Since p|d(t), there is a prime power qbilt with p|b+1. Then

p < b+l < %%§—§-+ 1<21logt

for large t. From (2.2) we have

ok < d(t) < 2(10(1))(Tog £)/10g Tog ¢

so that

k < (1+0(1))(10g t)/T0g Tog t < (3/2)(Tog t)/log Tog t

for large t. Thus Lemma 2.3 is proved.

In view of (2.3) and Lemma 2.3, we have for all large x

Ny(x) < ! N(2p,-1,k,x/s),
p </B Tog Yog x p"|d(s)
k </6 Tog log x
where the fnner sum is taken over those s such that 4s is square-full and

d(s) = 0 (mod pk}. Let f(pk) denote the inner sum. Thus
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N3(x] < 48 log log x—max{f(pk): p < 8/Tog Tog x, k < 6/Tog Tog x} .
Thus to prove Theorem 1, it is enough to show that each
(2.4) £(p*) < x-expi-(1+0(1)) 2/T6g Z /Tog Tog x)

By Lemmas 2.2 and 2.3, we have
(2.5) flo") < —— ) i ki] {=pi=y Tog Tog x} /1!
% - 76(2p) S 42, 6(2p) "
(log x} k =0
p-ld(s)
The following two lemmes will enable us to prove (2.4) and thus complete the

proof of the upper estimate of N(x).

LEMMA 2.4. Suppose the prime power pkld(t} where p-1 > 1}2- /Tag Tog x and

t < exp (4/Tog Z /Tog Tog x). Then for all sufficiently large x, we have

k < 60.

PROOF. Say q°[[t where p|bt1. If pZ|b+1, then

5 X

1
2 log log x
t:qb32p']>2m

for all large x. Thus we may assume p||b+1. Hence there are k distinct primes
Gy 10-250; With (ql...qk)p'jit. Thus 2klp-1) < t, so that k < 48//Tog Z < 60.

Thus Lemma 2.4 is proved.

LEMMA 2.5. Let p be a prime and let S be a set of integers whose elements

satisfy p{d(s) and 4s is square-full. Then there is an absolute constant c

such that

I 1mece®,
SsES

PROOF. We may assume p is odd. If p|d(s), there is a prime power qb]Es with

pib+7. Let t be the product of all such qb in s and write s = ut. Then

7 . /s <(D/)(D1/e)

S&



where u runs through all integers for which 4u is square-full and t runs
through all integers > 1 which are (p-1)-full. Thus
T 1/s << 1/t << g(p-1)-1 << 2P,
SES
where ¢ is Riemann's function. Thus Lemma 2.5 is proved.
We now show that (2.4) holds 1f p-1 > Jl'f /Tog Tog x . In this case,
Lemma 2.4 implies we may assume k < 60. Thus by (2.5) and Lemma 2.5,

59
70 < oo . xlloaleg Xl gy
(Tog x) pk|d(s)

x(log log x]sg
(10g X)U(p-n,zp-T

<<

Applying the inequality of the arithmetic and geometric means to the logarithm
of the last denominator, we have (2.4).

Now suppose p-1 51}2- YTog Tog x. If pk[d(s}. since
s < exp(4/Tog 2 /Tog Tog x), Lemma 2.3 implies for all large x

k < 12/Tog 2 /Tog Tog x/log log log x < 10/Tog Tog x/log log log X.
Thus by (2.5) we have

f(pk} < ecx-(log Tog x}]Dqug Tog x/1og log log X(1og x)-'l/dﬂ[Zp} E 1/s

p-ld(s)

<< x exp(-2vTog Tog x),

so that a stronger result than (2.4) holds in this case. Thus Theorem 2.1 is

completely proved.

REMARK. Although giving the approximate rate of growth of N(x), the estimate in
Theorem 2.1 {s not an asymptotic formula. We believe an asymptotic formula for
N(x) could be established along the general lines of our proof, but it appears

that certain strong conjectures about the distribution of prime numbers in short



intervals (specifically, in a short interval centered at vTog log x/vTog 2)

would have to be assumed.

3. The n for which d(n)?]o(n).

For every positive real number 8, let < nB »= I p[aa]‘ Thus if g is
a
P [ln

[} [}

a positive integer, < n* » = n",

THEOREM 3.1. For any € in (0,2), the set of n for which < d(n)%¢ > [o(n) has

asymptotic density 1, the set of n for which < d(n)2*e > [o(n) has asymptotic

density 0, and the set of n for which d(n)?|o(n) has asymptotic demsity 1/2.

PROOF. Write d(n) = a{n)b(n), where a(n} is odd and b(n}) 1s a power of 2. We
first note that the set of n for which < a(n)® > divides o(n) has asymptotic
density 1, no matter what positive value we choose for 8. This can be seen as
follows. Let ¢ be an arbitrary positive number, If we write n = sm where
(s,m) = 1, & 1s square-full, and m 1s square-free, then it is easy to see that
there 1s a positive integer K such that the set of n whose square-full part

s exceeds K has asymptotic density <e. (Indeed, this follows at once from the
fact that the sum of the reciprocals of the square-full numbers is convergent.)
Hence we may consider only those n whose square-full part s does not exceed K.
Since a(n)|d(s), we accordingly know that < a{n)B > < K. 1f PysPps... are the
primes congruent to -1 modulo [kB]!, let P be the set of positive integers n for

which there is no 1 such that p,||n; since 1 1/p; diverges (according to Dirich-
let), the asymptotic density of the set P is

o 1
(1= -+ Ly = 0.
H Py ;f

But if n has square-full part < K and if p1]|n for some 1, then

<a(n)® > [(pg*1)o(n}. Thus the set of n for which < a(n)® > | aln) is
contained in the unfon of P and the set of integers n with s(n) > K; accordingly
the set of n for which < a(n)® » Jo(n) has density less than e. Since e is

arbitrary, the set of n for which < u{n)8 > to(n) has asymptotic density 1.
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Since < a(n}‘ > and < b(n)? > are relatively prime and their product is
< d(n)B >, we need only be concerned with the divisibility of o(n) by
< b(n)? > for & = 2-¢, 2, and 2+e.

Let vz{n] denote the exponent on 2 (possibly 0) in the prime factorization
of n. Let gs{n) = vz{u(n)}-avz(d(n}}. Note that 95 is an additive function.
Moreover < I:‘(n}B > |o(n) 1f and only if gs(n} > =1. We shall require the

following lemma.

LEMMA 3.1. If 8 # 2, the normal value of g (n) is (2-8) log log m; that is, if
e > 0, the set of n with (2-g-¢)log log n < gs{n} < (2-g*e)log log n has
asymptotic density 1. For every real number u, the set of n with

-1/2 U -VEZZ def
g5(n) < uw/Z Tog Tog n  has asymptotic density (2«) [ & dv = G{u).

We can see how the Theorem is a carollary of the Lemma. Indeed gz_c[n) > -1
for all n but for a set of asymptotic density 0, 92+e{"} < =1 for all n but for
a set of asymptotic density 0, and g,{n) > -1 for a set of n of asymptotic
density G(0) = 1/2.

PROOF OF THE LEMMA. If g(n) is any real valued additive function, let

A(x) = [ glp)/p, and let 8%(x) = I g%(p)/p. We shall use the following
pex p<x

generalization of the Erdos-Kac Theorem (see Kubilius [12] or Shapiro [21]):

If B(x) + = as x » = and if for every n > 0,

) a%(p)/p = o(8%(x)),
P <X
la(p)] > nB(x)

then for every real number u,

1
x1im_ X, E ) ] = G(u).
(g(n)-A(x))/B(x) < u

We apply this theorem to the functions gB(n).

Using Theorem A, we have for any B,
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kﬁ(x} dgf z

- 7 1/ - 1/
) 95(P)/p 121 ) E P 8 I p

X X p<x

211 (mod 2™y

p

= 1 1.277 1og Tog x + 0( 5 12.271)-8 10g 10g x + 0(1)
1: i=

= (2-8) log log x + 0(1).

Moreover,

205y 987 2 v 2
B = = 1-8)°/
ax) , E . 9g(p)/p 121 . I . (1-8)%/p

A

n

p =221 (mod 2™y

o

= 21 (1~B]2-2'11og Tog x + 0{151 1(1-312.2'1)

1:
= (6-48 + 8%) log log x + 0(1).

Now for every n > 0, let 18 = 1s{n.x] = nBB(x) + B. We have (if we assume x

large enough so that g < nBs{x}]

! gi(p)/p I ) (i-8)%/p
)

[9g(p)| > nBg(x) p =21 (mad 271

= 7 (-mf2Yegrogx+o( T i(i-s227h)
i 1> 1
B B
nzﬁgix}Tog Tog x 2
= 0—E o) = o(1) = 0(83(x)
2 B
by our estimate for B% (x).

Hence the generalization of the Erdos-Kac Theorem quoted above is applicable.
Thus the normal value of gB{n) for 8 # 2 1s (2-8) log log n and, if o(n) tends
to infinity with n, we have for all n

-o(n)(10g 1og n)'/2 « 9(n)-(2-8) Tog Tog n < p(n)(1og log n) /2

except for a set of asymptotic density zeron. Moreover, since Az(x} = 0(1) and



since Bz(x) {s indistinguishable from Bz{n) for n near x, we have our assertion
about gzin). This completes the proof of Lemma 3.1 and accordingly Theorem 3.1
is established.

4. The mean value of A(n).
Let g(s) be the sum of the Dirichlet Series J c(n)n”® whose Euler product
is

g (-p"$3"201 + ]2 (1 + 1F);:'s + é- 1+ 13+ i«z)p'zs +...1),

the square-root being the principal branch. Clearly both series and product
converge absolutely for Re s > % , since the general term of the product has

the form

Vg L e (PIP7KS,

where [e,(p)| < 1. The following result indicates that A(n) behaves 1ike
g(1)n(x log n}“1/2 on average.

THEOREM 4.1. As x -+ = we have

2
(4.1) A(n) ~ -HH-‘ i
n E b e 2 / (Tog x)

PROOF. For Re s > 1 we have

"

=1 -5 1 1y -5 . 1 1,1 .~2s
(4.2) nAMN ™ = {1+ (1 +)p  + (1 ++5)p 5+ ...}
L INegli+g Fleptz
= ¢(s)%g(s),

where ;{511;2 s real for positive real s greater than 1. From (4.2) it is
possible to deduce in various ways that

(4.3) B(x) = I
n <

n'-lA(n} m%}% __XTTE__ H
X T (log x)
in fact we shall sketch below several different methods of going from (4.2) to

(4.3). The partial summation formula
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LA = [ tB(t) = xB(x) - /) Blt)at
n<x -

then readily enables one to deduce (4.1) from (4.3).
Here are five methods I-V for deducing (4.3) from (4.2).
I One can use the classical method of contour integration (cf. Landau
[13], Landau [14], Wilson [24], Stanley [22], and Hardy [8].)
I1 One can appeal to general theorems established by Kienast [11] and
Dixon [4] by the method of contour integration.
ITI One can start with the result

X
(r Tog x)

Vgl ® L rgple ® 7z + o

X )
(10g x)%/2

of Selberg [22] or Diamond [3], where

v - 1/2

dy (N0 = (s) (Re s > 1),
n§1 1/2
and “then use the identity

51
. 2 xl'l A(rl) - » g a C(I'I} D]/Z(x/"}'

where as above J c(n)n"® = g(s).

IV One can use the following Tauberian theorem of Delange:

LEMMA 4.1. Suppose 1 < hy < hy < ... and h + + «.  Suppose the Dirichlet

series Eanh;s has non-negative coefficients and converges for Re s > 1 to a s

f{s). Suppose there is a real number r which is not a negative integer such that

f(s) = {s=13"""Th(s) + k(s),

where h and k are holomorphic functions on some domain containing the closed

half-plane Re s » 1 and h(1) ¥ 0. Then as x + += we have

h{1 r
; Ex an'“W(rT{Tx(mg x) .

.
lemma 4.1 is a special case of Theorem 3 of Delange [2]. To obtain (4.3)

from (4.2) by using Lemma 4.1 we need only take r = - 1/2, hn i A(n)/n,

nis) = [(s—'l)c(s}}uzg(s). and k(s) = 0.



V  One can apply the Tauberian theorem of Delange quoted as Lemma 5.1 in the

next section to

I(log n) &Eﬂll ]—s = - 3—5 te(s)2q(s)).

2

This approach gives

(1og n) 5%91 ~ 9%}%— x(1og x)]fz
u

n X

X
<
from which (4.3) follows by partial summation.

Any of the first three of the above five methods will in fact give the more

precise result

2 b b b
9{1; 1 m 1 1
f. Aln) = X { +—+—§—+,__+ +D{—~T~})
no<x (log x) / 2n Tog x log™x 10g™x ]09m+ X

for any positive integer m and suitable constants b1,b2,...,bm.

Instead of starting with (4.2) it would also be possible to begin with

Z] n-1M:|1)ri-s = E H%ET'"-S . z 2(n)n”%,
n= =

n=1 n=1

where z f.(n)n"s has abscissa of convergence less than 1, and then use the result

of Wilson [24] that

I 1 " cX
no<x ) (log X)I/Z

for a certain positive constant c.

5. The number of n with A(n) < x.

We begin by quoting (as Lemma 5.1) another Tauberian theorem of Delange which
is somewhat more powerful than Lemma 4.1. While it requires the parameter r to be
non-negative, it requires a much less stringent condition than the analyticity of
the functions h and k which was imposed in Lemma 4.1. If r > 0, Lemma 4.1 clearly
follows from Lemma 5.1; if r is negative but not an integer, Lemma 4.1 can be

readily deduced from Lemma 5.1 by repeated differentiation and partial summation.
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LEMMA 5.1. Suppose 1 < hy <h, < ... and h  ++ =. Suppose the Dirichiet series

)} anh;s has non-negative coefficients and converges for Re s > 1 to a sum f(s).

Suppose

1im f(s)
5 + T+iy
Re s > 1

exists for each non-zero y. And suppose there exist real numbers A,r,8 with

A>0,r>0,0<80¢<1

w
=
o
=
=
o
e

|
|

£(s)-A(s-1)"" = o(|s-1]7"%)

for Re s > 1, [s-1] < i. Then as x + + = we have

r

an v F{F"'&T)- X[]Ug X)

EA -

h

" X

Lemma 5.1 is a special case of Theorem 1 of Delange [2].

The following theorem not only provides valuable information about the dis-
tribution of the values A(n}, but also is interesting in that it is a clearcut

instance where Lemma 5.1 appears to be needed rather than the easier Lemma 4.1.

THEOREM 5.7. As » ++ = we have

#{n:Aln) < x}= T 1 i x log %,
n) <x
where
1,2 2 3 4
Ae o {{1- )71+ =t + S
p . P Zapn plaplepil

PROOF. For o = Re s > 1 we have

nOAGR) S + A(RR)TS + ALY S 4 L)
P

(5.1) T A(n)"S

;(SJESG(SJ.

where
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s ® }
es)? =exp2®] R

p  m=l
and
s 5 5 s
(5.2) 6(s)=n (- e e 0 b .
p p (p+1)”  (pT+p+1) (p~+p“+p+1)

For o = Re s > 1/2 we have the estimates

5 s s s o
L : s ¥ 2 3 s * 3 24 B Fuww ® 1} ¥ £ s U _%E}
(p+1)"  (pT+p+1)”  (pT+pT+p+1) (p+1) p
and
3 s o
(1- JEJZ = exp{2® Tog(1- l;)} = exp{- g; + G[—%;)},
p p p p
so that
s s s 3
(5.3) 0-19foe -t AL
p (p+1)”  (p"+p+1)"  (p+p+ptl)
25 zs 40
=S + 0(—==).
B (1) P
Since
25 25 p+] 20 5l
feS < = |-2* r si1 du| < U: .
P (p*1) p u

(5.2) and (5.3) show that G is holomerphic for ¢ = Re s > 1/2.

Put
25
H(s) = G6{s){(s-1)z(s)}

in some domain containing Re s > 1 in which ¢ has no zeros. Then for Re ¢ > 1

we obtain from (5.1)

(5.4) E] A()™S = (s-1)"2H(s)
n:l

(s-1)72H(1) + (s-1)"2(H(s)-H(1))

H(s}(s-1}-2{exp{(2-25) log (s-1)1-1),

+
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where the logarithm is the principal branch. Hence if Re s > 1 and [s-1]| < 1,

we have

A

lexp{(2-2%)1og(s~1)} -1| < exp](2-2%)10g(s-1)| ~1

A

¢y 1(2-2%)10g(s-1)|
< Cyl(s-1)Tog(s-1) |

¢, Is-11(tog|s-1]""+x)

A

1-
C3I5-]l :l

A

for any fixed positive ¢ < 1 and suitable constants C].CZ.C3. Thus (5.4) gives

[ Hl-} [<Cyls-D)"C (Res>1, [s-1] < 1)

nz"l A(n)s

for a suitable constant C4. We may therefore apply Lemma 5.1 with hn = the n-th
distinct value in the range of A, a, = the number of times the value hn is taken

onby A, r=1, 86 =¢, and

W2ire 2 3 4
A= H(1) = 6(1) = n((1- D20+ 2o+ + ¥
p P PT T 20 pieplepe

Thus the result of Theorem 5.1 follows.

6. The distribution of the numbers A(n).

THEOQREM 6.1. There is a positive constant v such that the number of distinct

rationals of the form o{n)/d(n) not exceeding x is 0(x/(log x)").

We shall use the following result of Erdos and Wagstaff [5]:

divisor p+l with p a prime, p > T, is 0(x/(log T)¥) uniforsnl! jglg_lj_ e
T > 2. Actually Erdos-Wagstaff prove this for p-1 in place of p+1, but the

proof is identical.



PROOF OF THE THEOREM. Let € > 0 be arbitrarily small. Let x be large and let

5 = (log x]zu. where y is the constant in the ErdEs~Hagstaff theorem. Any integer
n > 0 can be written uniquely in the form n = s(n)-m(n) = sm where (s,m) = 1,

m is odd and square-free, and 4s is square-full. Let

#n > x(log )*:  o(n)zd(n) < x} ,

=
i
]

Ny = #(n < x(Tog x)*: P(n) < x!/109 199 %},

Ny = #n < x(Tog x)*: P(n) > x1/1°9 199 X p(n)2|ny

Ny = #Hr s xir = a(n)/d(n) for some n with P(n) > x1/10g log X.P(n)]|n,s(n) < 8},
Ns = #{r < x:r = o(n)/d(n) for some n with s(n) > S},

where P(n) denotes the largest prime factor of n. Thus, if f(x) denotes the number
of distinct rationals not exceeding x and having the form o(n)/d{n), we clearly

have
(6.1) f(x) SNy # Ny + Ny + Ny + N,y

so that it remains to estimate these 5 quantities. Note that in the definitions
of N1. Nz. and N3 we are counting the number of positive integers n satisfying
the conditions in question, but that in the definitions of N, and Ng we are
counting only distinct values of the ratio o(n)/d(n) arising from at least one r
satisfying the conditions mentioned.

We have (see p. 240 of [24])

Ny I 4:‘IZ 1
x 1 i=0 ,i 4 i+] 4
2(;) > g?xx 2'x log'x < n < 2™ log'x

d(n) » 21 10g4x

1 2
2 L ogp—g— ] d°(n)
i=0 27 log'x f & 21'+] % 1cg¢x



‘E 1 . 2it
i=0 2: 1Dgax

- : 3
X i+2 log x X
(6.2) _— X ) .‘_?__L < Yo s>

log'x i=0 2

X 1og4x-(1+2 log x)*

<<

From Rankin [12]
(6.3) Ny << x/l0g x.
Clearly

(6.4) Ny < 1 x{1og K}4Id2 << %/T0g %.
& 4 1/10g 10g x

We use the Erdos-Wagstaff theorem to estimate Ny- If a(n)/d(n) is counted by

Ny» then a(n)/d(n) = (a(n)/d(m)j/d(s) where a(n)/d(m) is an integer and for each
e > 0 (cf. (2.2))

d
d(s) < -y max{d(s):s < S} < (log x)*®

for all large x depending on the choice of . Thus the integer 2o(n)/d(m) is at

1/10g9 log X

most 2Zx and is divisible by a p+l where p is prime, p > x By the

Erdos-Wagstaff theorem, we thus have
(6.5) Ny << x22/(10g(x/1°9 199 X))¥ ¢ x/(10g x)¥7%€,

Note that if o(n)/d(n) is counted by Ne and n = sm, then
o{n}/d(n) = (o(m)/d{m}}{o(s}/d(s)), so that {o(m)/d(m))o{s) < xd(s) < xs®  for
large x. But o(m)/d(m) is an integer. Thus for each fixed s > S for which 4s
is square full, the number of o(n)/d(n) < x with s{n) = s is at most the
number of multiples of o(s) below xs® . Thus

(6.5) Ng < I xs%/als) ¢ I x/s'TE << x/(Tog x)MEE,
s >3 s >5

Qur theorem now follows from (6.1), (6.2), (6.3}, (6.4), (6.5), (6.5).



Note that if g runs through the primes not exceeding 2x-1, the w(2x-1)
numbers o(q)/d(q) = (q+1)/2 1ie in [1,x] and are all distinct. Thus the constant
v in Theorem 6.1 cannot be larger than 1. In fact, by more complicated arguments
we can prove that, if f(x) is as above, then for every positive ¢ and every posi-

tive integer k we have

X

% k
m ('Iug log X) <« f{x}« m‘; -

7. Other probiems.

In this section we shall state some further results, giving either sketchy

proofs or no proofs at all.

THEOREM 7.1. There is a constant c so that

N
{n A(i)}]/" )109 2.

i=1

- e n/(logn

n
Since there is a known asymptotic formula for { I d{i)}lf" due to
. i

Ramanujan {cf. Wilson [24]), Theorem 7.1 can be proved by establishing an
1/n

n
asymptotic formula for { n o(i)}
i=1

It is possible to give the constant c
explicitly and also to give arbitrarily many secondary terms.

THEOREM 7.2. The set of integers n with an integral arithmetic mean for th

divisors d of n with 1 < d < n has density 0.

That {s, Theorem 7.2 asserts that the set of n for which d(n)-1|o(n)-n has
density 0. We now sketch a proof for square-free n. The non-square-free case
is much harder.

Assume n is square-free and K is large. A1l but a density 0 of n have
ZP—I]a{n) for every prime p < K. For each prime p, 2 < p < K, the n with plu(n)
have relative density 1/p. (Here w(n) is the number of distinct prime factors of

n.) In fact, the relative density of the square-free n for which

(7.1) plu(n), 2P-1n, 2P-1|a(n)
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is p"}[l-[zp—l}'1]. But such an n has d(n)-1Jo(n)-n since 2P-1|d(n)-1,
zp-lzo(n)-n. The events (7.1) for different primes p are independent. Thus the

relative density of the square-free n for which d(n)-1|o(n)-n is at most

noo0-to- o
2<pzsK P 2041

Letting K + =, this product goes to O and we have our result for square-free n.
The above heuristic argument can be made the backbone of a rigorous proof.
Roughly the same idea can be used in the more general case when d{n) is a power
of 2.
Recall that oy(n) = d;ﬂ d'. Thus o(n) = 5y(n), d(n) = o(n).

THEOREM 7.3. Let & j denote the asymptotic density of the set of n for which

61(n]]aj(n), where i,j are integers and U < i < j. Then

1, if j/i is an odd integer;
di,j = 1, if i =0, j is odd;
0, if i > 1, j/i is not an odd integer.

Moreover if 1 = 0, j is even, ;ggg_ai j exists and 0 < Lo i e
* L]
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