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Some useful facts

Curvature orRP,
Rabed = OacObd — 9ocOad

Curvature orCP,
Rabed = JacOod — GbcOad + Jacdod — Jbedad + 2JdapJed

Model embeddings: : RP, — CP, totally geodesic

wab = Vadp) © m1(VaVewnd + Jacwnd) = 0 &C

2-form lemmay*yap =0Vu & ¢, =0

Curvature lemmau*yapeg = OVu & Y4 =0
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Curvaturelemma

Yabed = Yabj[cd]

J 0 }z NEIERRRE R ESY nnEES
[abcld =

Vancd €T(9-5. 9 o 9 9 39) (casen=4).

Branchto SL(8 R) > Sp(8 R)

O 2 00O O OO 0O 2 0.0 O 1 0.0 O 0 0.0
ooooooo:o—o—o:éo@o—o—ozéo@o—o—ozéo
Wabed = W (J:I_de + dap<deg T OJapady

cf. Weyl cf. Riccli cf. Scalar

Lemma y*Yaped = 0V modelsy < ¢, =0
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BGG detall

Range of Killing operators oRP, forn > 2

wa = Vad © n(Vawyp) = Viawy = 0

wWap = Vadp) © m1(VaVewpd + Jacwnd) = 0

Wabc = V@pbe) © m1(VaVcVewpds + 49acVewnds) = 0

Combinatorics1

TR R RPRRPER R

10
20
35
56
34

9

64 cf. OEIS
259 225

784 2304

1974 12916 11025
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Topics

 Funk or Radon transforms @r or R?

« X-ray transform orRP;

« X-ray transform orCP,

» X-ray transform on functions

« X-ray transform on 1-forms

« Symplectic geometry

« X-ray transform on symmetric tensors
« Complex methods
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Funk-Radon

2
* Funk(1913) S
f e I(S% &) Y o(y) = 56 i
, Y
« Radon(1917)
R21

f e LR E) L 60 = f i
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Radon=Funk!

¢:F6Ver(82a8) ; Fever(SZ,g)

| |
Better T(RP,, &) [(RP,, &)

Better stilt ¥ : T(RP,, &(-2)) — [(RP%, E(-1))

Usual affine coordinates R? < RP, s
projective equivalence!

[L(R2,E) —
) agree

[(RP,, &(~2)) —
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John (1938)
The X-ray transformaccording to John

I.(R%&) > f - gb(y):ff

Y

Better T'(RP3,&E(-2))>f— oy = SE f

Invariance under SL(&R) because

[(RPy, §(=2)) = T(RP;, AY) RIS

IS Invariant under SL(R).
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X-ray transform on RP3

X : T(RP3, &(-2)) — T(Gr(RY), E[-1])
Rang@ Theorem4{John)

=X < O¢p=0
where o:&[-1] - &[-3]

= ultrahyperbolic wave operat¢EL (4, R)-invariant).

Kernel? X is injective on I'(RP,, E(-2)) forn> 2

A Ri : ” Funk
S a Kilemannian 0 E—
manifold under ['(RPy, A°)
SOM + 1)
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X-ray transform on CP,

CP, SU(M +1)/S(U(1)x U(n))
Fubini-Study metric

f = smooth function orICP,
y = geodesic

fr6() =6 f

Questions

 Kernel of X?

« What aboutw R o(y) = ggya) for w a 1-form?

« What aboutwg,..c. a symmetric tensor?
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X-ray transform on functions

Know Sﬁy f =0V geodesicsy — RP, & f =0.
Suppose Funk(1913)

9§f =0 V geodesicsy — CP,,.

Y

Thenf@y f =0V geodesicy — RP, L CP, for any
model embedding. Hence

w f =0 V model embeddings : RP, — CP,.

Hencef = 0, I.e.|X IS Injective on functions 0P,

cf. Helgason, The Radon Transform, 82 Corollary 2.3
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AppProach (with Hubert Goldschmidt)

CP, RP, — CP, Induced
by Rn+1 SN Cn+1 IS
totally geodesic

Translates by SW(+ 1) too!
T ‘Model Embeddings’u

The X-ray transform oiRP, Is well-understood.
Pullback of tensors underis well-understood.
Suitable global techniques @¥P, are available,
compatible with similar techniques (BGG) ®&®,,.
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X-ray transform on 1-forms

Know Sﬁyw = 0V geodesicy — RP, & w = d¢.
Suppose Michel (1978)

9§w =0 V geodesicsy — CP,,.

Y

Thenf@yw = 0V geodesicy — RP, SR CP, for any
model embedding. Hence

wdw =0 VY model embeddings : RP, — CP.

Hence by 2-form lemmaldw = 6J|. Claim w = d¢
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1-formscont’d

TheoremForw € I'(CP,, AY), n> 2, TFAE

(8) w=d¢

(b) dw =0

(€) (dw), =0

(d) dw = 6J

Proof (a)e(b) becausdéi!(CP,,R) = 0.
(c)=(d) by definition.
(b)=(c) Is trivial.

(d)=(b) If dw = 6J, then

0=d’w=0d(@J) =doAJ= dd=0= 6= constant

Butif 0 # 0, thend(w/6) = J, a contradictionc
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Symplectic geometry

Rumin-Seshadri complex

d d d d d
A S A S A2 S A3 S - S OA]
L d?
d d d d d
A = Al « A2 « A3 & . & A

local cohomology= R

« T(CP,, A% -5 [(CPy, AL) 5 T(CP,, A2)

IS exact
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Symplectic geometry cont’d
SupposéeV Is a connection ofY such that
(VaVb — VbVa)Z = JpPX ® € EndV.

Then we can couplthe Rumin-Seshadri complex
V.ol Vi 2
V— A"V —>ATQV — --.
It's still a complex and (if V is a bundle orCP,)

[(CPy, V) — [(CPy, AL ® V) 5 T(CPy, A2 ® V)

IS exact

T under further mild conditions
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Symmetric 2-tensors

Know (Michel (1973)
j%:wab =0V geodesicsf — RP, © wy = V(a¢b)-

Therefore (BGG),
9§/ wap =0 V)/ — RP, & ﬂ(v(avc)wbd + gaca)bd) = 0.

Would like to show (Tsukamotq1981)
Sﬁywab = 0V geodesicy — CP, & wap = V(adp)-

Know (BGG & curvature lemma)
f@ywab =0Vy = CPy, = (n(V@aVgwbd + Gacwnd))™ = 0.

Therefore, suffices to shown CP,

wah = Vayy © (M(V@Vewnd + Jacwbd))™ = 0
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L

Pr OOf Of wab = Vady) < (7(V@Vrwed + Gabwed)) =0
Consider the connection dh= Ale A2 Al

Vaob — Hab

Valtoe + 9ab0c — GacOb + Jaboc — Jacob — Jbcpa + chJadO' d

Vaob + Jaing

It satisfies (V.Vp — VpVa)Z = Jp 0.
Now unravel the exactness of

[(CPy, V) — [(CPy, AL ® V) 5 T(CPy, A2 ® V)

by Heisenberg Lie algebra cohomology| «+ BGG|!

1 and further mild conditions
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Further resultsand summary

Theorem
Supposevy,..c IS symmetric orRP, or CP, for n > 2.

9§ywab-..c = 0V geodesiCy © wap.c = VaPo-o)

for some symmetric tensak,....
By combining
* pullback lemmata curvature &c
« BGG complexes
» symplectic geometry
we can bootstrafrom RP,, to CP,. Therefore,

It suffices to prove the Theorem f&iP,.
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Complex methods

dimrp = 2n
F12(C™") v HGRR™Y) = F
IL/ \ 2 V \7:
P Gry(C™1) CPp, ¥ Gry(R™1)
Double fibration transform Fyo(R™1)
n Grz(R”+1)

n.F — CP, real blow-upalongRP,
= F acquires an involutive structufef. E & Graham)
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Further Reading

e T.N. Bailey and M.G. Eastwood, Zero-energy fields on reajqutove
space, Geom. Dedicata 67 (1997) 245-258.

e T.N. Bailey and M.G. Eastwood, Twistor results for integrahsforms,
Contemp. Math. 278 (2001) 77-86.

o A. Cap and J. Slovak, Parabolic Geometries 1, AMS 2009.

o A. Cap, J. Slovak, and V. Séek, Bernstein-Gelfand-Gelfand sequences,
Ann. Math. 154 (2001) 97-113.

M.G. Eastwood, Complex methods in real integral geometeyydR Circ.
Mat. Palermo, Suppl. 46 (1997) 55-71.

e M.G. Eastwood, Variations on the de Rham complex, NoticesSAM
(1999) 1368-1376.

e M.G. Eastwood and C.R. Graham, The involutive structurehen t
blow-up of R" in C", Commun. Anal. Geom. 7 (1999) 613-626.

e M.G. Eastwood and H. Goldschmidt, Zero-energy fields on dernp
projective space, in preparation.
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THANK YOU

THE END
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