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ASYMPTOTIC SOLU"HON OF THE “PROBLEME
DES MENAGES™ '

I

By
S. M. KErawaLa

{Received June 23, 1947)

The “‘probléme des ménages’” consis(s in finding the number of ways in which »n
married couples may be seated ab a round table, men altern: ating with women, 80 that no
wife sifs next to her own husband, '

Let the number of ways be set equal to 2(n a(n). Several solutions have been
given before by expressing a(n) in various ways. Mac Mahon (1915), for -instance, gives
the following operational formula for a(n) :

a(n) = (310 )" [Dyspscs . . . (ede .. Made .. Yabe . .) . ' Tons )
Moreau (Lucas, 1891) gives a difference equation for a(n) equivalent to (
(n—2)a(n) = n(n—2)a(n—1) + na(n —2) —4(—1)", (2)

and then caleulates a(n) for n < 20. .
Recently, however, more explicit formule have been obtained for a(r). Touchard
(1934) expresses a(n) in terms of de‘ﬁnite integrals, and Schobe (1943) shows that

a(n+1) = 2(—1)m1+ M z( 1)':( )h : ®)
where ky; is Whitworlh’s “"uo factorial” k or
N ,
=kl 3 (-1[0).

Schobe aiso establishes that
. a(n)/n' ~ 1/¢c? (4)

Very recently, I\aplansky (194 5) by an interesting application of Cayley and Sylvester’s

principle of “*cross-classification’” showed that

n=1

a(n) = 2(—']\)"‘+(—1)""’n z (-1 (;i’l 7! (3)

T=0
It is intended here to estabiish an asymptotic series for a(n), assuming (2) and (4).

I

To investigate a particular solution of the difference equation (2), T set
] aln) = c,n,
T

assuming convergence for all # > n,, and find

an
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¢, =0, Cy-= ca=cs=c,=cu=c =
e 4(._1)157 c, = —.502, c, = 3103, Cy = — 12503 Cig = = l?ﬁgﬂz, ete,

Hence the particujuy solution runs

4(_'.‘]_)“[_];—_5.+8_I.-1_2J3-—1769. S A ]

n®ontt e s AT
Next, I seek a Bolution.of the homogeneous equation
- ()L'—Q)a(n)—n(n,—2')(1(n—1)—-na(u—2) =0 - (6)

a(n)f{(nl) ~ ¢=2,

such that

a(iL) = z}’ [1 + zd,n”]

= B L B or=l

. Writing

in (6) and assuming the infinite series to converge for n>>n | T find
\ 10 d, =—1, 6! dy = 1501, e
‘ 2! d, = -1, 7! d, = -313354, :
31d, =9, 81 d, = —1451967,
lscﬂ | . 44 =37, 91 d, = — 30981461,
' 51 de=382, 101 d,, =~ 737659860, ote.
Hence the asymplotic value of a(n) is 'gi»;eu by

Al

no 2nt 0 3,8 T gy 120n° . 720n°

! . . [
afn) = %[1_ 1 1 1 . 37 329 1501

15677 _ 1451967 _ 39284461 _ 737652869 _— . ]
2520n" 40390+ 362880n° 3628300510
+4(_])n[l_i+31_125_@—...+...] (7}

n* opt T e ns nlo

I believe that for large values of n, the above provides a more explicit solution of t»l;e
“probléme des ménages”” than any pi'eviously given.

II

As Lucas (891 remarks, a(n) is the number of permutations of 1,2, . . . u discordant
with cach of the two permutations -
1,2 3, 4, . (n—1), n
2,84, 5, . ", 1,

If the two lines be replaced by uny two discordant permutations of L2 ... n we cet
the problem of completing the thivd line in « three-deep Latin rectangle, of which the
Y first two lines are fixed. The asymptolic number of solutions in this case wus recently
found by Erdés and Kaplausky (1946) to be




nl 11 ~‘]
I |

but the series has been extended by me (1047) as follows :

nl! 1 1 1 1 i 49 629 T 6961 19183

et w207 8Snd 0 2dnt 1200 7200% 252007

_ 633220 _ 133005258 _ 6482111800 _ ]
184400 ~ 362880n° 362880011

1L is instructive to compare this last result with (7). The two asyniplotic expansions
are identical as far as the fourth term, but differ from the fifth term onwards. This
throws interesting light on some conjectures of Erdés and Kaplansky about the
asymplobic number of the general n by k Latm rectangle. I hope to examine the

“implications in a subsequent paper.
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References

Erdss, P. and Kaplansky, 1., (1946), dmer, J. Math., 68, 230-236.
Kaplansky 1., (1945), Bull. Amer. Math. Soc , %9, 184 785.

Kerawala, S. M., (1947), Bull. Cal, Math. Soc , 39, 71-72.

Lucas, (1891), Théorie des nombresl, Gauthicr-Villars, Paris, 491-495.

Mac Mabon, P. A., (1915), Vol. 1, Combinatory Analysis, Carobridge, 953-257.

Sch gbe, W., (1943), Math. Z. 48, 781-784. )

Touchard, (1934), C. R, Acud. Sci., Il’ariq, 198, 031-633.




