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N the construction of tables of functions occurring
in physical and mathemationl problems, e.g., Bessel
funetions, the series in aseending powers ol the varinble,
such nu
21 o 20
I TIRE TR U TR

muy be conveniently employed for small values of 2.
Although convergent for all values of z, it is not suitable
when : is largo, since the caloulations becomo vory diflicult
and lnborious owing to tho large numbor of torms and high
powers neeessary to be included.  In finding the value
of r=10 to 24 places of deoimals the ealoulntion must
ho curried as far ns the torm z%, the sum of tho positive
and negntive powors heing respootively

Jolz) =1~

11013, 232 920 103 323 139 721 3706 087
aned
11013 . 232 874 703 393 377 2306 H24 DOHO,
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522 " Dr.J.R. Airey on the

An carlier example occurs in the calculation of Airy's
Integral ),

j cos T (wP—mw) dw
0 2

for m=—5-6, the largest value of the argument for which
this particular integral was computed. Itisremarked that
it is impossible to make the calculations for larger values
of m, even with ten-figure logarithms, on account of the
divergence of the first terms of the series.

( cosT (wP—mw) dw
0

1 md 41
=0 { =551 550

2 m* 52w
FO STy

For m =456 the largest term in the series is 169-044826,
and it is necessary to proceed as far as the 45th power
of m. The result 0:000114 for m=-—56 is obtained
by combining the sum of the positive terms, (14-149962
with the sum of the negative terms 614-149848. A very
striking example of the application of the ascending
series for large values of the argument is that given
by Glaisher ) in his paper on * Tables of the numerical
values of the sine-integral, cosine-integral and the expo-
nential integral.,” In calculating these functions to
twelve places of decimals when the argument is 20, the
first term rejected was the one containing 276, and to show
how extremely unmanageable the formule had hecome
it is stated that these values required the formation
of about twenty-two thousand figures exclusive of veri-
fications. Tor larger values of the argument it is much
more convenient to use the asymptotic series, ¢. ¢.,
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. sin z 20 41 !
and cz(z)=‘—(1—— 2+24_7+“‘)

2

~
~

cosz/1! 3!
z 23

These serics, as far as the least term, were used by
Glaisher for values of z greater than 17, the results being
correct to about seven or eight decimal places. “ To
remove every shade of doubt that might attach to the
use of these divergent series, the functions for z2=20 were
found from Dboth formule—ascending and descending
powers of the variable—and the agreement was perfect
to the eighth place which was as far as the semi-convergent
series could give correct results for the value of z.”

Much greater accuracy can be obtained from the use
of these asymptotic series than is here claimed. DBy a
simple transformation of the divergent part of the
asymptotic series, other series are obtained which are
easily evaluated even when the argument is complex;
and in the case of the Bessel functions, when the order

of the function is imaginary or complex.

Although these asymptotic series begin by converging,
they eventually become divergent. If the remaining
terms after the smallest be omitted the sum of the terms
already found will give the value of the function with
on error less than the last included term : and the view
generally held was that the degree of approximation
could not be carried beyond this point. Lord Rayleigh ¥,
referring to the asymptotic expansions of Bessel functions,
remarks that ‘“ series of this kind are strictly speaking
not convergent at all, for when carried sufficiently far
the sum of the scries may be made to exceed any assignable
quantity. But though ultimately divergent, they begin
by converging, and when a certain point is reached the
terms become very small. It can Dbe proved that if
we stop here the sum of the terms already obtained
represents the required value of the function subject
to an error. which, in gencral, cannot exceed the last
included term. Calculations founded on these scries
are therefore only approximate, and the degree of
approximation cannot be carried beyond a certain point.
In numerical calculations, therefore, we are to include
only the convergent part.”

2M2




524 Dr. J. R. Airey on the

In the case of asymptotic series of the first kind &,
i.e., series in which the signs of the terms are alternately
positive and negative, a much closer degree of accuracy
than that represented by the least term can be secured
by breaking up the divergent part of the asymptotic
series into more tractable series, as many as eight, ten
or more cecimal places can be added to increase the
accuracy of the result. To take a simple example, that
of the exponential integral Ei(—10), the value of the
asymptotic series

1— = 4 2

9

10 21 31 41
x ozt a3 g

can be found to about four places of decimals when the
calculations stop at the least term. However, by express-
ing the divergent part of the scries as the product of
a particular term—usually the least term—and a factor,
for convenience called the converging factor,” it is
possible to reduce the error to a unit in the seventeentl
place of decimals and Ei(—10) found to about 21 or 22
places, the accuracy of the result being increased by 13
places. To secure this degrec of accuracy from the
series in ascending powers it would be necessary to carry
the calculations to sixty terms and for Ii(—20) to nearly
double that number of terms. If the argument z is
complex, ve®® and B written for ¢, the various series
derived from the divergent part of the asymptotic series

can be readily computed by the method of differences
and detached coefficients. ITor example, the series

68— 5085+ 22580 — 73587 - . . .

b

. . 1 .
which occurs in the term -5 of the “converging factor ”’
14

of the exponential integral (6,

6 50 225 735 1960
6 44 175 510 1225
6 38 131 335 715
6 32 93 204 380
6 26 61 111 176
6 20 35 50 65
6 14 15 15 15
‘ 6 8 I l o o
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The sum of the series is

6584 —8B5+f¢
(1+8)7

this gives the simple result —

isreal. (0=0, B=1).

1
128 when the argument

Exponential, Sine and Cosine Integrals.

For negative values of the argument the asymptotic
series of the exponential integral is

1t 20 3
1_ é-+£~’2—?+."’
1) ! :
the rth term, T,, being ‘()—zrll1)’ Put z=ve® v=r+h,

r an integer and A a fraction between — 1 and 41, B=e19,

then the rth term and all the following ters are equivalent
to

=T, [1_ (v—h)p | (V—h)(u—};l.—]b) B

14

p3

BN Ve[ Sl G Rt O SO ]
— Tr IL]___ (1_ é’)ﬂ—}— (1-—- if) (1+ }.Eh) B2
A e

14
The part of the series in the bracket independent of v is,
of course,

1—B-f ... = 1%9
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The other series are easily evaluated, e. g., the series con-
P |
taining - is
2

—2B3+11B4— 3585+ 8535 —
the sum of which is
_2BS+B4
(1+8)°
The “ converging factor,” the factor by which T, must

be multiplied to evaluate this term and the following
terms, becomes

__1_ Lir F B
en R lrew R
Ar=28+p _ pr=2p, B g,
3l TWear — (oen )
161885 1B" 201084+ 3E°
ol
3, B
STty alagiee
1 [ — 24854 5860 — 228748
ol A
BB 3p
(14BY
1184— 28/95 6,86 684 — ﬂ 33 IB~ A
e e M )

(1)

This form of the ‘‘converging factor ” is not suitable
for numerical computation. However, if we write

(13 bRl

g

0 =24, B=e"2?, g =sec ¢, and put ¢ =e~*, then 1—j—ﬂ =g

and (1) becomes
oo O [ G ath] -+ S (—2aad)— (120t
% T L ] [4 @)= gl—2a

ot

[ G (6a 8o o)+ O (21024 Bt

+ g (_3a+ 3a3)h2 _{,_ a2h3:\

o1
)9,

_41_

Ifvis

factor 7

8.1+18
v
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~g., the series con-

by which T, must
and the following

3 Bz \
a 21+ﬁ‘)“3"]

®,
h3]
e

»;136_437}&

3 .

o B
h3 .
+ ]
(1)

is not suitable
er, if we write

; 1 c
1P T =
, then T58 = %

N2

g
-7 (1—2a2)h+ah2]
-3at)h

o4 3a3)h24- a%"]

"A“,.
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.5 4 -
- 3;% |:‘.;-6(——24x+5813—2215+o;‘)
03

T3

(6—52224 4324 —4a5)h

9

g

+ 1 (11— 28234 Ga®)h®
+3 (6a>— 4o}t al h‘] o (2)

If v is an integer and s written for ¢/2 the “converging

: , : - 1
factor ”’ as far as the term containing —; becomes
14

8. o ! 83.ot+;15[35(——20'.-}—a3]+—1}1-3[87(601—80&—}—«5)] '

+ 14 [s°(—24a-+ 583 — 228+ a7)]

14

1

5

[s1(1200— 44403+ 32865 — 5207 +a?)]

T
+ L [519(— 7200+ 370803 — 440045
' 4145207 — 1146+ al?)]
+ L [515(504000— 33984074 5814020 — 321204
! 4561000 — 240a!1 4 13)]
+ ;19[s"(—40320a+341136a3——785304a5+644020a7
-~ 1958000+ 19950011 — 49413 4 515)]
+ ‘yl_g['319(362880a—3733920a3+ 110262960

—124400640” 457655000 — 10625000t

67260013 —100401® 4 al7)]

+ %5 [821(—36288000c+44339040a3— 16218691205
v .

—}—2389045040& —1553573842944476500001t -

—5326160x13- 218848415 — 2026 +al?)]+. .
3)




528 Dr. J. R. Airey on the

The numerical coefficients in the expressions of two
consecutive powers of v are simply related : thus, the

T |
coefficients in the term containing =5 are

720=6.120; 3708=5.12047.444; 4400=4.444-48.328;
1452=3.3284-9.52; 114=2.52-410.1.
If v is real and equal to n--h, the C.F. is

o

1 1,1 1 /1 A, ,, 1 /1, & h3>

2 () —aa(i T3t ) (st i
1 (13 13k  TR® | .. .

59w (16 + 16 T1 TH )

1 47 47k  15h% 15K  5hé
— = (20 A 1ORT ) LoRT | OhT 4
il ORI i “)

3
S Y O O g

e \oi T 37 TIg g oM g )+
(4)

This formula was used in extending the tables of the
exponential integral as far as v=20 by intervals of 0-2,
which were needed in constructing a table of the radiation

integral (7
( T
Jz x(eF—1)"

When v is real, & zero, a=1, o=1, the calculations have

Vizz' If the ‘“ converging

L

been carried as far as the term

factor ' is .
1

Qn "
§_1+”§1W:|, B

the values of a, are given in the table (p. 529).
The.numl.)ers in the table are derived from the numerical
coefficients in (3) in a simple manner. For example,
@g=—T3=—T20-+3708—440041452—11411,
and so on.

-

n.

—
W= OO N Ut e b

—
1 w

(@) B

2=—20Is

From (5
the

the
and, fina

the corr
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ions of two n. a,.
thus, the
1 + 1
4/ ! 2 — 1
AR R o e
i 4 + 13 | Prent
98 - H 5 - 47 H r ;
4444-8.328 ; | 5 - 37 |:A\“JG o
1. \ - e N —]
i 9 i = 15551
L\ l 10 + 17 26511
1 e 189 94849
3 ‘ 12 |+ 109 79677
[ __ha) ‘ 13+ 29834 09137
4 14 — 4 84211 03257
i 15 1 4 13 50023 66063
16+ 1012 53200 47141
17 = 23203 31477 79359
i 18 + I 30595 20092 04319
L 19 |+ 58 74028 26601 73759
a 20 —_ 1862 05713 25553 80307
21 + 16905 21942 11909 07793
22 | 4 5 27257 18724 48118 05207
'_I_he) 4., (@) Ei(—5). The exponential integral for argument
z=-—>51Is given by
can - (4) ) b 1,20 3! 4!
S I P R L B A T .F.:l ,
9 of tho 5 =575 5 + gt %
cvals of 0-2 41 )
he radia.tior; From (5) the C.F.=0-52372 087 :, 5= 0-0384,
their product =0-02011 08816,
the bracket =0-85211 08816,
) L and, finally,
lations have P ) 1
Li(—b)=-— x0:00574 14779 b7 :
‘ converging 1 5
=—0-00114 829556 91:
. the correct value being —0-00114 82955 913, Thore is
(5) thus an improvement.in the accuracy of the calculation
| to the extent of seven or eight decimals even for this
). comparatively small value of the argument,
1e numerical (0) B (—10). The term, T, in this case, is
<ample,
—0-00036 28800
[14+1, and the C.F., is
0-51218 19943 760 :
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thus one can add about thirteen places of decimals to
the result of the calculation stopping at the least term

Eiv (—10)=—0-0° 4156 9689 2968 5324, -

the value given by Bauschinger ‘®), computed from the
ascending series to twenty places,

—0-05 4156 9689 2968 532.
(c) Bi (—4-53).

T y—cosT—isinT = 1",
50 #=008% 1= V2

—1—3 .
a?=—1, a3=—-—, etc. o=4/2, =05
) \/2 v

Here 0=

The series representing this integral is

Sin v 008 v [14%- 2l 311 em).
v v v ) J

1 4

Making the above substitutions in (2), it is found that
the C.F. is-

1,1 7 19 81
(?2+’27_‘1’6‘J?+W—123v4+"f)

1 1 3 3 b .
(3= 0 Tga 10 Traan )

Putting v=4-5, this becomes 0-59 : +0-44z;, the colon :
representing approximately a half-unit in the last place
of decimals.;. the product of this factor and the term
— 3—!3?' is equal to 0:02897—0-03917:; finally, the bracket

14
has the value . ‘
0-93020 : 4+0-18305¢,

which, multiplied by

BIN v+1 008 v ="§ (—0-977530—0-210796i) - °

14
gives -
Ei(—4:5i) = —0-19349 : —0-083344.

Since

this resull
from Glais

In the !
the Comn
integral fc
difference
of the arg
venient an

(d) Bi(-

sinv-k1 co
Vv
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as in the |
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the C.F. a
Real pa

1 1
2T,

Imag._ p
1

1
27
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Since

Ei(—ix)=ci(x)—1 si (),

this result can Dbe compared with ci (4-5) and si (4'5)
from Glaisher’s Tables .-

In the first volume of mathematical tables issued by
the Committee of the British Association the cosine
integral for argument less than 5 is not given, but the
difference between the integral and the natural logarithm
of the argument, an arrangement which is both incon-
venient and unnecessary.

(d) Ei(—10i). The asymptotic expansion is given by

. . . |
${1}V+v7:_008v[1+\__2_1__?_;_?_1{_4] ble _(ié_.

p? v vi Vb v

+- +-91% x(lﬂt],

In this case where v is an integer, (3) can bo used to

calculate the C.F. as far as the term containing ‘o
i . v
as in the previous example
=" =7 @=cos® —isin~;
2’ 4’ 4 4’

\Vlth these substitutions the real and imaginary parts of
the C.I. are

Real part :

.

1,1 13 59 185 1300 45387
3 Pt Rt 8 e T

+ 832613 12609823 | 158544573

90,87 T o100, om0
Imag. part : , ) o
11 3 56 599 5823 49595
57 ZT 53,3 + 553 24v3 o5 4 +. 96,5 T 2’7;6"“*" 98,7

266743 2679473 | 141494849
TToR8 T Tologe - F T oIplo v
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which give the C.F. to five places of decimals, viz.,
0-521914-0-476331.

)
The product of this factor and 9_.9z’ which is 0-0003 6288,
14
is
—0:0001 7285+-0-0001 8939,
and the complete bracket is

0-9819 1035+0-0948 8539

sin 10=—0-5440 2111, cos 10=—0-8390 71063,
and
Ei(—10i)=—0-04545 64329—0-08755 12675 : 1,

which may be compared with
ci(10)=—0-04545 64330 and si(10)=—0-087565 12674.

(e) Ei(-—ﬁeig). Since

. —* 1 2! 31 4|
Bi(—2)=—" (1~é+'-' — 5t XC'F')

~

z 22
and
_ T, . . 5(4/341) Bk
2—5(008"6‘*‘7481“6): 2 —y 1)25, 0_(—3,
the bracket
(1 V3 1N (1 V3. 6
(=g - )
12 .
— ;4(1+z\/3)><C.F.

Now
e*=e"°*®[cos (v sin §)—1 sin (v sin )],

logyo €% =2-1194497 : , % _ LB

cos (v sin 0) =—0-8011436, sin (v sin ) =—0-5984721 :
and

‘f;— ——0-00261 4867—0-00030 9975i.

Rt VTR

“Conver,

The C.F. cale

substituting

¢

gives

and the bracket

giving the result
Ei (=5
compared with {
(

Without the

result is

with errors of f
decimals.

The series in :

log, F(l—}—z):é
where
C =1
1
C, =
!
05 = r}_
5)

is suitable for ¢
Thus, when z=:
terms imaginary

log, I'(1+4"
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12674,
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The C.F. calculated from (3) as far as the term —14 , by
14

substituting )
$=15° o=sec 15°, a=e"14,
gives )
0-52505 : 4+0-12671 : 7,

and the bracket is
0-8609 278-}-0-0588 242i,
giving the result
Bi (—5e'§)=0-0022 3208-0-0004 2068,
compared with the value from the ascending series

0-0022 3299+4-0-0004 2066:.

Without the wuse of the ‘‘ converging factor” the
result is
0:0022 0224-0-0003 816,

with errors of three or four units in the fifth place of
decimals,

Logarithmic I' Function.

The series in ascending powers, viz.,
1 oz 1 14z
log, I(142)=Zlog,(-.™* ) — L2
o8 1{1+2) 2log°(sin w2 210g¢<1_2)+012.
—CB$3—05235 o o o0y
where

C, = 1—y=0-42278 43351,

C; = ;E}‘n*3=0-06735 23010 :
2

C; = : Tn-5=0-00738 55510 : 9 and so on,
2

St =

is suitable for computing this function when [ z| <L

Thus, when z=1, the first term is real and the remaining
terms imaginary, '

log, I'(144)=—0-65092 31993—0-30164 03205:.
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The asymptotic expansion (Stirling’s Series), which may
be used for larger values of the argument z, is
log I'(z)=(z—1}) log, z—2z-+} log, 2
4 B, B,

B, B, , B
2z 1228

+ 3028~

The term containing the rth Bernoullian number is

B

(2r—1) 2r . 2*!
If z=vei, then this term of the Bernoullian series and
all the following terms can be represented by

(2r—2)! [2 1 (@r—1)2r sy 1

and By— oty 5

r—-1
T n

sl R LR 2
(2r—1) 2r (2r+1)(2r4-2) _4 |

+ 944,14 ¢ hezi,'i'z'r;ii ot :|

(1)

Put t=2m=(2r—1)—n, where  is an integer fixed by
the chosen value of v and 7 lies between —1 and +1,
. and A is the cocfficient outside the Dbracket.
"Thus (1) becomes

A[E,l.._.(_‘_fl‘ﬂ)(ttj1+n) px ]

,n2r . ,n2r+ 2

B=cH

1 {42
(t+n)(t+ +”’))(tj“ +77)(t+3+77)ﬁ42h.17 ___.],

,anjH

+

and proceeding as in the case of the exponentinl integral
wo find the ‘“ converging factor ”’ as far as the ¢~ term.

1 ropspt | =28 1
copt (e + e
[11/34—30;30+738 I i U
(T8 e PR
—f4-3pt ]
Y| ]t_g e

(1+p2°

g

wlere

If v-

1078, ¢
affects

sixth 1
Limi

the cot
‘?. + |:S:

B
+|

+|
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Y43t =27 }
st ey ae s

1 1 _52+354 982 1
+ 3 { wt [Tr Haoplt }’+

where y=g , 8=’—§ , etq.

If v=3,”2r is approximately equal to 20 and 2% is about

10-8, 7. e., the term of which the coefficient is ——1r only

affects the converging factor by less than a unit in the
sixth place of decimals and may therefore be omitted.
Limiting the calculation to the first term, writing

S_seq__é) and L 1 s

2 T+~ p

the converging factor becomes
S +[#(—p+o8) —2en];
+ [ —308478°) 42t~ gy F14-982)
(- ]
F[ (g =g +51B— 240157
a0 (37 —208-+2228 286 )
438 (A5 — 00818872 s¥(4— 480"

+|:.39 (_ 274 +ii%0_?’ — 122168863487 —14224°

ﬁs
+3187)
g8 (%4 _ %_7 14568 —63148%+ 1850,34—7536) n

.
—— e

-

-1
.
q
i
' B
3
|
)
i
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+5(5 —ﬁ+14913—875,83+7055)7,2 .
B B
sf O =082 1) .,,3
+s (/—9— —1144-17082—308 )n
+ss(_1.—105+5ﬁs)n4]1+. e e e
B t
If the argument is taken along the ‘‘ semi-imaginary ”
. o ko
axis, 7. e., = i’
1 T ...7 1—
§= Véa,nd 'B_COSZi —using = VI

To take an extreme case, viz., to find log, I'(1-1)
from the asymptotic series, z=1-17, v=14/2,

log, zz—;log6 2—}—@"-2, t=2m/2;

whence r=>5 and n=0-114. Substituting these values
in (2), the converging factor is found to be approximately
0-52+0-507, and the product of this and the term

B .
—— ., [=0-01263(1—
e (1=]
is 0-0127—0-0%00 : 7.
The sum of the series up to the B, term is

—0:650948—0-301637 : 1.

Adding the above product, we get the value of log, I'(1-41),
about two units in error in the sixth place of decimals,
viz.,

log, I'(14-7) =—0-650921—0-301638;.

Naturally, with this very small value of 2, only one or
two decimal places can be added to the result.

Gauss 11 calculated log, I'(14+1) to seven places of
decimals from log, I'(114-7), using, apparently, Stirling’s

Series as far as the term %, B; being the least
za

——— e

i e g =

“ Convel

Bernoullian nw
value of

log,o 11

or log, I'(

When z=10+1
32

as —-—B wh
£3.64283°

with an accurac

Cony

This functio
exponential inte
Moy 2)=1+"
satisfying the di

X

Attention has!
function 12 jn t,
second order, e.

dy
da?
(l‘zy
dx?

and Laplace’s ec

(aﬁ—bzx);
The function j
many physical
deflexion of elect
fine structure, a
stated that for
theory the mai
be filled by mor

Phil. Mag. S. !




(2)

naginary "

oge I'(L+1)

cse values
roxmately
term

g I'(1+1),
f decimals,

nly one or

places of
, Stirling’s

the least

5 S e e —— -

*“ Converging Factor ” in Asymplotic Series. 537

Bernoullian number. The difference equation gave the
value of

log,o IT(1)=1-7173075—17° 16’ 57" -693i,
or log, I'(141)=—0-6509235 : —0-3016399;.
When z=10+1 the asymptotic series may be used as far

as which is approximately equal to 0-02%4, 5. e.,

__—82 _
63.64283°
with an accuracy of some 27 decimal places.

Confluent Hypergeometric Function.

This function M(ax.y.x) is closely related to the
exponential integral, and is defined by the series

o ala1) 2% afa41)(a42) ad
Miz.y.@) =14 g4 SET L T @em lers) Lo,
By D T T s G 51
satisfying the differential equation
dy dy .
x.dx§+(y—x).ci—x o, yy==0.

Attention has been drawn to the importance of this

function %) in the solution of differential equations of the
second order, e. g.,

Z;% +(pr+q) % + (2 ma-n)y =0,

and Laplace’s equation
42 - d
(az'l‘bzx)(‘i}:%"l' (a,+0,2) g% +(ap+b42)y =0.

The function plays an important réle in the solution of
many physical problems, such diverse problems as the
deflexion of electrons, collision of proton and neutron, hyper-
fine structure, and the positron theory, and it has been
stated that for the further development of the quantum
theory the main gaps are those which scem likely to
be filled by more accurate numerical computations.

Phil. Mag. 8. 7. Vol. 24. No. 162. Oct. 1937, 2N




.
T L o T S P Sy P

-
4
|

538 Dr. J. R. Airey on the

The asymptotic expansion of M (x.y.Z) is

F(Y) EPATS-1 l_a(a_'y—*_l)
F(y-—a)'( *) {

+

a(at1)(a=y+1)(a—y+2). }

2! 22
I(y) yrya- (1—a)ly—o)
+f<o;'>””{1+* z
(1—a)(2—a‘)(y—a)<y—a+1>+_,_},

21 a2

Among thé functions which can be expressed in terms
of the confluent hypergeometric function there are :

+

Incomplete gamma function
y(n, x)= re—‘tn 1dt= %.e".x”M(l, n-+41, x).
o .

Integrals of the type
j’e_amznl dx —_—IL'M ( 1 T_J—} ___amxm> .
0 m .
Laguerre function
1)
Loz I(g+p+ M
0= rp gy ™

Bessel functions, imaginary argument

1 x -2
F(y—; ) Iy- 1(2) =2-Y.e 2.2 ? 'M(é'}’:'}”x)

Bessel functions, real argument
AN .
J (%)Y (2) = ( ) Fios 1y Mo 201, 202),
and the  function of Cunningham %) an important

generalization of the Hermite functions. The differential
equation of w,, ,, (¢) is

d?y dy my
£ HE 1) g o (n 145 )y =

the solution of which is

(n% 1+ ,m+1 -—f) or a—xM(?-gf —n, m+41, f).

—p, ¢-+1, ).

“ Convei

1
The asymptot

is

The variable z
put n—r=m an
h is a small @

3
z=4, and r= i
The converging
the foregoing m
the exponential
viz.,
1 h
2 +4 1( + )

The converg:

1 1
h Z’ T?:,
1 1
h=—-. =

9T

\4....94

1024,

]L:—}' 1_
9 9

]L=——§; _1_
4’2
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Incomplete Gamma Function.
The asymptotic expansion of this function

[ e
is
. 1—r 1—r)(2—r
e {117 0
(—yr-? (1—7‘)(2—7‘2)"._.1. (n—1—7) XC.F.} .

The variable z, r, and n (an integer) being known, if we
put n—r=m and z=m--%, both m and h can be found
b is a small quantity between —1 and 1. Thus lf
1
i
The converging factor in this particular case is found by
the foregoing method to be of the same form as that of
the exponential integral for real values of the variable,
v1z.,

+ 4m(1 +h) - E%(—] T+ @ +h2) 1()17713( Ty _1&3)

z=4, and r=g, then, if n =35, m={—4—7 and h=—

1 13/2, e, 4>
T Yo 16 g T TR
The converging factor in the three cases where
=t 1 — 3 are
4) 2’ 4
hm byl 1 08 b 127
4 2" 4.4m” 16.8m®  G4.16m3 T 256.32mA
943 20643 5 190907
1024.64m8 ~ 4096.128m% " 16384.256m?
272 4.8m¢  8.16m® ' 4.32m*  32.64m®
__ 23 229
64.128m° ' 32.256m7 """’
o3, 1 1 7T 23 41
4’ 2 44m  16.8md  GLI6m®  256.32mt
. 841 2479 i 64225
1024.64mP ~ 4096.128m® ' 16384.266m7 "
2N2
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Use was made of these formul in computing the integrals

® 1 1 3
—op—T pa— — —
L x % *dy, o= i’ 5 1
required in the construction of tables of the radiation
dx

integrals L FE—1)"

For'[ z—te~*dx the converging factor is 0-51338, thus
4

increasing the accuracy of the result by five places of
decimals; the value of the integral so found is 0-0123 1169,
with a possible error of a unit in the eighth place of
decimals. From Pearson’s table (14 of the incomplete
gamma function this value is approximately 0-0123 1167 :

In the example just given v is real, but the converging
factor can also be applied in the case where v is imaginary,
e. g., in calculating M(?, 147, —x), of which the expansion

is
FA+4d) ¢, 1—i  (1—6)(2—1)
Tt xe‘[l T 22
1—4)(2—i)(3—
~0=9e—HE=D T
If =4, r=1,and n=4, m=4—1, h=1, and %:éi——z

Making these substitutions, the converging factor is

’1_+ 24-9¢ i 61—62 + 3454_—}:2555@' 73934-5830:

27136 T 9248 314432 42672752
=0-6321+0-0736¢.

Therefore

1= (1=9)2—d)  (1=9)@2—1)(3—0) _ 1
B S A TR 64 xCI

=(0-8125—0-0115)(0-0625--0-0831 :) 4
—=0-801040-1456 : 4.
Also I(1-+4)=0-49801 : —0-154953,
and 4=1=0-183457—0-983028; (16,
Whence
M(z, 144, —4)=—0:06029—0-52166¢.

[ CO:
From the
M(:

Integrals «
which has b

z ]
J e~ dx, wl
0

lems in gas
asymptotic

r(3)

r

with the re:
dn—1
9x?

without limi

is less than
integral is e

is , W

y—
with the re:
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the integral
places of de:
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From the series in ascending powers of z,
M(Z, 144, —4)=—0-060296—0-5216651.

Integrals r e~ " dx.
0

Integrals of the above type include the Error Function,
which has been extensively tabulated ¢}, and the integral

re"' dx, which appears in electrical conductivity prob-
0

lems in gases 17). In' connexion with this integral the
asymptotic series is given in the form (A=a1),

b

F(i)_L e_A[l_ 3, 87
' (2292 " (27

3.7.11. (4n 1)

el 1—6
with the remark that the ratio of two consecutive terms
is 42;1 , which for sufficiently large values of n increases
without limit. When wis large (n-<x?) the resulting error
is less than the last calculated term. Since the general

integral is equal to

M( 1 nlil— —a"‘m"'),

y—a=1 and a—y+1=0 in M(«.y.2),

with the result that only the first term, unity, remains
in the first asymptotio series. When

=10, at=p-+h=>5'0625, r=},

the integral may be computed with an accuracy of 8 or 9
places of decimals, If

n=>0, p=4T5 and h==0-3125,
or n=06, p=05'76 and h=—0-6875,

and the converging factor can be computed from the series
in the preceding section

§+747,(§+”)— e AR
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to five or six decimals, giving for the value of the integral

0-9995 4149:

Laguerre Function Li(z).

Among the numerous physical problems, into the
solution of which the Laguerre function enters, may be
mentioned the theory of scattering of protons by protons,
photoelectric absorption for X-rays, cosmic ray absorption,
vibrational isotope effect, and Coulomb wave functions
in repulsive fields 18, ’

In the last case the Laguerre function expressed in
terms of the confluent hypergeometric function is pro-
portional to

M(L+1—in, 2L4-2, 2ip);

the regular solution of the differential equation

2
{12 MLy
P P P

is e~ gl+ M(L+4-1—17, 2L42, 2ip).

For the regions of small energy, n large, by change of
variables M={f and {=i(8py)i, the differential equation

becomes
¢ 1d _ (2L+4-1)2 27,
[d—cz"' tagt! CR 16n2]f_ O

2
If the term Té_z is neglected the differential equation is
7 _

that of the ordinary Bessel function.
For the Laguerre function L,(z) Sommerfeld 1 has
given the following expression :

—pimn ____",“:______n eu(_u)—ﬂ
Ln(u)=¢ [T(1+n) u’ F(l——n)]’

which is equivalent to taking only the first .terms, unity,
in the two asymptotic series of M(—mn, 1, z). The
numerical results obtained from .this :formula are con-
siderably in error and of little practical value. Sexl *®
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had prewously mcluded three or four terms in. the
asymptotic series, viz..

B 6‘”"7&”: _7?,_2 EZ—(n_l)Z
Ln(u)— r n+1)[1 ” _9—‘——' uE —. ]
i€ (—u)7" r-{:l__ (1) +9)
— " F(l n) [ + +””““_" ]

This function may also be expressed in terms of an
integral mvolvmg the Bessel function 1), Iy (z4/u),
and also in terms ‘of the Hankel Cylinder I‘uncmons (22)
of order } and %.

As an example of the application of the converging
factor method calculate ‘the value of M(1—1, 2, 3i).

Now

M(Ll—1, 2, ip)

I'(2) -1+ { 1— .._f_)f
(I'H) .
(=i

=i
" 2*(zp) T

f(l
" 1+z)(1+z )(2+1)
T N }

and (—ip)" M= é"-’ (cos log, p—{—i sin log, P)
P - N

=4-8104 7738

1
[ 5696 076 : 1,
FOET 1-83074444-0- 076:1

and 3 =cos log, 341 sin log, 3
=0-4548 3242--0-89056 77041,

For the first asymptotic series of M(1—3, 2, ir), 1fT is
the term _
(1—i)2—14) . ., (r—i)(—=i)(1—d) .. . (r—1—)

rl (ir)"

the C.F. in this case is, as far as the ;1?5 term,

A ST e
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1,1 . 1 1 13 1 5 )
(§+4—r+§;e+1—67s'—“-)+(§+4;+s—rz‘1€r‘s+"-)"

and for the second asymptotic series the conjugate of
this expression. '

When p=r=3, T,=0'18518: +0‘0617§i,
and the C.F.=0-5924-0-758; approximately.

Their product is 0-1769-0-06287, and the two asymptotic
series are, respectively, 1:618 : —0-267 : 4, 1-618: 4-0-267 :4.
Finally, M(1—i, 2, 3i)==0-186+-2-6213, compared with
the value from the ascending series 0-18594-2:62174.

The value of the function calculated from the asymp-
totic series as far as the least term is 0-2604-3-662 : 7,
and using the first term only of the two series, 0-0434-0-611+,
which bears no relation to the true value of the function.

It may be of interest to set down the.values for L,=0
as in the above example, L=1, I,—=2.

M (1—1, 2, 3()=0-1859 1843 : -+2-6217 1393i,
M (2—1, 4, 3i)=0-1168 0548 : +1-6471 2320i,
M (3—1, 6, 3i)=0-0986 1954--1-3906 7558; (2,

Bessel Functions, K,(2), J,(2).

(@) The asymptotic expansion of K., (z) may be written
in the form

(42 —1)(4v2=9) ... [42—(4n—1)2] }
@)1 (B2 XCI g
and the converging factor then becomes

o A=t 1)Y] | (62— (4t 1)][ 402 — (4 +3)2] n
(2nF1)82 (2n-+1)(2n-2)(82)? o

2

, and

If z is real and equal to n+h, writing y= 1_:14V

carTy
the fi

Sin
comp
real

f o=

Lo —

+11

Fon

imagi|
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carrying out the summations as in the previous examples,
the factor simplifies to

(1) i+

4in
1 1 h s Y
—64n3(1—6+‘—1—-4h 2)

Similar but more complicated factors occur when z is
complex. If z=(n-+4h)e*®, the first three terms of the
real and imaginary parts of the converging factor,

f o=secd, —r_tan(? and y as before is —1»—4-41{«-
AR I TS S {20%(1+ 4h)
27 16n 1280247

+(8y—14-372—4h+4-4h7?4-10R%)} . . .
l_i o 2__(3_ 2
[9 o, + o (20°— (83— 48k 161 )}...].
For z=5e‘i, the argument taken along the temi-
imaginary axis, ¢ =78r and
Ker (5)+4 Kei (5) =—0-0115117+0-0111876.

(0) The two Bessel functions of fractional order J.(z)
are given by

Jy(x) = \/;250 [P,(x) . 8in (x-{-g) +Q;(x). 008(x+ g)] ’
Joy(z) = '\/7% [P_*(a:) . CO8 (x—— g) —Q-4(z) sin (x— g)]

@ 1,1 1 /3 1 (18
CFp == 4 — = Y
SRR T T R 5 +am e td)

__]-_(@_7}' »),2)+ 1 185 b7y 3)/)“

—_—— — —_—

32 8 4 32n5\ 64 8 2.
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and

1 3 1 /3 1,1
OFg =5+ g, — g (3 +3) (157 2)

1 (61 23y o 1 (709 dly |
trgmlsat &+ 1) " (r s 7)o
when
n=>5, CFp=0-52107, CF =0-57028,
P(5)=0-09805 88187:, Qu(5)=—0-01836 83506 :
Bracket (J;)=—0-78742 29801.

Bracket (J_;)=—0-12295 81443,
and

J(5)=—028097 20667,
J_(5)=—0-04387 45181,

(¢) The calculation of the ber, bei functions procceds
on similar lines. '

Io(x4/7)=ber x4 bei

61/J2

=m{cos(§-2-—%) -1 8in ({/f_z—g)}

o ()
X { P, (‘xe_ 1 -—iQo(xe_ {“)} .

The second term is no other than 7:- (Ker x4t Kei z),
which was, by most mathematicians, including Kummer
and Kirchhoff, regarded as a negligible series. This term
must be retained, not on account of any question of
symmetry, but because it forms an essential part of the
function. No amount of manipulation of the remainder
of the first series will compensate for the neglect of the
seconed series. Through ‘the omission of the so-called

“ Convergin:
negligible series tl
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places, 2-849. Tat

twelve places hav
0-0 to 20-0 by 0-1 i1
The series P,(z) n

1— (4v*—1)(42—9)
21 (8z2)2
+(—)n (42— 1)(4

Put z=(n4-1)e®,

converging factor C

o o [o?
— o e | - (ot — L
2 Qn[ 8 (=3

_ o [7,
4n4 L2

0,3

| g 8
04

128
3

- hl% (2262—

3h2g3

8

Similarly, if Q,(z)

+ 17q (69—

(@~

Wil (A1)
S8 . 3

(= PP D
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negligible series the first zero of berz is erroneously
given as 2-835, instead of the value, correct to three

places, 2:849. Tables of sin, cos, sinh and cosh % to

vV &
twelve places have been constructed over the range
0-0 to 20-0 by 0-1 intervals 29,

The series P,(z) may be written as

(42 —=1)(42—9) | (42 —1)(4s2—9)(4r2—25)(4v2— 49)
21 (82)2 41 (&) _

£ (=)n (42 —=1)(42—9). . [4v2— (4n—3)2][4v2— (4n—1)2]

(2n)! (8z)™

1—

XC.F.P.
P w 1—47° i6
ut z=(n+h)e®, =" o=secl, and a=e? the
converging factor C.IY., becomes
o o [o?
5%~ 27L|:§ (oc—3oc‘1)—ho':|
@ Y _ % (1103001 Ta"
5 g (Ve B0a7 4T
. 2 2,
- ’i% (02— 8+ 3a2)+ QZ‘_’ (30(—0(‘1)]

a3

+gmy [%7 (o2 48— Ba=2) -+ hy (e —a?)

4

+ ‘1(;'8 (603 — 1830+ 51101 — 2453+ 15a~9)
3 -

— ’;.0_6 (2202— 123 88x—2—Ta™4)
2.3

— :—3%1 (oca—150:—]—150(‘1—&‘3)—{—27&’"0(0&2—1)] F...

Similarly, if Q,(z) is written in the form
=1 (42—1)(42—9)(4*—25)

S

(- 2= 1)(@2—9) L[4 —(4n—5)7] [4v2— (4n—3)?]
(2n—1) ! (8z)2*~!

X C.F.Q,
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with the same notation, the converging factor C.F.q is
c o o’ B
é a+ *271 [‘é‘ (a‘l‘ St 1)+h0']

oy o .Y -3
— i} + g e 307 102)
he®, , _oy, hPo 1

+ [T 49 by

4
— %zs (2034290 — 4130~ 4 4550~3 — 650c~)

ha® 4 2 -2
~ 16 (204 +8702—136+419x~2)

h?g?
+=5 (3a3+35a—59a~1+5a—3)+2h30(a2_1)]+, .

For the ber, bei functions,

. 1
0:—7_T = = 10 ==
3’ g ‘\/2; a=e", ¥y 4’
the converging factors become
1. 1 7 T
C.F. =(- T
=T T e T Tew )

1.1 17 13 )
+( st T T )

(1,3 13 49
6T o= (g4~ gt g )

11 b 3 )
(-3 tm—mm et )"

W th the help of these converging factors the first
term of I,(64/17) can be calculated to about six places
of decimals, viz.,

—6-226519--0-1196974,
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to which must be added the product of i and the

ko
“ negligible "’ series,

—0-0035611—0-00366431,

giving the result
I,(5+/i)=ber 5-i bei 5=—6-230080--0-116033i,
the error being one or two units in the last place.

(d) Bessel functions, imaginary order, occur, of course,
much less frequently in physical problems than those
of real order. Bocher (230 found the potential within
a solid bounded by two coaxial cylinders and four planes,
two through the axis of the cylinders and two perpen-
dicular to this axis, involving, under special condxtlons,
Bessel functions whose order or index is imaginary,
whilst functions whose order is complex and argument
real are required in the investigation of the De Sitter
universe.

The Bessel function of imaginary order Ji(x) for x=4
has been computed from the series in ascending powers
of z and from the asymptotic series.

Ji(x) = (;2;)} I:P,-(x) cos (x— 2i:— 171)

— Q@) sin(s— 2],

where
5.13 | 5.13.29.53
Pl =l=gr@mpe T iy
and
5 5.13.29 5.13.29.53.85
Q)= §\+3I(8x)3— 51 (8x) T

- When =z is an integer, as in this example, the converging
factor for Q-(n) is -

8n 4n2(8 )_% Ilﬁ+22,)

L L (gé+23y+y_) 1 (709+41y+ )

0+

16nt 8 4 32n8
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and for P;(n)
1.1 13 9, 1 /13 ¥y
'2+8_n_m(§+é)+%('1_ﬁ+é)

1 (59 Ty 'yz) 1 (185 5Ty 3y2)

16n1\32 8 4 32n%\ 64 8 2 v
' —42 5 .
and y=1——44—v == 2’ when v=1 and for n=4,

C.Fq=0-5776 and C.F;=0-5182,
The last term of the Q series is

+0-0010 6043,
and of the P series
-+-0-0009 4859 :
Pi(4)=-40-9713501 and Q;(4)=—0-1481589.
TFinally
Ji(4)=—0-9805666440-0706977,

the value —0-98056644-0-070695¢ being obtained from
the ascending series. If the calculation is carried as far
as the least term the result is

Ji(4)= —0-9801+4-0:0712¢.
The Bessel function of imaginary order and complex

_ i
argument J;(4ei) has also been computed by both
methods.

From the ascending series

J(1e ) = —0-51967—0-52763:.

I'or the asymptotic scries the converging factors are

. 1 1 9 79
P series : (§+ 471,—8%2—{_ foo )
1 1 17 23 ),’
+(§ on T Tont w0/
ooyl 3 15 107
Q series : ('2+47z4'“§772+m'“)

1 1 b 11 :
o~ m Fow )
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The last term of the P series is real and equal to

0 0009486 Wlth convergmg factor 0-574-0-401,

the last term of the Q series is complex and equal to
0-0007498 (1+17) with converging factor 0-62--0-41:.
The final result gives

iry\ .
Jt-(4e 7) =—0-51970—0-52764 : 7,
and without the conve'rging factor
—0:51909—0-52690:.

The ““ converging factor ” method has been extensively
employed in the construction of tables of Bessel, Neumann
and other functions for the Mathematical Tables Com-
mittee of the British Association.

- Neumann functions (?%) or Bessel functions of the
second kind, of zero and unit orders: Ggy(x) and G,(z).

Bessel functions, Y () and Y,(x)according to Neumann’s
definition (27)., .

Lommel-Weber functions 28 Q(x), £2,(x), £;(z), and
2_,(x) where asymptotio series such as

1 e 1 2 3252

BO(Q’) + ' ,v-j" )
1 1-3 3.0. 7 1.3.5.7.9.11
B‘(x’=&:{ 1'('2?c‘>‘2+ S e )

have to be calculated.

Confluent hypergeometric function ), M(a.y.2) for
various values of the parameters, « and y

Lxponential, sine and cosine integrals 39),

Probability integral and its integrals (31,
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