Number of binary matrices up to row and column permutations

Let by, , bethe number of m x n binary matrices, up to row and column permutations and

¥
b, (X) = é b, .x" . Alsolet Z(S,;X;,X,,...,X,) denote the cycle index of symmetric group S of degreen.
n=0

Then

1o m!

P = & i g mee 2O 6 PP (P))

where p(m) runs through all partitions of m (i.e. nonnegative solutions of k, + 2k, +...+mk, =m);

ém.(jyi)ki
¢;(p) =2 ,1£ j £n,where (j,i)=gcd{ J,i}.

Specialy, for small values of m we have:
by, =1

b, =2Z(S,:2.2,...)

b, = %(Z(Sn;4,4,...) +27(S,;24,24,..))

b;, = %(Z (S,:88,...)+3Z(S,:4848,...)+22(S,;2,282,28,...))

b, = %(z (S,:16,16,...) +8Z(S,:4,416,4,416,..) +6Z(S,:816816,.) + 3Z(S,;416,416,..) +

+6Z(S,:;2,4,216,2,4,216,..))
by, = é(z (S.:32,32,..) +10Z (S, 16,32,16,32,...) +15Z (S, :8,32,8,32,...) + 20Z (S :8,8,32,88,32,...) +
+20Z(S, ;:4,816,84,32,481684,32,..) + 30Z (S, :4,84,32,484,32,..) + 247 (S, :2,2,2,2,32,2,2,2,2,32,...)), etc

But more efficient way to find the generating function b, (x) isto replace x, by in the cycle index

Z(E;"; X, X,,...) Of power group E;» , which can be calculated in the following way:

1o m! I~ .. .
Z(ESm: X, X,,.) = — x" , where p(m) runs through all partitions of m (i.e.
(E2"%.%.,) m! o K, 11 k125, k Im* >(|? ' pm) natp (

nonnegative solutions of k, +2k, +...+mk_ =m);
k=lem{i |k, * O} ;
lo i g“*‘”kj : : : : .
L=L{p)=-a n(a) X , where mis Mobius function and (j,d)=gcd{j,d}.
i
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From above formula we get:

b, (x) = 1/0'* (1/(1-x"1)"1)

b, (x) = V11* (U(1-x*1)"2)

b, (x) = L/2!* (1/(1-x 1) 4+1/(1-x 1) 2/ (1-x"2)"1)

b, (x) =1/3!* (U/(1-x 1)"8+3/(1-Xx )N/ (1-x 2)"2+2/(1-x 1) 2/ (1-x"3)"2)

b, (X) = 1/41* (U(1-XML)A16+6/(1-XA L)/ (1-XA2)A+3I(1-XAL) M (1-XA2)N6+8/(1- XA 1) M (1-XA3) 4+6/(1-
XAL)A2I(1-xA2)N(1-XMA)A3)

by (X) = 1/51* (1/(1-XM1)A32+10/(1-X M 1)A16/(1-XM2) A8+ 15/( 1-X M) A8/(1-x"2) M1 2+20/ (1-x M) 8/ (1-
XA3)N8+20/(1-X ML) (1-x2)2/(1-X"3) N (1-X6)A2+30/ (1-X L) (1-XN2) N 21 (1- X MAYN6+24/ (1-XA 1) 2/ (1-
X"B)A6)

b (X) = 1/6!* (L/(1-XM1)A64+15/(1-x 1) 32/(1-X 2)A16+45/(1-x 1) M6/(1-XN2) 24+ 15/ (1-x 1) 8/(1-
XA2)N28+A40/(1-XM1)M6/(1-x3)A 16+ 120/ (1-x 1)8/(1-X2) M (1-X 3)A8/ (1-XAB)MA+A0/ (1-X 1) M (1-

XA3)N20+90/(1-X ML)/ (1-x2)N A (1-XA4)N2+90/(1-X ML) (1-x2)6/ (1-Xx 4)M 2+144/ (1-x M) M (1-
XABYAL2+120/(1-X M)A 2/(1-XN2)M(1-XxA3)2/(1-X6)"9), €fc,

or for small values of n:

by(X) =1+ X+ X% +x3+x* +x° +x° +...

b, (X) =1+ 2x +3x* +4x° +5x° +6x° +...

b,(X) =1+3x +7x®+13x> +22x"* +34x° +50x° +...

b,(X) =1+ 4x +13x* +36x° +87x* +190x" + 386x° +...

b,(X) =1+5x +22x? +87x® +317x* +1053x° +3250x° +...

b, (X) =1+ 6x +34x? +190x° +1053x* +5624x° + 28576x° +..., etc.



Number of covers and minimal covers of an unlabeled n-set

f— ¥ J— J—
Let bn(x) =(@- x) b, (x) = é b,.x" ,then b isthenumber of m x n binary matrices without zero
n=0
columns up to row and column permutations or the number of m-covers (allowing empty sets and multiple

sets) of an unlabeled n-set. The number b, .. ,n3 m, isthe number of minimal m-covers of an unlabeled

¥ ¥ _
n-set, so if é a,(y)x" = é x"b, (x) y" then

n=0 n=0
a(y) =1
a,(y)=y
a,(y)=y+y’

as(y) =y+2y*+y?
a,(y)=y+4y" +3y° +y*
as(y) =y +6y” +9y’ +4y* +y°
a,(y) =y+9y? +23y° +17y* +5y° + y° etc,
where coefficientof y™,0£m£n, in a,(y) isthe number of minimal m-covers of an unlabeled n-set.
¥
As a(x) = é a, (D) x" isthe generating function for the number of minimal covers of an unlabeled n-set

n=0
we get a(x) =1+ x+2x* +4x> +9x* + 21x°> +56x° +... , for small values of n.



