
Beauville Periods in OEIS

Periods Converter
See also: https://community.wolfram.com/groups/-/m/t/2926119

In[1]:= $WPFCs =

Out[1]= -21 G2[0] G2[1]3 G3[0] + 18 G2[0]2 G2[1]2 G3[1] +

8 G2[0]3 G2[2] × G3[1] - 216 G2[2] G3[0]2 G3[1] + 108 G2[1] × G3[0] G3[1]2 -
120 G2[0] G3[1]3 - 8 G2[0]3 G2[1] × G3[2] + 216 G2[1] G3[0]2 G3[2],

-16 9 G2[0]2 G2[1]2 G3[0] - 3 G2[0]3 G2[2] × G3[0] +

81 G2[2] G3[0]3 - 7 G2[0]3 G2[1] × G3[1] - 135 G2[1] G3[0]2 G3[1] +

108 G2[0] × G3[0] G3[1]2 + 2 G2[0]4 G3[2] - 54 G2[0] G3[0]2 G3[2],

16 G2[0]3 - 27 G3[0]2 (-3 G2[1] × G3[0] + 2 G2[0] × G3[1])

In[3]:= EllipticPeriodsAnnihilator[
g2x_, g3x_] := With[{res0 = ReplaceAll[

$WPFCs, {

G2[n_]  D[g2x, {x, n}],
G3[n_]  D[g3x, {x, n}]

}

]},
Factor[Cancel[Divide[#, PolynomialGCD @@ #

] &[Together[res0]]
]]

]

After Herfurtner 1991
https://link.springer.com/article/10.1007/BF01445211



1,1,1,9 * ~ A006077  ~ BI, BVI

In[12]:= data = {

3 x (9 x^3 - 8 y^3),
27 x^6 - 36 x^3 y^3 + 8 y^6

} /. y  1 /. x  -9 x + 1
Out[12]=

3 -8 + 9 (1 - 9 x)3 (1 - 9 x), 8 - 36 (1 - 9 x)3 + 27 (1 - 9 x)6

In[13]:= ode = EllipticPeriodsAnnihilator @@ data
Out[13]=

3 (-1 + 9 x), (-1 + 9 x)2, x 1 - 9 x + 27 x2

proof:

In[14]:= gf = 1 / (1 - 3 x) Hypergeometric2F1[1 / 3, 2 / 3, 1, ((-3 x) / (1 - 3 x))^3];

In[15]:= FullSimplify[Dot[ode, D[gf, {x, #}] & /@ {0, 1, 2}]]
Out[15]=

0

In[16]:= CoefficientList[Series[gf, {x, 0, 10}], x]
Out[16]=

{1, 3, 9, 21, 9, -297, -2421, -12933, -52407, -145293, -35091}

2     BeauvilleDoubleCheck.nb



Another proof:

ode = Factor[9 hypergeometric /. {a  1 / 3, b  2 / 3, c  1}]  0
ode2 = ODEChangeVariables[ode, {T}, x, z  ((-3 x) / (1 - 3 x))^3]["Result"];
ode3 = ode2 /. Subscript[T, 1]  Function[z, (1 - 3 z) G[z]];
final =

Divide[Factor[Coefficient[-ode3〚1〛, D[G[x], {x, #}]] & /@ {0, 1, 2}], (3 x - 1)^3]
Ou t [ ] =

2 T[z] - 9 T′
[z] + 18 z T′

[z] - 9 z T′′
[z] + 9 z2 T′′

[z]  0

Ou t [ ] =

3 (-1 + 9 x), (-1 + 9 x)2, x 1 - 9 x + 27 x2

1,1,2,8 * ~ A081085 ~ BII, BV

In[19]:= data = {

3 (16 x^4 - 16 x^2 y^2 + y^4),
64 x^6 - 96 x^4 y^2 + 30 x^2 y^4 + y^6

} /. y  1 /. x  -8 x + 1
Out[19]=

3 1 - 16 (1 - 8 x)2 + 16 (1 - 8 x)4, 1 + 30 (1 - 8 x)2 - 96 (1 - 8 x)4 + 64 (1 - 8 x)6

In[21]:= ode = EllipticPeriodsAnnihilator @@ data
Out[21]=

4 (-1 + 8 x), 1 - 24 x + 96 x2, x (-1 + 4 x) (-1 + 8 x)

proof:

In[22]:= gf = 4 / Pi / 2 EllipticK
16 x2

(1 - 4 x)2
  (1 - 4 x)

Out[22]=

2 EllipticK 16 x2

(1-4 x)2


π (1 - 4 x)
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In[23]:= FullSimplify[Dot[ode, D[gf, {x, #}] & /@ {0, 1, 2}]]
Out[23]=

0

In[24]:= CoefficientList[Series[gf, {x, 0, 10}], x]
Out[24]=

{1, 4, 20, 112, 676, 4304, 28496, 194240, 1353508, 9593104, 68906320}

1,2,3,6 * ~ A002893, A093388, A000172 ~BIV

A002893

In[29]:= data = Factor[{
12 * (x^4 - 4 x^3 y + 2 x y^3 + y^4),
4 (2 x^6 - 12 x^5 y + 12 x^4 y^2 + 14 x^3 y^3 + 3 x^2 y^4 + 6 x y^5 + 2 y^6)

} /. y  1 / 4 + 1 / 4 x /. x  -x]
Out[29]=


3

64
(1 + 3 x) 1 - 15 x + 75 x2 + 3 x3, -

1

512
-1 + 6 x + 3 x2 1 - 12 x + 30 x2 - 540 x3 + 9 x4

In[30]:= ode = EllipticPeriodsAnnihilator @@ data
Out[30]=

-3 (-1 + 3 x), -1 + 20 x - 27 x2, -((-1 + x) x (-1 + 9 x))

In[31]:= gf = -

4 EllipticK
 1+-6+8 x -3 x x - 1-x 6+8 x +3 x 

2

 1+-6+8 x -3 x x + 1-x 6+8 x +3 x 
2 

-π -1 + x 
3
-1 + 3 x  - π --1 + x 

3
1 + 3 x 

;

In[32]:= FullSimplify[Dot[ode, D[gf, {x, #}] & /@ {0, 1, 2}]]
Out[32]=

0

In[33]:= CoefficientList[Series[gf, {x, 0, 10}], x]
Out[33]=

{1, 3, 15, 93, 639, 4653, 35169, 272835, 2157759, 17319837, 140668065}
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A093388

In[34]:= data = Factor[{
12 * (x^4 - 4 x^3 y + 2 x y^3 + y^4),
4 (2 x^6 - 12 x^5 y + 12 x^4 y^2 + 14 x^3 y^3 + 3 x^2 y^4 + 6 x y^5 + 2 y^6)

} /. y  1 / 4 + 1 / 4 x /. x  -x /. x  -8 x + 1]
Out[34]=

12 (-1 + 6 x) -1 + 18 x - 84 x2 + 24 x3, -8 1 - 12 x + 24 x2 -1 + 24 x - 192 x2 + 504 x3 + 72 x4

In[35]:= ode = EllipticPeriodsAnnihilator @@ data
Out[35]=

-6 (-1 + 12 x), -1 + 34 x - 216 x2, -x (-1 + 8 x) (-1 + 9 x)

In[36]:= gf = Hypergeometric2F1[1 / 3, 2 / 3, 1, x^2 * (8 * x - 1) / (2 * x - 1 / 3)^3] / (1 - 6 * x);

In[37]:= FullSimplify[Dot[ode, D[gf, {x, #}] & /@ {0, 1, 2}]]
Out[37]=

0

In[38]:= CoefficientList[Series[gf, {x, 0, 10}], x]
Out[38]=

{1, 6, 42, 312, 2394, 18756, 149136, 1199232, 9729882, 79527084, 654089292}

A000172

In[39]:= data = Together[{
12 * (x^4 - 4 x^3 y + 2 x y^3 + y^4),
4 (2 x^6 - 12 x^5 y + 12 x^4 y^2 + 14 x^3 y^3 + 3 x^2 y^4 + 6 x y^5 + 2 y^6)

} /. y  1 / 4 + 1 / 4 x /. x  -x /. x  -8 / 9 x + 1 / 9]
Out[39]=


4

243
1 - 8 x + 240 x2 - 464 x3 + 16 x4,

-

8 1 - 12 x - 480 x2 + 3080 x3 - 12072 x4 + 4128 x5 + 64 x6

19683


In[40]:= ode = EllipticPeriodsAnnihilator @@ data
Out[40]=

-2 (1 + 4 x), 1 - 14 x - 24 x2, -x (1 + x) (-1 + 8 x)

In[41]:= gf = Hypergeometric2F1[1 / 3, 2 / 3, 1, 27 x^2 / (1 - 2 x)^3] / (1 - 2 x);

In[42]:= FullSimplify[Dot[ode, D[gf, {x, #}] & /@ {0, 1, 2}]]
Out[42]=

0

In[43]:= CoefficientList[Series[gf, {x, 0, 10}], x]
Out[43]=

{1, 2, 10, 56, 346, 2252, 15184, 104960, 739162, 5280932, 38165260}
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1,1,5,5 ~ A005258 ~ BIII

In[44]:= data = {

3 * (x^4 - 12 x^3 * y + 14 x^2 y^2 + 12 x * y^3 + y^4),
x^6 - 18 x^5 * y + 75 * x^4 * y^2 + 75 * x^2 y^4 + 18 * x * y^5 + y^6

} /. y  1 /. x  -x
Out[44]=

3 1 - 12 x + 14 x2 + 12 x3 + x4, 1 - 18 x + 75 x2 + 75 x4 + 18 x5 + x6

In[45]:= ode = EllipticPeriodsAnnihilator @@ data
Factor[CoefficientList[ode〚1〛, x]]
Factor[CoefficientList[D[ode〚3〛, x] - ode〚2〛, x]]

Out[45]=

3 + x, -1 + 22 x + 3 x2, x -1 + 11 x + x2

Out[46]=

{3, 1}

Out[47]=

{}

In[48]:= gf = Divide[Hypergeometric2F1[1 / 12, 5 / 12, 1,
1728 * x^5 * (1 - 11 * x - x^2) / (1 - 12 * x + 14 * x^2 + 12 * x^3 + x^4)^3

], (1 - 12 * x + 14 * x^2 + 12 * x^3 + x^4)^(1 / 4)]
Out[48]=

Hypergeometric2F1 1
12
, 5

12
, 1,

1728 x5 1-11 x-x2

1-12 x+14 x2+12 x3+x43


1 - 12 x + 14 x2 + 12 x3 + x41/4

In[49]:= FullSimplify[Dot[ode, D[gf, {x, #}] & /@ {0, 1, 2}]]
Out[49]=

0

In[50]:= CoefficientList[Series[gf, {x, 0, 10}], x]
Out[50]=

{1, 3, 19, 147, 1251, 11253, 104959, 1004307, 9793891, 96918753, 970336269}
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See also
Don Zagier, “Integral solutions...” (2009).

https://people.mpim-bonn.mpg.de/zagier/files/tex/AperylikeRecEqs/fulltext.pdf
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