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Gr, = EGr$) B Gr,e = E(Grg,)

More generally, we want to study
Fy = EF,)) > F = EF,)

for weighted species F,

Informal definition

A / a/@@}éb‘ec// specres (s a class 00[
combrnalorial structures
that is olosed ander

/ wq}/é t—/ﬁ/‘@&e/w}g// /&aff(aﬂ/é/&/f(@

SERIES ASSOCIATED TO SPECIES

André Joyal (= 1980), Gilbert Labelle (= 1990)

» Cycle index series of a (weighted) species I :

EZ f(}xllxzz_xoﬁ

Ze(xy, X9, Xq, ...) =
F( b 720 73 ) n= O)‘l'c

» Asymmetry index series of F :

Dp(xy, X9, X3, ..0) = = ”, Z Jg xqixg2xg?

1
X
Ze(x,0,0, .) = T (5,0,0,..) = Fx) = X, fy

n>0
Zr(x, rz X z fn X"
n20
D) = Foy = ), fa
n>0
f, = the number (ortotal weight) of the labelled
F-structureson [n] ={1,2,...,n},
fn = the number (or total weight) of the unlabelled
F-structures on 1 nodes,
f, = the number (or total weight) of the unlabelled asymmetric

F-strucrires on 11 nodes.
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q-SERIES ASSOCIATED TO SPECIES

Hélene Décoste (= 1990}

» Canonical gq-series of a (weighted) species F :

_ 5 x" (-q) (=g 2 (=g '3
F(X, Q) - ngo ]‘,;(Q) ”! [‘((1 —q) X, (1-¢2) X, (1,(]3))L

« Canonical asymmetry q-series of F :

(I-q) , (=g 2 (-g) 3
< > E ];< >”| FF((I—q) ’ (]_ql)x ? (1-¢3) X7y ..

yeen)

3

() (=¢) (g% (=g :
[ — L | — !
Mg = 0y (=) (-9~ (=g nl = lim nl,

qlgnl F(x,q) = F(x), qhglo F(x,q) = F(x),

Jim, Flx,q) = F(x), Jim, F(x,q) = F(x).

L@ € N g, degf(g) < n(-1)2,
]f,<q> € Zu,[q], deg j;<q> < n(n-1)/2.

>

MAIN OPERATIONS ON SPECIES

(F+G) — structure: % o %
G
(F-G) — structure: 2%@
F G

6420
(FoG) — structure: @’/_%

F’_ structure: %ﬁ— %
F

LT




IDENTITIES AND ENUMERATION

ZriG = Zr+Zc I'rvg =Tr+1Ic

Zr.¢c =Z2r Zc I'r.c =1p-I¢

ZFOG =ZroZg I'rog =1polg
, 0Zy o',
" T

(fuwog)xy, Xg, X5, ) 1=
S8 (xp, X9, X5, .0), 87(Xg, Xy, X, ..0), 8(X3, X6, Xg, .-0), .0)

A combinatorial identity between species
F,G H, ..
gives — grafis —
an analytical identity between the series
ZrZo Zys s TrToiTisonns
Flo), G(x), H),
F), Gw), AW, ..., F), G, AW, ...,
F(x.q). G(x,q), H(x,q), ... F(x,q). G(x,q), H(x.q),

THEOREM (Weighting connected components)

. o
! (universal virtual weighted) species, A( ), such that

Fyo = A F

w
Moreover,
1) A% =1+ 0%,
2) Zyo = T1 (1 + x,)
3) A9 () = Il a M)
VM)
1- ’
4) A%, q) = ”1:[1 (1 + EI—ZZ)xl) ,
5) Fyw = LT (1+x)"®,
n=1
6) A% = LT (e ay™®,
7y Ak q) = [T [1+8=2 k.
-4 n=1 (1-4% ’
where

1 4 __ ) number of Lyndon words
= & 1/ dyod =
(O“ n Z, Ko /d) {of length n over "o letters,

Yn(a’) = - >\’;1(_ a) - 7\’11 / 2(_ a) - )"1/4(_ a) -
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PROOF (Sketch). Let
X(x = the species of singletons having weight O, CONSEQUENCES of F = A(OL)OF+.

E = the species of sets,

E'=E—-1 = the species of non-empty sets, 1) E o) oY )a

1 @ X) = X

(EJr)< " = the inverse of E" under substitution, w w ’
(Joyal, SLN 1234)

2) ZFw«u)(xla BOR ) = H ZFW (xn’ X .“)ln(a)’

E, = E(FS) = 1+E*(F), =l
Ff =F,—1 = E'(F). 3) o) = Fo ey,
_ nz1
Define . A ¢
A® = EoX o (EYT. 4 Fyar, q) = L1 FG=ghe, a0,
Then )
‘ 5 e (X, %, ...) = o (%, ... )"
Fow = EFS) = E°X,°F, . ) R R
:EOXOLO(E+)<WI>OF; oI = Y ()
= A@o ! 6) Fuelx) = A1 Eu s
The other formulas follow from computations, using Y00
D Rl = TLRAERS)

Z(E+)<—1> = Z l—l(”) lOg(1+X) etc .




SETS : Zg =exp( Y, x/n) . Te =exp(, rlx/n).

nz1 nz1

CHOOSE F,=E in Fuo=AYEF.

1)

2)

3)

4)

5)

6)

7)

e = (eX)Ol :

DY I
ekglo"\k/l\ - H e

n>1

(]
= I 2™

1 - ox Asl o 1— X

Y00 Z, Xl K
) b

(c_vclolomic identit_v)

E((l\', q) E(\ q) E((l q) 2 2) o (0) E((l q) 3 3))\3(0() e

(q -cyclotomic 1denm))

6»21 (- ])k_]ak.Yk/k —

n>1

A+o) = L1 (1 4+,

n=1

eYn(a),lil ( - l)k - lxkn / k ,

(cocyclolomic identity)

Yol 73(@)
E<a.\', (/> = E<\, q> F<EI_;L))\ q> E<8—Z?‘—)1 q> Sy

(q-cocycloromic idenlily) .

COROLLARY (Weighting connected components by -1)
-1

! (universal virtual weighted) species, A( , such that

F.cn = A(_I)OFJ.

Moreover, "

1) APG) = 1/ + ),

2) Zyen = (1+x)/ (1+x),

3) A = 1+ ) /(1 +2),

4) AV g) = A+GEHA) /(1 + ),
5) o= (1+x1)-(1+x2)‘(%+xd)-(l+x8)-
6) AR = 1-x,

7) A© ])<x q>—1/H(1+ q)> )

Proof :
2 (1) = - ]] 1: n =21, | number of Lyndon words
”( ) 0 ]if ',1,;; of length n over " —1" letters,

Y, (~1) = —x(n isapowerof 2).




CONSEQUENCES of F,n = Ao Fy. | PERMUTATIONS :  Z = [] (1_1rg’ Iy = S%ch;
1) Ev("l)(x) = 1 /Fw(x)!
2 ¢ : CHOOSE F,=S in S,n=A"ogh
Xy Xay X o
2) Ze (0 ) = o
Zg (X}, X3, X,...) 1) Sen(x) = 1—x
3) o) = E (% 2) Zs (X, % 6,.) = (L= x)(1=25) (1= xs) -+
v F )’ _
w(¥) 3) S =1 -0 =) 1 =x) -,
4) E ox, q) = o)~ 4) 4) Selx, q) = (1—x)(1 -G ‘” ) (1 — =25y ..
W > FW(X, q) ’ e q (1 qs)
5) FFW<-)>(X1’ x2= ) - 1 /,H) erzk(x2k> X”Z-Z"! x3-2k’ )9 5) FSW(_])(XI, xz, X3’ ) B 1 _XI ’
_ i _ k 6 $ X) = 1—x
6) Fom) =1 /I}:[()szk(xz), ) “(X)
- 7) SW(;1)<)C, q> =1-x

7)) Felug) = 1/ 1A, <“ L q>

2)
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ANALYSIS of A

s 3) Molecular decomposition of A®
Fyo = A9°F; , A® = EoX,o@EHT . . . (@
versus its generating series A (x) :

1) A@o AB) — A ©B) A = EoX o (BN )
((1+x)°‘)5: (1+x)°. 14X,
+ (E2)q2 = (Ey)y
2 ) A(O'-)_ A(B) + A(a+B) ; + (Eq)os — (E3>a + (XEz)a - (XE2)OL2
athough (14 0%+ = (140 7P, | + (Eg)ot = (Ego + (XE3)g — (XE3)

+ (X7Ep) g2 — (XPEg + (B2 — (E3)g

+ (E,°FE,), — (E°ES) 2
COROLLARY of 1) : The number of Lyndon words of ( 2 2)a ( 2 Z)OL
length n over ofy letters satisfies ' e

= (o) N
K,I(OLB) i'jzzn )vz(a )KJ(B) A(a)(X) — o log(1+x) _ (1 +x)0L
REASON for 2) : A, (00 +PB) # A () +A,B), if n=2.

x2 X3
= l+ox+o(o— 1)7 + oo — (o — 2)?
Note [Metropolis and Rota 1983] : . .

ln(aB) = i3] (l’ j) }L,(a) A'j(B) .

i, jl=n

+ oo — 1)(0(—2)(0(—3)%1 + e




THE ATOMIC SPECIES ON n <5 POINTS
((X) . . . . SRR R A R A / =2 Bire B e e
4) 1In fact, A is a weighted "set-like" species. -
X : O E, @] O
n1, = number of molecular set-like species of degree n.
. ]
a, = number of atomic set-like species of degree 1. ’ n=3 A}
t | o) :
>, omx" = S — ; °© ©
n - N - V.
> > 1 — X 4T g
n=>0 k21 ( ) A nea 3
O @] + i
a, m, . t
I 1+ ()= 1) i i Ey: E4
w1 1’ (C( ) ) n§1 n’ O ©
bic
n E oE. : Py
LY (xd i C
m, = 5 a |
n n =\ dl"n—k
For n 2 2, c 2
a, = Z nl,l/k : 4- EZOX :
kln L J
. Fa n=5 \
\ M o) 4
‘/J(n E.: o o E_:
m(n) for n = 0 .. 40 : T e 5 o o 5"
1, %, 2, 3, 7, 9, 20, 26, 54, 74, 137, 184, 356, 473, 841, 1154, 2034, ’
2742, 4740, 6405, 10874, 14794, 24515, 33246, 54955, 74380, 120501,
163828, 263144, 1356621, 567330, 768854, 1212354, 1644335, 12567636,
3478873, 5403223, 7314662, 112865825, 15258443, 23363143
a(n) for n = 0 .. 40 : PS/ZZ: @ Ps:
o, 1, 1, 1, 3, 1, 6, 1, 10, 4, 12, 1, 33, 1, 29, 13, 84, 1, 100, 1, 156, . |2
30, 187, 1, 443, 10, 476, 78, 877, 1, 1326, 1, 2098, 188, 2745, 36, :é
5203, 1, 6408, 477, 11084 ki
These scquences are nof in Sloane's book (1973). 2 %
xcyiz.: | o C. -
3 2 520 5 g
2
\, JlT
. J




MOLECULAR DECOMPOSITION OF THE
SUBSTITIONAL INVERSE OF THE

SPECIES OF NON-EMPTY SETS
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+ E3(E2) - E2(X E2) + E2(E3)

7, X E2 - E2 E3-2X EZ + 3X E2E3-2XE2E4+E2ES5-XE3 +E3E4

) 4 3 2
4+ X E2 - X E3+X E4 - X ES+ X E6 - E7 N. Metropolis, G.-C. Rota, Wit Vectors and the Algebra of Necklaces, Adv. in Math. 50,
(1983) 95-125.
2 3 2 2 > 2 4 2 3 N. J. A. Sloane, A Handbook of Integer Sequences, Academic Press (1973).
§ - 22X E2 + 3XE2Z E3-E2 E4-E2E3 + E2(E2) E2 + 2 X E2 -4 X E2E3
2 2 2

+ 3 X E2E4 -2 %XEZES+EZE6+ 2 X E3 - 2 X E3E4 + E3ES - E3(E2) E2

6 5 4 3 2
- X E2+ X E3-X B4+ X E5-X E6 + X E7 - EB8 + E4(E2) + EZ(E4)

2
- E2(X E3) + E2(X E2) - E2(E2(EZ))



