Asymptotics of sequence A034691
(Vaclav Kotesovec, published Sep 09 2014)

The generating function for the sequence A034691 in the OEIS is
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Proof:

We have Maclaurin series
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The saddle-point method is used, see [2], equation (12.9).
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The saddle-point equation is
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An asymptotic solution is (set k = 1)

Solve[r/ (1-2r)*2=n, r]
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Now we compute
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It is important to note that taking only two terms the asymptotic expansion %— % is insufficient, three terms
are needed. An eventual term n=3/2 can be ignored. We obtain:

Limit[1/(1/2-S8Sgrt[8n+1]/8/n+1/8/n)"*n/ (2°n+E”*(Sqrt[n/2])), n-» Infinity]
Limit[1/(1/2-Sgrt[8n+1]/8/n)*n/ (2*n+E" (Sqrt[n/2])), n-» Infinity]
Limit[l/(1/2-8Sgrt[8n+1]1/8/n+1/8/n+c/n*(3/2))*n/(2*n+E* (Sqrt[n/2]1)), n-» Infinity]
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For k > 1 the sum tends to a constant as n tends to infinity

FullSimplify[
Limit[r*k+ (2 (k+1) r*k+k-1)/(1-2x"k)"~3 /.
r->(l/2-8Sqrt[8n+1]/8/n+1/8/n), n-»Infinity]]
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If kK = 1 then we obtain
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Contribution of the first term is

FullSimplify[r*“k/(1-2r*k) /. {r>(1/2-8Sgrt[Bn+1]/8/n+1/8/n), k=>1}]
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Simplify[
Limit[r*k/ (1-2r*k) /k /.
{r>(1/2-8qrt[8n+1]/8/n+1/8/n)}, n-> Infinity]]
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Constant A247003
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The final asymptotic is
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Note that the asymptotic formula in the article [1] (Theorem 3) is incorrect!


http://oeis.org/A247003

Numerical verification (for 20000 terms), ratio tends to 1:

ListPlot]
Table|[
N[A034691[[n]] /
(Exp[Sum[l/ (k= (2°k-2)), {k, 2, Infinity}]] =
2*n * E* (Sgrt[2+n]) /
(Sqrt[2+Pi] * E~(1/4) = 2~(3/4) =n~(3/4)))],
{n, 1, Length[A034691]}]]
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Saddle point approximation

(2" f(z) ~ (27rb(r0))*1"2f(rg)r5” as n— 00, (12.9)

where rg is the saddle point (where r—™f(r) is minimized, so that rof'(ro)/f(r0) = n)
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