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Abstract: The brittle fracture of rock with an angled crack under combined tensile and 

compressive loading conditions is studied using linear elastic fracture mechanics 

(LEFM). The modified maximum tangential stress criterion (MTSC) and the 

maximum shear stress criterion (MSSC) are used to check crack initiations in the 

tensile and shear modes, respectively. The effects of the friction coefficient of the 

crack surfaces and the non-singular stresses (T-stresses) on the crack initiation are 

studied for the cases of both low and high compressive confining pressure coefficients. 

The T-stresses include those both parallel (Tx) and perpendicular (Ty) to the crack 

plane. The type of crack initiation under the combined tensile and compressive 

loading conditions is found to remain tensile dominated when the compressive 

confining pressure coefficient is small. However, shear crack extension becomes 

possible with the compressive confining pressure coefficient and friction coefficient 

increasing if the crack orientation angle is small. Moreover, the high compressive 

confining pressure and substantial friction are found to increase the possibility of 
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shear crack extension. The theoretical predictions presented in this study move one 

step forward than the available analytical solutions for the angled crack subjected to 

general bi-axial load and agree well with those from experimental tests. 

 

Keywords: brittle fracture; crack initiation; fracture mechanics; T-stress 
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NOMENCLATURE 

Tx, Ty  Horizontal and vertical non-singular stresses 

A1, A2, A3 Coefficients defined in Eq. (1) 

CIA   Crack initiation angle 

CIS   Crack initiation stress 

k   Biaxial loading ratio 

KI, KII  Stress intensity factors of mode I and mode II 

rc   Critical radius at the crack tip 

α   Normalize critical radius defined in Eq. (15) 

β   Crack orientation angle (COA) 

β0   Critical value of the crack orientation angle  

θc   Crack initiation angle 

θ, r   Polar coordinates originating at the crack tip 

µ   Friction coefficient 

σc    Crack initiation stress in tension 

σij   Stress at the crack tip 

σr, σθ, σrθ Radial, tangential and shear stresses in polar coordinates 

σx, σy, τxy Stresses around the crack tip in Cartesian coordinates 

σn   Normal stress on the crack surface 

σ0   Fracture stress 

τc   Crack initiation stress in shear 

τf   Frictional shear stress on crack surface 
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τeff   Effective shear stress on crack surface 

τnt    Shear stress on crack surface induced by external loads 
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Introduction 

Crack initiation and growth in brittle materials under either tensile or compressive 

loads have been extensively investigated using analytical, experimental and numerical 

methods (Aliha et al. 2012; Amarasiri et al. 2011; Bakuckas et al. 1993; Broberg 1987; 

Castro et al. 2016; Eftis and Subramonian 1978; Erarslan and Williams 2013; Funatsu 

et al. 2014; Mirsayar 2014; Park and Bobet 2009; Wu and Wong 2012; Wu and Wong 

2013; Xeidakis et al. 1997). However, relatively little is known about cracking 

phenomena in brittle materials such as rock under combined tensile and compressive 

loads. Many important engineering applications, including hydraulic fracturing, 

landslide and gas outbursts in mining, involve in cracking and failure caused by 

combined tensile and compressive loads. For example, during the construction of a 

hydropower station, the rock along high-steepness slopes is initially under multi-axial 

compression before excavation, which results in pre-existing cracks being closed, as 

shown in Fig. 1 (when the pressure p = 0). The excavation causes significant 

unloading, which results in pre-existing cracks gradually opening. Groundwater 

subsequently fills in the cracks, which results in the pre-existing cracks being 

subjected to not only compressive but also tensile loads, as shown in Fig. 1 (where the 

pressure p>0). This type of stress state transition is observed in coal mining 

engineering, where the pressure p in this case is caused by both gas and water. The 

combined tensile and compressive loading condition is simplified as Fig. 2, where the 

lateral pressure coefficient is k ≤ 0. 

 

Page 5 of 52

https://mc06.manuscriptcentral.com/cgj-pubs

Canadian Geotechnical Journal



Draft

6 

To study the crack growth in brittle materials under the combined tensile and 

compressive loading conditions, LEFM is broadly used to predict the crack 

propagation path according to the crack initiation angle (CIA) θc. Chang (1982) 

studied the CIA and crack initiation stress (CIS, σc) under biaxial loading conditions, 

including combined tensile and compressive loads in which the maximum 

compressive load was ten-times larger than the tensile load. Under such a condition, 

the crack face would most likely be closed, resulting in KI=0 and the friction on the 

crack face influencing crack initiation. However, this consideration was neglected in 

Chang's (1982) study. In another of Chang's (1981) studies, it was noted that the 

displacements of the crack faces tended to overlap each other in a certain range of the 

crack orientation angle (COA, β) under the combined tensile and compressive loading 

conditions, which indicates that the predictions based on the maximum stress criterion 

should not be valid. Khan and Khraisheh (2000) studied mixed mode CIAs in rocks 

under various loading conditions, in which the combined tensile and compressive 

loads were specified by the biaxial ratios of k = -0.5 and -1.0. They concluded that, 

when k = -0.5, the signs of both normal (σn) and shear (τnt) stresses became positive 

after β ≥ 35°. The transition between the tensile and compressive behaviors of cracks 

occurred at β=45° when k=-1.0. However, under such loading conditions, they did not 

consider the contact behavior between the crack faces because they only considered 

the initial extension angles of the open cracks. Eftis and Subramonian (1978) studied 

the combined effects of load biaxiality and crack orientation on KI, KII and the angle 

of initial crack extension. Although they examined the maximum shear stress at the 
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crack tip, they did not study the shear crack extension under combined tensile and 

compressive stresses, and the friction on the crack faces was also neglected for a 

closed crack. Papadopoulos (1988) proposed a criterion, which stated that the crack 

propagated in the direction of the maximum value of the determinant of the stress 

tensor. Based on this criterion, he studied the CIA and CIS for the cracks under biaxial 

loading conditions, including the combined tensile and compressive loading 

conditions. However, his study neglected the effects of contact and friction on the 

crack extensional characteristics. Other studies on the effects of biaxial loading 

conditions, including the combined tensile and compressive loading conditions, have 

been conducted by Liebowitz et al. (1978), Theocaris and Michopoulos (1983), Shetty 

et al. (1987), and Zeng and Dai (1994), Shlyannikov (2013), Ge et al. (2014), 

Kannusamy and Ramesh (2014), and Meek and Ainsworth (2015). 

 

The literature reviews above show that the crack growth in rocks under the combined 

tensile and compressive loading conditions requires further study in order to 

understand its mechanism, particularly the transition of the stress states between 

tension and compression on the crack faces, the resistance of friction to slide, and the 

situation concerning tensile and shear crack initiations. In general, it is understood 

that the slipping on the crack faces under shear stress results in tensile (wing) crack 

growth at the tip of the crack. Such a mechanism of slipping zone propagation in 

cracks and traction changes due to crack propagation have been studied both 

analytically (Martel and Pollard 1989; Palmer and Rice 1973) and experimentally 
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(Bouissou et al. 1998; Dieterich 1981; Lee and Ravichandran 2003). However, most 

of these studies have not focused on shear crack initiation with considering the 

contact condition on the crack faces taken into account. 

 

This paper presents an analytical study of crack initiation in brittle rock under the 

combined tensile-compressive quasi-static loading conditions, with particular 

attention being paid to the frictional characteristics of the microcracks as well as the 

influence of various physical parameters governing the crack initiation. The 

theoretical background of the stress distribution and crack extension criteria for brittle 

rocks under tensile and compressive loads are first reviewed in Sections “stress field 

near the crack tip and the fracture criterion” and “crack extension criteria”, 

respectively. The analytical results of the crack extension characteristics in brittle 

rocks are then presented in Section “crack initiation under combined tensile and 

compressive loads”. Finally, the findings from this study are summarized in Section 

“conclusions”. 

 

Stress field near the crack tip and the fracture criterion 

In the present analyses, all stress components are calculated based on the exact elastic 

stress solutions of an infinite rock plate under the loading configuration depicted in 

Fig. 2. The lateral pressure coefficient is defined as k≤0. The crack is oriented at an 

angle β (inclination angle) measured clockwise from the direction of the vertical load. 

Crack initiation is assumed to occur at an angle θc, also measured clockwise. The 
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length of the crack is 2a. All the criteria that we are going to analyze depend on the 

stress field existing immediately before the onset of crack propagation. If r and θ are 

defined as those in Fig. 3, the stress field at the crack tip in Cartesian coordinates can 

be described by Williams’ expression in Eq. 1 (Williams 1957): 

��� = �����/
�����
� + �
���
 + ����/
�����
� + ⋯   (1) 

where r and θ are the radius and angle, respectively, in polar coordinates, which 

originate at the crack tip and follow the line of the crack extension. If the numerical 

constants are absorbed into the non-dimensional ����  terms in Eq. 1, A1 can be 

identified as KI or KII. The uniform and non-singular stress A2 directly applies to all 

planes normal to the crack line (Leevers and Radon 1982). The last term in Eq. 1 is a 

high-order term. 

 

In 1966, Cotterell (1966) concluded that the second term in Eq. 1 had a significant 

effect on the crack initiation direction even under simple tension. After that, many 

studies further indicated that the second term significantly affects the crack extension 

characteristics of brittle solids (Aliha and Saghafi 2013; Erdogan and Sih 1963; Finnie 

and Saith 1973; Larsson and Carlsson 1973; Smith et al. 2001; Williams and Ewing 

1972). In general, the non-singular term is called the T-stress, which is parallel to the 

crack and is independent of the radius r. Ayatollahi et al. (2002a) observed that the 

tangential stress along the direction of maximum tangential stress increased with 

positive T increasing but decreased with negative T. When the T-stress exceeded a 

critical value, the maximum tangential stress was no longer along the line of the initial 
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crack, which caused a deviation in the initiation angle of the fracture. The larger the 

T-stress, the greater the deviation, which in turn caused a reduction in apparent 

fracture toughness. Roychowdhury and Dodds (2004) and Aliha et al. (2013) 

suggested that the T-stress strongly affected the crack initiation angle, the crack tip 

constraint, the shape and size of the plastic zone ahead of the crack tip, the crack 

closure, and the crack growth rate. Moreover, Mirlohi and Aliha (2013) studied the 

crack growth path for an angled cracked plate using higher order terms of the 

Williams series expansion, which confirmed the importance of including the T-stress 

for predicting crack trajectories. However, because they only focused on the biaxial 

tension loading condition, the Ty-stress was not included in their study. 

 

When a crack in rocks is subjected to tension, the non-singular term in Williams’ Eq. 

1 only contains the stress parallel to the crack. However, if the crack is closed as 

shown in Fig. 4, the non-singular term includes another non-singular stress 

perpendicular to the crack and equal to the contact stress on the crack faces (i.e., σn). 

Furthermore, for a closed crack, the frictional shear stress, which opposes the sliding 

along the crack faces, is related to the pressure on the crack face through the Coulomb 

friction law: 

τ� = ���         (2) 

where µ is the frictional coefficient and σn<0 is the contact stress for the compression 

state of the crack. 

 

Page 10 of 52

https://mc06.manuscriptcentral.com/cgj-pubs

Canadian Geotechnical Journal



Draft

11 

When the shear stress on the crack surfaces is smaller than the frictional force, the 

crack is in the sticking state. Otherwise, the crack is in the slipping state. For any 

crack extension, the frictional resistance on the crack surfaces must be overcome, i.e., 

the crack must be in the slipping state. This study mainly focuses on the crack 

extension, i.e. the crack is in the slipping state. For the plates with a central crack 

shown in Fig. 2, the shear stress along the crack surface is greater than zero for 0° ≤ β 

≤ 90°. The normal stress on the crack surface is smaller than zero if the crack is in the 

closed state. Therefore, the effective shear stress τeff on the crack surfaces in a 

centrally cracked plate can be written as Eq. (3) 

τ��� = τ�� + τ�        (3) 

where τnt is the shear stress induced by external loads. Note that the direction of the 

friction stress τf (negative) is always opposite to that of the shear stress τnt (positive). 

 

The above discussion shows that, for an open crack, the stress at the crack tip contains 

the singular stress terms defined by KI, KII and T-stress, which is parallel to the crack 

and is denoted as Tx. For a closed crack, the parameter KI=0. However, an additional 

non-singular stress term, defined as Ty in this study, must be included. Therefore, the 

stress field around the crack tip in this case is given by Eq. 4: 

���
���� = ��√
 ! "#$ %
 &1 − $)* %
 $)* �%
 + − ���√
 ! $)* %
 &2 + "#$ %
 "#$ �%
 + + -��. = ��√
 ! "#$ %
 &1 + $)* %
 $)* �%
 + + ���√
 ! $)* %
 "#$ %
 "#$ �%
 + -./�. = ��√
 ! "#$ %
 $)* %
 "#$ �%
 + ���√
 ! "#$ %
 &1 − $)* %
 "#$ �%
 +

  (4) 

where 011 = /���√23. Note that Ty=0 when σn>0, and Ty=σn when σn≤0.  
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Correspondingly, the stress distribution at the crack tip in the polar co-ordinate system 

shown in Fig. 3 is 

���
���4 = �
√
 ! 501"#$ %
 �3 − "#$
� + 011sin %
 �3"#$
 − 1�: + -�"#$

 + -.sin

�% = �
√
 ! "#$ %
 ;01�1 + "#$
� − 3011$)*
< + -�$)*

 + -."#$

/!% = �
√
 ! "#$ %
 ;01$)*
 + 011�3"#$
 − 1�< − �-� − -.�$)*
"#$


 (5) 

 

The stresses in the local t-n coordinate system shown in Fig. 2 are 

=�� = �;�1 + >� − �1 − >�"#$2?</2�� = �;�1 + >� + �1 − >�"#$2?</2/�� = ��1 − >�$)*2?/2      (6) 

 

where k≤0. 

 

If σn≥0, the crack is in the open state, suggesting that there is no friction on the crack 

face. Then, the parameters KI, KII, Tx and Ty in Fig. 2 can be defined as 

���
��01 = ��√23011 = /��√23-� = �� − �� = ��1 − >�"#$2?-. = 0

      (7) 

 

However, if σn≤0, the crack is in the closed state, indicating that there is friction on 

the crack faces. Then, the parameters KI, KII, Tx and Ty in Fig. 2 can be defined as 

���
��01 = 0011 = /���√23-� = �� = �;�1 + >� + �1 − >�"#$2?</2-. = �� = �;�1 + >� − �1 − >�"#$2?</2

    (8) 
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Li et al. (2009) investigated the role of the Ty component on crack growth. However, 

they did not study the effects of the crack orientation angle and confining pressure 

ratio on the crack growth. Eqs. (6)-(8) show that both the crack orientation angle and 

the confining pressure ratio are included in the Tx and Ty components. Moreover, note 

that the Tx terms for the cracks in the tensile (σn≥0) and compressive (σn<0) states are 

different, as clearly observed from Eqs. (7) and (8). 

 

In this study, the fracture parameters shown in Eq. (7) and  Eq. (9) can be directly 

obtained using LEFM for a centrally cracked plate. However, for specimens with 

more complex geometries, such as the centrally cracked Brazilian disc (CCBD) and 

semi-circular bends (SCBs), the parameters must be determined using numerical 

methods (Aliha and Ayatollahi 2009, 2013; Aliha et al. 2008; Ayatollahi and Aliha 

2007). Ayatollahi et al. (1998) proposed displacement-based and stress-based methods 

for evaluating the Tx-stress under mixed-mode I/II loading, which indicated that the 

displacement-based method was more precise than the stress-based method. However, 

few researchers have discussed the numerical calculation of Ty-stresses for closed 

cracks which requires further studies 

 

Crack extension criteria 

One cannot predict the direction and path of crack propagation in rocks without crack 

initiation criterion (or fracture criterion), which is required to judge whether a crack 
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initiates or propagates under a certain loading condition. Several crack initiation 

criteria have been proposed. Among them, the maximum tangential stress (MTS), 

maximum tangential principal stress (MTPS), minimum strain energy density (SED), 

maximum energy release rate (MERR), maximum stress triaxiality (MST), local 

symmetry (LS) and critical distances (CD) criteria became popular and were 

implemented in many studies (Castro et al. 2016; Gupta et al. 2015; Kong et al. 1995; 

Maiti and Smith 1983; Mróz and Mróz 2010; Smith et al. 2001; Zanganeh et al. 2008). 

A detailed summary of these criteria was provided by Khan and Khraisheh (2000). 

For tensile cracking, the MTS criterion is the simplest one and is widely used. The 

MTS criterion states that the direction of the crack initiation coincides with the 

direction of the maximum tangential stress along a constant radius around the crack 

tip. In general, the MTS criterion provides accurate results for tensile fracture in most 

brittle materials, including rock. The crack initiation direction θc according to the 

MTS criterion can be found from the conditions specified in Eq. 9: 

�% > 0,			 DEFD% = 0,			 DGEFD%G < 0          (9) 

 

By substituting the stress field in Eq. 5 into the MTS criterion in Eq. 9, we obtain the 

following equations: 

���
��"#$ %I
 ;01�1 + "#$
J� − 3011$)*
J< + 2-�K22�J$)*

J + 2-.K22�J"#$

J > 03"#$ %
 ;01$)*
 + 011�3"#$
 − 1�< − 4K22�JM-� − -.N$)*2
J = 03$)* %
 ;01$)*
 + 011�3"#$
 − 1�< − 6"#$ %
 ;01"#$
 − 3011$)*
< + 32K22�JM-� − -.N"#$2
J < 0

  (10) 

where rc is an additional length scale representing the size of the fracture process zone 

(Kim and Paulino 2003). 
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Eq. 10 is called the generalized MTS criterion (GMTS), which was defined by Smith 

et al. (2001). Once the crack initiation angle θc is determined, the crack initiation 

condition is obtained by considering the critical tangential stress (σθ)c at a distance rc, 

which is expressed in Eq. 11: 

K22�J��%�J = "#$ %I
 501"#$
 %I
 − �
011$)*
J: + -�K22�J$)*

J + -.K22�J"#$

J (11) 

where (σθ)c equals σc, which is the critical value of the tensile strength of rock. 

 

Many studies (e.g., Williams and Ewing (1972); Ayatollahi et al. (2002b); and Smith 

et al. (2001)) reported that the predictions of tensile crack initiation using the 

maximum tangential stress criterion including the T stress were in good agreement 

with the results of experimental tests and might be further improved when the 

tangential stress wascomputed at a certain distance from the crack tip. However, most 

of the fracture criteria, including the MTS criterion, are only suitable for the case 

where the stress intensity factor of mode I is greater than zero, i.e., KI>0. For 

compressive cracks, when the term related to KI does not appear, a new criterion is 

needed. Note that the crack extension in rock is complicated by the mix-mode 

fractures observed in experiments, which indicate that the rock may fail via two 

distinct macroscopic fracture types, i.e., the opening type (tensile crack) and the shear 

type (shear crack). Bobet (2000) experimentally observed shear crack initiation 

occurring simultaneously with tensile crack initiation. Many other studies (e.g., Wong 

and Chau (1998), Wong and Einstein (2009), and Park and Bobet (2009)) indicated 
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that the secondary crack was a type of shear crack. Melin (1986), Isaksson and Ståhle 

(2002) and Labuz et al. (2006), indicated that cracks in rock could propagate in shear 

when the compressive load was sufficiently high. Therefore, if a crack is under the 

combined tensile and compressive loads, the high compressive load may cause the 

crack to close, resulting in the shear stress at the crack being much larger than the 

tensile stress. In 1975, Otsuka et al. (1975) proposed a shear stress approach for 

studying shear fracture that assumed that a crack might grow via the mode-II 

mechanism on the plane of the maximum shear stress. Based on this criterion, Bordi 

et al. (1998) proposed a finite element model to predict crack initiation and 

propagation in a notched disk subjected to rolling contact fatigue. Bakuckas et al. 

(1993), Seweryn and Mróz (1995), Chao and Liu (1997), and Shamoto and Altıntas 

(1999) used the maximum shear stress criterion (MSSC) to study the crack growth 

characteristics of many materials, including rock. In particular, Bobet et al. (Bobet 

2000; Bobet and Einstein 1998; Vásárhelyi and Bobet 2000) used MSSC to predict 

the crack initiation angle and stress in rock and suggested that this criterion was able 

to capture the basic behavior of the shear cracking process observed in experiments. 

According to MSSC, a shear crack initiates in rock when the shear stress |τrθ| reaches 

the critical shear strength of the rock (i.e., τc), i.e., 

|/!%| ≥ /J          (12) 

 

According to the selected MTSC and MSSC criteria, crack initiation may occur in 

either tensile or shear orboth tensile and shear modes, depending on the stress states at 
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the crack tip, i.e., 

(1) if (σθ)max<σc and |τrθ|max<τc, no cracking is initiated; 

(2) if (σθ)max≥σc and |τrθ|max<τc, tensile cracking is initiated; 

(3) if (σθ)max<σc and |τrθ|max≥τc, shear cracking is initiated; 

(4) if (σθ)max≥σc and |τrθ|max≥τc, both tensile and shear cracking are initiated. 

 

Both the maximum tangential and shear stress criteria implemented in this study are 

based on the assumption that the crack initiation in rock depends on the local stress 

states relative to the strength of the rock rather than the stress intensity factors (SIFs). 

This is ascertained by comparing the theoretical predictions using these criteria with 

the crack initiation stress and direction and the crack coalescence stress and type 

obtained from experiments in the literature. 

 

Crack initiation under combined tensile and compressive loads 

Transition between open and closed cracks 

Eq. 6 shows that the normal stress on the crack face may be negative or positive, 

depending on the confining pressure coefficient k and the crack orientation angle β. 

Fig. 5(a) shows the relationship between the normalized σn and β. Note that, under 

uniaxial tension, the normal stress on the crack face is always greater than zero, which 

forms an open crack. However, when the compressive confining pressure coefficient 

is not zero, the normal stress is negative at first but then gradually changes to positive 

with increasing β. The transition of σn from negative to positive values indicates that 
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the crack state changes from the closed to open state. The critical value of β0 where σn 

changes sign can be calculated using Eq. 13: 

?R = 3�"S3*√−>       (13) 

 

Fig. 5(b) depicts the relationship between β0 and k. Note that the critical value β0 

increases with increasing absolute confining pressure coefficient. However, regardless 

of how the confining pressure coefficient increases, there is a certain range of the 

crack orientation angle where σn remains positive. If k→-∞, the condition is close to 

the uniaxial compressive stress state. Clearly, the friction on the crack face, when 

σn<0, plays an important role in the mechanical behavior of the crack, which will be 

further discussed in the following sections. 

 

Effective shear stress on the crack face 

The relationships between normalized τeff and β for different confining pressure 

coefficients are shown in Fig. 6, where the solid lines indicate the effective shear 

stress (τeff) on the crack face for the closed crack calculated using Eq. 3, while the 

dotted lines are the shear stress for the open crack (σn>0) calculated using Eq. 6. Fig. 

6(a) shows that τeff increases with increasing crack orientation angle at first, except for 

in the region of the blank length where the sliding on the crack face is inhibited by the 

friction stress, and the effective shear stress is τeff = 0. The larger the confining 

pressure coefficient, the greater the rate of increase. However, when the crack 

orientation angle increases to a certain value, τeff begins to decrease with increasing 
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crack orientation angle and finally reaches zero at β=90°. There is an angle at which 

the transition from the closed to open states by the crack occurs for each confining 

pressure coefficient, i.e., the angle corresponding to the transitional point from the 

solid to dashed lines in Fig. 6, which can also be observed in Fig. 5(b). The range of β 

in which the crack faces become closed also increases with increasing compressive 

confining pressure coefficient. The comparison between the friction coefficients 

µ=0.2 (Fig. 6(a)) and 0.5 (Fig. 6(b)) shows that the transition angle between the 

closed and open states of the crack face is not affected by the friction coefficient. 

However, the increasing rate of the effective stress on the crack face increases with 

the friction coefficient increasing. Furthermore, both Fig. 6(a) and (b) show that the 

range of crack orientation angle where τeff=0 increases with the increasing of both the 

confining pressure and the friction coefficient. Fig. 6(b) shows the blank length of L1, 

L2 and L3 when the confining pressure coefficient is k=-0.25, -0.5 and -1.0, 

respectively. The critical angle ? where τeff=0 can be calculated from 

�1 − >�$)*2? + �;�1 + >� − �1 − >�"#$2?< = 0   (14) 

 

Stress distribution around the crack tip 

Eq. 5 shows that the stress distribution around the crack tip depends on KI, KII, Tx, Ty 

and the radius r, in which KI, KII, Tx and Ty can be determined using Eq. 7 or Eq. 8 for 

the given confining pressure coefficient k, crack orientation angle β and friction 

coefficient µ. The radius r is an important parameter that determines the stress 

magnitude around the crack tip. The critical radius rc in Eq. 10 is often considered as a 
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material constant in rock (Ayatollahi and Aliha 2008). Many studies have suggested 

that rc is a function of uniaxial tensile strength (σc) and mode-I fracture toughness (KIC) 

(Golos and Wasiluk 2000; Irwin 1958; Rice 1967; Schmidt 1981). To normalize the 

critical radius rc, we assume that 

T = K2�J 3⁄         (15) 

 

According to Williams and Ewing (1972) and Smith et al. (2006), the 

non-dimensional length α is a fitted parameter that provides the best prediction 

consistent with experiment. In this section, all the results are obtained by assuming 

α=0.1 according to Erdogan and Sih (1963), Williams and Ewing (1972) and Ling 

(1980). 

 

When the “singular solution” is used to represent the crack tip stress, one may 

incorrectly think there is no biaxial load effect for a horizontal crack (Eftis and 

Subramonian 1978). However, Fig. 7 shows that the stress distributions of both σθ and 

τrθ around the crack tip strongly vary with increasing |k|. When |k| is smaller than 1.0, 

both σθ and τrθ are not significantly affected by the T stress, although the maximum 

σθ-T and |τrθ-T| are slightly greater than σθ and |τrθ|. However, when k=-10, the 

maximum σθ-T is obviously smaller than σθ. Instead, for the maximum absolute shear 

stress, |τrθ-T| is greater than |τrθ|. Furthermore, the critical crack inclination angles β, 

where σθ-T and σθ or |τrθ-T| and |τrθ| obtain their maximum values, vary with 

increasing |k| as well. The difference, caused by whether the T stress is considered, 
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becomes much greater when the confining pressure coefficient is high such as when 

k=-100. In sum, the results show that the consideration of T stress decreases the 

tangential stress but increases the shear stress. Moreover, it is important to note that 

|τrθ|max/σθ,max is a constant value of 0.866 when the T stress is neglected. However, 

when the T stress is included in Eq. 5, |τrθ|max/σθ,max varies with increasing |k|. The 

results above show that when k=-10, |τrθ|max/σθ,max is approximately equal to 1.100, 

which, in contrast, is 1.585 when k=-100 and 1.740 when k→-∞. Therefore, the T 

stress promotes shear crack extension at the crack tip. 

 

Fig. 8 shows the stress distribution around the crack tip when the crack inclination 

angle varies if the confining pressure coefficient and the friction coefficient are held 

constant, i.e., k=-0.5 and µ=0.5. Note that when β=15º, there is a significant difference 

between either the circumferential or radial stresses regardless of whether the T stress 

is considered. However, this difference is not obvious when β≥30º. Eq. 13 shows that, 

when β≤35.26º, the crack faces are closed at k=-0.5. Therefore, the friction plays an 

important role in the stress distribution at the crack tip. This is why the ratio between 

(σθ-T)max and σθ,max is much greater when β=15º than that when β>30º. For an open 

crack, the friction is neglected, and the parameter β does not significantly affect the 

stress distribution at the crack tip. 

 

Most studies on the T stress have focused on mode-I loading, i.e., the crack was 

subjected to far-field tensile loads in both x and y directions. However, the growth of a 
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closed crack under compression is more common in rock engineering. The friction on 

the crack faces significantly affects the stress distribution at the crack tip, as shown in 

Fig. 9, where a crack with an orientation of β=30º is subjected to far-field 

tensile-compressive loads. The critical crack orientation angles, where the transition 

between the tensile and compressive states of the crack face occurs, i.e., σn=0, are 45º 

and 65.9º when k=-1 and -5, respectively. Therefore, for β=30º, the crack faces can be 

closed under both conditions of k=-1 and -5. Moreover, Fig. 9 shows that the T stress 

does not significantly affect the stress distribution for both lower (µ=0.2) and higher 

(µ=0.7) friction coefficients if |k| is small. However, when the crack is subjected to a 

high compressive confining pressure, the stress at the crack tip strongly varies from 

lower to higher friction coefficients. For example, when k=-5 and µ=0.2, the effect of 

the T stress on the stress distribution at the crack tip is not obvious. However, when 

the friction coefficient is increasing, the difference caused by whether the T stress is 

considered continuously increases. Furthermore, |τrθ|max is smaller than σθ,max when the 

frictional coefficient of the crack faces is smaller. However, they change when µ is 

large. The result in Fig. 9 shows that |τrθ|max is 2.2-times larger than σθ,max when µ=0.7 

if the T stress is included in the stress distribution at the crack tip. This means that the 

friction promotes shear crack extension under the high compressive confining 

pressure. 

 

In addition, Fig. 6 shows that τeff=0 indicates that the cracks cannot slide along the 

crack faces. Under such a condition, both the stress intensity factors KI and KII are 
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zero, and the singular stress disappears. Thus, the failure can no longer be estimated 

by the fracture mechanics approach. The failure is instead analyzed using the jointed 

rock method developed based on Mohr-Coulomb fracture theory (Jaeger and Cook 

1979). The actual shear failure surface is usually observed to have an orientation 

angle of θc=π/4+ϕ/2 from the plane where the maximum compressive principal stress 

is applied, in which ϕ is the slope of the failure envelope and, in the particular 

Coulomb case, ϕ is equal to the internal friction angle of the rock.  

 

Tensile crack initiation 

When the far-field tensile load is larger than the compressive load (-1≤k≤0), the 

tensile stress at the crack tip is larger than the shear stress, except that, for a small 

crack orientation angle, the crack cannot slip, which is denoted as the blank length in 

Fig. 6. In this section, only the tensile crack initiation characteristic is analyzed while 

that of the shear crack is to be discussed in Section “shear crack initiation”. 

 

Crack initiation angle 

Fig. 10 shows the relationship between the crack initiation angle (θc) and the crack 

orientation angle (β) under uniaxial tension and its comparison with corresponding 

experimental data obtained by Ling (1980) and Ueda et al. (1983). Note that the 

predicted θc is in good agreement with that obtained by experiments when the 

non-dimensional length α is 0.1 or 0.2. However, when α=0, the second equation in 

Eq. (10) shows that the T stress is neglected, and the predicted θc is the classical 
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solution, which does not agree well with experimental data. For a small crack 

orientation angle, the predicted θc from the classical solution of α=0 is smaller than 

that of the experiments, whereas for a large crack orientation angle, the predicted θc 

for α=0 is larger than that of the experiments. The crack growth under uniaxial tension 

has been broadly discussed before, and representative studies were conducted by 

Maiti and Smith (1983), Papadopoulos (1988), Smith et al. (2001), and Kim and 

Paulino (2003). 

 

Fig. 11 shows the relationship between the crack initiation angle and the crack 

orientation angle under combined tensile and compressive loads. The relationships for 

the case of the friction coefficient � = 0.5 were also experimentally determined by 

Ling (1980), which are plotted in Fig. 11. It can be seen from the comparisons 

between the theoretical prediction and experimental test that the results for α=0.1 best 

fit the PMMA experimental data, especially when the crack is closed. Moreover, in 

order to study the effect of the friction on the crack initiation, the relationship between 

the crack initiation angle and the crack orientation angle for the case of µ=0 is plot in 

Fig. 11. As the crack orientation angle changes from 0º to 90º, the crack initiation can 

be classified into two regions, i.e., the initiations of closed and open cracks. In Fig. 11, 

the initiation of the closed crack is plotted using dashed lines, and that of the open 

crack is plotted using solid lines. When the compressive confining pressure is low, the 

crack initiation angles at the transition points for different α are quite different, which 

can be clearly observed in the enlarged graphs on the right-hand of Fig. 11(a). 
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However, the crack initiation angles at the transition points gradually converge to the 

same value with the compressive confining pressure coefficient increasing, as shown 

in Fig. 11 when k=-1.0. Furthermore, when β=45º and 0≤k≤1, the crack is open, and 

both the Tx and Ty stresses are zero. Therefore, the crack initiation angle is 

independent of the non-dimensional length α. In other words, all the crack initiation 

angles are equal for different values of α when β=45º. For an open crack, θc decreases 

with increasing α when β>45º and vice-versa when β<45º, as observed from the solid 

lines in Fig. 11. For a closed crack, θc is not only dependent on the parameters β and k 

but also significantly affected by µ and α, as shown by the dashed lines in Fig. 11. 

Moreover, it is noted that the friction on the crack faces shifts toward high crack 

initiation angles. If the T stress and the closed states are neglected when the normal 

stress σn<0, the classic solution of θc is a constant value equal to 70.5º regardless of 

how the parameters β and k vary. The consideration of the T stress is found to be very 

important for the evaluation of the crack growth direction, especially for closed cracks 

with large friction on the surfaces.  

Because the contact behavior of the crack faces under compression is not considered, 

Eftis and Subramonian (1978) predicted the angle of the initial crack extension to be 

greater than 90º when β<28º and k=-2 or β<21º and k=-1. However, both the 

experimental data and the predicted results depicted in Fig. 11 show that there is no 

(or shouldn’t have) θc greater than 90º. The calculation of the crack initiation angle 

conducted by Eftis and Subramonian  (1978) included both KI and KII even when 

KI<0, i.e., the parameter KI also existed for the closed crack. However, according to 
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classical fracture mechanics, KI is always larger than or at least equal to zero. 

Furthermore, Eftis and Subramonian  (1978) did not consider the friction on the 

faces of closed cracks. In this study, the opening and closing conditions of the crack, 

the friction on the faces of the closed crack and the Tx and Ty stresses are included in 

the evaluation of the crack initiation direction, which is more reasonable and accurate 

compared with the studies conducted by Eftis and Subramonian  (1978). Moreover, 

the theoretical results are calibrated based on experiments available in the literature 

(Ling 1980). 

 

Tensile crack initiation stress 

To calculate the crack initiation stress (i.e. the so-called fracture stress, σ0), the 

non-dimensional length α must first be determined. According to the results 

concerning the crack initiation angle in Fig. 10, the parameter α is set as 0.1 in this 

study. Fig. 12 shows the fracture stresses of a crack with various orientation angles 

under combined tensile and compressive loads. The experimental data from the 

literature (Ling 1980) are also plotted in Fig. 12 for comparison, which shows that the 

predicted result is in good agreement with the experimental result under the uniaxial 

tensile load. If the compressive confining pressure coefficient increases to -0.25, the 

crack faces contact with each other when β<26.56º. Moreover, the fracture stresses 

obtained for the frictional (µ=0.5) and frictionless (µ=0) crack faces are found to be 

highly different from each other, and the failure stress for the frictional crack is larger 

than that for the frictionless crack with the same orientation angle as that of the 
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friction crack. The larger the compressive confining pressure coefficient is, the greater 

the difference, which is more clearly observed when k=-0.5 and -1.0. Due to the effect 

of friction on the fracture stress, the experimental data are more scattered than are 

those in the case of open cracks, which can be clearly observed when k=-0.5 and -1.0. 

However, the theoretical curves are clearly in good agreement with the experimental 

results. Furthermore, the results also reveal that the fracture stress is not obviously 

affected by the compressive confine pressure coefficient when the crack is in the open 

state, as shown by the black curves in Fig. 12. However, if the fracture is dominated 

by the far-field compressive stress, the fracture stress is substantially different for the 

different confining pressure coefficients in the case of the frictional crack, as observed 

from the red curves before the compressive-tensile transition point in Fig. 12. 

Moreover, in all cases for -1≤k≤0, the fracture stress increases as the crack orientation 

angle decreases. 

 

More significantly, Fig. 12 also shows that if the crack is in the contact state, the 

fracture stress versus β curves becomes steeper and narrower as µ increases, which 

reveals that the range of the crack orientation angle, in which the crack surfaces 

cannot slide against each other and in which shear failure is the only possible mode, 

increases with the friction coefficient increasing. A crack with an orientation angle in 

that range can no longer slide because of the constraint effect of the friction, which 

can also be observed from the blank length in Fig. 6. Therefore, although cracks with 

orientation angles that fall in a wide range are able to grow in the tensile mode at a 
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stress slightly above the minimum initiation stress in the case of µ=0, only the cracks 

with orientation angles in a narrow range can grow in the tensile mode when µ is high. 

Moreover, the particular tendency whereby the failure stress of cracks with small 

orientation angles β increases with increasing friction coefficient µ should be noted, 

where the cracks are subjected to not only a small resolved shear stress but also a 

large resolved compressive normal stress if the compressive confining pressure is 

sufficiently large. 

 

Shear crack initiation 

Fig. 13(a) shows the ratio between the absolute maximum shear stress (|τrθ|max) and the 

maximum tangential stress ((σθ)max) for different friction coefficients when β=25º. 

Note that if the crack faces have a small friction coefficient, |τrθ|max is smaller than 

(σθ)max. However, with increasing friction coefficient, |τrθ|max/(σθ)max gradually 

increases with increasing compressive confining pressure coefficient. The greater 

confining pressure coefficient suggests a larger ratio between |τrθ|max and (σθ)max. Fig. 

13(b) shows that, with increasing β, the compressive confining pressure coefficient 

must also be increased to obtain the same ratio of |τrθ|max/(σθ)max. For example, to 

satisfy |τrθ|max/(σθ)max≥2.0, k only needs to be greater than -2.93 when β=20º. However, 

k increases to -7.78 when β=25º. Moreover, there is no value of k satisfying 

|τrθ|max/(σθ)max≥2.0 if β≥30º. Specifically, shear crack initiation is impossible at a large 

crack orientation angle when the crack is under far-field tensile-compressive loading. 

For a ratio between shear and tensile strength (τc/σc) of 2.0, Fig. 13(b) shows the 
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relationship between β and k, which satisfies |τrθ|max/(σθ)max=2 when µ=0.5. The zones 

above and below the solid line are the shear and tensile crack initiation zones, 

respectively. Note that different ratios of the shear and tensile τc/σc lead to different 

sizes of the shear and tensile crack initiation zones; however, the law is similar. This 

result suggests that the growth in shear cracks most likely occurs under high confining 

pressure, as confirmed by Melin (1986). Furthermore, for a given k and β, both |τrθ|max 

and (σθ)max decrease with increasing friction on the crack faces; however, the ratio of 

|τrθ|max/(σθ)max increases, which suggests that the greater friction also causes shear 

crack initiation when the crack is in the closed state. Fig. 13(c) shows the relationship 

between the confining pressure coefficient and the critical friction coefficient for 

shear crack initiation and indicates that the critical friction coefficient leading to shear 

crack initiation decreased with increasing compressive confining pressure coefficient. 

The results reveal that, in addition to the condition of high compressive confining 

pressure and large friction coefficient, shear crack initiation can also occur under the 

condition of high compressive confining pressure but low friction coefficient or that 

of low compressive confining pressure but high friction coefficient.  

 

Assuming β=20º, µ=0.5 and k=-3, the Tx and Ty stresses are positive and negative, 

respectively. |τrθ|max/(σθ)max is 0.866 if the Tx and Ty stresses are neglected. This ratio 

decreases to 0.519 if only the Tx stress is considered, which indicates that the positive 

Tx stress inhibits shear crack initiation. However, when both the Tx and Ty stresses are 

included, |τrθ|max/(σθ)max increases to 2.228, which indicates the possibility of the shear 
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crack initiation being significantly increased. Because the Ty stress is always negative 

if the crack is closed, the increase in the compressive confining pressure increases the 

absolute value of the negative Ty stress and therefore increases the possibility of shear 

crack initiation. Summarizing, the discussion above demonstrates that the crack 

initiation type under combined tensile and compressive loading conditions remains 

tensile dominated when the compressive confining coefficient is small (i.e., -1≤k≤0). 

However, with increasing compressive confining pressure coefficient and friction 

coefficient, shear crack extension becomes possible from a crack with a small 

orientation angle. Moreover, the high compressive confining pressure and the large 

friction also result in the closing of the crack faces and the lower tendency for sliding 

along the crack faces, where shear failure is the only possible failure type. 

 

Note that, in laboratory rock fracture experiments, artificial notches or cracks that are 

not real cracks are often created in rock specimens, and a gap often exists between the 

crack flanks. In this case, if the rock specimen is a hard rock and if the width of the 

notch is relatively large, the crack may extend before its closure under compressive 

loads. For this case where the Ty stress is zero because the crack is in the open state 

even though it is subjected to compression-shear stresses. Moreover, because a 

Griffith crack is considered as a slit in theoretical studies, the parameter KI is zero as 

well. However, for an artificial crack, which may have a radius at the crack tip, Tirosh 

and Catz (1981) proposed a method for determining the parameter KI. Therefore, the 

parameters KI and Ty are set to zero when Eq. (8) is used to determine the fracture 
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parameters for the fracture behavior of a pre-fabricated crack with no contact between 

the crack flanks in the laboratory rock fracture experiments.  

 

Conclusions 

In engineering practice, rock and rock mass are frequently subjected to combined 

tensile and compressive loads. Under such loading conditions, a pre-existing crack in 

rock may close or open depending on the orientation angle of the pre-existing crack 

and the confining pressure coefficient. Compared with the available analytical 

solutions for an angled crack in a plate subjected to far-field bi-axial load, the study 

on the growth characteristics of the angled crack under the combined tensile and 

compressive loading conditions reveals the following: 

 

(1) If a combined tensile and compressive load is applied to a rock plate with an 

angled crack, there is a transitional crack orientation angle between the closed and 

open states of the crack, and the value of the transition angle depends on the 

compressive confining pressure coefficient but is independent of the friction 

coefficient. Moreover, there is a range of the crack orientation angle in which the 

effective shear stress on the crack surfaces is zero. 

 

(2) If the tensile load dominates in the combined tensile and compressive loading 

condition (i.e., -1<k≤0), the crack initiation type remains tensile dominated in the rock 

plate with the angled crack, and the crack initiation angle is affected by the crack 
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orientation angle and the compressive confining pressure coefficient. However, for a 

closed crack, the crack initiation angle also depends on the friction coefficient of the 

crack surfaces: the higher the friction coefficient, the larger the crack initiation angle. 

Furthermore, the T-stress is very important in determining the crack growth direction, 

especially for a closed crack with a high friction coefficient. By comparing this study 

with experimental tests in the literature, it is concluded that both the crack initiation 

angle and the crack growth direction predicted by this study agree well with those 

from the experimental tests. 

 

(3) For a rock plate with an angled crack under the combined tensile and compressive 

loading conditions, shear crack initiation can only occur in a small range of crack 

orientation angles. The positive Tx stress inhibits shear crack initiation, and the 

negative Ty stress increases the possibility of shear crack initiation. 
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FIGURE CAPTIONS 

Fig. 1 Schematic sketch of the pre-existing crack subjected to external compression 

and inner pressure. 

Fig. 2 Schematic sketch of the pre-existing crack under combined tensile and 

compressive loading conditions. 

Fig. 3 The Cartesian and polar coordinate systems . 

Fig. 4 Schematic sketch of the non-singular stress of a closed crack. 

Fig. 5 (a) Relationship between the normalized normal stress on the crack face and the 

crack orientation angle, and (b) relationship between the crack orientation angle and 

the confining pressure coefficient when σn=0. 

Fig. 6 Relationship between the normalized effective shear stress on the crack faces 

and the crack orientation angle: (a) µ=0.2 and (b) µ=0.5 

Fig. 7 Effect of the confining pressure coefficient on the distribution of σθ and τrθ the 

crack tip when β=30º and µ=0.5 with and without the T-stresses taken into account 

Fig. 8 Effect of the crack orientation angle on the distribution of σθ and τrθ around the 

crack tip when k=-0.5 and µ=0.5 with and without the T-stresses taken into account 

Fig. 9 Effect of the friction coefficient on the distribution of σθ and τrθ around the 

crack tip when β=30º with and without the T-stresses taken into account 

Fig. 10 Relationship between the crack initiation angle and the crack orientation angle 

for the pre-existing crack under far-field uniaxial tension and its comparison with the 

experimental data in literatures (Ling 1980; Ueda et al. 1983). 

Fig. 11 Relationship between the crack initiation angle and the crack orientation angle 

for the pre-existing crack under the far-field combined tensile and compressive loads 

and its comparison with the experimental data in literatures (Ling 1980). 

Fig. 12 Relationship between the crack initiation stress and the crack orientation angle 

for the pre-existing crack under the far-field combined tensile and compressive loads 

and its comparison with the experimental data in literatures (Ling 1980). 

Fig. 13 (a) Relationship between the ratio of |τrθ|max and (σθ)max and the confining 

pressure coefficient when β=25º and µ=0.2 or µ=0.5, (b) Relationship between the 

crack orientation angle β and the confining pressure coefficient k when 

|τrθ|max/(σθ)max=2 and µ=0.5, and (c) Relationship between the confining pressure 

coefficient k and the critical friction coefficient µ which leads to shear crack initiation. 
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