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Chapter 1

Generating functions and Riordan
arrays

1.1 Properties of special numbers

The main properties of widely used special numbers.

(BS). Symmetry of binomial coefficients:

(BIN). Negation for binomial coefficients;

(Z) _ (—n +kk: — 1) (—1)
(BX). Cross product of binomial coefficients:

n\ [k n\[(n-—j
(k) (g) B (g) (k—j)
(BR). Recurrence for binomial coefficients:

()= ()+ (1)

(BD). Reduction of binomial coefficients:
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(BZ). Binomial coeficients being 0:

<n>: for r<0,r>n>0r¢N

(XK) Simplification of fraction:

n r  (n+z T\ etk —1
Elx+k n n—=k r—1
n r  (n\(x+k\[(z+Ek 1oy B
k)Jz+k  \k k k r+k

1.2 Coefficient extraction
The main rules for the “coefficient of” functionals:

(1KE) Linearity

[t")(af(t) + by(t)) = a[t"] f(t) + b[t"]9(t)

(2KE) Shifting

[t f () = [t F ()

(3KE) Differentiation

[")F'(8) = (n+ DT F ()

(4KE) (conv) Convolution

("] f()g(t) = [t*1£ @) - [v" *lg(y)

M=

b
Il
=]
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(5KE) Composition

["1f(9(1)) = D _([*1F(2) - [y"lg(w)*

k=0

where ordg(t) > 1.
(6KE) Inversion (Lagrange Inversion Formula - LIF)

10 = 210 (557

where fI=1(t) is the compositional inverse of f(t), i.e., f(fI7U(t)) = fEU(f(1)) =t

(0TR) The transformation ¢ > at:

[t"]f(at) = a™[t"] ()

(1TR) The transformation ¢/ +— ¢:

[ () = [E"]£ (1)

(1LF) A useful formulation of the Lagrange Inversion Formula:

) [Fw) | w=to(w)] = P @)o(0)"

n

(2LF) Another useful formulation of the Lagrange Inversion Formula:

1] [F(w) | w = to(w)] = "IF 060" (9(t) — t' (1)

(ORF)

(1RF)

[tn](l—i—rt)(l—l—st) B r—s (=1)"
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(2RF) - The denominator is an irreducible polynomial of second degree

i) 1 ~ 2(y/e)"*tsin(n+1)6
L+bt+ct2 Vic — b2
[l — b2
6 = arctan C_—bb +7b > 0]

(1ZV)

1 1 m+ k
k —(H .
g }(1 —t)ym+l In 1—t (Fomi m)( m >

1.3 Generating Functions

The rules of the generating function operator:
(GF1) Linearity

G (afr + bgr) = aG (fr) + bG (gx)

(GF2) Shifting

(GF3) Differentiation

G (kfr) =tDG (fr)

(GF4) Convolution

g (Z fkgn—k> =G (fr) G (gr)
k=0

(GF5) Composition

> Fa(G (ge)™ =G (fr) 0 G (gx)
n=0

(GF6) Diagonalization

F(w)

R

|w= mﬁ(w)}




1.3. GENERATING FUNCTIONS

The most frequently used generating functions are listed here. The notation is as follows:

k summation variable
m,n,p integer constants
T,Y, 2 real constants
a,b,c | parameters (int. or real acc. to context)
t,u, v, w indeterminates
(PWO0)
1
k
zZ =
g ( ) 1—2zt
(PW1)

P Itk
G (k") = ; {i} (1= )kt

0

(BC1). Simple binomial coefficients:

Proof:
g <k (Z)) =tD(1+t)" =nt(14t)"*

(BC3). Doubly weighted binomial coefficients.

o(#()) -

Proof:

G (k2 (Z)) — tDnt(1 + )" = nt(1 + nt)(1+ )2

(BC4). Progressive binomial coeflicients:

o(("1")) = e
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(GO (G 0 B () [y

(BC5). Binomial coefficients with constant denominator:

() = asgem

Proof:

Proof:
<p;':k> N (P -ll-)ljiﬂ m) = [tF]tmP(1 4 )P TR GF6
= [t"] [wm—f’(l +w)P ‘ w=t(1 +w)] = [t*] a Z;:W A _1t)p+1 _ #

(CB1). Central binomial coefficients:

o(()) =

Proof:

07 ) |t [w = s ] -

1-2t(1+w

_[tn][lJr_w 1t yT @ 1

Ji—at

w
1—w 2t

| =t

then we apply rule (0TR).
(CB2). Modified central binomial coefficients:

o (2)) -

(CB3). Weighted central binomial coefficients.

g(’“(%f)):a—?ﬁ

% 1 2t
g(k<k)> == (1—4t)3/2

(CB4). Oddly weighted central binomial coefficients.

o((%)er+n) = =i

2k 4t 1 1
o((%)er+v) = =g+ i = awe

Proof:

Proof:




1.3. GENERATING FUNCTIONS 11

(CB5). A variant of oddly weighted central binomial coefficients.

; ((2:) (71)’655]@ + 1)) - +1t)3/2

(1C0)

G (4” (%j) _1> = \/%arctan\/g+ 1%

m+2\"' w2 /ot
n+1 _ n _ .
4 (n-i—l) 72n+14 (n> (20 + 1) frr = 2(n + 1) fos

/ 142 1 [d 3 d
2t(1—t)f'(t) — (1+26) f(t) + 1 =0; /ﬁdt§/7t+§/l——ttln (1—tt>3;

ot (VS )

This integral can be solved by setting:

2z
dz ~ (1+22)%

1/ [1—t dt 1/1 1+2% 2zdz / 1 "
Z — == = —— — arctan 2.
2 t 2/ 2z 22 (1+2?)? 22(1+ 22 z

= = R arctan tJr Cyl 3 e C =0 being f(0) =

(IC6) Doubly weighted inverse central binomial coefficients.

16% /2k\ ! TR
g 72\ = | arctan 1%

(CN1) Catalan numbers:

G 126\ 1-V1-—4t
E+1\ k o 2t

(GP1) Geometric progression: the g. f. of the sequence (1,1,1,...,1,0,0,...), with n starting 1’s:

1— tn+1

1,1,...,1,0,0,...) =
g(’ Y ) 70707 ) l_t

Proof: The generating function is 1 + ¢ 4+ t? 4+ --- + t»~! 4+ ¢*. By the rule for the sum of a geometric
progression we immediately obtain the formula.
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(GP2) Weighted geometric progression: the g. f. of the sequence (0,1,2,...,n,0,0,...):

t—tn+2 t’I’L"rl
)= (n+1
)=y Ui

G(0,1,2,...,n,0,0,..

Proof: The generating function is 0 + ¢+ 2t2 + -+ - + (n — 1)t" =1 + nt™, that is ¢ times the derivative of the
previous g.f..
(EX1) Exponential function:

(FB1) Fibonacci numbers:

t
9 =15 p
(FB2) Even Fibonacci numbers:
G (o) = 1.
T 3t 2
Proof:
G (Fo) = L Vi Vi CVE I+t t— 1+t t
o\ Vi—t 1++vi-t) 2 (1—t)2—t T 13t 2
(FB3). Odd Fibonacci numbers:
1-1
) =13 p
Proof:
1 Vi Vi 1 1+Vi—t4+1-Vi—t 1—t
G (Fon41) = —= + = 5 = 5
2VE\L—VE—t 1+ttt 2 (1—t)2—t 1—3t+t
(GO1). Gould first generating function:
g(—L_(*th = [+ w) | w=t(1 +w)’]
x4+ kz k B v v
Proof:
x x+ kz x+ kz r+kz—1 & & b1 kae
- _ _ — 1 xz+kz 1 x+kz 1:
() = () o 1) e

atkz—1 _ (1—(z—Dw)(1 +w)* !
= [t*](1 = (z = D)L+ )"t = [¢¥] [1 —wz(l+w)= /(1 + w)*

w =t(1+w)z} =

= "] [(1 + w)*

w :t(l—i—w)z} .
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(GO2). Gould second generating function:
x4+ kz (14 w)*+!
o(("47)) - i [

x+ kz 1+ w)*
( i ) — [F](L 4+ 7 = (g [1 IRy
w z+1
. [ (1 +w)™*

1—(z—1w

w=t(l+ w)z] =
‘ w:t(l—i—w)z} .
1.4 Riordan Array transformations

Here are the most important transformations related to Riordan Arrays:

(G). The general summation rule of Riordan Arrays (d(t), h(t)):

S du i = [ F(th(1)
k

Proof:
D dnrfe=> [E"dE) ()" fi = [£")d() Y fr(th(t)* “ET [E"]d(t) f(th(t))
k

k k

(A). This rule can also be applied when b = a, provided the generating function f(t) is a polynomial; in
that case, the rule will be denoted by (A*):

n+ak n—m+(a—b)k _n e tb_a
Zk:(mwk)Z fe =g —gmm I\ T2y b>a

Because of the complex condition on the power of z, most times rule (A) is applied with z = 1:

tm

> (;4:;2) fr =1t"] Ay -f ((fb__z)b) b>a

k

Proof:

n + ak n—m+(a—b)k _ n+ ak yn—mt(a=bk _
m + bk n+ak —b— bk

_ 7n7ak+n+ak7mfbk7 1 (7Z)n7m+(a7b)k _ —m — bk —1 (72)(n7m)+(a7b)k _
n + ak —m — bk (n—m)+ (a—0b)k

m b—a k
_ [t(nfm)Jr(afb)k] 1 — [tn] 3 3 )
(1 — zt)m+1+bk (1 —2t)m+1 \ (1 — 2t)?

Therefore we have a Riordan Array and apply the general rule (G).
(B). This rule can also be applied when b = 0, provided the generating function f(t) is a polynomial; in
that case, the rule will be denoted by (B*):

n+ak>zm+bk o qm n —b a
> Fo= ["](L+ 26" F(E P (14 209 b<0
- (m-l—bk ¥
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Proof:
n+ ak m-+bk __ rym+bk n+tak __ tm n (3—b a k
<m+bk)z =t (1 + 2t) =[t"](1+2t)" (1 + 20)) .

Therefore we have a Riordan Array and apply the general rule (G).
(P). Formula for partial sums:

- _nf()
Ln-f

(E). Euler transformation; a specialization of (A):

£ () )

(Pf). Pfaff reflection rule:

1 _ _
P a,b‘ t _r a, ¢ b‘t
(1—1t) c 11—t ¢

The hypergeometric function satisfies the recurrence relation:

fir _ (@t BB+ k)
I (c+k)(k+1)

(c+k)(k+1)frp1 = (a+k)(b+Fk)fr
c(k+ 1) furr + k(k+ 1) fry1 = —abfy — (a + btk fr — k> fr
cf'(t) +tf"(t) = —abf(t) — (a+b)tf'(t) —tf"(t) — " (1)
abf(t) + (at + bt +t+c)f'(t) + t(1+t)f"(t) = 0. (1.4.1)

Let us apply the Riordan array transformation to this differential equation. We set:
1 t t
= ——f— — ) =1 —t)g(t
o=t (15) o (1) = -0t

—a(l =) g(t) + (1 - )" ¢ (1)

Lt
J (m)
7 (%) = ala+ )AL= "g(t) = 2at DA - g () + (1 )" (1),

By substituting in equation (1.4.1) we get:

t at+bt+t—ct+c, [ t t ot
abf(1t>+ 1t f<1t>+(1t)2f 1t

ab(1— 1)7g(6) + T (ot ) o) + (1 - 1) 2 (1) +

a2 (ala+1)(1 — )" 2g(t) — 2(a + 1)(1 — 1) P3¢/ (t) + (1 — )*T*n"(t)) = 0.
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We can now simplify and consider the coefficients of h(t), h'(t), h" (¢):
coeff(g(t)) a(b—c)(1 —1t)
coeff(¢'(t)) (bt —at—ct—t+c)(1—1t)
coeff (¢ (t)) t(1—1t)?
and this corresponds to the differential equation satisfied by h(t), the transformed function:

ab—c)g(t) — ((a—b+c+ 1)t —c)g' (t) +t(1 —t)g"(t) = 0.

We extract the coefficients of t™:

[t"]a(b = c)g(t) = a(b—c)gn
t"]((a—b+ec—1t=c)g'(t) = (a=b+c—1ngn+c(n+1)gnia
[t"](t = t*)g"(t) = (n+1)ngnt1 —n(n—1)gn.

By separating g,, and g,11, an easy factorization yields to:
(a+n)(n+c—=0)g, = (n+1)(c+n)hpi

nt1  (a+n)(c—b+n) a, c—b
gg: B (:—Fl)(c—k—;) WF( c ‘t>

(T+) Bizley (6.43).

Z n m q+k\ q—a q+p—m
- a+k)\p—k)\n+m) \m+n—-p—a p+a
Let us call » the denominator of the third binomial coefficient:

s=3 () G (I8 ) = S+ 0 #1004 o) Y+ e =

k

= [oP](1 4 v)" [w"](1 +w)? > [t*] C ;t)n (v(1 +w))* = PP)(1 +v)™w"](1 + w)q—(lvj(f iff)u)n =
k
v " —a n vk
— [Up-i-a}(l + U)m-‘rn[wr](l 4 w)q—a (1 + H_Uw> = [vp-i-a](l + v)m-i—n Z <q L ) (T b k) (1 _|_—U)r—k =

k=0

_ kz_o (q . “) <7« " k) [P TR (1 g gy = 3 (q i a) (r . k;) @ i ::: §>

k

We try to apply the cross product for binomial coefficients. This can be done if:
1. k=m+4+n—r+k,thatisr=m+n; or
2.n—r+k=m+n—r+k, that is m = 0.

Consequently, we should suppose r = m + n, and in that case we have:

B n q—a k B qg—a n g—m-—n-+p B
S—Zk:<m+nk>( k )(m+npa) N (m+npa)zk:(m+nk)(kmn+p+a>_l

u—t}— q—a q—m-+p
Sl \m+n—p—a p+a /)

q a m-+n n [ m+n—p—a q—m—n-+p
(m—|—n—p—a>[ ]( ) u ( U)
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Z n m qg—k\ _ q—7p q+a—n
k a+k)\p—k)\n+m) \m+n—-—p—a p+a
Let us call » the denominator of the third binomial coefficient:

77 Zk: <a | k) (ka) <3;Z> =D [+ 0+ ) (1 w)T T =

k

= [P (10) ) (1) 3[R D" (

a
k t

v
14w

)k = [P+ (1) ™ [w"] (1+w) I+ (14v)" (1 1 L)n =

= [P (1) ™ "] (1)t (1 + LY = )1y S (" o “) (r " k) .

14w — (14v)r—k

§;<qZ+c§<Tﬁk)wmaKL+mm“LHk:E:(qZ+a)<r2k>cn+;+;+k)

k= k

We try to apply the cross product for binomial coefficients. This can be done if:
1. k=m+4+n—r+k,thatisr=m+n; or
2.n—r+k=m+n—r+k, that is m = 0.

Consequently, we should suppose r = m + n, and in that case we have:

n qg—n+a k qg—n+a n B
S = = —n — pch k—p—a=
3 P [ A [ B G 3] B L
_(a-n+a u:ﬁ}: g—n+a q—p
p+a m+n—p—a)

o ) s R




Chapter 2

Gould’s combinatorial identities

Proofs of Gould’s combinatorial identities. Gould’s comments are written in roman; my comments are

written in italics.

2.1 Table 1: summations of the form S:1/0

This table contains 135 identities.

(1.1) - Binomial theorem, valid for arbitrary complex z, and complex |z| < 1, where the principal value

of (1 + z)* is taken. Convergence is irrelevant when we think of this as a generating function.

oo

3 (2)% = (1+2)°

k=0

t=1] = (1+2)",

(I) i (i) = [(1 +2t)

k=0
" ki—o <Z) S k=0 Z_]: (n —1 k)! = nlelet = n! - :!1)” =(=+1D"
(1.2)
=y )
’;)( 1) (k) 0, Rz)>0
3 (2)(1)’“ = [(1 —1)% | t= 1} =0
k=0
(1.3)
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(1.4) - (NN) This sum can be reduced to the successive sum (1.5):

= -1 -1
-1 k(L — (—1)® T —1)"

> M) = () e (7))

Scr(p) =S (;) - :zj—uk(;g).

(1.5) - (NN) This sum is a partial sum and the formula for partial sum can be applied:

(1.6)

*(1.7) - Problem 4551, American Mathematical Monthly, 1953, p. 482:

e S () = e

(1.8) - (NN) The left hand side is a partial sum:

S (:ﬁl)zk :§<x—z+k>zk(l+z)n_k

k=0
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k 1-t
k=0
(2) kzn:_o (Z : Z) R4 )RS (1 + 2t)” {m ‘ " 1—i2t} i (1 41 Z_t):+1.
(1.9) - (NN) The left hand side is a partial sum:
ST
W 3 (p)L et
2) :o ( ﬁ)( y)" A L [0 - gt [ﬁ u= t} oo
[1ywz 1 ( L+w “_yw>h”:“1‘ww}:
= [0y ;;r—ytt— il (11+—y?x'
(1.10)
n—1 ik )
> ()= (e
n—1 ;
o E( e
e kZ:O S L e e P e K] I G R 8
(1.11) - The left hand side is a convolution:
2\ ek _ " r—k\ (z+1F -1
k=0<k>n—k‘_k:1<n—k) k
~ (2\ 2" onv N
(1) g%@)nk o UK1+ﬂlnljm.
(2) ]:O (Z:Z) (M,;l)k 2 )1 +1)? [lnm ‘ u= 1it] =[t"](1+t)*In llj;t.
§;<2:2>—Hﬂﬂ+¢fﬁnliu\u—lii}—uﬂa+wzma+w.
14t

)0+ 1) —ﬁﬂu+ﬂﬂm1+ﬂ:ﬁﬂﬂ+ﬂﬂnll

—at

—xat
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*(1.12)

k=0 k=

. (n> gtk Z <r - /1) (x+1)"F—1

n+k

r>1

(1.13) - Gould only considers 7 < n. The Riordan Array approach allows to extend this sum to all
j’s, also greater than n. FEgorychev ascribes to Govindarajulu and Suzuki (p. 186 (5.6.12)) this identity.
Egorychev (1.1.2) calls Tepper identity the sum Y, (=1)*(})(z —
two sums, it can been shown to be equivalent to the present one:

k)P (p <n). With the method of the next

)k

S e i

k=0 k=0

= [ i: {i} BI(— 1)kt = {i

k=0
(1.14) - We use formula (1.13):

14—u’€Jrl

}n!(—l)".

p— t p—
=—|=

= % ( ) n+1—r(_1>r zn:(_1>k(7;> k=

_ (”I 1)x(—1>n (" oy + (Zi }) (—1)m+! {” o } (~1)"n! =

=z(n+ 1) —

(1.15) - We use formula (1.13):

kzn:—o(_l)k (Z) (z— gtz = B E R +212$2 e
kz:;)( 1>k(z> (s gf Uk(n) ij (n j 2) A O VS
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n+2\ 5(n n+2 n+1 n+2 n+2
= T { }n!— T n! 4 n! =
n n n+1 n n+2 n
x? n n+1 3n? +n+ 1222 — 12nx
=—(n+2)!-—=Mn+2)!+ n(n+2)! = (
2 2 24
(1.16) - (1.22) According to formula (1.13) we have:

zn: ( )k”ﬂ _ {”:3} (—1)™nl.

=0

n+2)..

Therefore, S; is essentially given by the elements in the diagonals (top-left to bottom-right) of the Stirling
triangle of the second kind. Let §F1(t) be the generating function of the k-th diagonal. Clearly, §°(t) =

1/(1 —t) and in general we have: s = {nﬁk} . The recurrence of the Stirling numbers of the second kind

{ni—;ik}_(nJrlk){n—&—rll—k;}Jr{nik}

SM = ol — (g — 1)ol—1 4 61M,

gives:

Passing to generating functions:

k] 4\ _ slk]
M = olF () + D= () — (k — 1)0—1(2).
For k > 0 we have 6([Jk] = 0 and consequently:

oM () =t (1) + 2D () — t(k — 1)6F (1)

51K () = % (+D6% (1) — (k — 1o (r))

For example:

6[”“):%—:&@1’%‘0):1;( e (1i2t>
2=t = () o= (,25) = ()

ot t2 3+ 211
6[](t)_1t(tD(1t) (1t)> =15

15 (o ) - S
{ni2}_%<g> {n7_13}—"("1>(”482)2<n3>2
(1.23)
S (e -
S (") [ =] =2
(1.24)

()=~
k=0
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22
(I kig(Z)z[(l—Fu)” u:l]:2"
(Z10) i(::L):P[n]litLiu‘ _1it}:[n]l—;2t:n

(1.25)

u = 1} = 0n0-

k=0
n ok n . n (_1)]“. 1 Cﬂw’l’b neo_n. o
(I1) kZ:O( 1) <k>_ !k:O il el t")e® = n! -1 =60
(I17) Z(_l)k(;‘)i [t”]lit [ﬁu u= 1:] — [("]1 = 6,0

k=0
(1.26) - Many identities involving trigonometric functions are better proved by passing to the exponential

function. They are more exercises in Trigonometry than in combinatorial identities.

; (Z) coskx = 2" cos % (cos g)

En: (Z) (cos kx + i sin kz) = ki

O<Z)(eﬂ>’f£ "l {1_1@% = 1it} )

k=0
= — Y = = COS S = COS™ — S111 — COS — =
(5 em) e x +isinz 8”5 +2sin 5 cos o

= 2" (cos E)n (cos z + 4sin §>n = 2" (cos E>nem””/2 =2" (cos £>n (cos nr + 7sin @)
B 2 2 2) 2 B 2 2 2 )"

(1.27) - We take the imaginary part in the proof of formula (1.26):

Z (Z) sin kx = 2" sin % (cos g)

k=0

(1.28)
kz:(_l)k <Z> cos kx = (—=2)" cos n(x2 ™) (sin g)n
i(—l)’“(Z) (coskx + isinka) = (—1)" g(_l)nk(D (o)t B

k=0
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1

~ 1l | !

[ e

1 ‘ t
14+ (1—e=)t

U=-—-"
14+t

14t |1—ey

=(1—¢")"=(1—-cosx—isinz)" =

:<2sin25—i2sin£cos£) =2" (sin§> —cosw—’_x—isinw—i_x =
2 2 2 2 2 2

oy (i TN in(rta)/2 — oy (e T\" n(r+x) . n(r+z)
(—2) (51n2) e (-2) <51n2) (c05—2 +Zbln72 .

(1.29) - We take the imaginary part in the proof of formula (1.28):

i(_l)k (Z) sinkz = (—2)" sin @ (Sin g)n

k=0

(1.30) - Egorychev (2.1.4) Ex. 12. The natural sum is from —n/2 to n/2. We first perform this sum:

n/2
_ _ on—1 n - n

Z (lc) cos(n — 2k)x = 2" " cos" x + 5 <n/2>

k=0
Y2 n n

mr—i2kx __ _inz —i2x kE
Z (k) cos(n2k)x%2<k)e =e Z(k>(e )=
k=—n/2 k k
1

= e[t =eMP(1 4 e ") = ™7 (1 + cos(—2x) + isin(—2z))" =

1= (1+e )
= e"®(1 + cos(2z) — isin(2x))" = e"*(2cos’ x — i2sinx cos )" = 2" cos™ x(cos x — isinz)" =

= e"*2" cos" (x)e™*"" = 2" cos" x.

Clearly, k — n — k does not change the value; therefore, the addend is symmetric with respect to n/2.
The original sum is one half of our result, plus one half of the central element, if this exists, that is if n is
even. The central element is: (nT/LQ) cos(0 = (7;;2) In conclusion:

n/2

3 (Z) cos(n — 2k)z = 2" L cos" z + % (732)

k=0

with the usual convention that the binomial coefficient is 0 if n is odd.
(1.31)

n x nx x n(2m +x
kE,O <2k> coskx = 2" ! <cos” 1 ¢S + (=1)"sin"” 7 o8 T)

2 } 1—¢

1—02| = 21 —en)

nz/é n eikx _ [tn] 1 1
2k N 1—t|1—wue*
k=0

— 1-t¢ 1, 1 1 _
= }(1 —(1 _eiz/2)t> (1-(1 +eiw/2)t> - 5[ ] (1 -1 _eix/2>t + 1— (1—}—6"7”/2)1?) -

(1—e™/2)" 4 (1+e®/2)" (1 —cosz/2 —isinz/2)" + (1 +cosz/2 +isinz/2)"
2 B 2 B




24 CHAPTER 2. GOULD’S COMBINATORIAL IDENTITIES

]_ n n
3 ((251n2 % —iQSinzcosz> + (20052 % +i251n§cos§) ) =

2 2 " n
=2""H(—1)"sin" l (COS 712— T tisin FI x) 42" cos™ g (COS% + isin z) =

2 2
= 2" (—1)"sin" L <cos w + isin W) 42" cos™ Z (cos % + isin %) .

(1.32) - We take the imaginary part in the proof of formula (1.31):

n/2

n : __on—1 nz . @ 1\ o ng : TL(27T+$)
Z(Qk) sinkx = 2 (cos 1 Sy + (=1)"sin s >

k=0

(1.33)

(nen)/2 xr  nx x  n(r+zx)
Z cos(2k + 1)z = 2" 1 (cos” —cos — — (—1)"sin" = cos 7)
P 2 2 2 2

(n+1)/2 . n in N
Z 2R+ _ [pm) {(1 + eV — (1 — e'\/1)
k=0 2Vt

‘ n
(I1+e™)"=(1+cosz+isinz)” = <2C082 g +i251ngcos §> -

t= 1} = % (1 +e™)" —(1—e")n).

2”co"$(co x+_ i x)n 2”co"m(cosnx+'s' m:)
— Q — Q — ‘ln— = S —_ e ln— .
S \FRg TRy 59 g TR

| n
(I1—e")"=(1—-cosz—isinz)" = (251n2 g — iZSingCOSg) -

Cnen®(omtx owmtxT) T n(r+z) .. nr+a)
= 2"sin 2( cos — isin — )—( 2)™ sin 2(00572 —|—zsm—2 .

(1.34) - We take the imaginary part in the proof of formula (1.33):

(nin)/2 T . nx x . n(r+x)
> sin(2k+ 1)z =2""" (cos™ S sin — — (—1)"sin" = sin ————~
r 27 2 2 2

(1.35) - A direct proof by means of generating functions is possible, but rather lengthy. The conclusion
follows from (1.24); the central element is present only if n is even:

(1.36) - A direct proof by means of generating functions is possible, but rather lengthy. The conclusion
follows from (1.24); the central element is is never present; for n even, we should subtract one half of the

central element:
(n—1)/2 (n) 2n—1 l( n )
kZ:O k 2\n/2
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(1.37)

z”:(:) ¥ (z+ 1)t -1

E+1  (n4 1)z

- 1 t
1 S (RS WS B ‘u: _
n+1e\k+1 n+1 (1-t)2? |[1—zu 1—t
11 1t 1 r+1 1 (x4 1)+ — 1
= ") s 7 = [t"] - )=
n+1" "(1—t)21—(z+1)t m+Dz \1—-(z+1)t 1—t¢ (n+1)x

(1.38)

”f (27;) 2 (z 1) — (1 — )+

prt 2%k +1 2(n+ 1)z

n+1\ 5pa 1 8 1 ’ t2
fr— t fr— =
n—i—lkZ_O(Qk—i—l)x n—&—l[ ](1—75)2 1—z2u | (1—1)

1 ] 1 (1—1)? . 1 z+1 1—2 B
n+1" (1—1)2 1-2t+12—x22 1-— B

_[n]Q(n—Fl)x (x—|—1)t+1—(1—m)t
(z+ 1"t — (1 —g)nt!
2(n+ 1)z

(1.39)

(n—1)/2

Z n 22 (41" (1 —a)" Tt -2
= \2k+1)k+1 (n+1)a2

1 (n—1)/2 (xQ)k+1

n 1 t 1 1 2
= W) Ay 1 ‘ _
x? kz:; <2k+1> k41 xz[ ] [ “ ]

1—1)2 |u "1 2%

S

Lo 8 (1-1t)° (1-1)? _1nn
2T e 1n1—t+(1—gc2)t2_ﬁ[t+]h“

(1-1)°

1-(Q+a)t)(1-1—=x)t)
1 1 1 1 n+1 1— n+1l _ 9
= —Q[t"H] In +In —2In = (z+1) +(1=2)
x 1—(1+ax)t 1—(1—a)t 1—t (n+1)x?
*(1.40) - A proof by means of operators is given in Sprugnoli: An Introduction to Mathematical Methods
in Combinatorics, Section 6.7, this same site:

pors z+k:F(:C+Z+1) z

i(—l)k@) 1 I(z)I(z+1) 1(96:2) - R(z) > —1

(1.41)

Do (- ()
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P (e [ B = P T e [ Gy

w= t] - %[t"}(l L) = (”:“’”>1

[ty

nlx! 1
_ e e |
CEELECRR {(1+u)f
Closely related to this is the following sum of the form S:1/1:
(1.42) - The proof is related to Theorem (Z.23).

() () -5

En:o(_l)k (Z> (w Jkt k) - i(_l)k Kl(n _”g:f; R (nnfa!:)! kzn:_o (Z ’ i) (1=

k=0

- (n”f;)![t”](l + )t [14—% u= t} = %(’HZ - 1) -
el (mtz-1)! @

(n+z)  nl(z—1) T r+n
(1.43)

B (T;!(:C;)Z!! 1 ~1Ft - 2;1): (2)_1

*(1.44)

i(-”k (ZI D <k +k1/a)_l N kz": ak1+ 1

k=0 =0

(1.45)
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(1.46) - The following sum is an S:1/0 or a special instance of an S:1/1. We use partial fraction expansion
to reduce this sum to identity (1.41). There is an error in the formula of Gould.

2

§<_1)k(z> )~ G <2<n1+3> +%(”§7)1 - <n+4>1>

n

;;)(_1)k<2> <4(k1+3) B 3(k1+4) " 12(k1+ 7)> -

() wr () e ()

k+7
(") () () -
e GO () 00)

(1.47)

,é(l)k(Z)xlfk e (T G
<z>xik5wni‘;ﬁ@ikiﬁéi‘f’w§<ﬁ">1<zt2><“’;l>-
o R W I G LU

=§($2”)é{f}r'i)(ztz)(k)vk-ﬂﬁ=

) S0

() s x),i_o(if’;)(:_ﬁ-

S (I 2 [ [
= [T A+ )T = (L4 ) = 1.
=2 ("1 ST () e = e (7))

(1.48) - (NN) When z > r this sum S(z,r,n) is not natural, being defined for k > r — x; therefore it
should be considered as a difference: S(x,r,n) — S(xz,r,—1).

S (-0
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zk: (k :"r m) = [tn]ﬁ - (n__Tr_fx) (=T = (n —:i i_ 1).
e )

(1.49) - (NN) This is a partial sum:

2”:<x;:k> _ (x+z+1>

k=0

() = ()= ()

(1.50) - (NN) The corresponding natural sum starts from 0; therefore we should subtract the relative
value, which s 1. The sum can be generalized to every starting point r < n:

() )
S () -G £ (g ) =
=t =1 ()

(1.51) - (NN) A partial sum, seen as a difference:

> () =01)-(5)

k=a

[~y

() - e (1)

k=0
(1.52) - (NN) This is just the complete sum relative to (1.51):

> (5)- ()

k=j

*(1.53)

(n—a)/r ,
. o : )~ )" /T
kz:% <a+kr>x +k :;;(Mjﬂ) (14 zwl) r—1>a, a€Z, w, = e/
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*(1.54)
(n—a)/r r N\ .
1 -2
Z ( " )z— (20052) COSM n>a>0,r—1>a
a+ kr T 4 r r
k=0 j=1
*(1.55)
il n " 2n 7i\" nmj
Z (kr) == Z(l +wl)" - Z <cos 7) cos —
k=0 j=1 j=1
(1.56)
n/3
n 1/.. m
3 (5) =5 (2 2o F)
k=0
n/3

5 ()21 [ o= e

om (1—1)? ol 1 2—t B
_[t](1—2t)(1—t+t2)_[t ]5(1—2t+1—t+t2>_

[tn] (1 — t)2 —
1— 3t + 3t2 — 2¢3

1 4  (n+l)m 2 nﬂ')
=-|2"4+ —sin———— — —sin —
3( /3 3 NCEE

1 2 1
3 <2”+% (QSin?cosg—i—Qcos%sing —Sin%)) =3 (2”+2COSE).

(1.57)

(n—1)/3

k.Z:o (3kn+ 1) = % (2”+2c05@>

(n—=1)/3

kZ:O (3kn+ 1):A [tn](l_lt)z Liu ’“Z (11)3} =[] - =

1—3t+3t2—2t3

_ 1—t¢ .1 2 1+t 1 2 (. nr  (n—Dm
:tn 1 :tn 1= — 277« _— Q _ 3 —
e == | ]3<1—2t+1—t+t2> 3( * (bm e ))

V3 3 3
1 o 4 2 ( n7r+, nm s nmw . 7T>
= - —— (sin — 4+ sin — cos — — cos — sin — =
3 V3 3 3 3 3 3

w

1 n V3 . onm 1 nmw
= = 2 —_— _— = = —_— =
( + ( 2 i 3 2COS 3 >>
=3 <2n—|—2 (sin%sinn?ﬂ —ﬁ—cos%sinn?w)) =3 <2n+2608 (n )71') .

3
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30
(1.58)
& n 1 n n nm
;(%)ZZ(Q +2v2" cos 77
n/4

N\ A 1 1 o o (1-t)3 -
kz_o<4k>_[t ]: {ﬂ’u_(lt)4:|_[t]14t+6t24t3_
— [ (1-1) ol (1 22t 1\
e ]1<1—2t+1—2t+2t2+1)_

1 n 1 n 1 n
:Z<2n+2(\/§ +1Sinw—\/§ sin%)) :Z<2"+2\/§ cos%).

(1.59) - The transformation reveals that this sum is equal to the previous one (1.58), except that, at the
end, we should extract the coefficient of t*™. This is obtained by substituting n — 4n in the formula of (1.58):

Z (i:) _ % (16n + (71)n22n+1)

n n 4 — 1)’
0<4 )A [t4"hi_t {ﬁ ’ v Oiit)“} N [t4n]1—4§1+62—4t3 -

4k
k=
. [t4n} (1 —t)3 . [t4n]l 1 n 2—-2t +l - 1 (16n+ (_1)n22n+1)
B (1—2t)(1 — 2t +2t2) 4\1—-2t 1-2t+2t2 4) 4 '
(1.60)
n/2
n—k B xn+17 n+1
e I R
r—y
k=0
n/2 2
n—k n—2k kA n 1 1 ‘ 3
— = |t — =
kz_%<n—2k>($+y) (=2 = L+xyt T T @yt
1 $7L+1_yn+1
:[t]lf(x+y)t+xyt2:[ ](lfxt)(lfyt): T—y
(1.61)
n/2 _ n+1 _ ,n+1
Z(n k)szn—%:i (z,y) =1+ Vz+1
k r—y
k=0
2,1”2% n—k (z>kﬁ[tn] 1 1 ’ ot e 1 B
2\ ok )\D) T T 1T T T 1—t— 22/
1 1+V1+2)"" — (1 -1+ 2)"H

=" =
[ ]<1_1+7¢21+zt) (1_k7¢21+zt) 21+ 2
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(1.62)

n/2 .
Z <n ; k> (2cosz)"—2* — sm(r.z + 1)z
sinx

o2 n—k 2 —k—1 B
n—2k __ n—2k D
E ( )(2cosx) = E (n_%)(—Qcosx) =

=0 k=0
t? N 1
1+ (2cosx)u 1+ (2cosx)t 1— (2cosx)t+t2

1 +1
_ 2sin(n+ 1)z sin(n+ 1)z
N 2sinx N sinx
2 n—k n—k\(=1)* 4
(I1) Z(—l)k< i )(20081’)“2k=[0¢=2c081‘]=0&"2< i )W:
k=0 k
1 1 t2 1 1
ol ]1—t[1+u/a2 l—t} e T Ui
1 1 1 1 ei(n—i—l)a: _ e—i(n-i—l)a:
[ ](1 —et)(1 — e~®t) [ (2isinx)t <1 —ert 11— e—“”t) 2isin x

cos(n+ 1)x 4+ isin(n + 1)x — cos(—(n + 1)x) —isin(—(n + 1)z) _ 2 sin(n + 1)z _ sin(n 4+ 1)x

- 2isinx 2isinx sinz
(1.63)
n/2 n—2k
ke (n— kY (2cosz) 2
kZ:O( 1) ( k; >—n—k = cosnz

S () B (1) () -

k
k=0 k
B (200530)"["}2—75 1—t¢ 1 2—(2cosx)t
N n 1—t 1—t+1t2/(2cosz)2 n 1— (2cosx)t+12
_ 2sin(n + 1)z — 2cosxsinnr  2sinnwcosx + 2cosnwsinr —2cosxsinnr  2cosna
N nsinx B nsinz - oon
*(1.64)
n/2 n—=k 1 Z\* 1 "+ y"
) = . Jy=1£+ 1
kzo( k )n—kz(4) n2n—l x4y Y i
(1.65)

(TR () ()

k=0
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g2 —t 1 t? g 2—t
=T 7’“:T =" lg—me =
n- 1—t|1+u/d 1—t n (1-1t/2)
2-4n 1 2-4" 1 2t

n | }l—t/2 n 27 n

(1.66)

E+1 B n+2

o2 B <n — k) (2cosz)"?*  (2cosx)"*? — 2cos(n + 2)x
k

n/2 —
n—k\ (—1)*(2cos z)" 2k 1 -1 1 t2
Z( ) k+1 [ cos z] a[t]lft u/a2n1+u/a2‘u 1—t

1

1 a?(1—1t) 1—t 1
= a"[t" _ 1 — o2 (1 ] _
o"[t"] ( 2 nl—t+ﬁ&> T\ T e

= [t"T?] (ln L —1In ! — —In 17, > =
1 —(2cosx)t 1—et®t 1—e it
~ (2cosx)"?  cos(n+2)x +isin(n+2)x  cos(n+2)x —isin(n+2)z
N n+ 2 B n+2 B n+2 B
(2cosz)" T2 — 2cos(n + 2)x
n+2 '

(1.67)

n/2 n—k 4n—k 4n+1_2n+1
a (k >k+1_ n+2

ey () S e [ i) -

1 /—4(1—1) 1t 1 1
=4"[t" 1 = 4" (1 —21 =
7] ( 2 )nl—t+ﬁm Iy 2y

4n+1 2 . 4n+1 4n+1 _ 2n+1

T n+2 (n+2)22 0 42
(1.68) - Egorychev (1.5.1) calls this sum Hardy’s identity. Cambridge Mathematical Tripos, 1932; Hardy,
Pure Mathematics, p. 445.

n/2 <nk> 1 :{(_1)n.2/n if  n=3k

P k Jn—k (-0 t/n if n=3k+1
2 n—=k 1 1 n—k n—k—1
k(M _ 2t - —k= 1)k —
2 ()i a2 () () e
k=0 k
2=t 1 t? 1, 2—t 2  nm
= []T =—|=-[t"l-—— 7 = -
n t|1+u 1-t¢ n 1—-t4+1 n 3
(n = 3k) —coskm = z(—l)’C = z(—l)"
n



2.1. TABLE 1: SUMMATIONS OF THE FORM S:1/0
2 7r 2 s . LT 1 n
(n=3k+1) - cos (lm + 5) = (coskﬂcosg F sin km sin g) = E(_l)
(1.69)
n—k\ 6* 3"+ (=2)"
= >1
( k )n—kz n "=
n—=k\ 6F 1 n—=k n—k—1 rALl o 2—1 1 t2
( 3 >n—k_ﬁzk:<( k )+( k-1 ))6_5[”14{1—6““_
12—t 101 1\ 3"+ (-2)"
_n[”(l—St)(lJrzt)_n[t](1—3t+1+2t)_ n '
(1.70)
"z/%(n—k>zk_ 1 <1+\/1+4z>”“_<1—~/1+4z>”+1
—\ k& VIt 2 2
n/2 2
n—k\ pA n L 1 o n 1 B
Z( k )Z_[t}l—t[l—zu‘u_l—t}_[t]l—t—zﬂ_
k=0
- 1 1 1+vIT 4\ [(1-VIiTde
- (1 B 1+\/21+Tt) (1 B 1*\/21+Wt) CV1+4z 2 2

n/2

D

k=0

Ex.:

(1.71) - This is the same identity as (1.70):

n—k 6k _ 3n+1 _ (_2)n+1
k ) '

(1.72)
i
kz_:o(_l)( B )2 =n+1
O L e
= 2"[1"]; —tit2/4 = [t”](l_lt)z = (;2)(—1)” =n+1.
(1.73)

1 2n—1
-

")

4k

=i

))
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D

om—k 1 4 1 1 £2
_lk_: 2n)_ — 7‘ _ | =
: 0( k >( V= }1—t{1+u/4 “ 1—t]

_ e 11—t _ e 1 (2 (1 2":2n+1
1—t 1—t+t2/4 (1—t/22 \2n 2 qn

(1.74) F,, = n-th Fibonacci number, where Fy = 0, F; = 1 and F,41 = F,, + F,_1. we adapted this
definition to modern usage.

n

n/2
n—k\ a 1 1 12 1 t
2 — =— | =]—=}""—=F,
Z( k ) [ ]1—t[1—u “ 1—t] P = T = e

k=0
(1.75)
%(—U’“(Tl;k) _ (=l +é_1)un+1>/3J
k=0
n/2 . )
kZ_()Hy( kk)é[mlit[liu\u:lt_t}:mﬁ:
_ 2 gt
-5 ]
(1.76)
" n+k " (2n —k
;0( 2k );%( k >:F2”+1
0 X (") 2w [ e ) s e = e
@ kz_o(%k_ k) : [t%]% [llu ‘ B ltt} B [tgn]l—tl—ﬁ = Fans1-
(1.77)
" /n . 2n+1
kzzo( ;k) k2 . +1
(" )T s o | = ] =Y e e -
—_ 2n+1
- [tn]u —14t)(21t—t) - [tn% (1 —24t + 1it> = +3. =
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*(1.78)

zn: (” Z k) (1 —2)" b + 2" (1 -2)k) =1

k=0

(1.79) - Egorychev (2.2) Ex. 2 (p. 64):

T (n+k\ oy pconw 1., 1 1
Q—nZ(k)N:—w :

n _ +\n+1 _ =
P U1 =) 1—2t

" —w —Vi-4t
:%[t]{(l—w)zl—Qw)'ll—Qw w:1—tw]:2in{( : ‘“’Zl —| -

1—2w)? 2
:%[tn]l—lzxt :;L_Z_ "
(1.80)
kZ:l (2n7:r k>2—k:4n
£ (79 - e
kzzo_jn (2”: k)z—k _ k:g (an_ ’“) 24 ] f;m [1 L= t] -
=G —2t)(11 —prr 1] {(1 —2w§(1 “w) 11—_21: v 1—tw] -
[t"][ﬁ’ %M}[tn]l—lg ’
g:l <2”n+ k>2’“ — 24" 4n =4,
(1.81)
;) (Znn— k) R
ki_o <2nn— k) 242 i (1 j:)nﬂ [1 j2u ‘ v= t} =["] (1— 2t)(11 A
= {(1—11})21—211)) | 1—tw} B [(1_12w)2 | w= 1—\/2m =l =

35
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(1.82)
S () () e
kz":_o <n in%) = 1] i —t:)nﬂ {1 1u u= ﬁ] =Gz 2t)(11 T
= [1#7] {11—21: ' 11:22 YT —tw] {((11—212)))22 ‘ e lfm] = ) ?(T—T -

I e T B W e 1T G Y COA NS LR
- 2(1—4t)  2y1—4t) 2 2\n /) n )
(1.83) - (NN) This is a partial sum:

> <2nk+ 1) = [t”]% =[t"] Ef—z Y w =0 +w>2} =

2
14w 1-2t— VI 4t 1
i (lw) ‘w 2 ] i

(1.84) - (NN) This is a partial sum. (See (1.82)):

0 ]:O (2nk— 1) P [tn]% — ["] {(1 +w)1(1 — iz w=t(1 +w)2} -
=) [ | v = _zm] e ")
()2 [ e ) -

2n—1 1 thrl _ 42n—1 1 n—2 1 _
L 7 (1_ (1—t)”+1> = ](1—2t)(1—t)"+1 -

-5 [ 1 -

2 1-20)1-w) 1-2w ! 1-w|
4 w? 1—v1—-4t] 4 o 1—-2t—1—4¢
=5 [ | w= =5 -t =
2 (1—2w)? 2 2 2(1— 4t)

4mn 4" 1/2n 2n—1
[, 4"*1 _ :4n71 )
2 2 * +2(n> +< n )
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(1.85) - (NN) This is a partial sum:

i(il)g[tn](lﬂ)?n:[t”]{ i w=t(1+w)2]:

P 1—t l-w) 1-w
o [ L+ ’ 1—2t—T—4t 1[tn]1+\/1—4t a1
= w = = — = — — .
(1—w)? 2 2 1—4t 2 "2\ n

(1.86) - (NN) This is a partial sum:

k=0
(1.87)
n/2
n\ p_ (I+vr)"+01—Va)"
;_()(21:) 2
n/2 9
n A n 1 1 . t im 1—¢ B
kz—;)<2k>xk: i [1—w ’u_ (1—t)2] =l ]1—2t+(1—x)t2 a
Lien ! L _Ava)r s (- Ve
:5[t]<1—(1—\/5)t+1—(1+ﬁ))_ 2
(1.88)
S0 () = 0
n 2n A om 1 1 B 2 om 1_¢ B
%(2]6)(1)16— [t2 ]1_—t |:1+u ‘U— (1—t)2:| f[tQ ]1_2t+2t2 =
202 sin@n + V)r/4 22 sinnn/2 L . (nmoom\ . nm
- 2 N 9 =2 (\/55111(7+Z)—Sln7>:
=2" (ﬁSiHTCOSZ—FﬂCOS?SiHZ—SiIl?) =2nCOST
(1.89)
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n/2 2
n\ A 1 [ 1 t 1—t o
%(%) [ ]l—t{l—u‘u (1—t)2} =

n/2
n (IT+4)™ 4 (1 —19) nmw
1)k =2 cos —
Z( )(2k> 5 cos
k=0
n/2 2
n A 1 1 t 1-—1
—DFE [ — ‘ = =t =
;_()(21:)( =l ]1—t[1+u “ (1—t)2] e
_ 2\/§n+1 sin(n 4+ 1)7 /4 B 272" sinnr/4 _ /3" (\/Esin (T n E) _sin ﬂ) _
2 2 4 4 4
=v2" (\/_sm—cos4+\/§COSIst—sm%):\/§ncos%

(1.91)

D

2n _ 2n _ g2n-1 n>1
2k 2k +1
k=0 k=0

. 1 1 t2 1—t
[2"] ’ _ e — 92n—1
Z( ) lt[lu " (1t)2l =

k=0
1

:l — [thfl] o — 22n71.

n

t2

t 1
<2k+1> ](1—t)2 {1—u‘u_(1—t)2
(1.92) - (NN) One half of the preceding sum (1.91); the central element is present only if n is even:

nz/% (;Z) =22 4 <2nn_ 1) [niseven]  (n>1)

k=0

(1.93) -
Z":(2n+1>_z":(2n+1)_4n
k=0 k=0 2k +1
" 2n+1 g1y 1 1 t2 g1y 1=t bl o2
Z( ) =T 1—u‘“:(17t)2 ST g s e
k=0

t2 2 1 2
= = n—:2n:4n_
(l—t)Q} =

n+1\ 4 2na1 t 1
2 = = n
@ kz_o<2k+1) T e (1o
(1.94) - See the identity (1.88). Egorychev (2.2) Ex. 1 (p. 63):

En:(—l)k <2n2—]: 1> _ (_1)(n+1)/22n

k=0
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" 2n+1 (—1)F 2 2 1 1 |, = t° :[t2n+1]iz
(") ik

Pt 2k 1—t|14+u 1—1)2 1— 2t + 2t2
2n+2 ., 2n+1
2v/2 sin(2n + 2)w/4  2V/2 sin(2n + 1)7 /4 it [ .o (mmo T V2 . /nmoow
= — =2 sm(——|——)——sm(— —)
2 2 2 4 2 2 4
2 2
= ontl <\/§sin%cosg +cos%sing — gsin%cos% — gcos%sing> =
_on ( nmw . mr)
= cos > sin >

(1.95)

n>1

(an( n ) IR G Ve

= \2k+1 2\/x

D2y ot 1 2 ot (1—1)2
2 <2k+1>xsz[t] 1-1)2 {l—xu ‘“: 1—t2] = T e e
2 =) =) =)

_ ") t _ L < 1 B 1 ):
I-0-Vonl-0+van 2 \I-(+vat 1-(1- o
(+Va)" - (1= yar

2V
(1.96) - The special case x = —1 of (1.95):
(n—-1)/2 . .
n e N O ) n . (O
];) <2k:+ 1>(1) - 2 = (V2)"sin (T)

R
1—2t+ 2t2
(1.97) - The special case x =1 of (1.95):

WRE (\/5)" sin (714_7r) .

(n-1)/2 . .

k=0

(1.98) - (NN) One half of the preceding sum (1.91); the central element is present only if n is odd:

(n—1)/2

3 (2 ;_’i 1) =41y <2nn_ 1) [n is odd]

k=0

(1.99)

n—1 .
Z(_l)k<2k2i 1) e R
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40
n—1 M A on t 1 t2 2n—1 1 _
I;)(_l)k(QkJrl): e [H—u - (1t)2] O e

_ 2(v/2)?" sin(2nm /4) _ongy T
2 2
(1.100)

k=0
" 2041\ A 0 t u 12 o 12 1-t)*
§<2k+1> =1 +1](1—t)2 [(1—u)2 ’ “= (1—t)2} = [t* }(1—15)4 (1-—2t)2
_ [th—Q] (1 _12t)2 _ (27:3 2) (_2)2n—2 _ (271 _ 1)4n—1
(1.101)
- on+ 1
(—1)* = (=1)ln/2) . gn
S0 ()

3 (271—}—1)(_1)k£4 [t2n+1](1 —tt)Q [liu ‘ =4 tt)g} = zn]m —

2\/§2n+1 sin((2n + 1)7 /4 n( . NT nm
= 5 =2 (smT—l—cosT).

*(1.102) B™(x) means B, (x) a Bernoulli polynomial.

= 1 B
E (=1)* (Z 1— i) P ( (m7)z+ n) symbolically
k=0

*(1.103)

" [z k~k!_1_ z \(n+1)
k) xktl T n+1) zgntl

k=0

(1.104)

>, [k zF
[ — _ <
z::(k>(12k)4k L—z  fof<1

k=0

i(%)%:[\/l——xt‘t:qzml
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(1.105)
o0 k
S ()F-grs rses
= 1—x
i(%)ﬁ_{ 1 ’t_l}_ 1
— k )4k V1—=2x ] V—=
(1.106)
oo )k 1 k: 14 /1+JI
Z( ) ozkil - = An 5 |z <1
k=1
1 k 1 1—+V1+at 1+ v1+at
g - - ) = 2In———=In——F———.
2 2 —xt/2 2
i 1)h-1gk 14 VITat 1+ViTa
k=1
*(1.107)
i 2k 1 _/1 arcsinxdx_ImQ
=\ k (2k +1)24k — Jo =z 2
(1.108)

z”: (%) 2n+41 (2n> -
T 4n n
k=0 k=0

-5 () (S -
B kz":_o (2:)4%;0{;}].[%]](1 _t)m _ kz”:_o <2kk)4ik];{§}]v(_,g__j1>

2%\ (k) 1 ‘ forr  k+1/2
= —_— = f N = .
Ji (k)(j)zw S A TS

(k4 s —femn = Rk 3 i PO =200 = 17'(0) + 5 700).

w-ore=(5+5) 0 0= ()5
> (50 () s - ()t -

(s )= (s = 55 )0
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2n+1/2n\ «— [n\ (T k!
AT (n)kzzo(k>{k}2k+l

(1.109)

2n+1(2n> <n+1/2)
SO = =
4n n n

We have: {8} =1, and the internal sum s 1.
(1.110)

n
Sl - gSO

We have: {;} =1, V9§, and therefore the internal sum is n/3.

(1.111)
~ n(3n+2)
Sy = 3.E So
n 2 nn-1) ~ n(3n+2)
(3+5 2 )SO_ 5.5 0
(1.112)
_ n(15n% 4+ 18n +2)
5= 3.5.7 0
n  3nn—1) nn-—1)(n—2) ~ n(15n% + 18n + 2)
(3+ 5 7 So = 357 So-
*(1.113)

Z”: 2k\ K-k (2n+2\(n+ 1! 1
k) 28  \n+1) 2n+2 2

k=0

*(1.114) Bernstein polynomials:

Bl (x) = ; (3)a—arrats (£)

*(1.115) Generalized Laguerre polynomials (ordinary when a = 0):

n k T a+n
(@ _ N~ (nreyrt L et (e
Ln _Z<n—k k' n! a:aDm er
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(1.116)

n

—k
D <P k)xk = 2Pt (z —1)"" P! provided: 0<p<n-—1
n_

k=0

If 0 < p <n—1, we perform the change of variable: h=k —p—1 that isk=h+p+ 1:

n

kZ:O (2 - Z) o= H_Z:p_l (n —7hh:p1_ 1> PAPHL = Pt Z (n P 1)( o) Z

h=0

1 1 t 1
— p+1 tn—p—l - ‘ — | = p+1 tn—p—l _ p+1 1— n—p—l.
= ]1—t[1+xu “ 1—J 2 ey ik N CE)

(1.117) This and the next two are special case of a general formula due to Abel.

S () o B 0 = -y
k=1

- x—i—k” Pk
Z k (=D
—0
k
(iU(—F k)k)' — [ H]emtekt v R (e2t,et) .
n—k)!

g <(—1)k(k];!+ 1)k—1> _g ([tk]e—(kﬂ)t 4 [tk—1]e—(k+1)t) = G ("1 + te~teHt) =

= {—(1 Tf);;w ‘ tew] = [e*w ’ w = tefw} .
S, = n![t”]ewt He*w ‘ w = ue’“’] ‘ u= tet} =

= nl[t"]e™ {ew ‘ w = tetefw] = pl[t")e® Dt = (z — 1),
(1.118) Special case of a general formula due to Abel:

—_
3

Z( )EW Fa—yhf == nx2

k=1

S yk” oo —yk)k
Z T
k=

(k)" * (k)" 1 (k)R (k)" "1\
k-n—k1 7 (n—k) ‘E((n—k)!+y'(n—k—1)!)—

= L gt R (14 ),

g (%ﬂ) =G ([t"]e"e k) = { - ‘ w= te‘yw] .

1+ yw
Sy = %![t”](l +yt) H

TWw

! et z"
= ue ¥ = tevt| = L)1+ yt) - ==,
1+yw‘w ue }‘u e] n[ I +yt) 1+yt n
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(1.119) Special case of a general formula due to Abel:

n

2 (Z>(yk>”k(fyk)k1—-xn1

k=1

n kn—k T — kk_l
SHZME:gzkﬂ( %)

k=0

n—k
(yk:) _ [tn—k}eykt — R (1’ eyt) )

(n— B!
g <(x - Z{C)kl> _ %g ([tk]e(‘”*yk)t n y[tkfl]e(xfyk)t> _

1 rw 1
|:—( + yw)e ’ w = teyw:| = — |:e$w ’ w = teiywi| .
T

1 k t —ykt 1
= —G ([t"](1 + yt)e e v) = =

|
Sp = n—[t"] He“" w = ue y“’} ‘ u= teyt} = n—[t”] ot — gn-l
x x
(1.120) Polya and Szegd.
x

= (a+bk\ a+l x—1 (b—1)b-1
S_§<k)z—ﬁnﬁﬁ o= el < T —

From (GO2), the second generating function of Gould, we get:

S:{h%%@;% w:dﬂ+wﬂ‘t:q.

This implies z = w/(1 +w)® or, by settingw = x — 1, z = (x — 1)/x°. Finally, we substitute w = x — 1 in
the formula of the generating function and obtain the desired result.
(1.121) - Same conditions as above:

o~ a [a+bk\ ., . r—1 (b—1)>-1
P =x z:T,|z|< 0

:Zaerk

k=0

k

From (GO1), the first generating function of Gould, we get:
w:zt(l—l—w)b} ‘ t= 1} .

szHa+wy

This implies z = w/(1 +w)® or, by settingw =z — 1, z = (x — 1)/2°. Finally, we substitute w =z — 1 in

the formula of the generating function and obtain the desired result.
*(1.122) A discussion of this sum has been given by D. Dickinson:

+ZOO n+ ak
b+ ck

k=—o00
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*(1.123) This sum was studied by S. Ramanujan, in whose collected works one may find evaluations of
this:

(1.124)

i()x+kz Ve(y — k2)" imy P

k=0 =

~ + kz (y — kz)"~
Z (n— k:)!

[tn k] (y—kz)t _ [t" k]eyt(e—zt) WR(eyt,e_Zt).

G <M> —g ([t’“]e(”’“)t) _ [ e ‘ w — tezw:| .

k! 1—zw

Tw rw

‘ w= uezw} ’ u = teZt] = nl[t")e¥" {e—
1—zw

S, = nl[t"]et H c

‘w*te zt zw —
1—zw

xt (z4y)t n k
= n![t"]eyte— = n![t"]e — n! Z gl 2"k,

_ _ |
1— 2zt 1— =zt = k!

(1.125) This is a generalized Abel Convolution. Compare with (3.142) - (3.148).

n

z(x + kz)k1 + (n—k)z)rk-1 r4+y)+qnz (z+y)(z+y+nz)t
Z( k!) Yy ((n_k))!) (p+ gy = 2 nyzyq (@) n'y

k=0

g zn: (@ + k)" yly + (n—k)z)n k!

k=0 ’
k— k k—1
= +kk;Z) - 2?2) -z (I(Z ﬁzf)v = [t*](1 — zt)el=TF)",
k—1
G <(p T k)2 +/jZ) > = p(1 — 2t)e TR 4 gutelrtht =

= (p — pat + qut)e" T = {(p —pzw + grw)er™ ‘ w= te“’] .

1—zw

[tnfk](l _ Zt)e(er(nfk)z)t _ [tnfk](l _ Zt)e(ernz)teszt ~ R ((1 _ Zt)e(y+nz)t7 efzt) )

S = [t"](1 — zt)elvtnat H(p —prwt grw)et? ‘ w = uezw] ’ u= eZt] =

1—zw

— pat + qat)e®
— ()1 — st)elviner, LIPEA GO gy iy 4 gapyelatuinat

1—zt
x+y+nz)" z+y+nz)" ! z+y+nz) !
Zpu ‘5‘((]30—1?2)# = (px—&-py—l—qnx)% =
n! (n—1)! n!

p+y) +gnz (z+y)(@+y+nz)"!
N T4y n! '
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(1.126)
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El(—=1)kt* (1

_ t)k+1

j

kK" E

gt

(1—t)*

>

k=0

fi

2

T

,
J

JH (L —t/x) _
1—t/2)i(1— (1 +x)t/x)itt

1+

{Z} (1—(
)
0 £ ) ()

*(1.127) Definition of Eulerian numbers:

—j—1
n—j
—x

1+

1+ 2)t/z)i+!

1+

(e

14x)7"

>

J=0

HESIE
>{;}
REOI

)”—j =(14+2z)"

T

T
r

}j!(—l)j — (L ta)

T
1+

j : )

J

n
x”:E

k=0

-1
(a?—&—k: >An,k:
n

and explicitly (Cf. Carlitz, Math. Mag. 32 (1959), p. 247):

An.k: =

>

17 (

n+1
J

=0

Y-

These numbers of Euler (also Worpitzky) are a special case of numbers due to Nielsen.

*(1.128) The numbers of Nielsen can be defined as follo

WS

T

S

k=0

By =

g

y

(r—k)"

From this it follows that, for all integers m > n:

m—+1

x’ﬂ

(=)™ Bilma

k=0

(1.129) - Schwatt [72], p. 48. - (NIN)

z+k—1
m

)

n

D

> (

J

2k +1

>_

j—1 J+1

D

k=0

(=1

2J+2

k

<2n + 3) (o CU
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—2t(1+t/2)

1 [t9+1] 1 ] 1 _ 1(_1)j+1 N l<_1)j _ (1)
2 1+1t/2 141t/2 2 27+1 2 2 20427

l[tj+1](1+t)2n+3 C@vlf 2n+3\ [ 1 j+1_k_(—1)j+1§ 2n+3 (—2)
2 1+t/2 24\ &k 2 T :

p J —2t(1+t/2)

(1.130) - Schwatt [72], p. 51.

E”:O (J + Ic) _ (—2271:3‘ zj: (n +Z + 1>(_2)k N 2j1+1

k=0

(]+k>£ )1+ 1y [1+(—11f:1un+1 ‘ . 1+t} _

OM@

_ L (1487  (=1)" j(1+t)j+”+1
1 1-t 1

1—t 1—t/2 20

(1L+t) LIF[j]{ 14+w

) B 1+ w2

12 ‘w:t(l—kw)}:[tﬂ

1 1+tj+n+1 convl J j+n—|—1 1 ik —1j J J—|—n—|—1
{ﬂ# o _Z - :( ,+)1 Z (—2)’“.
2 1+1/2 2 & k 2 2it1 Lo k

Schwatt gives various other more complicated examples of this, such as formulas for:

n

Z <2k + 1) and Z (3k - 2) ote.

=0

*(1.131) Gould.

j <ZL:ZI;>(1U@)" Ta? i(i:Z)(lx)jkxk

j=k j=k

(1.132) Chung.

47
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(1.133)
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-k
-k

> (;

)

n

<x+1

)

t

()]

*(1.134) Saalschiitz.

=
1—u L+t

|

z+1
n

— [tn](l +t):)t:+1 _ <

)

(1)

k-1

1
a—1/k

)

*(1.135) Paul Bruckman.

_2/2>>2

(3

(

~1/2

n

)2 ()

2n+1
2k + 1

2.2 Table 2: summations of the form S:0/1

This table contains 26 identities.

(2.1)

1 z+

1

42

<1+(—1)"<£E

))

=<x+1>/01<1—y>w (1-

(-1t (i) - S (-1 + 1) /01 Y"1 —y) "ty = (@ +1) /01(1 - <§ (

)/

_ n+1yn+l

(1)
=y

Y
14 <2
+1—y

o

1 1
— (e +1) / (1— )" dy + (2 + 1) / (1) g™ (1 — ) dy =

r+1

T+ 2

z+1

T+ 2

)_1+

r+1
0

(2.2)

(!

)_1:

r+1
T+ 2

+1

(1 + (=" (2 N 1) _1> .

> () -

k=0

xT

x—1

(- )
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LA AN - ! ! = -
0( Jkr ) :Z(w+k+1)/o y’“(lfy)wdy:/o(lfy)z <($+1)Zy’“+zkyk>dy

k= k=0 k=0 k=0

1 _ an+l 1 _ . n+2 n+1
:(gc+1)/0(1—y)901 Y dy—l—/o(l—y)‘” (ilyy)Q —(n+1)fy)dy:

11—y

1

1 1
=($+1)/ (1—y)”‘1dy—(w+1)/ y"“(l—y)“‘“r/ y(1 —y)*2dy—
0 0 0
1 1
f/ y" (1 —y)* P dy — (n+ 1)/ Y"1 —y) Ty =
0 0
_rx+1lfx—1 717 z+1 z+n 71+1 z—1 717 1 r+n) n+1 r+n\
oz 0 n+x+1\n+1 T 1 r+n+1\n+2 r4+n+1l\n+1/)

o T T+n _1_ T 1 z+n\
Trz—-1 z—1\n+1 -1 n+1 '

*(2.3)
20 - E -, o
*(2.4)
£ () e () R () s
*(2.5)
(143)smotor= s+t
*(2.6)
(i) —-een(i)
(2.7)
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50
1 1
= @nt 1) [y gy (e [ty -
0 0
2412041 *1+(_1)n+12n+1 m4+1\""
o2\ 1 2n+2\n+1 B
_tl 1 aaZetlngl (on - L DT on -
2 +22n+1 2n+22n+1 2 +2 2 n)
(2.8)
2n—1 —1
2
Yenn(y) -
k=1 n+
2n—1 1 1 2n—1 k
> (=D k(20 + 1) / YR (1 —y)?n kdy—(2n+1)/(1—y)2” Z(—l)’“_lkz(lL) dy =
k=1 0 0 k=1 Y
) 2 2n
y)2”+1 / = / y
=(2 1 1+—2—) -2 1+— ) |dy=
ey < —y)*rtt +1* "\T=y TTy)) Y
' 2n+2 Y y> ! 2n+1 Y
=(2n+1 1—y)?" - dy +2n(2n + 1 1—y)t L gy =
(2 + )/0< ) (1_y e )y 2+ 1) =gy
1 1 1
=(2ﬂ+1)/ y(l—y)Q”“dy—(%Jrl)/ y2”+1(1—y)dy+2n(2ﬂ+1)/ v (1 —y)dy =
0 0 0
Con+1/2n+2\"" 241 (2042 _1+2n(2n+1) o+ 1\
C2n+3\2n+1 2n+3\2n+1 2n +2 1 B
_ n(2n+1) n
S (n+1)@2n+1 n+ 1
(2.9)

z”:4k 2R\ _ (2,
2k \ k N n
k=1
By integrating (IC0) we obtain the generating function:
4% 2k ! t t
- =2,/ tan y/ ——;
g(k(k) ) T Vs
therefore:
LT AN - L B A
— = — rctan y/ —— =
2k \ k 1—tV1-—t¢t 1—t
IC

t t 1 0 2n
7] aretan T T T T T (n)

(2.10)
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I R A ) (e LN ¢ Bt ) LS
/o<1—y>r( G-a-y? "ty

Bl )l €l ) A €t ) ST Sk € Bt ) AR Sk € St ) WO
1-(1-9)° (-9 1-0-v 1—<1—y>)dy‘

Four terms annihilate:

1 1 1
. / Y2 (1 — )" dy — (m+ 1) / Y1 — )Ty / YR (1 )Ty
0 0 0

1 1 1
+n/.yu%1—yW‘Ww—i/ M‘Wl—yV””“@r+/)M‘Wl—yﬁﬁﬂy=
0 0 0

B 1 m \ ! m+2( m 71_’_1 n—1 71+n+1 n—1 71_
 om+1\r—1 m+1\r—1 n\r—2 n r—1 o

The two terms in m tend to 0 when m — oo, and so:

_n—T+1n_1+n+1n_1_ nr n_l_ no (n\ "
or(r—1 \r rooA\r Cor(r—1\r Cr—1\r)

*(2.11)
“1/k+n 1
ZE( b )ZE (n21)
k=1
*(2.12)
1 (k+n 2 K1
Zﬁ(k)_E_Zﬁ'Wﬂ)
k=1 k=1
*(2.13)
oo —1 o) k41
k+1(? _ z+1 T 1 ~
k=0 k=0
*(2.14)
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*(2.15)
SN A kR ek
ZH< k ) =T Wi
k=0 k=0
*(2.16)
N A N G LA
ZH( k ) =T R h
k=0 k=0
*(2.17)
"1 r+k\ "1 n+k
Sa(-(0) )5l 01)
k=1 k=1
*(2.18)
2n—1 —1
2n n H.
-1 kle < ) _ 2n
;( ) "k (n+1) (n+1)
*(2.19) - Ljunggren:
2n—1 -1 n
> oty ) =ty TP (2n+1)(H2n HS )
k=0 k=1
(2.20)
iick)l _n?
5 T
— R\ k 18
2
> 1 /2k\ 4t V3 ™2 7
kz_lﬁ(k> —l2<arctan 1—4t> ‘t—l]—?(arctan?)—?-(E) 3
*(2.21)
> 92k-1 -1
Z Rk 1) (2:> 22 — ¢ — /1 —22arcsin(z) (—1<z<1)
k=1
*(2.22)

k=1

k22k 1
k 2k+1

3

2k
k

) 2k+1

—Vi+22In(z+vV1+22 (-1<z<1)
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*(2.23)

0o (_1)k 2%k —1_ 00 (\/5_2)2k+1_71.2
Zm<k) 2 T T ©

k=0 =0

— 31In(¢)?

*(2.24) - E. H. Clarke:

1

[~
Y
)
~
L
|
c\
2
-
—
ol
3 3
L
o,
=2
Il

n!kzz()(kn+l)(kn+2)---(kn+n)

= 1-w ik
=Y (—wp)(1—wp)" tn (—k> Wy = exp (—)
—WE n

*(2.25) - Tor B. Staver. Also special case of (2.4):

n _1_n+1n+12k
k ~oon+l k

k=1

D

k=0

n

*(2.26) - Natural extension of (2.2); Gould:

2(7) == (026 )

2.3 Table 3: summations of the form S:2/0

This table contains 183 identities.

(3.1) - Vandermonde convolution:

> (0 0= (1)

k=0

Zni @) (n g k) ) (1 4 £)% (1 + 1Y =[] (1 + ¢)oty EET ( :

r+y

)
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(3.2)

" x4k [(y+n—k _(r+y+n+1
k n—k N n
k=0
z": r+k\ (y+n—k\ BC4,conv ] 1 . 1 - 1 BC4
~ k n—k - (1—t)z+tl (1 — ¢ty (1 —t)ztvt2
—xr—y—2 " r+y+n+1
=)= )
n n
(3.3) - The constants r and s should be positive integers:

2 (06

n—s k n—k BCS,conv [tn] tr s B [tn+1] tr+s+1 BC5
A A R (R
—r—s5—2 n—r—s Tl+1
n—r—3: r+s+4+1

(3.4) - The constant x should be a positive integer:

S S Y )

u :t} =[t")(1+ )" = <x+y>

X

zn: (Z) (x:;rg; n> L)1+ 7ty [(1 +uyn

E6)0) L)

(3.5) - (NN)
(3.6) - (NN) The second sum is symmetric with respect to —n < k < n and therefore we can equivalently
compute the complete sum:

N HIINE I ERIER G REY
(1) — (2) by the change of variable k — n — k.

(2) k:zn_:n <n ’ k) (n i k) L +” [“:4”“) u= t} =[P (14 t)* = @Z)

We now should take one half of this value and add one half of the middle element (k =0).
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(3.7) - (NN) The second sum is symmetric with respect to —m < k < n — 1 and therefore we can

equivalently compute the complete sum:

= () S )6 ) 756

(1) — (2) by the change of variable k - n —1— k.

DS (n e k) (n : k) B 1)1+ 1) [“Z—n“) _ t] = (Y1 4 1) = <2n2f 1).

k=—n
Now, we should take one half of this value. There is no central element.

(3.8)
() -3 S
:Z/z <29;c) (n _mgk;> L1 +1)” [(1 VT VO, t2] _
S ). ()
(3.9)
> (o) (on 7o) =300 = ()
;i_o (;;) (zn . 2k> 2 pouy 4 1y {(1 SOETENIAN fﬂ )
_ e L™ ; (1—)" _ %@Z) . (—21>n @
(3.10)
S ) ) =) ()
D O A e -l L
LD - (1—3)" _ % (2;:) - (—12>n/2 (n;;Q)
(3.11)

3
—

() -S-()

DN | =

(%i 1) <2n i 1) -

k=0
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_ e LT 5 (-t _ % (Zi) - # (Z)

22N (o — 1//2n IO
kz_o<2k>(n—2k):§<<n>+(—4)”<( n)/ ))

(3.12)

n/2 T\ [(2n—2x 1., o ) )
B () E0) o o - el
1 n n—x x x _1 n n 1 n . 1_¢ T
= S+ DT (L4 07 + (L =0)7) = SE A+ + S [N+ ) (m) .

We only need to extract the second coefficient:

0 (557) =] (Fm) T w0 -

. G:L_:)“‘—l ‘ o L2 VIt 7)1 — dp) =072 ((x— 1)/2)(_4)@

2t

mgiﬂ<é;il><n%2;fl>::%<(iv‘_bqgncx_ixm>>

() () 2w [ ]

[ﬂﬂ+ﬂ%w«LHV—O—ﬂﬂ:%ww+w%—%wm+@%<;;>,

The coefficients are extracted as in (3.12).
(3.14) - (NN) - Erik Sparre Andersen:

)0 - 0
- _; @ (n_xk) _ [(_l)nH(Hnnrl) (n 1)} e

(3.15) - (NN) - Erik Sparre Andersen

(| F ICEER B | I

DN | = i
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(3.16) - (NN)

20 -CR ) ()

(3.17)

2 (G -2 e

0 3 () () e [oe e - 7] - e

EE D))+ ) Kuzul)n ’u1+t] =

~
S
3
3 |
3 ol
7 N
8
3 +
)
N———
|
=
1%

LD mpm)(1 4 0 (14 /)" = )1+ )7 (4 ) EF

= [t"] { (14 zw) ’ wt(1+w)] = [t"] <1+ Z_t>” (1+ L) - [tn](la(_zt);)f)z.

1—w/(14+w) 1—t 1—t

(3.18) Ljunggren. Egorychev (2.1.2) Ex. 5. Formula (2.8) p. 48:

> (1) (1w = X () ()

o7
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(3.20)

S (02000

2 (2 ()2 e [0 o 7]

k=0

— ) Mﬁ _ (—rx—nr— 1) (—1)7" = (Tf) _ (Zif)

(3.21) - Karl Goldberg:

IR Sl vd [RIEES ol o oty

Lo y+k kB n y W |y i , .
(1) ;(k><n_k)4—[t J(1+1) [(1+4)‘ t(l—&—t)] [t"](1+¢)Y(1 + 2t)*

(2) i (223) (n Y k) 22 [1](1+ 1) [(1 + 2u)* ‘ u= t] = [t"](1 + )Y (1 + 2t)>*.

k=0
(3) é (2:) (y J;ka_ k) L [t"(1 4 ¢)vt2e {(1 +u)** ‘ u = %H] -

= e LR g+ 2,

(3.22)

= 4[]+ 1) (4 +14E : ) =4+ (I(Irj—/f))x —= e 2y =2 (2;>

2) Zn: (i) (n f k) SLERY [(1 + du)® ‘ w=1t(1+ t)} = [t"])(1 + 2t)% = 2" (25)

(3.23)

- +z\[k+zxz+1
_]‘k " = On,0 — On

> (Zfi) (k e 1>(—1>k PEC )1 4 gy {W u= t] _
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= [t"](1+ )" = dn0 — a1

S )=
;( ><x+n—Z—1) conv [n](1+\/f)f;(1—\/f)f ' (1_1t)z

- [tn]% <(1 —1\/5)96 (1+1f) > [tzn](l —1t)w - (I+§Z 1>

(3.25) - Analogous to the previous sum (3.24); the bisection with odd elements is considered instead:

i T z+n—k—1 [z +2n
= \2k+1 n—k S \2n+1

(3.24)

(3.26)

ST = o (o) = e T

k=0

5=y (5) (2 25) 2 o [ LoV

k=0

t
u = =
1+t

- %[t”] (O 42+ 2/HTF D) + (-2~ 2T+ 1))

By setting 142t +2./t(1 +t) = 1+ 2,/y we find y = t(142,/y). The two expressions give the same value,
so the value of the first one is our final result:

x—1
=t(1+2y5)| = m 4(”2\?) (1+2v0)" =

S =" [(1+2v5)°

_ f[wzn—l](l + 2wyl — T 5201 <3U—|—n— 1) g ® <x+n>
n n

2n—1 r+n\ 2n
(3.27)

i — n—1
Z 2041\ [z —k 2041z +n 2z 41

i (2z+1)2 = (2k+1
k_0<2k;+1><n k) 2n+1< Qn) 2n—|-1IH ))

B (LT () e [ )

= [t"] (14 t)=+1/2 <(1 +2t 42/t + )T T/2 = (142t — 2\/m)m+1/2> _

2\/% (1+t)x+1/2

:%[t}<F+1>(1+2t+2\/7) <ﬁ+1>(1+2t—2 (i+n)
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By setting 14+ 2t +2/t(1 +t) = 14 2,/y we find y = t(1+2,/y). The two expressions give the same value,
so the value of the first one is our final result:

/1+t y 1—1—2\/_ 1+\/_ 142y

(1+2\/_)} Hl 115”22{\[ (1+ 27"+ =

T o9, oin L ooni1 win T4 [T+ N 2-4" (x+n\
= — 1+2 - — 1+2 =— - =
n[w (@ +2w) 2n[w J(1 +2uw) n 2n 2n \2n+1

_n r+n T xr—n 74n2x+1 z+n
N 2n n n2n+1)) ~ 2n+1\ 2n )’

“/n\ (n+ 2z _ 2x + 2n
P k k+z/) \z+n

§= []{1+\/2_\/_(1+2\/_)

(3.28)

(0[S ] i
(3.29)
S (05 (0)
Z (7)) ()2 e e o= | = 0 g =
— ( In_—rr_ 1) (1) = <ZJ:9:>
(3.30)
()0
T e EH RIS
- %[ : (1 —tt) (1 —t) alr[ " (1 —1t)f+1 B %(_nm—_;)(_l)n_l B ”(mJFZ ) 1)
(3.31)
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(1) 3 (n g k) (i) (—1)k£ [t"](1 +¢)Y [(1 —u)” ‘ U = t] = [ +8)Y(1 - )"
Yy

2) i ( %) (Z)(—l)’“f ) 00 [ =) =] = [+ - o)

(3.32) - Special case of (3.31) with y = x; the result is 0 if n is odd:

éf‘”k ()G =0 (0) = () emamis

i‘g(_l)k (i) <n N k) oY (1 — ¢2)" = (—1)/2 (nf;2)

(3.33) - In this case, for n odd the result is 0:

() = ()

S () (") e -

t3" tr -r—1

_ (_1)r[tn]m _ (_l)r[tn/Q]m = (=1)" (n/2 } 7,) (_l)n/2—r = (=1)" (n7/12>

(3.34)
S () (5,7 ) -0 ()

i <2nz— k> @ (“FE [+ 0 [ w)” | u=1] =

— 0 - e = - = () v

(3.35) - (NN) The first part of the previous identity; the central element is always present:

S ()G - () ())

(3.36)

S () - (o)
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é(_l)k<xzk> (30 ™ e e -
~ e = ()= (1057)

(3.37) - (NN) This is just (3.35) with the change of variable k — n — k:

()05 =20 6))

k=0

(3.38) - K. v. Szily
> () () - GO () - e

sy (_1)k<n2fk> (fk)g I {(—1)r(;_ ) ‘u:t] _

k=—n

- oyt o ST -y [ vy
(1—w)? 1—4t I+w 1
wo ot l—w J1—4t
S = (_1)r[tn](1 _ 4t)r71/2 — (_1)r (:ﬂ:_:{?) (_4)n+r _ (_l)n (rn_—:{?) gt

(n+r)! 207 (n + )] S Antr(n o))

oo ()T

(7’1/2) (r—1/2)(r—3/2)---(—n+1/2)  (2r—1)(2r —3)---(=2n+1)  (2r)!(2n)!|(-1)"
k+r

(3.39)

(3.40)




2.3. TABLE 3: SUMMATIONS OF THE FORM S:2/0

(141"

=" gy = e

(3.41)

= [t"] (1 (f)i(tl);;t)x (1+1)" = [t"] G—Jri)m (1+1)
@ e () () e [0 -2 s g <
= e (S = - () < (50 o

1—w\* 14w

S =[t"] <1_+t>“" (1+1)2" = [t"] Kl—i-—w> T w ’ w=1t(1 +w)2} =

1—w\" ! 1-2t—1I—4t
() I |

1+w 2t
1—w
1-|-—w =1 —4t.
5=l —ane2 = (07 D)

(3.43)

B £
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(1) kzn:_o (i_%f) (i)(—z)kﬁ [t"](1 + t)Y {(1 — 2u)® ‘ u=7q j t)Q} -

2t

~ et (1- o ) = el o

(143"
(1 +t>2 2z "

(1+1)

@ > (Z : 2) (Z) 2 [+ 1) {(1 +u)® ‘ u= tz} = ["](1 + )V22(1 + £2)°.

2 () (i) - ()

ki: @;ik) <z)(4)’“3 [t (1 +1)> [(1 — du)” ] u= (1it)2] =

_ +\2z x
e e (B

(3.45)
S ()5 e o)
Xi: <4Z _ ik> <;§)(—4)’“§ [")(1+ ) [(1 —du) | u= q —it)2] =
=l = ()0
(3.46)
() () )
] e G (e e (B LRV
= ¢ (i—;’ﬁ)+ (1 4+ 07 =[] (;—Z)+ ) P
(52 e 2 - Qo

(3.47)

S () ()
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k=0
- [tn]lit ' ((11):;:5; (I =t)" = (=) - 1)t = (1)n( fn)
(3.48)
WA HET e
,;(713) <xff)(—1)k E it ]lit [(1(;;;); o |u= 1;] _
= [t"] it (—1>r£3 —t)r(l e (L1 (1 — 1) = (—1) (Tin)
(3.49)
2 ()=o)
; (x - k;) (Z)(_U A I j)r“ (- ‘ u=1] =
— [T -t = (” o 1>(_1)H _ (m:z)
(3.50)
2 ()= ()
> <2nn k) <2>(—1) Ay ](1_tt) - [u=e] =
=" -t = <x 72* 1)(1)“ = (Q”n “7>
(3.51)

n/3
CIDy (

= i+t

y— 3z
n — 3k

)(2)

t

- k) (k>(—3)’“£ [1"](1 + 1) [(1 —3u)” [u= m} _

142t 4+t —3t)**

=[t"(A+ )Y (1 —t+ 7).

(1 + t)2a:

L (1 4 )3

{(1 + u)”® ‘ u = L‘B} = [t")(1 4 t)Y 37 (1 4 13)® =

65
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= [+ )Y+ )T(L =t +62)" = [("](L+ 1)V 72 (1~ +12)"
(3.52)

2o (1) () -0 ()

> () (oo o s |

— (14 1) (%) — )1+ )7 (1 - t+t2)z=[t"](1+t3)f:(_1)n(n3;3>

!
—
-
+
A
&
[\v]

| I

(3.53)

2 ) a0

n

S e (e

n n—1 k—1

Snt W”‘W% a1 =20 [u=1t] = =207

1—t)n
= {1 (1w/?;u w) ‘ B _;w] = [t"] [w(l —w)(1 — 2w)*? ’ w=1" 21 _41 -
= [t" ]1 \/21 S \/21 4t\/1——4tx_2 = [t (1 - 4t)/2 7t = <$£2_ 11)( 41

s e (L)

(3.54)

= (” 3)W

o £\t 1 (1+w/2)"* 4(1 +w/4) t
Tn,k_Tn,k—l_[t ]<1+_> (1_|_t/4) [ ]|: 1+w/4 4(1+w/2) "LU 1+w/4}

- e1[(1 5) o= Vi) v - (),
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(3.55) Generalizes a formula proposed by B. C. Wong. The natural sum arrives to k = n + 1 and we
use an appropriate generating function:

é(_l)%n;l) (2n—ik+x> _ (n—z+1>

z”: (n + 1) <2n — 2%k + x) B (o)1 4 )20t {(1 ) ()t ‘ Yy L } _

n
k=0

n 2n+x 1+2t+t2—1n+1 _1n+1
= [t ](1+t) * <( (1+t)2n+2) - (]_(+2)2n+2) =

= (4 R 2 7 ) (1) (L gy =
= N+ )T 224+ )M 4 (-1 (z N 2) —0+ (x * 2; " 1) - <” -t 1).

n
(3.56) - B.C. Wong:

:Zj)(l)k <" i 1> (2” ; %) —n+l
:ﬁ) <2n - 2k> (n Z 1)(—1)ki‘ [t?ﬂ]ﬁ [0 [u= ] =90+ =t
(3.57)

S () ) = e () () () =) ]

o= i_n:(_l)k (2:) <2Z I ix> £ [2")(1 + )" {w

u$ tw
k=0
m=2n ,m Qm(l—t)Zz m (1—11))2 ¥ 1—’LU2‘ 9
=2 (1 — ) =t : =t(1— =8.
t™]( ) " "] ” el (1—w?)
5 Vi+daz -1 (1—-w?) V1+42-2t 1-—w? 1
tw t+tw—-1t=0; w= ; = ; = .
2t w t 14+w?2 /1 4¢2
5 oL Ny m_[t2n+z](\/1+4t272t)m
S Vi ae t B VitdaeZ
wF
F=\14+4t2-2t; ¢F +2w = /¢ + 4w?; ¢— % FO)=1; ¢ = F; 1 —¢* = 4uw.
2
b=V1—dw=F, w=tJ/I— 4w \/1+4t2:F+2t:\/1—4w+7w.
V1 —4w
VI —4w)
S:[tQ””]{ ( w)” ‘w—t\/ 4w} ALF
V1—4dw+2w/v1 — 4w
(VI—4t)®

— [t2n+x]

(ﬂ)2n+ml(\/1_—+

V1I—4t+2t/\/1—4t \/—4> -
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n+x-— 1/2) (4,

— t2n+1: /1 — 4t 2n+2x—1 —
[ I ) 2n+x

(3.58)

io(_l)k(z) (25—:> Y (;;2) <2;> @)‘1 _ {(_wﬂ ((n —;)/2) 496}

S = 1:0(—1)’“ (n " k) <x2_xn_fk> (—1)FZ )1+ 1) [(1 T A L ‘ w= t} -

=l 0P e = ] (1) -

— (—1) ] [(H—wy : ;—Z ‘ w=t(1 - w)2] _ 5.

1—w

142t — I+ 1
- TR AT,

2t Tl —w

tw? —(1+20w+t=0; w

S = (—1)" o) (1 + 4t) V2 = (—1)nte <(n - 1)/2> “

T

(3.59)

:Z; (gfn k) (x%;nink) (=D)L )1+ 2 (1= w22 (- [ u=1] =

2n
1 1-—
( +w) ' w‘w—t(lw)ﬂ_
1+w

— el VI = o (e = (7 o

T

(3.60) - This is one half of the preceding sum, plus one half of the central term:

S - (0006

(3.61)
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— el -y = e 5,)

S () (22 = ()

(3.62)

(3.63)

(3.64)

(3.65)

(1) 1:0 (n ﬁ k) (Z) oF 2 (14 1) [(1 + zu)” ‘ u= t} = [t"](L+ )" (1 + at)™

]
‘ﬂ

| I
!

I ol G [ L e S e

= [t")(1 + )" (1 + zt)".

1+t+xt—t)

= [t"](1 4 t)*" ( T
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(3.66) - This is a particular case of the Vandermonde convolution (8.1); it is also the case x = 1 of
identity (3.65):

(3.67) - (NN) This is the first half of the previous sum; if n is even, the central element is to be

subtracted:
<n21:>/2 N1 10
k) 2\ n 2\n/2
k=0

(3.68) - (NN) Analogous to the previous one; the central element is always present:

i 2n\? 1 [4n L1 20 ?
k) 2\2n 2\ n

k=0
(3.69) - (NN) Analogous to the previous one; the central element is never present:

z": 2n+1\* 1 /4n+2
k S 2\2n+1

k=0

(3.70)
) =4 ()
:i (n —n2k:) (27;) 2 "+ 1) [(1 V" - A=V, _ ﬂ _
AR LR R YO RE
(3.71)

D

k=0

2n — 2k ) \ 2k 2

n

< 2n ) <2n) Z 121 4 02 {(1 +VEP + (1 - Vi)

U= tQ] =
e WO OO Loy (14 gyt 4 (1= 22 =

()

= [t*](1 +1)
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(3.72) - (NN) Analogous to the previous one; the central element is always present:

n/2

3 ) =1on) 5500+ S

(3.73)

WS S

k=0

n—2k—1)\2k+1 NG

n—(1-t" n -2 [ n
= e S0 ey - - = () - S ()

(n-1)/2 -
kZ:O ( )( )g[t"”](lﬂ)"[(”ﬁ) (1- V1)

3 1 Rl O
(3.74)
£ ) ) -5
°7 k: (o 1)2 - " [(Hﬁ)zﬁ_ P s a g 7 -
(e e
= L e — v ()
(% )30 -5
e [ R | o= ] = 3 e [ ST -
— 1P = Il = 0 (7))

s=3(m) -2 ()

(8.75) - This is one half of the preceding sum; the central element is only present when n is odd:

T (o 1)2 R G R :

k=0

71
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72
(3.76) - (NN):
(n—1)/2 2
n o2 [2n—2
Z (k) (n — 2k) —n(n_1>
k=0
(n—1)/2 n\ 2 1
_ 912 _ 2 2y _
S = Z:% <k> (n — 2k) 22::(71 dkn + 4K?)
1 n n 2 n n 2 n n 2
5(#2(0 4nz<k) +4Z<k> k2>.
k=0 k=0 k=0
This sum is symmetric, since it is invariant with respect to the transformation k — n — k:
n 2
n | n ot im 1 _(2n
Z_:<k) _[t]1—t[(1+“) ’“_1—t]_[t](1—t)n+1_(n>'
n n\(n—1 t
2 (1) =2 (0) (i) =t [ o= 5] -
— nf"] _ 2n —1
I TR T W
2
n 2 n—1\" 11 t _
Z(k)k =n Z(k 1) =n[t ]t{u(l-i-u) ‘u__lt}_
k=0 k=
_ 2t L ey L (2
N 1—t(1—1t) 1—-t)n \n-1
2 _ _ 2 _ _ _
g 2n o2 2n—1 4 o2 2n—2\ _ n*2n(2n 1)72712271 1+2n2 n—2\ _
2 \(n n n—1 n?2 n n—1
:(2n2—n—4n2+2n+2n2)<2n_2>:n(2n_2).
n—1 n—1
(3.77)

J

OO -EEHOSOE):
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(3.78)

- nQQE n 1 t nt 1 T e (e S I
e kz_o<k)k_n[t]1—t'1—t<1+1—t>(1—t)n2_n[t ]W_

() oo () = (B ) G = (00)

(3.80)

=3 (e (U5 e = e () ()

® é(Zf(—l)k:[t"](f__j%=[t"][ L

1—w 1—2w+2w? 1—w

| L2 ‘ 142t — 1+ 422 - VIF 4 -2t
= _—_— w = = =
1 —2w + 2w? 2 14 412 — 2¢v/1 + 42
1 n
= [7 - (-1 n/2< )
"] T (1) n/2

(3.81)

S () = ()
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(3.82) - (NN) Analogous to the previous one; the central element is always present:

S () =S (0 C))

(3.83)

_ [ n] (1 — t)n(l + t)n — [ n] (1 + t)n
(1 _ t)2n+1 (1 _ t)n+1 :

Observe the following derivation of the left hand member:
kz_o("’“) (k:)2 L1+ )" [(1+ 20) ‘u_t} = [t"](1 + )" (1 + 26)".

Both expressions correspond to the g.f.: 1/v/1 — 6t +t2 as can be shown by an application of the LIF.
(3.84)

A I S R e T

W ,cé(:) <2kk) (-3 mlit {\/li—zu = l—t} = sy
o S0k

LS (2028 (2K o 1 1 1 o 1
) Ekzo(n—k><k>(1 L N TV pT s i By s p sy sy

}
N
<

(3.85)
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(3.86) - This sum is related to trinomial coefficients:

2 () () -

08 () (2)

o 20 () ()2 e -] -

—_

1

d_00+3)

1

V1I+2t—3e2

@ (1 ki (50) ()2 oo

1 (1—1)?

1

= (-1

= [t"]

—t [m‘“:uitﬁ] B

1

1—¢V 1—2t—3t2 V142t —32
(3.87)
et (1) () -3 () ()
M 4”2(—1)’“(’,2) (2:)2 i {ﬂim u= 1;} -
=41 - ;(1 3 ] N 413(1 —12t)
kz <2n %) (2:) S VG — Vi —
(3.88)
e () -2 o0
RG] -
== ;(1 5y N 413(1 —201)
z_:< )(2:)5k = [tn]\/11—4t'\/1i20t'
(3.89)

S (-

(e

75
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kzn:_o (Z) (2:)%;3 -y it [(1 +1u)3/2 ’ U= 1;] = —[t"(1 -2 =

—_

(3.90)
> (00
kz":zo <2Z - 216) (2:) con pyny ( 11_4t>2 ~ v j4t o
(3.91)
S () ()= ()
ki:—o(—l) (%f) (22 - i’f) @ (g \/ﬁ . \/11_—415 = [tn]ﬁ _ <n72> e
(3.92)
;”:_0 (2n - 2k) (2:) ﬁ i
é <QZ - ik) (2:> ﬁ = - (VI d) =[]~ 1 = —dnp.
(3.93)

" (on — 2K\ [2k 1
Z< n—k >(k‘>(2k—1)(2n—2k—1) = 0n,0 — 40n1

k=0

"\ (2n — 2k 1 2% 1
- —an‘v ny(_ 1_4 2: n1_4: _4 .
§<nk)2n2k1(k>2k1 [0 t)? = [t"]1 — 4t = 0,0 — 4051

(3.94)

Zn: <2” - 2k> (2:) (2k — 1)(2711 —2k+1) - 2n(212"+ 1) (2:> B n>1

k=0

Z = [t"] —V1—4dt—=arctan/ —— =
=0 2n =2k +1\k/2k =1 Vit 14t
=[t"] - Farctan \/7 2n\ ! n>0
1—4t 2n +1 .
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*(3.95)

kz; <2Z—ik> (2:)%“: _4n<n+a:n 1/2> (z;n)_l > 0)
22 +1)(2¢ +3) - (20 +2n — 1)

_ ol
=2 (z+1)---(x+n)

(n=1)

(3.96)

S (2n—2k\ 2\ 1 16" (2n\ "
=\ n—k EJ2k+1 2n+1\n

"2 =2k (26 1 cono L ctan [4
N\ n—k J\k)2k+1 — V1— 4t 4t 1—4t

arctan

1 I <2n>_1

VAt(1 — 4t) 1—4t 2n+1\n/) °
" (4n — 4K\ (4K 1[(2n

> (o) (o) =2 ( ()1 +107)

kz":_o @Z:;ﬁ) (32) = (2\/11—4ﬂ "oV i4x/i>2 -

- ( 1 1 1 ) B
- 4(1 — 4V/1) N 4(1 + 4V Tovioie)

(3.97)

g e =
V21— 161) 2/1—16t 2 2 \n)

n—1

An — 4k — 2\ [4k + 2 1 2n
) — - (16" - 4m 0
k_0(2n—2k—1><2k+1> 2( (n) ) "=

(3.98)

2
S [dn — 4k — 2\ (4k + 2\ conv s 1 - 1 B
kZ_O<Qn—2k—1> (2k+1) il ]<2\/£\/1—4¢E 2\/5\/1+4\/¥> B

o 1 1 1 B
=] (415(1 "D mi+avh)  2vio 16t> a

N 1 N 1 4P A (op
=t ]2(1—16t) B Wienr: _7_?(n>'
(3.99)

n/2

> (3) ()= ()




CHAPTER 2. GOULD’S COMBINATORIAL IDENTITIES

78
w8 (@) () at e [ v ol
(3.100)
S (") ) - o (L) ()
e () ()R () () e
- () G
CUROICUREHGUICUN
(3.101)

1 (1 + w) #(1+ w)?
= (—1)"[" ‘ = .
(=17 ]1+2t{ 1—w |7 T1+x
Lo 1=VIZAP 14w 142
B 2t ’ 1—w 1—4e2

T B B O B et N |
§=(=D"t ]1+2t,/1—4t2< 2t ) = (=0 ]\/1—4152( 212 )
yft2 n n—r)/2 1 1- 1_4y T_ n n+r)/2 1 1- 1_4y T_
= s (R ) = e (Y )

= () = ()

(3.102)

(1) () =)
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n/2

n\ (2n —2k\ 4 2, gt n o]t @A+
0 () () 2 e [ o o= ] = SR
’ tr (1—t)r+tt 1

= [t"] [m(l+w)’Wt(1+w)] :[tn](l_t)r ’ (1—2t)r+1 ’ 1—t:

- quﬁ - (nr_:) (=" = (Z) on-T.

(3.103) - Grosswald:

S () (e e () () ()

S () (7

1 (1+2t)" (14 2¢)ntr+t (1) (1+ 22
1+ 2t tt (1+tyntr+l (1 +t)yntr+l

1 1 ‘ t
u = =
142t [ur(l —u)ntrt+l 1+2t

g

(=1)"[t"]

= (~)" [

— (_1)n[tn+r](1 +2t)" (1 —|—2t>”+7” _ (_1)n[t”+’”] |:(1 +2w)" (14 2w)(1+4 w) ‘ w tl _|_2w] .

14+t \1+¢ T+w 142w+ 2w? 1+w
wl4+w) 2(1+w)— (14 2w) 1+ 2w + 2w?

1 —t¢'(w) =1~ 1+2w (14 w)? :(1+2w)(1+w)'

2 — 1+ 1+ 4t2
w4 w? =t + 2tw; w? + (1 — 2t)w — t = 0; w= 2 - ; 142w =2t + V1 + 4t

1+2w+2w? = 2t4+/1 + 42 +1—-2t+482 — (1—-2t)V/1 + 482 = 14462 +20/1 + 42 = /1 + 42(2t++/1 + 4¢2.

mimarr | (14 2w) V1442 + 2t o (2t + V14 482)"
=V T | 0| = GV =
+ 4t
2w 4w? 2 2 2. B 4wF ) B
F ?—‘r 1+W, (¢F—2w) —¢ +4U), (b—m, F(O)—l,
=F;, dw=F—1, F=Vitdw=¢ t=-——
¢ v Thw=¢ Vv1+4dw
2w 2w
V1i+42 = V144w — —— =W, —t¢ =V1+4dw — —e = W.
* A V144w ’ -t T 1+ 4w
V14 4w)"
S:(il)n[tn+r}( :/;/ w) (M)nqtrflwz
_ (_1)n[tn+r]( /1 +4w)n+2r71 _ (—l)n <7" + (n—ij 1)/2> gntr
n+r

This expression seems to be equivalent to the formula given by Gould.
(3.103) - Grosswald:

ST - () )
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§=D z": (Z) (n 22:: k) (2= e 1 Ji 2t [u’“(l - i)n+r+1 ‘ YT j Qt} -

k=0

1 (1426)7 (14 2t)n+r+1
1+2t 0 (L4o)ntr+t

nin—+r 1 + 2t n+27‘
= (-1)"[t * ]((1+t)2+r+1 =

= (—1)" ] (1+2t)" (1 + 2t>n+r R [(1 + 2w)" (1 + 2w)(1 + w) ‘ we it Qw] .

= (-1)"[r"

1+t 14+t 14w 14 2w + 2w? 14w
In fact:
1_t¢,(w):1_w(1—|—w)2(1—|—w)—(1—|—2w): 1+ 2w + 2w? '
14 2w (1+w)? (14 2w)(1 +w)
1+ 2w . 2t — 14+ /1 + 4¢2
w=1t has solutions w = .
1+w 2

If we set 1+ 2w = 2t + /1 + 4t2:

142w+ 2w? =1+ 462 + 2t/1 + 462 = /1 + 422t + /1 + 412).

5= (e [ (P2 ) VIRAR ] gy (VT A
) T+2w+20? 17 2 N Traz
We apply the LIF:
2w dw? qwF
F - 1 _— F -2 2 — 2 4 2 v
o P\ e m e e e

Since we should have F(0) =1, we choose ¢ = F, and so:

w
dw=F?-1 F=V1+4w= t= ———.
¢ V144w

We now set:

2w 2w
W=+1+4+42 =1+ 4w - —— b=t =1+ AW — —m— —— =W
v 1+4w s0: ¢t v V1 + 4w

S = (—1)n[wn+r](7"lg/flw)r(1 /1 +4w)n+r—1W — (—1)n[wn+r](\/1—|——4w)"+2r_l _

n+r

(e (r +(n— 1)/2)4n+r

which seems a better formula than that of Gould.
*(3.104) - Grosswald:

S ) (s e (Yo

*(3.105) - Grosswald:

:Z;(—l)k (n ; r) (n +7: + k) =Tk = (_1)(n=r)/2 ((n _nr)/2> (n Z r) (7:) *1[n o is even]
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*(3.106)

D () CE)- ()

(3.107)

n/2

,; (Z - :> <n - k) gk _ (2n - 27“)

n/2 n—r n—=k B 2
2 : n—2k B n n r n—r _ _
k—r<k—r)<n_2k>2 = [t")(1 + 2t) {u (1+u) u1+2t}
t2r (142t + %) 5 S 2n — 2r
= n n . = n T 1 n T: .
M0+ 20)" oy g = A n_ o

*(3.108) - (NN)

Z":(k:;—j)(k—s—j—;m—kl) :zm:<k:—ll—j>(k:+j+n+1>

n
k=0 k=0

(3.109)

- kz’;o (n " k)) (2:) L e iy . _1)%1 , \/% g (—n - 3/2> _

gy 2n—|—1/2 Z45 4n +1
- n B 2n

By applying the LIF, we obtain the generating function:

(")) -

(3.110)

> () et
S () () ()

= (2[t2”1] (f_:)n —[t*"] i _t:)n+1> {\/11_—% ’ U= t:| = [t"] (11__027::_1 . 11_ = =

81
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VI—2w 1-w |  t ] .. Vil
. w= —w}[t]{\/l—Zw’w 2 N

82

m{ 1—w 1-2w 1
— "] 11_4t _ (_;/4>(_4)n
(3.111)
S () (A= e
:Zj (2n - % 1> <Z> (—1)e 2 2] (;’:tl)n [a—w [u=r] =
= [t"] ((11__t2)): =["J(1+ )" =1.
(3.112)
:Zj(_l)k (n;— 1) <2n —zk — 1) _ n(n;— 1) n>1
:Zi <2n fik _ 1> (nz 1) (—1)k2 [t2”*1}ﬁ [(1 g ‘ Y t2} _
=[t" (1 + )"t = (Z ir D _ ”(”2+ )
*(3.113)

<’"‘§”:"/7"(_1)k<nz1> (rn;rk) _ (m;— 1)

k=0

(3.114) - This is a fine example:

St ) () = e e
k=0
kZ:O (2712—;2—’]?‘14— 1) (nQ_nk> (_1)k B [t2n+1](1 + t)2n+l |:((1_I;:L: u=(1+ t)2:| _
_ [t2n+1](1 + t)2n+1 (_1)71(_2()1 itt;;(i + t/2) " —
= (—=4)" (1A +1/2)*" + 111 +/2)*") = (~4)"(n + 1).
(3.115)

" (dn+1\ [(k+n _yn 3n
2n — 2k n B n

k=0
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k=0

Z": 4n 41 n+k A pany 2nt1 1 ’u:
2n 4142k n (I=¢t)2n+2 | (1 —u)nt!

(3.116)
> (o) () =5 ()
Z(m?%) (nzk>:A[ }(1—?2 + [(1—; +1 YT (1i2t)
=1 ](1—1;s)t+1:( 1;71)(_2) _(2:—11>(_2) B
- ()5 )
(3.117)

(3.118)

1 It (1—1¢)i+t

(3.119)

83
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(3.120)

5,7 () 00w [ ] - 20

o [0 (1+w I 11—tz 1 T
:[t][#‘w:t(l—i—wﬂ:[t](lt)zj.él21)j+1.1t:[t ] T =

_.j_ 1 n—2j _j_ 1 n—2j—1
- _9)yn—2j _ _9yn—2j-1 _
<n—2j>( ) ("‘2j—1>( )
_ on—2j-1 (2<”j> n=2j (n])) _ 2n2j1(nj) n
J n—j J j Jn—j

(3.121)

_ [4n 1 t2‘7 (1 - t)2j+2 _ [+n—2j 1 — _'] —1 n=2j — gn=2j " _J
-Vl s e g = () = (1))

*(3.122)

*(3.123)

*(3.124) - R. R. Goldberg;:
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*(3.125)
g:l (Z)ZHk _ (2:> (2H,, — Hay)
*(3.126)
S S () i o
*(3.127)
O G R e
*(3.128)

k=0

ko7

> (5 ) 1

2 71'/2
= —/ V1= 22sin(z)? dz
0

*(3.129) - Bessel polynomials:

) =3 () (" e (E) =2, <m>

*(3.131) - Jacobi polynomials:

PO = Y

k

2mn

S () (R -

(_1)'” (1 _ .’1,‘)_(1(1 + a?)_bDn ((1 _ x)a-ﬁ-n(l =+ .’L')b+n)

xT

*(3.132) - Legendre polynomials. Definition by formula of Rodriguez:

P,.(z) =
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In terms of generating functions:

. 1
Z t"Pp(2) = ——
— V1—2xt + 2
— Pu(z) = exp(tz)Jo (t 1-— x2> .
= n!

In terms of hypergeometric function:

Pn(x):F<n+1’ n ‘ 1—:1:>.

1 2

Many summation of the form S:2/0 in the literature involve P,(x), and the following table of equivalent
forms of P, (x) may be found of use.

it
= Eor () (7 )
o
ro=(551) 56 ()
o
=% () v
o
=3 () () 5 v
.

*(3.138) - R. P. Kelisky:

n o 1 AN w/2
E 2k (2 =2k 2% = (42)"P, T _ 24 / (2 sin(t)* + cos(t)Q)n dt
— \ k n—k 2 0

k=0
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*(3.139)

é(?) (nl_@x% = (~2)" P, (‘””” ) S < )(kl/Z)x%

n
k=0

Integral of Laplace:

P,(z) = %/Oﬂ (ac +Vaz2-1- cos(t))ndt.

*(3.140) - Finite series of I. J. Good, valid for integral ¢ > n:

1 2mk\ "
P, (x) : (1:+ —1-cos %)
k=0

Integral form of Schlafli:

P,(z) = i/ (t2——1)"dt

2mi Jo 27 (t — x)ntl
where C' is a circle counterclockwise about the point ¢t = x

*(3.141) - In general one may define P, (z) for all real values of n, and relations such as the following

are found:
[e%s) 2
)L n—1 _ 1 AN
Z( ) v ‘(1—x>"2<k) ’

or if one defines:

= (75) = e 2 (2)

k=0
then the above reads: f(n) = f(—n —1).
(3.142)

n

Z T T+ kz Yy y+(n—kz\  x+y T+y+nz
=tk k y+(n—k)z n—k B

T +y+nz n

Z": T (m+kz)y+(y (y+(nk)z

n—kz\ n—k > et e [(Hw)“’“‘ ] w:t(ler)Z} LIF
k=0

(3.143) - It is possible to prove, in the same way, analogous identities relative to the first generating
function of Gould and to the generating functions of Abel.

n

Z(x+kz><y+75n_kk)z) kio(x+i+kz) (yp+(nk)z)

n—=k

(1) s comucoe {%‘w—tl—f— )].[%’w_tl—kw)}:
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(3.144) - Jensen:

(

[(1(7’“’ 1+ >] [1_<2_1)w

y—kz

n

CHAPTER 2. GOULD’S COMBINATORIAL IDENTITIES

B |:(1+w):p+y+2

T 1o -1 ‘“’ “er)}

1 4 w)*+prtl (1 +w)y—r+L ‘

=1+ w)z] =

B |:(1+,w):r+y+2

T 1o -1 ‘w “er)}

" (x4 k2 (y—kz _ " fr+y—k &
ko J\n-k)" n—k )°
k=0 k=0

B k) = [t"F(1+ 1)V~ R((1+ 1), (1 4+1)77).

kzio <Hkkz> (Z;%—k/:> Faey H% ’ w=ull +w)’ ] ‘ v (1+t)z} -

(3.145) - Jensen:

k

3

(p=m) ;LO(

x+kz
k

= (z = )" [t"*]

eryk)ZkB[t”](lth)Hy{ 1 ’“

oy (LH)7F0H
1—(z—1)t"

t } o ](1+t) rtyt+l

1—2zu 1+t 1—(z—=1)t"

k=0

~(r+ k2 (p—x— k2 (-1t 0<psn—1
> () )= 2
k n—=k p=n

z—1

I

= [+ oy

n—k

n+1

p‘“””"”) GOQ[t”](lHV‘”CH%\w ““*“’)] \“:mtt)z}:
1<1_ +(Zt)_;t = [t"] 1(1 U)_”*1 l)t _ kz:‘g <§ f ,1) (z — 1)k
)1 = = ) [ e = )] -

. 1 1—t
:[t](l—t)Q'l—Zt: z—1
I N G [T A o (M P

1

1

k=
i [1 /1(2 ) |u= %} =G0 =

2P+l

= (-1 (z —1)pHL (-1
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*(3.146) - Hegen / Rothe:

e

*(3.147) - Van der Corput:

n—1

7 (kxnn::)ﬁ:n(?;)Zn_wk

M

*(3.148) - Chung (cf. (7.18):

(Zd) z": (dk :i ]3) - <nd zd)

1

*(3.149) - cf. (3.27):

> ()6 =)

k=0

(8.150) - The case j > n has not been closed.

" e\ [T+ kz 0, " Q§‘7<n
S (M) () = o, i=n
k=0 J (—z)nZztle=bn = 5y 1

2 )

w= (1467 = [](1+ )7 (1= (14 1)) =

kio(—l)k (Z) <x4;kz> B 0](1 + 1) {(1 oy

n(z—1) 0, 0<j<n
= [](1 4+ t)%(—2)™t" (1 + gt = (—2)", j=n :
(72)77, 2:r+(z71)n, j=n+1

*(3.151) - NN. Knuth:

1 G TG T (A [N B A [ )

k=0

*(3.152) - NN. Knuth (extends (3.14)):

S (1), ) rom=mevm-m( " (7

k=0
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*(3.153) - NN. Knuth:

CHAPTER 2. GOULD’S COMBINATORIAL IDENTITIES

m

—x x T —rx—1\[xz—-1
= k n+k) x-n m n+m
*(3.154) - NN. Gould (special case of Stanley’s (6.52)):
zm: - T\ (vtay(boe m = min(a, b)
= \a—k)\b—k U b a B ’

*(3.155) - NN. Knuth:

s—n
m+n+1

S

G

k+m s+m
m - m

(3.156) Variation of (3.1):

Tty

()

~)65)

k=a

n

N7 )2 s s s La ] s gy (55
S (o)) - a0
-
> () () - ()
o
() (575 - gt (e

(3.160) - Egorychev (2.1.4) Ex. 11.i5i. This is one of the Moriarty identities by H. T. Dauvis:

(o) (o) = (°2)

n

> (=1F

k=a

n
n+k

n a

n+a
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S () () - S () 3 5) (e
_ ([t"]m + E[t"‘l]%> [(1(:11% . ﬁ} _
=9 [tn]2(11+—tt) (1 _tat)% 8 s = E gL

Tt)2et2 T 2 " a](1+t)2a+1 =
() ) () ()
= () e

(3.161) - Egorychev (2.1.4) Ex. 11.iv. This is one of the Moriarty identities by H. T. Dawvis:

Sen (§) (et - cor (")

[l

> (e () -2 (0t )- ("zik» (o)
= <[tn+1](1 itt)Q - [tn]lit) {(1(&3%1 =D }
— O e A = (O e -

= (_ja_j)(—w = (”;“)<—1)"4a.

(3.162) - Egorychev (2.1.4) Ex. 11.i. This is one of the Moriarty identities by H. T. Davis:

S (D (n;kk> ¥ (1 <n2+aa> 4@7;_11

" n4k\ [k Ay L (—4u)? ot _
¥< ) (o) V2 I [ = ] =
_ anmn 1 e (]‘_t)2a+2 _ arm—a 1-t _

VT (I—t)2 (1+¢)2+2 (=41t ]W -

—2a — 2 —2a — 2 1 —
:(_4)a a B a :4(1(_1)n a+n a+n-+ +n a _
n—a n—a-—1 2a 20+ 1 20+ 1
<n—|—a>4a2n+1

2a+1°

(3.163) - Carlitz:
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S = kzn:_o < ) <k/2> = [t"] Zn: (Z) VIFE = [")(1+ VIF D)™ = 27t <ﬂ>n

2
k=0
By setting 1 +y = (1 + /1 +t)/2 we find y = t/(4 + 4y).

s =2 |1+ )"

t 2n m—1 n— .
4(1+y)} m[t In(l +1) 14m(1+t)m*

n2" 1 1 n2" fmn—m-—1
= A4+ .
m4m[ ja+9) m4m< m—1 >

(3.164) - Rosenstock, Gray, Riordan:

S () () - () -7 Y)

- S () () g (st v

k=0

By setting 1 — /1 +t =2y we find y =1t/(4y — 4) and so:

_4m n,n _ 2 2" m—1 n—1 (_1)m _
s=i |- i) = T

2" (_l)mn m—n 1 (_1)m2nn -m m-—n
BT (e i T (m—n)“” )

S () ()

(3.165) - NN. E. Catalan (1842):

n

kz_%(i:z)(ﬂwrl) z’";)(q— ><p+:+l>:(nf;(r;2+1>

é(ﬁ:i) (R Z o [ fu= ] -

tqufl p+q+2
=[t"(1+t)P———— (14 )™t = [prmrat (] 4 )Pt = .
[ ](+)(1+t)m_q_1(+) [ J(1+1) ne—mt g1
" (q—k\[(p+k+1\ B un P! t
§ = [t™](1 + )7 —‘ =——| =
k_0<m_k>< n > SR {(1—71)’”rl RS
n—p—1 +q+2
- (1 L — thrl tm— n+p+1 1 tp+q+2: p q .
[ ](+)(1+t)n_p_1(+) [ J(1+1) m—n+tpt1

(3.166) - Joel L. Brenner.

n 2n+1 2
2n+1\ (2n -2k e 2n+1 et
Z <2k+1>( - )(m2+y2)2k+1(xy)2 2k _ Z ( 8 > 2k An+2-2k

k=0 k=0




2.3. TABLE 3: SUMMATIONS OF THE FORM S:2/0

— [tn](l + $2y2t)2n |:

k=0

"o +1
> (i

n—k

L+ (@2 + )V — (1= (@2 + 7))t

T e g 2

t

2Vu

)“:(

(1 +x2y2t+ (x2 + y2)\/g)2n+1 _ (1 + I2y2t _ (132 4 y2)\/g)2n+1

= [t"]

2Vt

— [t2n+1](1 + th)2n+1(1 + y2t)2n+1 — Z

(3.167) - Joel L. Brenner.

= [t"]

2:01 (2n ]:r 1) (wz)k(

2n+1

2n+1—

1+ mzyzt)J -

k) (y*)?r =t

>

k=0

GG

2n

k=0

e e =y (2

2
> x2ky4n72k

2

(1 + $2y2t)2n

n
k=0

2n\ (2n — 2k e
() (2o

|:(1_’_<x2+y2)\/a)2n+(1_(m2+y2)\/a)2n

(L + 22

t

- [t"]% ((1 + 2%yt + (2 + P )WV + (L4 2%t — (2 + yz)\/i)zn) =

— [t2n}(1 + .Z‘2t)2n(1 + yQt)Zn — Z (

2n

k=0

2]?) @

*(3.168) - Equivalent to result of Graham and Riordan:

2k+1 [(xz—1-—k
n+k+1 n—=k

(3.169)

n/2

>

k=0

(3.170)

n+1
n — 2k

— [t2x—n]

2n

z)k(% n

n

D

k=0

x+k
n+k

)=(;

:

n

1

n+1 T+ k
2k +1 n

)- (%)

(x+k>3 (1 4 )7 { unT

(o)

B (n+1+2x—n—1

20 —n

(n+1)/2

D

k=0

n+ 1\ /z+k
2k n

)=

20 +1
n

)

‘ u = tZ} = [t**]

)

(1+t)n+1 B
(1 _ t2)n+1 -

k) (y*)> .

(

2x
n

)

}:

93
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b I R e [ R

k=0

1 t2n—2$ (1 _ t)2n+2 (1 _ t)2x+1

(1 —2t)n+1

1—w 2z+1‘ 1
- w = —
w 2+t

= [t")(1 + )%+ = (h N 1),

[tn+1] _ [tn]th—Qgc—l

1-¢ (1—¢t)2n—2e ’ (1—2t)n+1

= "

1 —w)2=t(1 — 2w tw?
: |
YT T 0w

= [t"] { w2e (1 — 2w) )

(3.171) )
> (a) -G
g‘; i) ()2 et o e = ik
= [t*"] 1 _1 BEANG) f t)_j:?f ' ((11—_ ;2;2”:1 B [t%]#n_%% N
(57 e ] - (2)- (2)
(3.172)

zn: 2n + 2 Tz +k _ 2x
= \2k+1)\2n+1 T \2n+1

" 2n + 2 r+k\ B, u2n-etl
B an+1y1 4 p)2nt2 ‘ — 2| =
kzzo <2n+12k> (2n+1) A+ 11— w2z | ¥

[t2x—2n—1} (1 + t)2n+2 — [t2x—2n—1] 1 — —2n—2 (_1)2x—2n—1 — 2z )
(1—¢2)2n+2 (1—t2nt2 ~ \22—2n—1 0+ 1

(3.173) - Graham and Riordan:

kzi% <2n2;€r 1> <x 2+n k) _ <2x22 1)

- 2n+1 z+k\ B o041 In+1 u e ’ _ ol
Z(2n+1—2k><2n)_[t ja+9) Tz Ak

k=0

(1 + t)2n+l

1 —2n—1 20 +1
_ t2w72n+1 _ t2w72n+1 _ -1 2x—2n+1 _ .
[ =z =1 o=z = \aw—on41)Y om



2.3. TABLE 3: SUMMATIONS OF THE FORM S:2/0

(3.174) To check and re-do.

k=0

— e+ o (

>

k=0

’§<Qn+2><x+k> B
P 2k 2n+1

2v+1
2n+1

2n+ 2

— () l(lww)w |

(3.175) - Machover and Gould.

(1+t+2v1)"

z+k A
2%k m+1)

") o

t4n (1 _ t)2:c+1

2x (1 _ 2t)2n+2 -

= [

> (3) (-0 - ()

+(1— 2w

(1 + t)2z+1

~

i( )(x%)zx B (14 )" {(1+2\/a)

2

2(1 + t)=

(3.176) - Machover and Gould.

k=0

= [")(1 + )"

(3.177) - A Moriarty identity by H. T. Davis, et al

"z‘f’( on +1 )(
P 2p+ 2k +1

(1

k=0

> ()0

_(1+t—2ﬁ)"”) 201 +

2(1 +t)*

262

— 2k
—k

92kt1 _ 2z + 2
2n+1

t

(1+41)?

T\

2x
2n

- 20 +1
S \2n+1)

—2k\ jopi1 " o [+ 2/@) T — (1 — 2y/u)®t?
k)2k+ L)1+ 1) {( +2v/u) 2\/6( V) )u:(l_tt)2:|:
(L+t+2v)™  (Q+t=2V)" I\ T+t (L4 VE> 2 — (1 - Vi3>
< (1+t)=+1 B (1 +t)z+l > Wit = [t"] NG

_ [t2n+1}(1 + t)2w+2 _ (

2+ 2
2n+1)°

(7)o
p

2n+1 p+k A 2] £2p+1
2p+2k+1 k (1 —t)2pt2
_ [t2n72p] 1 (1 — t)2p+2 . —-p— 1
B (1—t)2pt2 (1 —2t)ptt  \2n—2p

{uiWH‘“

o

.. Egorychev (2.3.3) FEx. 5 (p. 74).

p+k
k

-]

2n —

p

p) 4np

95
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(3.178) - (3.177) - (3.178) are equivalent to (3.120) -
Egorychev (2.8.3) Ex. 5 (p. 74).

t2r
1—t)2ptl

(

(3.121). A Moriarty identity by H. T. Davis, et al..

(

e 2n

2p + 2k

2n —p
p

n

N\

)

)2 e,
- (7, ")

Jer

1
1 —u)ptl ’

1> .

2n —p

:

2n —p —
p

(o) (

(1 —2t)ptl
(3.179) - Marcia Ascher.

n—p

2

_ [t2n72p]

BTEE

(

2n
2p + 2k

p+k
k

|

2n—p
p

1
2

n

Jor

2n—p

L)L)
wE () () 2k [ |+ ]
- znfzr(—l)r[t"}lit . (1t—2rt)’" ' (1(1_—t/t2);;2 _ 2n,2r(_1)r[tn72q(1_t/ﬁ _
- 2_22# (;LQi;rz)(—l)"‘% = (—1)’”@ i)

(3.180) Companion piece to (3.179). These are inverse Moriarty formulas.

ECEC 0 o)
PN O e -
— e 2 s — ) e -

2r—1

n

(_1)71—27’
gn—2r

=2 (_n —2r ) == <2r> '

(3.181) - (NN) This is not a natural sum, because the term with k = —1 is missing. We add and
subtract such term. Brill:
) VR Bh)
k=0 + e n+
- z+k x x B -1 x
—1)k = [t"](1 +t)° t =
2 (i) (2o + (D) 2o [ [e=1]+ (1)

k=—1
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= (["*1(-1) + <ni 1) - <ni1>

*(3.182) - A. Brill, Math. Annalen, 36 (1890), 361 — 370. Discussions, proofs, extensions by Gould:
Mathematica Monongaliae, N. 3, August 1961:

i 2a+2b+1\ (3a+2b+1—2k\ (2a 4 2b 4 1)!(2b)!
Z ( )( % ) = o (a5 b)

-1
_ (1)b<2a+2b+1> (be> (“zb) 9 =3a+2b+1
a

(3.183) - Here we have m = 2n + 1 — a. This is equivalent to Brill’s sum (3.182).

g;(—l)k <T]:;L> (a Tﬂ:i k) = (—1)mtnta (2nn_ a)

S () ()2 e oo fu=d -

k=0
_ [taer](l o t)(l t2)m 1 [ta+m](1 o t2)m71 o [ta+m71](1 o t2)m71 _ S;
a+m=2n (thatis:m—1=2n—a—1)

s=ira-om = (" e = (T e

a+m=2n+1 (that is: m—1=2n—a)

s=ira - = (") e = () e

n n

=0

2.4 Table 4: summations of the form S:1/1

This table contains 30 identities.

(4.1) - Egorychev, p. 70 — 71:

SOE -2 (00 (e )

=J

SO S ()

k=j k=j k=j
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() (25 -(m)-
_ 2Nz — 2)! (x —j+ )ly! (x —n)!(n+1)! _
x! ((z—j)!(x —z+ D)l —n—-DNz—z+D(n+ 1)!)

[z (z+1 o4l z c+1\"" z+1
- \y j r—z+1 n+1/\n+1 r—z+1

98

(4.2) - R. Frisch.

S G L VA IR

g nldd—c+ k) (b—c
- K(n—k)\(b+k)! (b—c

o B o

_ nlel(b —)! Z <th> (b k+ ]C)(l)k %[t"](l +1)btn {(1 +u1)b_c+1 ‘ u = t] =

_nled(b—c)! (n+c—-1)! ¢ [(b+n !
T b+n)! nle—1)0 +n(c+n> '

(PR fin bt k+l—c O
I e O I e R () I

oo () e (525 5) = () e (2519
(c

_ (Walo)n <b>_1_ cle+1)---(c+n—1) cb—c)!
T+ lani\e) T o+D)0G+2)(b+n) O

¢ (ectn)lb—c) ¢ [(b+n
Cc4+n (b4n) Cc+n\b—c)’

=
[
o

gy Il

*(4.3)
St (e (1) =3 (e-ntamarirgt
(4.4)
sn= 2 () - () Bl G
éf‘”k(k)(ﬂk) v Zk' 0 =
N I ) [ G TRV ST L
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-1 r -1 r

x+n r pfr+n—Fk—1 —x—1 —x r
k=0 k=0

(4.5) The identity for Sy(x) is formula (1.42).

Si(n) 2(2;7i y  Sole)= xf—n
(1) Si(n) = —<2:)_1 (2:_12> = _Qn(QZZ 1)~ _2(2nn— 1)’
(2) So(z)= <$Zn> 1<m+z_ 1) = (xxin:l)! ' (Z!J(rxn—_lil)! - x—T—n

(4.6)

. /n\ (n+ 22 _1_2x—|—n+1 22\ !
Pt k k+x o241 x

i<n><n+2z>_l_ nlk+a)(nt+a—k)! a2 (k—|—x><n—|—x—k>§
— \k)\k+ua = El(n — k)!(n + 22)! (n+2x) 'k:O n—k

1 t nlx!?
(1 — w)ert ‘ w= 1+J
nlz!2  (n+22+1)! n+20+1 (Qx)l

— - [tTL](1+t)7L+£C|: [tn](1+t)n+2x+1

T (n+2z)! nlz+1)!  2a+1

(4.7)

2§1(_1)k 241\ (2n+ 1420\
k k+zx B

L om0\ 20+ 1422\ ] T en+ DIk+2)(2n+2+1— k)
(-nF=> (-1 =

k k+z = E'(2n+1—Kk)!(2n + 2z + 1)!

(2n + D)lz? T (k + x) (1) <2n +r4+1- k) A

o !
(2n + 2z + 1)! poars k x
_ (@n+1)l? (2ot t* 1 ’ — 4 =
 (2n 422+ 1)! (1—t)=tl [(14+u)ztt |~ 7]
_ (2n+ 1)lz!? 20 1] 1 _0
(2n 4+ 2z 4+ 1)! (1 —¢2)z+L

()12 - ()E) R ) ()

I
S 3

M\ (2n + 22\ " & 20)!(k+2)!(2n+x — k)] _
(k)(k+x) (_I)k_kz:o k!(2n — k)!(2n + 22)! (1" =

99
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2n T
- 2 (e () e B e [ [0 =]

(2n)lz!1? . 1 (2n)lz!?  (z+n)!

- (2n+2x)![ ](1 —2)e+1 T (2n+2z)!  zlnl
 @n)l2?a)(z +n)! (x40 2 w4\ T
L = (2n + 22)lz!(27)In! ( n ><x> < 2n > '

o et - () ()
S -

kz: (Z) <2nk 1) z”: kr'L'k' (2n — 1 k))! _ nl(n ! Z (an 1k k)

_72!2(:—_11))!![ "+ [1iu ’“* 1it] _72'2(71—11))! (2:> *27”:2'

SO -
ka< )(2nk 1) h 2”: /:'k' s 1 k)) B <2nn_ 1) ;<2n7;_1;k)k£
:(2nn 1)1[ (1 + )2 {(1_@2 ’uzl—t&—t}:(%n 1) [t")(1 + ) 1j—t(1+t)2:

= (") o= (7)) = i e = e

(4.11) See identity (2.9).
" /n\ 2K\ T (—4)F
;(k)(k) R

S0 5 [F F\y -

= (~1)"20") o Viarctan Vi = Z 4]V Earctan Vi —

(4.9)

(4.10)

=9 —1)*[t** 1 arctan(t) = 2 = 1T =
;( )7 Jarctan( Z% il 1+t2 ;%—1( )
=— § Ho,, — lH = H, — 2H
- 2k - 2 n 2n-
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(4.12)
L) e
(D)) - <—1>",i (Z)<—1>" (2/5)_ #2
= (=1)""] 1+t[\/(1 retan “= 1+t}
= (1) (m ctan VI + ( 1+t>) (—1)"[t"](vE arctan Vi + 1) =
— (—1)"[£2" Y arctant + 6, 0 _(—1)71(2_;)_nll - 1_12n (valid also for n = 0).
(4.13)
S () () (0
*(4.14)
§5<Z>0k+2x1;<]2;fﬂ%@»<ol+ij1we>1zn
- n— k4 1)21
(4.15)

2§1(74)k Sn+2 \ (2n+2k+1\""  1/3n+2\ 2n+1\""
— n+k+1 n+k S 3\n+1 n

22k 1\ C(2n+1\ 7]
A= (RS ot a= ()

fevr —  (n+k+ D n+k+2)2n+2k+1)!  n+k+42
fr 2n+2k+3)(n+k)!(n+k+1)!  n+k+3/2

2n+1 -1 n+2 1
G(fx) ( n ) 2 1<n+3/2 )
e+l om+1\ ! n+2 1 t
g2 _ F ’ — ‘ = | =
(1 t)n+2 < n > 2 1(n+3/2 ") YT

C(2n+1 _1[152"“} 1 . n—l—2,1‘ —t \ Py
U n -tz 2\ ng32 l1-¢)
Py (2n+1 _1[t2”+1] R n+2 n+1/2 ‘t _(2n+1 _1(n+2)2n+1(n+1/2)2n+1:
n+3/2 n (n+3/2)2n+1(2n + 1)!

C(2n 1\ T4+ 2)(n+3)---Bn+2)-(n+1/2)
_< ) (3n +3/2)(2n + 1)! N

n
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g

n

2n+1

)

CHAPTER 2. GOULD’S COMBINATORIAL IDENTITIES

T@Bn+2)! 241 1

(n+1)! 6n+3 (2n+1)

1

3

(

3n+2
n+1

I

2n+1

n

*(4.16)

n

D

k=0

(

2n
n+k

2n + 2k
n+k

(4k 4+ 1)4%
n+2k+1

)

*(4.17)

S e ()
*(4.19)

EQEP) ) ) o
*(4.20)

kE+n\ "
k

0

provided 1 < 2p <2n—1, peZ

(4.21) - René Lagrange. Special case of general form when y = n. See (7.48):

Tz+n-—Fk

)
(

ren+1-2k

r+n

k

S ()0 S
Ttn+l—k kz:k!(:c T!Z;fijr)t!— k) Ezig: <1 Wﬁl—k
)~ (et = () B ()60
:c+glc+ﬂ:1

the last sum being telescoping.

n n

>_



2.4. TABLE 4: SUMMATIONS OF THE FORM S:1/1 103

(4.22) - This is the first of eight sums arising naturally in a statistical problem; it amounts to the
evaluation of the moments of a certain distribution. Gould:

é(_l)k <Z) <ZZ> o _ 2::11 14 (2—1)n s

S () = (e [ g -

k=0

k=0
_ (2n—|—1)/01(1—y)2” (zk: (Z) (ﬁ)v dy =
:(2n+1)/01(1—2y)2”[t"]1it {Hy?z;(l—y)? ‘ 2= lit} dy =

= (@n 1) /0 (=™ ([tn] (1- ygi - g(/i - 2y)t> =

- 1 JL2ym 1 Cmg . 2n1 (1—2y)"t? 1_
7(2n+1)/0 (1-y)? (1_y>2ndy(2n+1)/0 (1—-2y)"dy = [ L

2 n+1
L (et 2L (1O,
(4.23)
S () ) - -,
() e oo (£0) (625) ) »-
=2(n+1) /01 y(1— y)”%dy =2(n+1) /01 y(1 — 2)"dy =
=~y g = O
*(4.24)
S (D)) e
*(4.25)
L)) - {hy Lo

3
+
(]
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Sr(E)() iy
S () b,
() () —emm-a-{E 1
S () (1) oo

(4.30) - This is also listed as (1.42) (because of the intimate relation with (1.41)). This is also r = 0 in

(-

x
r+n

2.5 Table 5: summations of the form S:0/2

This table contains 2 identities.

*(5.1)

=1
2
k=1

()= (

2n
n

7'('2

6

)

n

3

k=1

1
k2

2k
k

(

/)

*(5.2) - Tor B. Staver:

>

k=0

(

n

k

)2:

3(n+1)2

2n+3

2n + 2
n+1

(

)1.

n+1

>

k=1

(

1
k

2k
k

)
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2.6 Table 6: summations of the form S:3/0

This table contains 52 identities.

*(6.1) - Fjeldstad:

2 () () - e e

k=0

*(6.2) - The previous identity may be restated as:

S () )
EEEDCT) ()

*(6.3) - The previous identities may also be restated in symmetrical form. Th. Bang:

i(_l)k m+n\ (n+p\/p+m\ (m+n+p)
m+k)\n+k)\p+k)  mlnlp

k=—m

*(6.4)

o [\)
ingk
\
AR
~—
ol
-
> 3
N———
N
>R
N———
7 N
[\

S
|i~%
ol
N————
I
N
S s
N———
—
=
s

L
N———
I

()

OG- (R0 £ G0

*(6.6) - A. C. Dixon:
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*(6.7) - MacMahon:

CHAPTER 2. GOULD’S COMBINATORIAL IDENTITIES

*(6.8) - Dougall:

*(6.9) - Dougall:

ki_o (Z)Sxky” = "12 (27;) (2:) (n -]: ’f) 2hyF (a4 )"
SEE() - s
B () g (Ep mon

*(6.10) - Dougall:

o0

>

k=0

—T

>3m+2k B

sin(ma) (( )/2)N((=3z —1)/2)!

k

rz—1
(

(—z—1)/2)P

™

*(6.11)

*(6.12)

*(6.13)

i(—l)k(

k=0

k

2n> (

2k
k

4n — 2k
2n — k

2n
n

)-C)

)G =

k(20
k

2k
k

4n — 2k
2n — k

n
n/2

)G - ()

)=

n

n/2 i
> (k

I

2n —
n

2k

)= () 0T)

(6.14)

()L,

Y
—k

k

)6 =003

G
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50062066
(Yo fs s =i = G o= () (73757),

(6.16)

(e () - O05 )
L e e %)
(G- GIC)

S ) G )T = ()

(6.18)
91 G [ TG B OO [ G

(6.17)

" e+ N\ [(z+a—-1\[z—k (z+a-1 " Sr+1\/nt+a—1 conv
> )E) -G )0
_(zta—-1\[(xz+n+a
_(n—l—a—1)< n )
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S EECE-000)

3113 PN G R G [y B P [

e (i) = () =R I )

(6.21)
() () () e ()
kij (Z) (’;) (—1)k <2nn— k) = (-1) (?) kZ: (Z:j) (—1)F <2nn— k) A
- 0 ()t [ =0 [ =] = 0 () i -
- () () e =)
*(6.22)
S () )T
*(6.23)
S () e = () ()
*(6.24)
S () () e
*(6.25)

é(_l)%z;)? (n2imk> _ é(_l)k (2:) (4712; k> <2n: k) _ g‘:—o(_l)k (2:) <4n3; k) (2n2-£ k)
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*(6.26) - Carlitz:

]io(_l)k (2}:) (QZ - 27“) o 1) (2:) <2nn— 7‘)2 <2nr— r) -1

*(6.27) - The previous identity can be restated as:

E () (- O

109

(6.28)

(A=)
SO =G) 26 0)*
[ - G 7
- (7;) g —; e (Z) (_nj_ l>(‘”] = (?) (”;”)

*(6.29)
e () (o) = () ) ()
(6.30) This and the next two formulas are essentially the one given in Math Review, V. 17 (1956), p.
653 - 654.

S () (=)
SO G-
()=

(6.31)

zn: r—n r—n 20 —n—k T 20 —n—x+n 20 —m—x+n
k z—n—Fk 2x — 2n - T—n 20 —2n—x +n

)=

)2.



110 CHAPTER 2. GOULD’S COMBINATORIAL IDENTITIES

(6.32) Math. Review, V. 18 (1957), p. 4. Known to Le Jen-Shoo, 1867. Egorychev (2.1.4) (p. 51).
z”: <n)2(x+2n—k> B (:E+n>2
— k 2n n
i n n r+2n—k\ 1. (x+2n—n\ [ z+2n—-n\ [(x+n 2
= \k)\n—k 2n B n 2n—-n ) \ n )
(0= )
= \2k)\k )\ j n
n/2
(’“) ey (") )

(6.33)

[ (1+w)" ]:
- ?)[ (14 26)" (1-i2t ”ﬁ; (?) e
-() =) -G )

*(6.34) - Generalization of (6.35):

()Y (A )

*(6.35) - E. T. Bell:

= () e 5o ()

(6.36)
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= [0"](1 + )" [w"] (L +w)" (1 = (L4 0)(1 +w)* = [p"](L+0)" [w"](1 +w)" (v + (1 + v)w)™ =

n ’U’C
=[]0+ ) w1+ w)” Z(2k>mwzn_k:

_Z<2"> F1 4 o) R (14 w) ko( )( ><k )
:<2:), In fact, for k <n: <kﬁn> 0; for k>n (3: kk) >

(6.37)
> () (") - ()
S G )= (),
*(6.38)

i(_l)k 2n k k + 2nz 2n —k 2n —k+2nz\
‘ k) k+2nx 2n 2n — k + 2nx 2n N

() () - k) 02

*(6.39) - Carlitz:

*(6.40)

o= £ ()

k=0

*(6.41) - Gould; special case a = 0, b = 2, x = 2n suggested by Samuel Karlin:

kzi;](_l)k <Z> (aJ;’bk) (m e bk) = (1)’ (’;) b

(6.42) - M. T. L. Bizley

(006 -6
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S (4TSN TG R (OO [ Gy B N [ (S

(6.43) - Bizley. This is another form of (T4):

S 60 = Gt (07

(6.44) - Riordan:

OO )= ()0
B0 )06

- (2) [E™](1 4 )" [(Hu)” u :t} - (i) [E](1 4+ )"~ (1 4+ )" = (2) (2)

(6.45) - Riordan. We apply (T-):

i n m r+n—k\ [x\[z

— k)\n—k m+n \m/)\n

(6.46) - Equivalent to formula of Surdnyi:

zn: (x) (y> (x+y+n—k> B (x+n> <y+n)
k) \k n—k N n n

k=0

i T Y rty+tn—k\ 1 (x+n\ [ y+n

— k) \y—k T+y N n n )

(6.47) - Equivalent to formula posed by H. L. Krall:

zn: y\(r+y+z—k\[(r+z—-n\ [(r+z\(y+=z
k n—k r—k B T n

k=0

i y\(r+z—n\(r+y+z—k\ 71 (tr+y+z—-y r+yt+z—r _(r+z\[(y+=z

P k r—k r+y+z-—n) r y+r+z-n—r) r n )

(6.48) - Extension of a formula of David Zeitlin; equivalent to formula of Surdnyi:

n

e () ) - G0
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If we are not afraid to introduce negative denominators in binomial coefficients:

i <xynl_+knk1> <xkk+k1)(1)k<ykk+k1)(1)’“ -

k=0
_ —r—1\(-y-1\(n—z—-y—2-k\ (n—z—y—-24+x+1\/n—z—y—2+y+1\
—Xk:( k >< k )( —r—y—2 >_( —y—1 )(—m—y—2+y+1>_
_(n—y—-1\(n—xz-1\ (n—-—y—-1\(n—xz—-1\ [z\/[y
(A0S =)0 )=00)
(6.49) is equivalent to (6.7).
(6.50) C. van Ebbenhorst Tengbergen, 1913.

SO0
=X (G = () () () o

u= t} - (;“>(—1)“[t"]ta—8+gzz _

:<‘“>(_1)a[t"]{( W lhw w=t(1+w)2].

l—w)2e 1—w

[l

a
1—2t—+/1—4t 14+w 1 w® t®

w = M = M = .

2t ’ 1—w 1—4t (1 —w)2e (1 —4t)e

5= <_aa> (=1)*t"] (1 _ta4t)a ) 11—4t - <2aa_ 1> (_2__2/2) (—4)" =
_ (Qaa— 1) (nn—léQ) gn—a 245 %(2;) (2:) (n ﬁ a) (27;—2::a2a) —1;1:—3 _
000 -()0)

(6.51) Gould. Contrast with (6.19).
zn: (n) (r) (x—i—n—i—r—i—k) B (x—l—n—i—r) <x+n+r>
— k) \k n+r n r
By (T4).
(6.52) Case g = 1 of identity found by R. P. Stanley. Gould, J. Combinatorial Theory.
i Ty -tk 4 . _(Fray(vth m = min(a, b)
= k a—k)\b—k) b a N ’

Em: T Y r+y+k\ 1y r+y—x+0b r+yta—y\ [(z+a\(y+b
—\z—b+k)\a—k r+y ) \o+y—a—z+b at+r—b ) b a )
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2.7 Table 7: summations of the form S:2/1

This table contains 49 identities.

(7.1)

(L) () 0D
SHEC) =0 20650
- (”Zx)_l[t"](lﬂ)"” [(1+u)z ‘ u:t} =

- (n . I)_l[t% e = <=f e n> (n - x)

(7.3) The Riordan Array method allows to find a more compact formula.

SEE ) =00 (e

,i(:)(z)(x ) = e (D % B B
-(") 2 e <)B< ") e fa- =] -
= (7)o () = () Kw) o] -

_ (237; n>_1[tz] (;_112)”‘1 = 1-2 ;tm] _ (Qxx n> 1[#] 1_14tn—1 _




2.7.

TABLE 7: SUMMATIONS OF THE FORM S:2/1

_ <2xI— n) ! ((n —;)/2) "

*(7.4) - (NN) P. Terdy: Giornale di Matematiche, 3 (1865) p. 1 —

3:

*(7.5)

S (EE)

0 ) —1
Aot

(7.6)

D) - - (0) (D)
(”“)1"0@:;)(2:) :

)(k)(”’“)

>(;
() e
() (e ()

(7.7)

[m‘

e

_(n+] 4 —1/2 74
—(n)( e
2\ "1 [2n+25\ (27\ "
<j> 4_"(n+j><j "

Seo ()

N\N™'1  (6n
4% \3n

() - wsimm =

< SR oLEey (QM—&”

S (D0 -

- (T)_l“gn] e |7 |

() (a)er

et
()(

1/ 3n
n+k

)
1/2)

)

115
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) )

*(7.8)
20 (C1)R(2k + 1) (20 (2K [0+ k) "
kz:;) n+k++1 (k)(k)<;<:r> =1
(7.9)
“ n\ [z +k\ (2" 4 n—x—1/2\ 4 [2n\ "
S w7 )me ()
n x 1 _p\k
S — k (—1)’“(k>fk where sz( Zk><2:> 2(1@1)1 fo=0.
Jet1 (x 4+ k+1)klx! (k+1)(k+1) 2k+1 z+k+1
fo kDR 20+ )@kt 1) 2k+3 2613
ot =on (| 1)
a2, = EED 1y = @y
N !
(7.10)
n\ [(n k —
kZ::( )k<k)< Zk>(2:) 2k4+1:2(n1+)1
. /n\ /n ek I\ (nER)EE (n— k) (—4)F
,;<k)< Zk)@k) ék?l,§<k)(k@u%flgn_g:§kfl
" /n\ /n\ " [(n —4)k
:,;) k <k> (nfz>§k?1
g<2(k_—i1 Z%/Oﬁ-j—zz%ﬁarctanQﬁ
S = > (Zi—llj:) 2(]:?12 [t"](1+ )" [ﬁarctam%/ﬂ ‘ u=t(1—|—t)} =
:[t"](1+t)”marctan2 WA+ D) =[] [72 %Z‘iw) arctan 2y/w(1 + w) | w= (1 +w)| =
L e 1 (="

Toant1t T oyl
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(7.11)

RO (I

B n (kN 2K\ T (—4)k 1
S = 4 (k)fk where fk( 1 ><k) P fof;

frt1 _ z+k+1 k+1 z+k x+k

fr k+1  20@k+1) z+k+1 k+1/2

= G(fi) = % 21 <11’/§ ‘ —t)-

2 feigty [ (35 -4) o= ) = b (M7 )
172, =20 @2 w) = (2032 2) (- 172 - 2) = (- BT B2t D

_ (<1)" 20(2z —1)---(2z —2n+1) _ (=1)"(2z)*"
N 2020 gp(z—1)---(x—n+1)  4n.gn

o (Z)" P 4t 1 (2n> (x—n+1/z)_

x4n 2z (2n)! 2n+41

(7.12)
SO S-SR e
> (")) S e
-% e = a2 (0 ) T e [ = ] -
= S g = = =
*(7.13)
> () s ()
*(7.14)

z”: 1 20\ (2K\ (2n+ 2K\ " (—16)" (—3/4) (4n\ "
k:O2n+2k’+1 n+k k n+k C 4dn+1 n 2n
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*(7.15)
lé DG o) = T (Heon B Heveon  Haro)
*(7.16)
S () () = e
*(7.17)

*(7.18) - Equivalent to a formula of K. L. Chung (3.148):

R [N

=~
N
S 3
v

O =

*(7.19)

ol pees [at B R

k k+x k+y - z+n\(y+n\[/2n+2y
n n n+y

*(17.20) - Many closed expressions for sums of the form S:2/1 are known from the theory of hypergeometric
function. Definition: if a, b, ¢, z are complex numbers:

k=0

*(7.21)

*(7.22)

> <_Z/ 2) ("f) (2:> ~ 2sin@) —cos(nr)  neR,Jol < u

k=0
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*(7.23)

*(7.24)

*(7.25)

119

go (n/]j — 1> (n/zk 1) (2:) Tk s;r];(i)ikﬂ B lzi?;) n R |z <1
ki:o <—(”Z WQ) ((n _kl)/2) (2:) _1% =sin(nz) neR |z < g
g ((n ‘; 1)/2> ((n kl)/Q) (2:) 71(2 sin(z))** = %&? neR, |zl <1

L —2a\ [—2b
k k

)

—a—b—-1/2
k

-1
) -

(a+b—1/2)I(~1/2)!
(a—1/2)I(b—1/2)!

a+b+1/2#0,-1,-2,...

el

k

—2b

)

gk _ Vr(a+b)! 1

1

a—>

a+b+1#0,-1,-2,...

((b —1/2)(a — 1)!

)

b—1)l(a—1/2)!

(b—1)!(—1/2)12!

(a/2+b/2—1)(b/2 —a/2 —1/2)!

b#£0,—-1,-2,...

sor

—9n, 1/2
n+j+1

Y

B0
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*(7.30)

2n+1 . —1
0 —2n—1, 1/2 B ok (2n+ 1\ 2K\ (n+j+Ek
mer (i 1) =2 ()G

k=0

*(7.31) - The two previous sums satisfy the recurrence relations:

S22+ 1,

T S =88] 4 Ry

*(7.32) - and:

202 1,

_ n n+1
w1 e =3RS

*(7.33) - Some special values of these summations are as follows:

*(7.34)
Sy =1 (n>0)
*(7.35)
n_ N+ 1
L7 on+1
*(7.36)
n 3(n+1)(n+2)
27 2(2n+1)(2n +3)
*(7.37)
n (n+2)(n+ 3)(11n + 10)
5 4@2n+1)(2n+3)(2n +5)
*(7.38)

(n+2)(n+3)(n +4)(43n + 35)

Sit = 8(2n+1)(2n+3)(2n +5)(2n +7)
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*(7.39)
R,_Ll:_5n;-2 (n>1)
*(7.40)
0=—1 (n=0)
*(7.41)
Ry =0
*(7.42)
n_ n+42
R2_2@n+$
*(7.43)
R 5(n+2)(n+3)
7 4(2n +3)(2n +5)
*(7.44)

n o 21(n+2)(n+3)(n+4)
1T 820 +3)(2n+5)(2n +7)

*(7.45) - In general one has transformations of the following type:

P ) e () -

47 (2‘7) - /Ol(cos(27rx))2j(1 — 4z(sin(27z))?)"dx

J

*(7.46)

N A R A 2\ *\
:4J(Jﬁj> ;Z(cos?) 1—4z (sin%k) t>2(n+j)
k=0

*(7.47) - These relations, (7.29) - (7.47) appear in a paper by the author [H. W. Gould] pending
publication.

) B e
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*(7.48) - R. Lagrange:

" (x)(y—k)<x+y—k>1x+y+1—2k
>
‘ k) \n—k n r+y+1—k

10 (DD - HOECIO -5(0-0)

y—Fk\ Wy — )kl (n — k)! B
(n—k) N kZ:l Elz—k+ D (n—k)(y —n)n!
B zl(y

X
_al(y—ax 1) - y—k oly—x—1) Y u—u"t! ot ]
= . 1;<a:—k:+1 ! Ny | =] =

zl(y —x —1)! n+l
S0 (v - ) / (1)

(
z Y z—n y—n iL"( 71’71)' —
= (Y — () A =

- x'q(j{(;f ;)!1)! (:v!(yyi ) (x —(?jl)_!(z)i CU)!) Ty i z CJL) Y i x CJL)

@) %ﬂ (i) ; (x Z 1) (Z)l - kil x i 1 (:lj!?;;li”;!(_y/;)!];?! ' n!(yyi n)!

2.8 Table 8: summations of the form S:1/2

This table contains 1 identity.

*(8.1)

i(fl)k <2,f > (QZ 1 ix> : <QZ I §y> C- <n + x><(2>+g/> (%Z 29:) <)2n + 2y>

- n+x n+y

n n
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2.9 Table 10: summations of the form S:4/0

This table contains 9 identities.

*(10.1) - Dougall:

< f—a\ 'z + 2k sin(rz) (—2x)! 1
> (4 - oz T2
k=0

x T (—z)!

*(10.2) - Dougall / Staver:

.
> (1) - () () e () ()
*(10.4)
e () () = G ()
.
S () -
.
rere=(75) S (55) 50) (L)
.
S (1) () () -
.
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*(10.9) - Carlitz:

2.10 Table 11: summations of the form S:3/1

This table contains 5 identities.

*(11.1)
SEEE ) =)
*(11.2)
o () () = ()
*(11.3)

ké(z)(Z)(nik) (“Z”)lz (CE::Z)(yZZ)(HzH)l

*(11.4) - Harry Bateman: Notes on Binomial Coefficients. The limiting case of this, when we replace
x by x/z and y by y/z and multiply through with 2"*! letting 2 — 0 is precisely (1.60). Bateman does
a similar thing with a series of the form S:2/1. The result suggests analogies between power relations and
binomial sums.

n/2

P e e [ GG R (RN R B)

*(11.5) - Harry Bateman: Notes on Binomial Coefficients.

SO0 =250 - ()
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2.11 Table 12: summations of the form S:2/2
This table contains 9 identities.

*(12.1)

e (DO () L)) e

*(12.2)
S () () () weens -
SO )
D=6 (o)
S (2T e[S [um i =g = (7 17).

The natural sum is therefore:

o= (P ()

If we call S this sum, the original sum is S/2 plus one half of the central element k = 0, that is:

OG-

*(12.4)

S (O (1) 30 0)

k=0

BT ) S ()
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*(12.6)

i (n+k+1)/2\"°  2k+1 L4 (~1)»tF 1
P k 4k(n —k+1)2 2 2+l

*(12.7)

i n+k+1/2\7? Ak +1 1
2k 16(2n — 2k +1)2  4dn+1

k=0

*(12.8) - The previous identity can be rewritten in the form:

2": on \*(2n+ 2K\ % 16F4k+1) 1
—\n+k n+k (2n+2k+1)2  4n+1

*(12.9) - Harry Bateman: Notes on Binomial Coefficients; see Gould, Duke Mathematical Journal, 32
(1965), p. 706.

i n\ (y+k\ (x+k -1 r+y+k+n+1 _1x+y+2k+1_ z4+n\ "
k k k n r+y+k+1 n

2.12 Table 16: summations of the form S:4/1

This table contains 8 identities.

*(16.1) - Equivalent to a result of Bailey:

() (L)
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*(16.2) - Equivalent to a formula of W. A. Al-Salam; see (22.1).

S () -
(=)™ (2a + 2n)1(2b + 2n)!(2¢ + 2n)!(n + d)!(2n)!d!
n! (a+n)(b+n)(c+n)l(2d + 2n)!(a + 2n)!

" (a+b+3n)!(a+c+3n)(b+c+3n)!
(b+2n)!(c+2n)(a+b+2n)(a+ c+ 2n)!(b+ c+ 2n)!

a,bceR, d=a+b+c+3n

*(16.3) - H. L. Krall:

SO0 -0

2.13 Table 17: summations of the form S:3/2

This table contains 5 identities.

*(17.1) - Dougall / Dixon:

SO ) e

Rz+y+2/2) > -1

*(17.2)Saalschiitz:

SEOOCTE ) e ey

*(17.3) - Watson:

A

(=1/2)!(z = 1/2)X

(z )2z = (x+y+1)/2)!
- ((@=D/2U( - 1)/2)(=

y—1
(z+1)/2z - (y+1)/2)!
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*(17.4) - Bailey. We have f(z,y) = f(y,x) if f(x,y) is defined as:

= or () ()

*(17.5) - Th. Clausen:

é(—l)’“ <§“’”) <1§y) (Ik y) (2:17k 2y) o (:17 v 1/2) R

2.14 Table 21: summations of the form S:6/0

This table contains 1 identity.

*(21.1)

S () () e GG

2.15 Table 22: summations of the form S:5/1

This table contains 2 identities.

*(22.1)

o 2n 2a 2b 2¢ d+k\ (d+2n\ "

kZ_O(_l)k<k)<a—n+k><b—n+k>(c—n+k)< k >< k > -
(=)™ (2a)!(20)!(20)!(n + d)!2n)!(n+a+b)! (n+a+c)l(n+b+c)
n! (n+a)l(n+b)l(n+ c)l(d+ 2n)lalble!  (a+b)!(a+)l(b+ c)!

d=a+b+c
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S0

By use of the

that heading.

identity:

(x

+2n) ! B (2x+2n
L =

*(22.2) - Special case of the previous identity:

T

2r + 2n
x+k

it is possible to transform the above S:5/1 into a series of the form S:4/1 and the result is tabulated under

g

(1)

(

3n+k

¢ )(5;>_1 - (—1>”<3§)SM

(5n)!n!

2.16 Table 23: summations of the form S:4/2

This table contains 1 identity.

*(23.1) - This identity follows from (17.5):

Bl

> (00"

)

i

k

e

3:4—y—1/2>_1

<m+y1/2

n

n

() -
-

-k

2.17 Table 24: summations of the form S:3/3

This table contains 1 identity.

129

*(24.1) - Dougall. The author [Gould] shows in a paper awaiting publication, that this relation implies
Fjeldstad’s relation (6.1).:

|

ez () (0T

r+y—+z
)

I

Tty
Y

)(ﬁ)w

)

y+k
k

)

zlylzl(z +y + 2)!

2+ )y + ) +2)

k

z+k>_1_

Rx+y+2z)>-1
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2.18 Table 31: summations of the form S:4/3

This table contains 2 identities.

*(31.1) - Dougall:
go (—1)’f(cc+2k) <c+ll<€;— 1) (i) (i) (Z) <x+z+k>1<y+;+k>l<z+z+k>l _
- (fyici'ﬂf?f;f)lﬁff;f53' Rlatytzte)>-l
*(31.2)

—X

> ()

) ) )
(@ y)l(e —2)
2Nz —y—2)

2.19 Table 71: summations of the form S:6/5

This table contains 1 identity.

*(71.1) - One of the most general identities known is that of Dougall, which may be expressed as an
S:6/5 or as a 7Fg with unit argument:

(

c+k—1

n\[x\(y\[z\[(z+y+z+n+2c+k

)G 6 )

(=D*(c+2k) k k) \k)\k) \k k B
c n+c+k\[(z+c+k\[(y+c+k\/z+ct+Ek\(z+y+z+c+n
(e e
r+y+c+n\[({y+z+c+n\[(z+xrx+c+n\/c+n
I [ [ [0y
T Jr+c+n y+c+n\(z+c+n\[(rx+y+tz+c+n
(s
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2.20 Table 97: summations of the form S:7/6

This table contains 1 identity.

*(97.1) - Expressed as a 7Fg one has the equivalent form of Dougall’s formula:

a,14+a/2,b,c,d,e,—n
7Fg / ]_

a/2,1+a—-bl+a—cl+a—d,14+a—el+a+n

_(I+a),4+a-b—c)py(l+a—-b—-d)y(1+a—c—d),
T (l+4+a-b)(1+a—-c)p(l+a—-d)p(l+a—-b—c—d),

1+2a=b+c+d+e—n, neN, (x)p,=2(x+1)---(x+n-1)

2.21 Table X: summations of the form S:p/0

This table contains 18 identities.

*(X.1) - An asymptotic formula. For p € Ny, Polya and Szego.

S -EE)T

*(X.2) - Gould:

” PR z \'(n+1)P
E _\P _ P) — wnww )
0( ) (1) ((z — k)P —2P) = (nJr 1) 2 t)p 1

*(X.3) - The three relations (X.3), (X.4) and (X.5) are connected with general expansions of Worpitzky,
as shown by Carlitz, and were “rediscovered” by various modern writers, in particular by Shanks.

rp—r+1 k— . p P

1 1 —i-1
3 ( r+k )Z (rp+ )<k+rr] ) :<9:> rp e Nol
k=0

fn

H

*(X.4)

i(_l)k(rplj-l) (rp—k—i-ry—i-?“—l)p: (1;y)”
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*(X.5)

Tpiﬂ(_l)k (rp]: 1) (rpr— k)p .

k=0

*(X.6) - Staver. Definition:

*(X.7) - Staver. Definition:

*(X.9)
Sn2(8) = =5 (3) + 2%571_1(3)

*(X.10)

Sn,3(3) = n3Sn_1(3)
*(X.11)

Sn,4(3) = ng(n2+ 1) S”*1(3)

*(X.12) - Staver:

n® B 5nt(n — 3)

*(X.13) - Franel. This relation was first proved by J. Franel, in answer to a question posed by C. A.
Laisant in the first volume (1894) of the journal L’Intermédiarie des Mathématiciens.

n?S8,(3) = (Tn* — T +2)S,,_1(3) + 8(n — 1)2S,,_2(3)
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*(X.14) - Frenel / Staver. Frenel also found the following formula as well as other interesting results:

n38,(4) = 2(2n — 1)(3n2 — 3n + 1)Sn_1(4) + (4n — 3)(4n — 4)(4n — 5)S,_2(4)

*(X.15) - Nanjundiah:

— (n\’ n—k, k & @ (n—F n—2k k
> p) 2= Ol )@y T @)
k=0 k=0
n k k (@)
+1
c = (1) (§)ew
i=o M

This general result includes several special cases in the preceding tables. Thus:

_ n+1\ /n\ "
o= (")) e

1 2 n 3 n ?’L+k
i cn=() = ()0

MacMahon [53] has given very general generating functions for S, (q); however, this is too extensive to list
in the present tables.
*(X.16) - This identity follows trivially from (Z.8):

Z(—l)k<z> (al;;blk) <a27—;b2k> <arT—;brk) =0 0<mi+mo+---+m, <n
1 2 T

k=0

*(X.17) - Again, a trivial consequence of (Z.8):

S EN(E) (B =0 vemanasrbe o

*(X.18) - Another trivial consequence of (Z.8):

n b1 bz k/,b7
> (—U’“(”) (alk )(“2]“ ) (‘“ ) —0  0<bici+bhcat b <n
— k c1 Co Cr

k=0




