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Abstract
The Fibonacci Zeta functions are defined by (p(s) = > po; Fj °. Several aspects of
the function have been studied. In this article we generalize the results by Ohtsuka
and Nakamura, who treated the partial infinite sum Z?’:n F_® for all positive
integers n.

1. Introduction

The so-called Fibonacci and Lucas Zeta functions, defined by

o0 1 oo
Grl) = 2 g and Cule) = 3 7
n=1"" n=1""

respectively, have been considered in several different ways. In [8] the analytic
continuation of these series is discussed. In [2] it is shown that the numbers
Cr(2),¢r(4),(r(6) (respectively, (1,(2),(r(4),(r(6)) are algebraically independent,
and that each of (r(2s) (respectively, (r(2s)) (s =4,5,6,...) can be written as a
rational (respectively, algebraic) function of these three numbers over Q. Similar
results are obtained in [2] for the alternating sums

* = (71)n+1 . * = (71)n+1
(r(2s) = Z T respectively, (7 (2s) := Z o (s=1,2,3,...).
n=1

n n=1 n
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From the main theorem in [4] it follows that for any positive distinct integers
S1, 82, 83 the numbers (r(2s1), (#(2s2), and (r(2s3) are algebraically independent
if and only if at least one of s1, s2, s3 is even. Other types of algebraic independence,
including the functions

o0 o0 o0 oo
1 1 1 1
;F§n717 ;Fégn) ;L§n717 ;L§n7

are discussed in [6]. In [5] Fibonacci zeta functions and Lucas zeta functions in-
cluding

CF(1)7CF(2)7 CF(3)7 C;:"(l)v CL(I)v CL(2)5 CZ(I)

are expanded as non-regular continued fractions whose components are Fibonacci
or Lucas numbers.

In [9] the partial infinite sums of reciprocal Fibonacci numbers were studied. In
this paper we shall generalize their results, given in Propositions 1 and 2 below.
Here, |-| denotes the floor function.

Proposition 1. We have
-1
i 1 JFaa if n is even and n > 2;
k:an "\ F.2—1 ifnisodd andn > 1.
Proposition 2. We have

—1
i 1 ) FaaFy =1 ifnis even and n > 2;
= F? | F,_1F, if n is odd and n > 1.

2. Main Results

Let a be a positive integer. Let {G,} be a general Fibonacci sequence defined by
Grio = aGry1 + Gy (k > 0) with Gy =0 and G; = 1.

Theorem 3. We have
-1
i 1 G —Gr if n is even and n > 2;
k:nGk B Gn—Gp_1—1 ifnisoddandn > 1.
Theorem 4. We have

-1
i i _ JaGn1G, =1 ifnis even and n > 2;
Gi 1 aGn_1G ifn is odd andn > 1.

k=n



INTEGERS 11A (2011): Proceedings of Integers Conference 2009 3

We need some identities in order to prove Theorems 1 and 2.
Lemma 5. Forn > 1, we have

(1) G} = GuoaGrgr = (-1)" !
(2) Gno1Gny3 — GpGryo = (=1)"(a® +1)
(3) GnGry2 + Gno1Grg1 = Gony
(4)

4 n+1Gn+2 - anlGn = aGQnJrl'

Proof. Every proof is done by induction and omitted. O

Proof of Theorem 3. Using Lemma 5 (1), for n > 1 we have

v vt !
Gn - anl Gn Gn+1 Gn+2 - Gn+1

Gn+2 - Gn+1 - Gn + anl GnJrl + Gn

N (Gn - Gn—l)(Gn+2 - Gn+1) GnGn+1

_ Gn+2(Gn—1Gn+1 - G%) + Gn—l(GnGn-i-Q - G?H-l)
GnGnJrl(Gn - anl)(GnJrZ - GnJrl)

_ (*l)n(Gn+2 - Gn—l)
GnGnJrl(Gn - anl)(Gn+2 - Gn+1) ’

(1)

If n is even with n > 2, since the right-hand side of the identity (1) is positive, we

get
1 1 1 1
> + : 2
Gn - anl Gn GnJrl Gn+2 - Gn+1 ( )

By applying inequality (2) repeatedly we have

1 < 1 n 1 n 1
Gn - Gn—l Gn Gn+1 Gn+2 - Gn+1

S 1 n 1 n 1 n 1 n 1
Gn GnJrl Gn+2 Gn+3 Gn+4 - Gn+3
1 1 1 1 1 1
>+ + - - - e

Gn GnJrl Gn+2 Gn+3 Gn+4 Gn+5

Thus, we obtain

ZGk Gn—Gn1 G )

k=n
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In a similar way, if n is odd with n > 1, then

— 1 1
—_— > . 4
D Drerie o W

n

On the other hand, if n is even with n > 2, then by Lemma 5, parts (1) and (4)

1 1 1 1
Gn - Gn—l + 1 Gn Gn+1 Gn+2 - Gn+1 + 1

2(_1)n—1 + (—1)n_1Gn+2 + (—l)nGn_l + ang_H + G, + Gn+1
GnGn+1(Gn - anl + 1)(Gn+2 - Gn+1 + 1)

_ _ (aG2n+1 - Gn+2) + (Gn—l + G, + Gn+1 - 2) <0
GnGn+1(Gn —Gpo1+ 1)(Gn+2 — Gpy1 + 1) '

Hence, by applying the inequality

1 1 1 1
—— <+ +
Gn - anl +1 Gn GnJrl Gn+2 - Gn+1 +1

repeatedly, we obtain

1 1 1 1
—— <+ +
Gn - anl + 1 Gn Gn+1 Gn+2 - Gn+1 + 1
S R - !
Gn Gn+1 Gn+2 Gn+3 Gn+4 - Gn+3 +1
1 1 1 1 1
<+ + - + + 4o

Gn Gn+1 Gn+2 Gn+3 Gn+4 Gn+5
Thus,

o0

1 1
anGn_1+1<kZG_k'

=n

Together with (3) we have

1 1 1
Gn_Gn71+1<ZG_k<Gn_anl,

k=n

SO

-1
— 1
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In a similar manner, if n is odd with n > 1, then

1 1 7 1 7 1
Gn - anl -1 Gn Gn+1 Gn+2 - Gn+1 -1

2(—1)”71 + (—1)nGn+2 + (—1)”71Gn71 + angH — Gn — Gn+1
GnGn+1 (Gn - Gn—l - 1)(Gn+2 - Gn+1 - 1)

_ aGuy1(Gryr — 1) + Gr(aGp —a —2) +2 >0
G7LGn+1(Gn - Gn—l - 1)(Gn+2 - G7L+1 - 1) -

where the equality holds only for n = a = 1. Hence,
1 = 1
Gn - Gn—l -1 /;z Gk

Together with (4) we have

1 <1 1
- 7<—
Gn—Gn_1<,§le Go—Gni 1

S0
o] 1 -1
(ZG—> :Gn_anl_]u
k=n k
Proof of Theorem 4. By Lemma 5(1)
1 1 1 (L(GnGnJrl — anlGn) 1

aGp1Gn—1 G2 aGnGpi1—1  (aGrn1Gn — 1)(aGpGni1 — 1) G2

n

a’QGfrlL — (aGn—lGn - 1)(aGnGn+1 — 1)
G%(aanlGn - 1)(aGnGn+1 —_ 1)

GQG%(—l)nil + aGn(Gn,1 + Gn+1) —1
G2(aGp-1G, — 1)(aGpGpy1 — 1)

> 2&G,L_1Gn -1
~ G2(aGn-1Gn — 1)(aGrGri1 — 1)

> 0.
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Therefore,
1 - 1 n 1
aanlGn —1 G% aGnGn+1 -1
- 1 n 1 n 1
G% G%Jrl aGn+1Gn+2 —1
>
> ! + ! + ! + ! +
alte te, e,
Thus, we have
1 =1
> 5
aGn_lGn—l k}z:;’b i ()

In a similar way,

1 1 1 20G,_1G, +1

- <- <0.
aGp_1G, +1 G% aGnGn_H +1 = G%(aGn_lGn + 1)(aGnGn+1 + 1)

Thus, we have
o0

1 1
_ — . 6
GG +1 kz el ©

On the other hand, by Lemma 5(1) and (3),

1 1 1 1
aGp 1G, G2 G2, aGp11Gni

o Gn—2 o Gn+3
aGn_lG% GG%JrlGn_;,_Q

o Gn—20%+1Gn+2 - Gn—lG%Gn+3
B aanlG%G%_,'_lGnJrg

a2(G% - anlGnJrl)(GnGnJrQ + anlanLl)
aGn_1G%G%+1Gn+2

_ a(_l)n_1G2n+1
G rG2G2Crra
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If n is even with n > 2, then

1 1 1 1

- @ < -
GG ~ G2 G2, aGriiCora
S I S B |
Gh  Ghy Ghiy Glys aGnisGnya
<
L 1 1 1 1

+ + + + +
G, G%-H G%+2 G%+3 G%+4 G721+5
Hence, we have
=1 1
— > . 7
kz:; G% aG,_1G, (™)
Similarly, if n is odd with n > 1, then
=1 1
— < —. 8
I;L Gi aG,_1G, )

If n is even with n > 2, then by equations (5) and (7) we obtain

-1
=1
aGp_1Gp —1 < (; G_Z> < aGp_1G, .

Thus,
00 —1
Z L aGn_1G 1
=) = n—1Un — L.
k=n Gl%

If n is odd with n > 1, then by equations (6) and (8) we obtain

1
=1
aGp1Gn < (I;n G_i> < aGn_1Gp + 1.

Thus,

-1
=1
- = aanlGnm

O

The following results are proved in similar manners. Such reciprocal sums of
Fibonacci-type numbers have been studied by several authors (e.g. [1], [3], [6],

[11).
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Theorem 6. We have

-1
1
(1) <Z G%) = Gop—Gons—1  (n>1)
L k=n
(2) <Z sz1> =Gop1—Gops  (n>2)
k=n
3 S = Gurt — G -
( ) <kz_;z G2k102k+1> 4n—1 n—3 (n )
L - 1 /
4 - Gt — Canr — 1 -
(4) <kz_7:1 GQkG2k+2) Gant+1 — Gan—1 (n>1)
L . "
(5) <Z G—2> = G4n—1 - G4n—3 — 1 (n Z 1)
f=n 2k
(6) <Z G2 > = Gyn-3 — Gan—s (n>2)
k=n — 2k—1
oo 1 _1
- _ o ) N
" <kz_; G%lek) Gian—2 — Gan—a (n>1)

3. Generalized Fibonacci Numbers

Let ¢ be a non-negative integer. Let {H,} be a generalized Fibonacci sequence
defined by Hpio = Hyy1 + Hi (k> 0) with Hy = ¢ and H; = 1.

Note that H,, = F,41 if ¢ = 1, and H,, = L, (Lucas numbers) if ¢ = 2 ([7,
Corollary 5.5 (5.14)]).

The sequence H,, can be defined also as the total number of matchings in the
connected planar graph on n vertices with n — 24 ¢ total edges, of which ¢—1 edges
are between one pair of vertices. The ¢ = 1 and ¢ = 2 cases are stated in [10, A45
and A204], and the proof for ¢ > 2 is a inductive counting argument. An similar
result for the Fibonacci type sequence Giio = aGry1 + G, Gp = 0, G1 = 1 can
be generated by counting the total matchings in a path (as defined in [12] on k — 1
vertices with a loops at each vertex.



INTEGERS 11A (2011): Proceedings of Integers Conference 2009 9

Theorem 7. We have
[e%e} -1 . .
Z L _ JHp2—1 ifn is even and n > no;
= Hy, H,_» if n is odd and n > n .

Remark. ng and ny are determined depending only on the value of c. For example,
if H, = Ly (Lucas number) or ¢ = 2, then ng = 2 and ny = 3.

Precisely speaking, ng = 2if ¢ =1,2; ng =4if ¢ <4;ng=6if ¢ < 10; ng =8
if ¢ <26; ng=101if ¢ < 68; ng =12 if ¢ < 178; ng = 14 if ¢ < 466; ng = 16 if
c < 1220; ng = 18 if ¢ < 3194; ng = 20 if ¢ < 8362.

Similarly, ny =lifc=1;n =3ifc=2;n; =5ifc<6;n =T7ifc<16;n7, =9
if c <42;np =11 1if ¢ < 110; ny = 13 if ¢ < 288; ny = 15 if ¢ < 754; ng = 17 if
c <1974; nqy = 19 if ¢ < 5168.

Theorem 8. We have
-1

i 1 _ JHp 1Hy4g(c) =1 ifn is even and n > ny;

= H? H, 1H, —g(c) if n is odd and n > ng,

where

ifc=0,2 (mod 3);

ifc=1 (mod 3).

Remark. Note that g(c) is an integer. If Hy = Lg, then we take ny = 2 and
ng = 1. Precisely speaking, we can determine ny and ng as follows:

c|112|3[|4|5|6|7(8|9]10(11]12|13|14|15(16|17|18|19|20
ne|2(2|414|14|6(4|6|6|6 |6 |6 |6 |6 |8|6|8|8|6]|8
ng | 1|1|3]|5|3|5(5|85|6|7 |5 |5 |7 |7 |7 |7 |7|7|7|7

We need some lemmata in order to prove Theorems 7 and 8. Every proof of the
lemmata is done by induction and omitted.

Lemma 9. Forn>1, H, =cF,,_1 + F,.

Lemma 10. We have
(1) H: - H, 1Hy41 = HH,y1 — Hy 1Hpio = (—1)"(c? +c—1)
(2) Hy1Hyoy — Hy oHpyo = (—1)"12(2+c—1)
(3) HpyaHy — HpioHp—9 = Hyy1(Hpg3 — H—1)
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(4) Hn+1Hn+2 -H, 1H, = H»Z + H72L+1 = cHy, + H2n+1-

Proof of Theorem 7. By Lemma 10 (2)

1 2 1 (Hn - Hn—?)Hn—i-l - Hn—Q(Hn + Hn+1)

Hn72 Hn HnJrl Hn72Han+1

anlanLl - Hn72Hn+2
Hn—2Han+1

(=) 12(c2+c—1)
Hn—QHan+1 )

Hence, if ¢ > 1 and n is even, then by

1 < 1 n 1 n 1
Hn—2 Hn Hn+1 Hn
< 1 n 1 n 1 n 1 n 1
Hn Hn+1 Hn+2 Hn+3 Hn+2
1 1 1 1 1 1
<—+ - - - + o

Hn Hn+1 Hn+2 Hn+3 Hn+4 Hn+5

we have

1 =1
T <,;Fk' (9)

In a similar manner, if ¢ > 1 and n is odd, then

1 =1
. 10
7o 2T (10)

On the other hand, if n is even, then by Lemma 10 (2)

1 1 1 1
R (11)
Hn—2 -1 Hn Hn+1 Hn -1
(=) '2(E + e —1)Hy + Hyqo(Hy—o + Hy, — 1)
Han-l-l(Hn—Q - 1)(Hn - 1)
o _2(62 + C — 1)Hn =+ Hn+2(Hn—2 + Hn — 1) (12)

HyHyiy(Hys — 1)(H, — 1)

The numerator is positive if n is large enough for a fixed c¢. For example, one can
take n so that H, o > 2(c?> +c¢— 1) since H, is monotone increasing for n. Exactly
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speaking, if ¢ = 1, then the right-hand side of (12) is positive for n > 2. If 2 < ¢ < 4,
thenn > 4. If 5 <¢<9,thenn >6. If 10 <c¢ <24, thenn > 8. If 25 < ¢ < 62,
then n > 10. If 63 < ¢ < 161, then n > 12. If 162 < ¢ < 422, then n > 14. If
423 < ¢ <1104, then n > 16.
If n is odd, then
1 1 1 1

. 13
Hn—2+1 Hn Hn+1 Hn"'l ( )

(-1 '2(c2+c—1)H, — Hyyo(H, o+ H, +1)
HnH7L+1(Hn—2 + 1)(Hn + 1)

- 2(02 +c— I)Hn — 1Hn+2(Hn—2 —+ Hn —+ 1) (14)
HyoHy1(Hy—o + 1) (Hy, + 1) '

The numerator is negative if n is large enough for a fixed ¢. For example, if ¢ = 1,
then the right-hand side of (14) is negative for n > 1. If ¢ = 2, then n > 3. If
3<c¢<6,thenn>5 If7<c¢<15,thenn>7. If 16 < ¢ <38, thenn > 9. If
39 < ¢ <100, thenn > 11. If 101 < ¢ < 261, then n > 13. If 262 < ¢ < 682, then
n > 15.

When n is even, repeating the inequality

- 0
Hn72 -1 Hn Hn+1 Hn -1 -
we have
TN -
Hys—17~ & H’

Together with (9), we obtain

—1
=1
— = H, 5—1.
(Zm) |-

When n is odd, repeating the inequality
1 1 1 1

- - - __- __ - <0
Hn72+1 Hn Hn+1 Hn+1 =0
we have
1 =1
16
Hn 2+1 kzz;sz ( )

Together with (10), we obtain
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Proof of Theorem 8. By Lemma 10 (1)

1 1 1
Hy,1Hy + (=1)"g(c) — 1 - H7721 - HyHyq1 + (=1)"*g(c) — 1

_ H2 + (~1)"+H12g(c) 1
(Hoo1Hy + (—1)7g(¢) = D(HoHyor + (—1) 1 g(c) = 1) H3

(=1)"(2 + ¢ — 1= 3g() H2 + (9(¢))” + Ho(Hpir + Hoo1) — 1
HZ(H,— H, + (—1)"g(c) — 1)(HpHpr1 + (—1)"g(c) — 1)

Suppose that n is even with n > 2. Then the numerator is
(¢ + ¢ = 3g(c) = V)H + (9(0))" + H(Hyr + Hooy — 1)

Z Hn(anl - Hn72) + (g(C))2 -1 2 0

(the equalities hold only for n = 2 and ¢ = 1). Suppose that n is odd with n > 1.
Then the numerator is

(3g(c) — & — c+ 1) H2 + (9(¢))* + Hp(Hpi1 + Hyy — 1)

2 HTQL + Hn(Hn+1 + anl) + (g(C))2 —-1>0.
Therefore, for all n > 1

1 =1
> —. 17
Hy 1 Hp +(=1)"g(c) — 1 ,;L Hj; "

Similarly,

1 1 1
Hy,_1Hy, + (=1)"g(c) + 1 B Hirg - HyHyq1 + (=1)"+g(c) + 1

HE + (=1)""12g(c) 1

 (HprHo + (=1)"g(c) = )(HyHpyr + (=1)"+g(c) = 1) HZ

(—1)"(2 + ¢ —1—3g() H2 + (9(¢))? — Hu(Husr + Hyy) — 1
H2(Ho 1 Hy, + (—1)7g(c) + 1) (HoHpp1 + (—1)"1g(c) + 1)

If n is even, then the numerator is less than or equal to
2
_Hn(HnJrl + Hn + anl) + (g(C)) —1.
If n is odd, then the numerator is less than or equal to

—H,(Hpy — Hy o) + (9(c))* = 1.



INTEGERS 11A (2011): Proceedings of Integers Conference 2009 13

Thus, in any case, for n > ns (ns is large) both values are negative. Therefore,

1 =1
< — . 18
Hy1Hy + (=1)ng(c) +1 ,; Hj; (%)

By Lemma 10, parts (1) and (4)

1 1 1 1
Hy, 1Hp + (—1)"g(c) HZ H£+1 Hps1Hnio + (—1)"g(c)

_ Hy1Hyio — Hoo1Hy, _Hi+HR
(Hp-1Hy + (=1)"g(c)) (Hps1Hpio + (—1)"g(c)) HRH?

_ (CH% + H2n+1)(( 1)"(¢* +¢—1)HyHypq
(Hpn—1Hp + ( (¢)) (Hpy1Hpyo + (—1)"g(c))HZH2 |

(*1)n+19(‘3)(Hn+1Hn+2 + Hy 1 Hy) — (g(c))Q)
(Hy—1Hy, 4 (=1)"g(c)) (Hns1 Hnto + (=1)"g(c)) HZH 4

+

Hence, if n is even with n > ng (large), then by
(c® +c— 1) HyHni1 — g(c)(Hup1 Hugo + Hy1Hy) = (9(0))* < 0
we have
m Z H2 . (19)
If n is odd with n > n; (large), then by
—(® + = D)HyHni1 + g(c)(Hup1 Hugo + Hy1Hy) = (9(0))* > 0
we have

—Hn - Z H2 . (20)

In conclusion, if n is even, by (17) and (19) we obtain

o0

ORI
H,_1H, + g(c) H? " H, 1H,+g(c)—1"

If n is odd, by (18) and (20) we obtain

1 1
H, H, — <ZH2 Hy 1 Hn—g()
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4. The Sum of Reciprocal Jacobsthal Numbers

It would be interesting to find similar results for the sum > - U, 1 where the
sequence {U, },, is defined by U,, = aUp,—1 +bU,—2 (n > 2) with Uy =cand U; =d
for arbitrary fixed integers a, b, ¢ and d.

Here, we mention the result for the sum of reciprocal Jacobsthal numbers, defined

Theorem 11. We have

o] -1 . .

Zi _Jdnr -1 if n is even and n > 2;
Ji o

k=n

Jn—1 ifn is odd andn > 1.
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