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Abstract Irrationality measures are given for the values of the series Y - "'/ W15, Where
a,beZ", 1<b<a, (a,b)=1 and W, is a rational valued Fibonacci or Lucas form,
satisfying a second order linear recurrence. In particular, we prove irrationality of all the
numbers

Yo Y

n=0 fan+b n=0 lan+b
where f,, and [, are the Fibonacci and Lucas numbers, respectively.
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1. Introduction and results

Let
W, = W,(r,s) =ya" +688", neN, (D

be a Fibonacci F,, = (" — ")/(e¢ — B) or Lucas L, = «" + B" form.
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250 T. Matala-Aho and M. Prévost

In the sequel we will investigate some arithmetical properties of the values of the mero-
morphic function

o0 n
W(t) = Z ! - teC\ {(x“(”+1)/ﬂ“"| ne N}, 2
n=0 an—+.

where @ = (r +/r2 +45)/2, b= —r2+45)/2,a,b € Z¥, r,s € Q* and r*> + 4s >
0. Here we may suppose without a loss of generality that |«| > || and hence F, L, # 0O for
alln € Z%.

André-Jeannin [1] proved the irrationality of the series (2) in the Fibonacci case, where
a = b =1, and soon after followed some irrationality measure considerations of the series
(2) in the case a = 1, see [4, 9, 12, 13]. However, not much is known about the arithmetic
character of the series (2) with arbitrary parameters a, b except the transcendence coming
from Nesterenko’s method [6, 10] for the numbers

1 > 1 21
ZL—’ Z ' ;LZn’

n=0 —n n=0 F2n+]

where o and B are algebraic numbers satisfying o = 1 in the first case and o8 = —1 for
the other two cases. When the indices grow at geometrical rate or more, the situation is
dramatically different because Mahler’s method applies. Namely, let r, s € Z \ {0} and let
Wo, Wi € Zbe not both zero. Then Nishioka’s general arguments [11] lead even to algebraic
independence results, for example of the numbers

2]
1
0d,l) = E , d,leZt,d=>3.
=5 Waryi

In order to present our Theorem 1 we first define ¢ = c¢(W) by

L1 (e 3 &1 P
“”125*(@‘; 2 —2)1"[

7 _
e T ) pa P71

and respectively

D U O < r’
C(L) lZg-ﬁ-(w—p Z —2> 1_[ ﬁ, K:ng(a,Z).

1=1,(,2a)=1 ! pla,p>3

Alsowe setr = R/d ands = S/d, whered, R € Z* and S € Z \ {0}. In the following let T
be an imaginary quadratic field and let Zj be it’s ring of integers.

Theorem 1. Leta,b € Z*, 1 < b < a, gcd(a, b) = 1 and let W,, be a Fibonacci or Lucas
form, where d, R and S satisfy

ds

W) _
R > |dS] YRR

3
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Take t € I* \ {@*@*D /(dB*)| n € NY. Then for every € > 0 there exists a positive constant
No = Ny(€) such that for all M, N € Zy with |N| > Ny

N M
— | > N @)
Wan+b N

n=0
with my (a) = log(|a|*/|dS|)/log(lee|"/“") /|d S)).

Corollary 1. Let r € Z\ {0}, if s=1, and rze Z\ A0, £1, £2}, if s=—1;2mke
t e I\ {a®@+D/ga| n e N}). Then mp(2) = ¢ =7.65163..., mp(3) = o =

5 20m2—135
10.12395...,  mp(6) = 5200 = 29.63686..., mL(2) = 7. =7.65163...,
my(3) = st e =23.3314..., m(6) = % = 29.6368....

2. Common multiples and factors

The following results are essential for our method even in proving just the irrationality of the
numbers

Moreover, Lemmas 2 and 3 imply almost optimal common multiples and big common fac-
tors for the coefficients in the Padé approximation formulae (61) thus yielding the sharp
irrationality measures listed in Corollary 1.

Lemma 1. Let (a,b) =1, k = (a, 2), let p be a prime and let ¢(n) and u(d) denote the
Euler and the Mébius functions, respectively. Then

d=1'@a)=1 % T n? 1_[ p2—1 (5)
§¢(aj) znz%g# + O(nlogn) (©6)
id)(aj +b) =n*= 7
j=0 o P
;¢(2(aj +b) = nz% pI(!;[23 pzp i -+ OGnlogn) ®)
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and

n 2 P
—|p@) =[] 55— + O(mlog’n) ©)
d=1,d=1 (mod a) [d] 2a lp_\a[ p*—1
> [®een="2 ] Loromeen a0
— = nlog’n
d=1.d=T (mod oy =24 04 0 po3 p*—1

forall(l,a) = 1.

The result (5) is well known and (6-7) are proved in Bavencoffe [2], see also Bézivin [3].
Accordingly, we consider just the claims (8), (9), and (10).

Proof: First we consider (8). Let

S=) ¢Q2aj+b)

=0

If 2|a, then (2, aj + b) = 1 for all j > 0. Thus

n 3 2
S:Z¢(aj+b):n2n—‘;]_[ P 1 Omlogn)
=0

2 _
J pla p !
,4a p2
== [ —=—+ Ologn) (11)
T papz3 PT 1

by (7). If 2 { a, then

n

S= Y w VS =545+,

(12)
j=0 d|2(aj+b) d di=2(aj+b)
where
Si= Y wdl K= Y u@l
dl=2(aj+b),2td dl=2(aj+b).2||d
and
Ss= ) L
dl=2(aj+b),4|d
Here
2an-+b) [Renth)) u(d)
Si= Y. wa > I=an®> ) >+ Otnlogn), (13)
d=1,(d,2a)=1 1=2b/d (mod 2a) (d,2a)=1
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where we use (5) to get

,8a p?
= 2]_[ C+O@mlogn) =n’ = [T —=—+0wlogm).  (14)
\Zu pla,p>3
Similarly
, anth
an+ d’ 2 /
, an u(d")
S, = Z w(2d") Z [ = - Z 7 + O(nlogn)
d'=1,(d" 2a)=1 I=b/d' (mod a) (d'2a)=1
»3a p? 4a p?
= —n? = " —|—O(nlogn)=—n2_2 l_[ - + O(nlogn). (15)
pl2a pla,p=3

Because S3 = 0 we get (8).
We next consider (9) by writing

n

=) [§]¢(d)=ik > gla+i (16)

d=1,d=l (mod a) k=1 n/(k+1)<ia+li<n/k

and using (7) to get

2
3a n
m= 2 () - ()
w21l pr £ k+ Da
! n n n n
(0] k| —1log— — I
+ (k; <ka %ka” k+a 0g(k+1)a>>
3n? p? "1 n n 'l n
n2a Ll ;kz wrig) T a;kogka

n? »? R
= — + O(nlog” n). (17)
2a p:—1
pla
The proof of (10) follows by an argument similar to that just given. |
Now set
Ep = Ex(e, B) = B*“ ®r(a/P), (18)

where ®,; = ®&,4(x) is the dth cyclotomic polynomial. If r,s € Z, then Ei(x, B) €
Z forall k € N, (k > 2), see Carmichael [5]. We also note that Fibonacci and Lucas forms
are given by

O(k—ﬂk kxk
Fp=——= = E 19
o ﬂa_ﬂ Hd<aﬁ) (19)
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and

Li=d'+8'=—= [] Eaep.

dfk,d|2k

(20)

Lemma2. Let r € Z+,s € Z\ {0} and let W, be a Fibonacci or Lucas form. Then there

exists M,, € 7" such that

Lem[Wy, Wasps -« s Wansp] [ M, Vn € Z*

and
M. < |(xa|MW(a)n2+0(n10gn)
n =
with
a—1 1 1
Mr(a) = 21_[ — X 75<;
pla p I=1,(l,a)=1
and

2 a—1 1

4 p 1
Mi(a) = —ry | | - E 5 <5
T a3 PP e ! 2

Proof: If W = F, then we may choose a common multiple

an+b
M, = I E,.

d=1
d|ak+b for some k<n
Suppose the numbers 1 < b; <a — 1, (I, a) = 1 satisfy
by=b/l (moda) foralll,1<l<a-—1.

Thus d = b, (mod a) for every divisor d satisfying dl = ak + b. Hence

a—1 [n/1—(b—b)/(la)] a—1 [n/1]

M, = 1_[ H Eaj+b1 l_[ l_[ Eaj+b[7

I=1,(l,a)=1 j=0 I=1,(,a)=1 j=

where

deg, [ | Eojus = ) _o(aj +b) =n® ﬂ [+ OGnlogn),
j=0 j=0 pla
@ Springer
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yielding
3 2 “
deg, M, =* S [[ 52— Y. 5+ Ologn). 29)
w2 p:—1, 2
pla 1=1,(l,a)=1

If W = L we continue similarly to the case W = F. First we note that, if 2|/ in dl =
ak + b, then

ak+b=2'd, I'eZ" (30)
and if dlak’ + b, where k' > k, then
ak’ +b =2hl'd 31)

for some h € Z*. From the representation

Ep
Di4hl'd
Liypp=—— (32)
Ep
D2hld

we see that the term E,, cancels. Thus we obtain a common multiple

an+b
M, = I1 Ey. (33)

d=1
dl=ak+b, 211, for some k<n
We now choose
a—1 [n/14+(b—1by)/(la)] a—1 [n/1]

M, = H l—[ Exajtb) 1_[ 1_[ Esajtny) (34)
1=1,4,2a)=1 =0 I=1,4,2a)=1 j=0

where
L - . ,4a p?
deg, [ [ Exajory = Y _0Qu@j+b)=n’= [] —= -+ Ologn).  (35)
i=0 j=0 T plap=3 P~ ~
Thus
4a pz a—1 1
_ .2
degaMn—n — 1_[ ﬁ B Z_ l—2+0(n10gn) (36)
pla,p>3 1=1,(,2a)=1
It is now clear that
®,(x) = [ [ = )@, 37
d|n

together with (29) and (36) implies (22), (23), and (24).
@ Springer
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To complete our argument we note that

a—1

My (a) = 21'[ > 112

\Zap =1 Ea

1PN MRS P

pl2a k=0 (p) I=1,0 2a)=1 =1

and hence that My (a) < 1/2 in both cases.

(38)

O

Lemma 3. Setr € Z%, s € Z \ {0} and let W,, be a Fibonacci or Lucas form. Then there

exists G, € Z such that

ah+j)+» forallh e N

and
G, > o |Gw(a)nz+0(n log® n)
with
¢(a) p’
G RN
r@) =25 ]'[[)2_1
pla
and
pla)c p’
Gy == [l ——
p\a,pz3p

Proof: Let W = F. It is known that
EqlFyhyjy+» ifandonlyifd | ath + j)+b
and, if we suppose (a, d) = 1, then (43) holds exactly for every
j=—-h—>b/a (mod d)
and thus
. n
#L<j=n:Eal Funepen) = [ 7).

So we may choose

n
G.= [ EM.
d=1,(a,d)=1
@Springer
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(41)

(42)

(43)

(44)

(45)
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which, by (9), has degree

a—1 n

deg, G, = ~]o@
I=1.(,a)=1 d=1,d=l (mod a) d
@ TT - + owlog'n) @)
= ¢p(a)— nlog” n).
2a p?—1 &
Now set W = L. By (20) we know that
Ep| Ly ifandonlyif D |2k and D jk. 48)

We consider factors D = 2d, d|k and (d, a) = 1. Let k = a(h + j) + b. First we suppose
2la,hence 2 fd and D = 2d. So

, n
#{1 <j<n:EplLinsjrb} = [E] (49)
If 2 fa, then we look only for the instances
k=Ql+1)d=a(h+ j)+b. (50)

Now we take

jo=min{l < j<n:ath+j)=b—d (mod 2d)}

and thus (50) holds exactly for every j = j, (mod 2d) giving

. n
#{1 < j<n:Ey| Lanjes} = [ﬁ] (51)
So
n
G,= [] E&" (52)
d=1,(a,d)=1
which by (10) has degree

a—1 n

nK
deg, Go= > > [55]eed
I=1,(l,a)=1d=1,d=l (mod a)

2

n2K2 p )
= ¢(a) [ = +0®logn). (53)
6a aps3 P 1

0
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3. Padé approximations
In the following Padé approximations the g-series factorials
(b.ay =1, (b,a)y = (b —a)b—aq)...(b—aq"™"), nel",

(a), = (1, a), and the g-binomial coefficients

[{]= i &

are used with the W-nomials (Fibonomials)

), = [Z]WW; deg, | ] =kt =)

defined by

R A e
odw  Ladw = 7 Lkdw = Wi - WeW; - W,

for all k,n € N with 1 <k <n — 1 for any form W,.. More generally, for a given m € Z*
we set

n n
[ ] =[ ] . Zy=W,, forallheZ*. (55)
kdw, klz

mx

Ifr,s € Z and m € Z™ then (see [9])

[’]Z] €7 forallk,neZ (0<k<n). (56)
F,

mx

The series

o (B),
f@=) —7"
; ©),

is a special case of Heine’s ¢-series for which closed form (r, n) Padé approximations were
constructed in [7].

Lemma 4. Let

0;) = Y[} |aQBg g2 (57)

k=0

and

Ri(z) = z

2n+1 n? (Q)H(B)n+l(B, C),, i (qn_H)l‘(Bqn_H)i i (58)

Z
(Chan1 = (@i(Cq*™h;
@ Springer
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Then there exists a polynomial P (z) of degree < n such that

0,()f() — Pi(x) = R;(2). (59)

In the equations above we set
Bz_i(ﬁ>b, C = B, q=<—>a, r=L (60)

y \«o [

to get the approximation formula

0n(W (1) — Py(1) = Ry (1), (61)

where

kJF,

0, = quk[k = Z [n] Wat—k+1)+b -+ - Wa(2n—k)+b(aﬂ)a(§)(_[)kv (62)
=0

k=0 ax

Pn(t) = an,ktkv Pnk = Z ‘Iiz.i/vvaj+b
k=0

i+j=k
and
Rn(l) — (_8)n12n+l ﬁanzwLbnaa(nszan)/ZSn (l),

with

Su(t)

aa

_ (1= B)@) 5~ (@ DiBg™) (L)i
(Bq" a1 5 (@)i(Bg>+2); '

The following results follow similarly to the corresponding lemmas in [9].
Lemma 5. Letr,s € Z \ {0} and let W,, be a Fibonacci or Lucas form. Then
gk €7, Gulgue forallk,n e N (0 <k <n)
and

Mypw €7 forallk,neN (0<k<n).

Ifwesett =u/v,

Gn = V"M, G, ' Q,(u/v), py=v"M,G," Py(u/v),

Iy = U”M,,G;] R, (u/v),

(63)

(64)

(65)

(66)
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where u, v € Zp \ {0}, we obtain the numerical approximations
guWWu/v)— py, =rn, qn, pn €Zy foralln € N. 67)

Lemma 6. Letr,s € Z\ {0} and let W,, be a Fibonacci or Lucas form. Then for every § > 0
there exists ny € 77 such that

gn| < |0[a|(3/2+Mw(a)fGw(a)+t3)n2 (68)
and
| < |ﬂa|nz|aa|(1/2+Mw(0)*Gw(a)+3)n2 (69)
foralln > ny.

Lemma 7. Let (W,) be a series defined by (1) such that W,, # 0 foralln € Z+ and y §rst #
0. Then

GnPn1 — Pndnt1 #0 Vn € Z*. (70)

4. Proof of Theorem 1
Lemma 8 below is standard and may be obtained as was Theorem 3.3 in [8].
Lemma 8. Let ® € Candy > 1. Let
G ® —pyn=ry, qu, P €Z; YneN a1
be numerical approximation forms satisfying

GnPir — Pudni1 # O, (72)
Igul < ¥, Iral < y7B (73)

for all n > ny with some positive A and B. Then for every € > 0 there exists a positive
constant Ny = Ny(€) such that

M
’dD -~ |N|~HAB)— (74)

forall M, N € Z1 with [N| > Nj.

Thus we may call © = (A + B)/B an irrationality measure for ®. Our bounds in Lemma
6 are of the form

Igu] < YATIT | < y B (75)

@ Springer
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where we are free to choose § > 0. So we get an irrationality measure

A+6+B—-85 A+B
= < + €

B-5 ~ B 76

forevery e > Owheneverd < B?¢/(A + B + Be). Hencealsoin this case we call (A + B)/B
an irrationality measure of ®.

Proof of Theorem 1: Let
c=cwla) =1/(1/2+ Gw(a) — My(a)). 77
By Lemmas 2, 3, 5 and 6 we have

A =3/2+ My(a) — Gwl(a), (78)
B = Gy(a) — Mw(a) — 1/2 —log|B|/log || > 0, (79)

and ¢ > 0, which give

_ 1 —log|B|/log |e] _ _ loglal/IBl
Gw(a) — My(a) — 1/2 —log|B|/logla|  logla|'/<~/|B|"

u

This completes the proof of the theorem.

Acknowledgments The authors are indebted to the anonymous referee for improving the English of the paper.
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