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ABSTRACT. In this survey article we discuss the problem of determining the number
of representations of an integer as sums of triangular numbers. This study reveals
several interesting results. If n > 0 is a non-negative integer, then the nt” triangular
number is T, = % Let k be a positive integer. We denote by 4y (n) the number
of representations of n as a sum of k triangular numbers. Here we use the theory of
modular forms to calculate dx(n). The case where k = 24 is particularly interesting.
It turns out that if n > 3 is odd, then the number of points on the 24 dimensional
Leech lattice of norm 2n is 212(2'2 — 1)d24(n — 3). Furthermore the formula for
d24(n) involves the Ramanujan 7(n)—function. As a consequence, we get elementary
congruences for 7(n). In a similar vein, when p is a prime we demonstrate 24 (p* —3)
as a Dirichlet convolution of o11(n) and 7(n). It is also of interest to know that
this study produces formulas for the number of lattice points inside k—dimensional
spheres.

1. INTRODUCTION

Representations of non-negative integers by quadratic forms and as sums of squares
have a long history [10]. For example, if & > 1 is a positive integer, then the
number of representations of n as a sum of k squares, denoted by r(n), has received
considerable attention from Rankin [20]. To study 7x(n), he used the classical theta
function defined by

Olg)= > ¢ =1+2+2¢" +2¢° + 24 +....

n=—oo
Consequently, the values of ri(n) are the formal coefficients of the power series

O4(q) = 3 m(n)q".

n>0

Fortunately, it is well known that ©(g) is a modular form of weight 3 on I'g(4). It
now follows that the modular form theory of ©%(q) defines 74(n). When k is odd,
these calculations can be troublesome since ©%(q) is a modular form of half integral
weight. Here we apply these classical methods to the representations of integers as
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sums of triangular numbers. Much of what follows is a special case of the problem
of representations of numbers as sums of figurate numbers. We will show that the
general case follows from the study of generalized Dedekind n—functions with little
complication [22].

First we define the triangular numbers.

Definition. If n is a non-negative integer, then the triangular number T, is defined
by
n 1
T, = M
2
Note that geometrically T, is equal to the number of nodes that complete an
equilateral triangle with sidelength n. Here are the first few triangular numbers:

To=0 Th=1 To=3 T3=6 T,=10.

If £ > 1 is a positive integer, then let dx(n) denote the number of representations
of n as a sum of k triangular numbers. We calculate 0, (n) for several values of k
using modular form theory.

Incidentally, Gauss’ famous Fureka theorem asserts that every non-negative
integer is represented as a sum of three triangular numbers. In our notation this
says that if n > 0, then d3(n) > 0. The reader may consult [1] for a discussion of
this theorem.

Now we give some basic preliminaries in the theory of modular forms. Let N > 1
be a rational integer. Then we define the following congruence subgroups of S Ly (Z).
Let A denote the matrix below with integer entries in SLo(Z):

a b
A= ( d) |
Definition. The most common congruence subgroups of level N are defined below:
(i) To(N)={Ae€SLy(Z)|c=0 mod N}
(1) TH(N)={A € SLy(Z)|a=d=1 mod N and ¢=0 mod N}
(15i) T(N)={Ae€SLy(Z)|]a=d=1 mod N and b=c=0 mod N}.

Let x be a Dirichlet character mod N and k € Z7 satisfying y(—1) = (—1)*.
Let A € SLy(Z) act on H, the complex upper half plane, by the linear fractional

transformation
ar +b

cr+d’

Let f(7) be a holomorphic function on H such that

F(AT) = x(d)(er + d)" f(7)

for all A € Tg(N) and all 7 € H. We call such f(7) a modular form of weight k and
character x on T'o(N). If f(7) is holomorphic (resp. vanishes) at the cusps of T'o(N)
then f(7) is a holomorphic modular form (resp. cusp form). The holomorphic
modular forms and cusp forms of weight k£ and character y form finite dimensional
C—vector spaces. These spaces are denoted by My (T'o(N),x) and Sk(I'o(N), x),
respectively. It is well known that M (T'o(N), x) is the direct sum of Si(To(N), x)
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and forms known as Eisenstein series. When k£ = X + % with A € N, there is a
similar theory of modular forms with half-integral weight [12].

Since the the transformation 7 — 7+ 1 is in I'o(IV), a holomorphic modular
form f(7) admits a Fourier expansion at the point at infinity in the uniformizing
variable g = ™7

fr) =" an)g"
n=0

Understanding the arithmetic nature of these coefficients a(n) has been a major
topic in number theory; their behavior is related to quadratic forms, elliptic curves,
integral lattices, the splitting of prime ideals in number fields etc... It is of interest to
know that the Fourier coefficients of Eisenstein series are determined by generalized
divisor functions.

There are natural linear transformations, the Hecke operators, which act on
Fourier expansions of modular forms preserving My, (T'o(N), x) and Sg(To(IN), x).
If p is prime, then the Hecke operator 7T}, is defined by

FIT, = alpn)g” +x(p)p*~ Y aln)g™.
n=0 n=0

Note that if p | N, then x(p) = 0, so T, reduces to the dissection operator U,
defined by

oo

F1U =) alpn)g™.

n=0
For a thorough treatment of the theory of modular forms the reader should consult
(1], [12],[15], (23] or [28].

2. THE GENERATING FUNCTION

To carry out our study, we will use the generating function ¥(q)

o0
V()= " =1+q++¢"+¢"+....

n=0

Consequently, it is easy to see that if £k > 1 then
o0
U*(q) = or(n)g™
n=0

We will see that U(q) is essentially a quotient of Dedekind 7- functions. The
Dedekind n—function is a modular form of weight % that is defined by the infinite
product

oo
n(r) = q H(l —¢") where ¢ =e*™"".
n=1

Products and quotients of this function have been studied extensively because of its
applications to combinatorics and representations of the symmetric group [1],[2],[7],
(8], [18], [21].
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We are interested in q¥(¢®); it is the Fourier expansion for the weight % modular
form
1*(167)
n(87)

Using the Serre-Stark Basis theorem [27], it turns out that =07 i the theta series

=q+¢"+¢* +q¢"+....

2
n(87)

2
- (167) T n?
= q .
8
n(87) w1

n odd

Here we use this result to derive an infinite product representation for ¥(q) :

2 . o'
=17 (2T> n2-1
q 8 T}(T) = § q 8 = E an = \Il(q)
n>0, n odd n=0

This proves the following proposition.

Proposition 1. If T, is the nt" triangular number, then

Furthermore, we establish a simple relationship between square and triangular
representations:

Proposition 2. If 0;(n) is the number of representations of n as a sum of k
triangular numbers and qi(n) is the number of representations of n as a sum of k
odd squares, then

0k(n) = qx(8n + k).

Proof. This follows by rewriting a representation of n as a sum of k triangular
numbers in the following way:

k
nzzf @8n:2(4x?+4zi)

i=1 =1

k
S8n+k=> (2 + 1)

=1
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3. FORMULAE FOR SOME d(n)

In this section we compute formulae for d;(n) for various values of k. When k =
20r3, this reduces to calculating r2(8n + 2) and r3(8n + 3). For other values of k
we apply classical modular form theory.

The case k=2

By Proposition 2 we know that d2(n) = ¢2(8n + 2). It is easy to see that if
a, 3 € Z and are solutions to

a?+42=2 mod 8,
then o and (3 are necessarily odd. Consequently, we obtain
1
da(n) = q2(8n+2) = 17‘2(871 +2).

The scalar i compensates for the 4 possible choices of sign that are counted with

multiplicity in r2(n). Here we state the well-known formula for rq(n) [10, p.15].

Theorem 1. Denote the number of divisors of n by d(n), and write d,(n) for the
number of divisors d of n with d = a mod 4. Let n = 2/ ning, where the prime
factorizations of n; and ny are:

ny = H p" and ng = H q°.
p=1 mod 4 g=3 mod 4
If any of the exponents s are odd, then ro(n) = 0. If all s are even, then
ro(n) = 4d(n1) = 4(d1(n) — ds(n)).
As a simple corollary we get
Corollary 1. Let 8n+2 = 2/ nine, where
ny = H p" and ng = H q°.
p=1 mod 4 g=3 mod 4

If any of the exponents s are odd, then da(n) = 0. If all of the exponents s are even,
then

The case £ =3 :

Here we make use of the identity
d3(n) = q3(8n + 3).
It is easy to verify that if «, 3,7 € Z and are solutions to
a4+ 2 ++2=3 modS8,
then «, 8 and ~ are all odd. Consequently we obtain the following identity:
55(n) = qs(8n + 3) = ér3(8n +3).

Here the scalar ; compensates for the 8 choices of sign that are counted with

1

8
multiplicity in r5(n). Again we state a classical result [10,p.53] that gives a formula
for r3(n).
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Theorem 2. Let [x] be the greatest integer function and let (%) be the usual Jacobi
symbol.
Ifn=1 mod 4, then define Rz(n) by

(%]

Ry(n) =24 (;)

r=1

If n =3 mod 4, then define Rs(n) by

n
2

Rs(n) =8 1 (;)

r=

Given these definitions, we obtain

rs(n) = Z Rs (%) .

d?|n

As a corollary, we obtain

Corollary 2. Given the notation above, we have:

1 8n+3
=5 ¥ m (%2R
d?|(8n+3)
The case k=4
It is easy to see that ¢U*(¢?) is the weight 2 modular form on T'g(4) defined by
4
8 O 4n\2
n°(4r 1—¢q
(e = T lH H]

q*")

n=1

Its Fourier expansion is
g0 (%) =Y 0a(n)g®™ ! = g +4¢° +6¢° + 8¢ +13¢° + ... .
n=0

Incidentally, note that if k£ > 1 is a positive integer, then the k" power of ¢U*(¢?)
defines d4x(n) by

k\II4k( 2) n** (47) i S (n) g2 +*
q q )= = 4k \10)q .
nt*(2r) =
Since spaces of modular forms are finite dimensional, one easily determines that two
modular forms with the same level and weight are equal if their Fourier expansions
agree for sufficiently many terms. We only need to check the first %
where k is the weight and I” is the relevant congruence subgroup [12] [28].
It turns out that q¥*(¢?) is the Eisenstein series on I'g(4) defined by

terms

oo

¥ (¢®) = > o1 (2n+ 1),

n=0

where o3 (m) =3, d* is the standard divisor function. We obtain
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Theorem 3. If §,(n) is the number of representations of n as a sum of 4 triangular

numbers, then
04(n) =o01(2n +1).

This result was known to Legendre [6],[14].
As a consequence of the multiplicativity of o1(n), we establish the following
interesting multiplicativity property for d4(n) :

d4(m)dg(n) = 64(2mn+m+n) when 2m+1,2n+1) =1.

Incidentally, ¢q¥*(¢?) is a basis element for the spaces of modular forms of level 4.
Here we state a well known fact [12, p.184] that determines a polynomial basis for
modular forms on I'y(4) of either integral or half integral weight.

Proposition 3. Define O(7) and qV*(q?)) as above. ©O(7) has weight 3 and
qU*(q?) has weight 2. If k € Z, then M (To(4)) is the space of all isobaric polyno-
mials in C[O(7), qU*(¢%)] with weight .

This proposition says that all modular forms on T'g(4) have Fourier expansions
at 100 coming from triangular numbers and squares. Later in this paper we define
generating functions for the generic figurate numbers as weight k& = % modular
forms. Is there some general result which allows us to determine when the generat-
ing functions of a set of figurate numbers defines a polynomial basis for all modular

forms (i.e. integral and half-integral weight) of given level and character?
The case k = 6:

We consider the modular form ¢3W¥°(g*) € M3(T(8)).

12(8, % 1 8ny2 o0 o
P00 = L5 = AT = dat™ = Y dul)a™ .
N T n=1 q ) n=0 n=0

The first few terms of the Fourier expansion of ¢3W¥®(g*) are
¢*U0(q") = ¢ + 6q" + 15¢"" + 264" + 45¢" + 66¢7* +82¢°7 + ... .
Define x, the Dirichlet character mod 4, by
x(1) =1, x(3)=-1,

define the generalized divisor function o2, (n) by

o2, (n) = Y X(d)d,

d|n
and define Go ,(7), a weight 3 Eisenstein series on I'o(8), by

Ga (1) = Z o9 (4n + 3)g*" T3,

n=0

It turns out that our generating function ¢3W®(g*) satisfies

1
() =~ 5Gan (7).

We obtain
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Theorem 4. If §g(n) is the number of representations of n as a sum of 6 triangular
numbers, then
1
dg(n) = —§027x(4n +3).

Note that this theorem naturally implies that dg(n) satisfies some interesting
multiplicative properties.

The case k=8
Here we consider the weight 4 modular form ¢?¥8(¢?) on I'g(4) defined by

1047 = 2n+2
778((27)) B 2_%58(71)(] -

(%) =

Here are the first few terms of the Fourier expansion of ¢?¥®(¢?)
PU8(q?) = ¢® + 8¢ +28¢° + 64¢° + 1264¢'° + 224¢"% + .. ..

Here we define E(7),a well known weight 4 Eisenstein series on T'g(2),

E(r) =Y dk(n)q"
n=1

where

Ug(n): Z d3.

d|n
2 odd

Replacing ¢ by ¢? gives us an Eisenstein series F(27) on I'g(4) with Fourier expan-
sion

E(@2r) = of(n)g™.
n=1
By equating Fourier coefficients we find that
PV () = B(2r).

This proves

Theorem 5. If ds(n) is the number of representations of n as a sum of 8 triangular
numbers, then

bs(n) = oh(n + 1).

As a consequence of the multiplicativity of Ug(n), we get following multiplicative
property for dg(n).
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Corollary 3. Ifds(n) is the number of representations of n as a sum of 8 triangular
numbers and if (a+1,b+1) =1, then

0g(a)ds(b) = 0g((a+1)(b+1) —1).

The case kK =10:

In this case we are interested in the weight 5 modular form on I'g(8) given by
5\1110( 4)
q q
20 o0
5710/ 4 n="(87) 4n+5
N = = E 1) .
q (q ) 7710(47_) P 10(n)q

Unfortunately, ¢°¥°(¢*) is not an Eisenstein series; it is a linear combination of
an Eisenstein series and a cusp form with complex multiplication [24].
Let F(7) be the modular form with complex multiplication by Q(¢) defined as

F(r) = ' () (2r)n"(47) = Y a(n)q" = q — 4" + 16¢" — 14> — 64¢° + ...
n=1
It turns out that
(1) PO = |Gy (r) — 2F(r) — ~(F(r) | T2)
640 X 4

Here G4, (7) is the Eisenstein series defined by

Gy (1) = Z o4x(n)q"

n=1 mod 4

and

Tay(n) =Y x(d)d".

d|n

The character x is the same Dirichlet character mod 4 which occured when k = 6.
Now we can state the explicit formula for d19(n).

Theorem 6. If d10(n) is the number of representations of n as a sum of 10 trian-
gular numbers, then

d10(n) o1 (4n +5) — a(4n + 5)].

1
640
Proof. By equation (1), we obtain

d10(n) o4 (4n +5) — 2a(4n + 5) — ia(Sn + 10)].

_ 1 [
640
Since 2 divides the level, To = U, and one easily verifies that

F(r) | Uy = —4F (7).
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This implies that —4a(n) = a(2n). Consequently, we obtain

d10(n) o4y (4n +5) — a(dn + 5)].

_ L
T 640
O

Incidentally, since all forms with complex multiplication are lacunary, (i.e. the
arithmetic density of their non-zero Fourier coefficients is 0) this theorem implies
that d19(n) = 1504, (4n + 5) almost always. For lacunarity, the reader should
consult [9], [24], [25].

The case k = 12:

Here we consider the weight 6 modular form on I'g(4) with Fourier expansion
312 (g2)
q q-),
3q12(,2 n*
¢V (q7) =

(47) _ = n)g2nt3
n2(27) - ;;0512( )q .

Here are the first few terms of the Fourier expansion of ¢®W!2(¢?):
AU (?) = ¢ +12¢° + 6647 + 232¢° + 627¢" + 1452¢™ + . ...

The space of cusp forms Sg(I'g(4)) is 1 dimensional and is spanned by the
n—product

n'2(27) = g — 12¢° + 54¢° — 88¢" — 99¢° — + ...
Our form ¢3W'2(¢?) satisfies the following identity:

P = S [B(r) — 2 (2r)

where E(1) = Y72 05(2n + 1)¢*"*!. Consequently, we have proved the following
theorem.

Theorem 7. If n'2(27) = 377 a(n)q" and 612(n) is the number of representa-
tions of n as a sum of 12 triangular numbers, then

o5(2n + 3) — a(2n + 3) .

O12(n) = 256

As a simple consequence of this formula, we obtain the following mod 256
congruence for a(n), the Fourier coefficients of n'%(27) :

a(2n+1)=05(2n+1) mod 256.
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4. THE RAMANUJAN FUNCTION 7(n), THE LEECH LATTICE, AND d24(n).

In this section we derive a formula for d24(n), the number of representations of
n as a sum of 24 triangular numbers. It turns out that for odd n we obtain an
interesting relation between da4(n — 3) and Na,, the number of lattice points on
the Leech lattice with norm 2n [3, p, 131]. As a corollary to the formula for da4(n),
we get interesting congruences for the Ramanujan 7(n) function. Recall that 7(n)
is defined to be the n!* Fourier coefficient of the unique normalized weight 12 cusp
form on SLy(Z), A(T) = n?4(7).

The congruential behavior of 7(n) has been studied extensively by Rankin, Serre
and Swinnerton-Dyer [16], [17], [19], [26], [29],[30]. The theory of {—adic Galois
representations due to Deligne and Serre [4], [5] provide a theoretical interpretation
of these congruences. Here we recall the congruences for 7(n) mod 256 and
mod 691 :

T2n+1)=011(2n+1) mod 256

and
7(n) = o11(n) mod 691.

Kolberg [13], extended the mod 256 congruence by proving
7(8n+1) = 011(8n+ 1) mod 2",

7(8n +3) = 1217011 (8n +3) mod 2'3,

T(8n+5) = 1537011 (8n +5) mod 2'?

and
7(8n 4 7) = 705011 (8n 4+ 7) mod 2.

We will see that these congruences are closely related to the formula for da4(n).
Here we consider the weight 12 modular form on I'g(4)

48 (41 >
v (g?) = 4227; =" daa(n)g®" .
n=0

72
The first few terms of the Fourier expansion are
P (?) = ¢° + 24¢° + 276¢'° + 2048¢"% + 11178¢™ + .. ..

We obtain the following identity

1 1
w24 (g2) = ——E(1) — A(27) — 2072A(47)].
"V*(¢%) = trzag lap g BT — A7) — 2072A(47)]

E(7) is the weight 12 Eisenstein series defined by
E(r) =) o} (n)g"
n=1
where 0%, (n) =) d|n d'. Note that o%,(2n + 6) = 2'16% (n + 3). This identity

Zodd
proves the following formula for da4(n).
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Theorem 8. If d24(n) is the number of representations of n as a sum of 24 trian-
gular numbers, then

1 n+3
(524 (TL)

_ # _ _
= 176806 [011(n+3) — 7(n + 3) — 20727(

)l-

Before proceeding to congruences, we note the connection between d24(n) and the
Leech lattice. The 24 dimensional Leech lattice is well known for its nice symmetric
solution to the sphere packing problem. Let IV,, be the number of points on this
lattice with norm m. The lattice theta function O(7) is defined by

O(r) = Z Npyq™.
m=0

It turns out that
O(7) = 14 196560¢* + 16773120¢° + 398034000¢° + . ..

is a weight & = 12 modular form. Using techniques from modular form theory [3,
p. 51], it is known that Ny, is given by

65520
2m = W(Un(m) —7(m)).

We obtain the following corollary to Theorem 8 connecting the representation of
n — 3 as a sum of 24 triangular numbers with the number of points on the Leech
lattice with norm 2n.

Corollary 4. If n > 3 odd, then
Ngn = N6 (524(’” - 3)

Now we list congruences for 7(n) that are consequences of this formula
(Note: 176896=256.691). The proofs are left to the reader.

n

(2) 7(n) +20727(5) = ol (n) mod 176896

(3) 7(n) = ot (n) mod 8

k
(4)  7(2"n) = o11(n) ) _(—2072)" 20487 mod 176896, where (2,n) =1
=0

K2

(5) 7(2%n) = (—=24)%011(n) mod 256, where (2,n) = 1

Along these lines we discuss the existence of many formal convolution identities.
It will be clear that this phenomenon occurs often when one considers modular
forms that are linear combinations of two eigenforms.

First we state and prove a general theorem.
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Theorem 9. Let F(n),G(n), and H(n) be functions on the non-negative integers
such that F(1) = G(1) = 1. Suppose « is a non-negative integer where F(a) # G(«)
and such that

F(a™*?) = F(a)F(a"™") + H(a)F(a")

and

G(a"*?) = G(a)G(a™) + H(a)G(a™)

for all positive integers n. Then

F(a"t) — G(a™h)
F(a) — G(a)

Proof. Define two formal power series f(q) and g(q) by
(o)
fl@) =) Fa")q"
n=0

and

9(0) = Y Glam)q".

By hypothesis, the coefficients of f(q) and g(q) are second-order linear recurrances
in n. As a consequence, we obtain the following identities:

1
) M= Ry~ i)
and
(7) o(0) !

T 1-Gla)g - H(a)g*

To prove the theorem it suffices to show that

f(q) — g(q) = [F(a) — G(a)laf(a)9(q)-
By (6) and (7) we find that

1 1
@ - m = [F(a) — G(a)lq

which proves the theorem.

O

At this time we recall the Dirichlet convolution of two arithmetical functions.
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Definition. If F'(n) and G(n) are two such functions, then the Dirichlet convolu-
tion (F * G)(n) is an arithmetical function defined by

(FG)(n) = Y F@)G(5).

d|n

For our purposes let F(n) = o11(n), G(n) = 7(n) and H(n) = —n'l. Since
E1o(7) and A(7) are eigenforms of the Hecke operators T}, the conditions of the
theorem hold for n = p a prime and when the arithmetical functions are chosen to
be their Fourier coeflicients. We obtain:

ou(p"tt) —T(p"tt) . ot (0 V(0" F) = (o1 % 1) (F
(8) 011(}7)—7'(17) _kz::o 11(p) (p )_( 11 )(p )

We now apply these ideas to the formula for dz4(n) given in Theorem 8. Let
n + 3 = p**1 where p is an odd prime. By Theorem 8 we find that

9) Soa(pF1 — 3) = 1761896 o1 (P = 7(pF ).

(From the convolution identity (8) we obtain the following corollary to Theorem 8.

Corollary 5. If p is an odd prime and k is a positive integer, then

(524(pk+1 _ 3)

_ k
(=3 o11 % 7(p").

Proof. By (8) we obtain

Sou(pFtt —3) = ou(p) —7(p)

176896 (011 % 7)(P") = Gaa(p — 3)(011 + ) (0").

5. REPRESENTATIONS OF INTEGERS AS SUMS OF FIGURATE NUMBERS

Here we suggest how modular form theory can be used to solve the general problem
of calculating the number of representations of integers as sums of figurate numbers.

The method requires defining a generating function that is a modular form of weight
1

5
The higher figurate numbers are given by the function

an? + (a —2)n

fa(n) = 9

Notice that a = 1 gives triangular numbers and a = 2 gives squares. Here we
derive the generating functions for all of these figurate numbers using generalized
Dedekind n—functions [21],[22].
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Definition. The generalized Dedekind n—function is defined by

Mg(r) =7 I =gy I =g,
n>0 n >0
n =g mod d n=-—g mod d

where P,(t) = {t}*> — {t} + £ is the second Bernoulli polynomial and {t} =t — [t]
is the fractional part of ¢.

Theorem 3 of [22] gives a nice criterion for when functions f(7) of the form

fo = I  wie)
5| N
0<g<d

where

1 ; — )
rog € sZ if g=0 org =3
’ 7. otherwise

are modular functions on I'1 (V).
We now define generating functions for the figurate numbers in terms of gener-
alized Dedekind n—functions.

Theorem 10. Ifa > 1, then

S Z 2 n(a)naa (27)
na,l(T)

n=—oo

Proof. By the Jacobi triple product identity [2]

H 1=+ )1+ 1 h Z q" ‘o

n=—oo

where z # 0 and | ¢ |< 1. Replacing ¢ by ¢ and z by an47 we get,

i an?4(a—2)n e an a(2n—1)+a—2 a(2n—1)—(a—2)
g2 =]Ja-¢ma+q 2 HA+q 7 )

n=-—oo n=1

_ H(1 _ qan)(l +qan—1)<1 + qan—(a—1)>

o 0 (1 _ q2anf2)(1 _ q2an72(a71))
:q 2477 aT
( )};[1 (1 _ qan—l)(l _ qan—(a—l))
_ qfiqfan(%)Jr%Pg(i)n(aT)n(I,l(ZT)

77(1,1(7-)

=22 1)(aT)Na,1 (27)
Naa(T)
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]

Notice that the generating functions constructed in the previous theorem are
defined as a sum over all integers, in contrast to

o0
n(n+1)
V(=) q 7 .
n=0

This difference is minor because

) [eS)
n(n+1) n(n+1)
E q 2 =2 E q 2z .

n=—oo n=0

Example: For pentagonal numbers, we let a = 3 in the last theorem. We obtain

ok i e 13T (7).
= 13.1(7)

So if pi(n) is the number of representations of n as a sum of k pentagonal numbers,

then we can calculate pg(n) using modular forms. Note that pg(n) will reflect the

multiplicity of representations resulting from the possible choices of sign allowed

for n in the generating function.

6. THE NUMBER OF LATTICE POINTS IN k—DIMENSIONAL SPHERES

Gauss asked how many lattice points are contained in the circle of radius R cen-
tered at the origin. It is very difficult to calculate this number as a function of R
asymptotically. Although this problem is difficult, it is easy to see that one can
calculate the exact number of points in such a circle using r2(n). One simply must
sum 7o(n) for all n up to R.

We generalize this question by asking: How many lattice points are contained in
a k—dimensional sphere with radius R centered at (%, %, . %)7 We are interested
in this question because it gives a geometric meaning to dx(n).

Proposition 4. The k—dimensional sphere of radius R centered at (%, %, RN %)
contains
ok Z 3k (n)
1<n< - §

lattice points in ZF.

Proof. Consider concentric spheres centered at (%, %, ceey %) If a sphere of radius
r contains a lattice point (1, %2,..., %), then we have
Lo Lo Lo 2
r,— = To — = et (ap — =) =t
(@1 = 5) (@2 = 5) "+ -+ (2p = 3)
This implies that
k
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Or equivalently,

(2 —z;) 1 k
: 22 8
=1
We get a representation of é — % as a sum of k triangular numbers. The number

of lattice points on this sphere is 2% ( g — %). Here the scalar 2 accounts for the
fact that x; and —z; — 1 define the same triangular number. The result now follows.

O
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