
t / Discussion question A.

Energy transmitted by ripples in the electric and magnetic �elds
example 12
We’ll see in chapter 24 that phenomena like light, radio waves,
and x-rays are all ripples in the electric and magnetic �elds. The
old method would give zero energy for a region of space contain-
ing a light wave but no charges. That would be wrong! We can
only use the old method in static cases.

Now let’s give at least some justi�cation for the other features of
the expressions for energy density,� 1

8�G jgj2 and 1
8�k jE j2, besides

the proportionality to the square of the �eld strength.

First, why the di�erent plus and minus signs? The basic idea is that
the signs have to be opposite in the gravitational and electric cases
because there is an attraction between two positive masses (which
are the only kind that exist), but two positive charges would repel.
Since we’ve already seen examples where the positive sign in the
electric energy makes sense, the gravitational energy equation must
be the one with the minus sign.

It may also seem strange that the constantsG and k are in the
denominator. They tell us how strong the three di�erent forces
are, so shouldn’t they be on top? No. Consider, for instance, an
alternative universe in which gravity is twice as strong as in ours.
The numerical value of G is doubled. BecauseG is doubled, all the
gravitational �eld strengths are doubled as well, which quadruples
the quantity jgj2. In the expression � 1

8�G jgj2, we have quadrupled
something on top and doubled something on the bottom, which
makes the energy twice as big. That makes perfect sense.

Discussion questions

A The �gure shows a positive charge in the gap between two capacitor
plates. First make a large drawing of the �eld pattern that would be formed
by the capacitor itself, without the extra charge in the middle. Next, show
how the �eld pattern changes when you add the particle at these two po-
sitions. Compare the energy of the electric �elds in the two cases. Does
this agree with what you would have expected based on your knowledge
of electrical forces?

B Criticize the following statement: �A solenoid makes a charge in the
space surrounding it, which dissipates when you release the energy.�

C In example 11, I argued that the �elds surrounding a positive
and negative charge contain less energy when the charges are closer
together. Perhaps a simpler approach is to consider the two extreme pos-
sibilities: the case where the charges are in�nitely far apart, and the one
in which they are at zero distance from each other, i.e., right on top of
each other. Carry out this reasoning for the case of (1) a positive charge
and a negative charge of equal magnitude, (2) two positive charges of
equal magnitude, (3) the gravitational energy of two equal masses.
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22.5
R

Potential for nonuniform �elds
The calculus-savvy reader will have no di�culty generalizing the
�eld-potential relationship to the case of a varying �eld. The po-
tential energy associated with a varying force is

� P E = �
Z

F dx, [one dimension]

so for electric �elds we divide by q to �nd

� V = �
Z

E dx, [one dimension]

Applying the fundamental theorem of calculus yields

E = �
dV
dx

. [one dimension]

Potential associated with a point charge example 13
. What is the potential associated with a point charge?

. As derived previously in self-check A on page 641, the �eld is

jEj =
kQ
r2

The difference in potential between two points on the same radius
line is

� V =
Z

dV

= �
Z

Ex dx

In the general discussion above, x was just a generic name for
distance traveled along the line from one point to the other, so in
this case x really means r .

� V = �
Z r2

r1

Er dr

= �
Z r2

r1

kQ
r2 dr

=
kQ
r

� r2

r1

=
kQ
r2

�
kQ
r1

.

The standard convention is to use r1 = 1 as a reference point, so
that the potential at any distance r from the charge is

V =
kQ
r

.
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v / The constant-potential curves
surrounding a point charge. Near
the charge, the curves are so
closely spaced that they blend
together on this drawing due to
the �nite width with which they
were drawn. Some electric �elds
are shown as arrows.

The interpretation is that if you bring a positive test charge closer
to a positive charge, its electrical energy is increased; if it was
released, it would spring away, releasing this as kinetic energy.

self-check B
Show that you can recover the expression for the �eld of a point charge
by evaluating the derivative Ex = � dV=dx . . Answer, p. 1043

u / Left: A topographical map of Stowe, Vermont. From one constant-height line to the next is a height
difference of 200 feet. Lines far apart, as in the lower village, indicate relatively �at terrain, while lines
close together, like the ones to the west of the main town, represent a steep slope. Streams �ow downhill,
perpendicular to the constant-height lines. Right: The same map has been redrawn in perspective, with
shading to suggest relief.

22.6 Two or three dimensions
The topographical map shown in �gure u suggests a good way to
visualize the relationship between �eld and potential in two dimen-
sions. Each contour on the map is a line of constant height; some
of these are labeled with their elevations in units of feet. Height is
related to gravitational potential energy, so in a gravitational anal-
ogy, we can think of height as representing potential. Where the
contour lines are far apart, as in the town, the slope is gentle. Lines
close together indicate a steep slope.

If we walk along a straight line, say straight east from the town,
then height (potential) is a function of the east-west coordinate x.
Using the usual mathematical de�nition of the slope, and writing
V for the height in order to remind us of the electrical analogy, the
slope along such a line is �V=�x. If the slope isn’t constant, we
either need to use the slope of theV � x graph, or use calculus and
talk about the derivative d V=dx.

What if everything isn’t con�ned to a straight line? Water ows
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w / Self-check C.

downhill. Notice how the streams on the map cut perpendicularly
through the lines of constant height.

It is possible to map potentials in the same way, as shown in �gure
v. The electric �eld is strongest where the constant-potential curves
are closest together, and the electric �eld vectors always point per-
pendicular to the constant-potential curves.

Figure x shows some examples of ways to visualize �eld and potential
patterns.

Mathematically, the calculus of section 22.5 generalizes to three di-
mensions as follows:

Ex = � dV=dx
Ey = � dV=dy
Ez = � dV=dz

self-check C
Imagine that the topographical map in �gure w represents potential
rather than height. (a) Consider the stream that starts near the cen-
ter of the map. Determine the positive and negative signs of dV=dx
and dV=dy , and relate these to the direction of the force that is pushing
the current forward against the resistance of friction. (b) If you wanted
to �nd a lot of electric charge on this map, where would you look? .
Answer, p. 1043
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x / Two-dimensional �eld and po-
tential patterns. Top: A uniformly
charged rod. Bottom: A dipole.
In each case, the diagram on the
left shows the �eld vectors and
constant-potential curves, while
the one on the right shows the
potential (up-down coordinate) as
a function of x and y. Interpret-
ing the �eld diagrams: Each ar-
row represents the �eld at the
point where its tail has been po-
sitioned. For clarity, some of the
arrows in regions of very strong
�eld strength are not shown �
they would be too long to show.
Interpreting the constant-potential
curves: In regions of very strong
�elds, the curves are not shown
because they would merge to-
gether to make solid black re-
gions. Interpreting the perspec-
tive plots: Keep in mind that even
though we’re visualizing things
in three dimensions, these are
really two-dimensional potential
patterns being represented. The
third (up-down) dimension repre-
sents potential, not position.

22.7 ? Field lines and Gauss’s law
When we look at the \sea of arrows" representation of a �eld, y/1,
there is a natural visual tendency to imagine connecting the arrows
as in y/2. The curves formed in this way are called �eld lines, and
they have a direction, shown by the arrowheads.

y / Two different representations of an electric �eld.
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