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Abstract
In this paper, we prove Kato’s main conjecture for CM modular forms for primes of potentially ordinary reduction
under certain hypotheses on the modular form.

1. Introduction

Let p > 5 be a prime and E be an elliptic curve defined over Q with complex multiplication by the ring
of integers of an imaginary quadratic field K. If we consider the p-primary Selmer group of E along the
unique Z,-extension of Q, it is a natural question to ask whether the characteristic ideal of the Pontryagin
dual of this Selmer group can be related to a p-adic L-function interpolating the L-function associated
with E. For primes of good reduction, the answer to this question is positive. The ordinary case was
solved by Rubin [11] and the supersingular case by Pollack and Rubin [13]. Lei generalized their works
for general modular forms and supersingular primes [8].

A natural next step would be to consider the potentially ordinary case. One of the main problems in
considering potentially ordinary primes is that the definition of the p-adic L-function becomes more
involved. The construction following Amice-Velu [1] and Vishik [14] as, for example, given in [7,
Theorem 16.2] relies on the fact that the L-function associated with our modular form has a nontrivial
Euler factor at p. If p is a potentially ordinary prime (i.e., a bad prime), then this Euler factor is trivial.
Delbourgo constructed in [3] p-adic L-functions for elliptic curves at potentially ordinary primes by
twisting the representation given by the action on Gy on E[p™] by a character of finite order. The goal of
the present article is to construct a p-adic L-function for modular forms that are potentially ordinary at p
and to prove that it describes the characteristic ideal of the Pontryagin dual of the classical Selmer group
in the sense of an Iwasawa main conjecture. A main building block will be to mimic Delbourgo’s idea
in Section 5 to construct our p-adic L-functions. The second main building block in the present paper is
to use the “classical” Iwasawa main conjecture for imaginary quadratic fields proved by Rubin to show
that the p-adic L-function construced in Section 5 actually satisfies an Iwasawa main conjecture [11].

As in the elliptic curve case (see [13]), we will only consider imaginary quadratic fields K of class
number one. This makes it easier to work with the Euler system of elliptic units and ensures that there
is exactly one prime above p in the unique Zi—extension of K.

We will say that a modular form is defined over a field L if all its Fourier coefficients lie in L. Let f be
a newform defined over Q of level N, weight k, and nebentypus . Let p > 5 be a prime of potentially
ordinary reduction for f, that is, p is a prime of bad reduction over Q and becomes ordinary over some
finite extension (see Section 3 for a precise definition). In fact, we will always assume that we obtain
good ordinary reduction over Q,(1,). This assumption will allow us to define a twistf of f that is defined
over (Q and that has a nontrivial Euler factor at p.
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Let ¢ be a Hecke character of K of infinity type (1 — k, 0).! We say that a modular form f has complex
multiplication if L(f, s) = L(¢, s) for some Hecke character over K as described above. We will always
assume that f has CM.

Let 7 be a generator for a prime lying above p in K and denote the completion of K at w by K. We
will write O and O, for the ring of integers in K and K, respectively. We let V = V(f) be the p-adic
Go-representation associated with f by Deligne, that is, if / # p is a prime coprime to the level of f, then
Frob; acts with trace a; on V, where g, is the Fourier coefficient of f at /. In general, this representation is
defined over the smallest field over Q, containing all the coefficients of f. In our setting, V will always
be a two-dimensional representation over Q,. In the course of the paper, we will fix a sublattice T C V
that is Galois stable.

We define A = V/T(1). To ensure that the ring of endomorphisms of A is canonically isomorphic to
O,, we will always assume that the Hecke character ¢ takes values in K and that p is either inert or
ramified in K.

Let G be the absolute Galois group of K and let

p: Gy — (O,) = Aut(A)

be the natural representation of Gx on A. It can be shown that p factors through Gal(K(fp>)/K), where
f is the conductor of ¢ and K(m) is the ray class field of K to the modulus m [7, Section 15]. If f is
associated with an elliptic curve E/Q with potentially ordinary (and bad) reduction at p, then we have
K = K(E[p™]) = K(p™) and A = E[p*]. In any case, we have a decomposition Gal(C/K) = Zi x A for
a finite group A. Note that this decomposition is canonical if |A| is coprime to p.

Let us now give a precise definition of the Selmer groups we would like to consider. For any algebraic
extension F of QQ, we define the Selmer group of A over F as follows:

1 H'(F,.A)
Sel(F,A) =ker| H'(F,A) — ]"[ ),
v I—Ij (F Vs A)
where the product runs over all primes in F and H,} (F,,A) is defined as in [2, Section 3].
Before we state the main theorem of the article, let us summarize the technical assumptions we need
to make on f.

Assumption 1.1. We make the following assumptions on K, p, and f:

o fis defined over Q and has CM by the Hecke character ¢ of K.

o K is of class number one and ¢ takes values in K.

o The prime p ramifies or is inert in K.

o The prime p divides the level of f and f obtains good ordinary reduction over Q,(i,,).

o Let K= K(fp*), where § is the conductor of ¢. Let A be the torsion subgroup of Gal(K/K).
The order |A| is coprime to p.

o None of the eigenvalues of ¢ on Dcyd(V(k))Z is an integral power of p.

o The representation p restricted to A is neither the inverse of the Teichmiiller character nor the
trivial character.

Note that all above conditions are satisfied for elliptic curves with potentially ordinary reduction at
p defined over QQ (that are bad at p). So we are in particular able to consider elliptic curves such as the
one given by y* + xy = x> — x> — 2x — 1 (for this particular curve p = 7). In the elliptic curve case, p is
always ramified in K. For example, where p is inert, see Section 3.

The condition that p has to be inert or ramified is actually not really strong as it still allows us to take
roughly half of all rational primes. The condition that we obtain good ordinary reduction over Q,(xt,)

"We are using the same convention of infinity type as Kato here (see [7, Section 15])
?Deyet(V(k)) is defined in Section 5.
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basically says the power of p that is allowed in the conductor of the Hecke character ¢ is not more than 1
and the condition that the order of A is coprime to p is satisfied if N(q) — 1 is not divisible by p for every
ideal q that divides f. This still allows us to choose an infinite number of Hecke characters satisfying all
the above conditions. As each Hecke character induces a CM modular form by [9], this shows that the
family of f satisfying the conditions is infinite.

1.1. The main theorem

Let Q. be the cyclotomic Z,-extension of Q. Let t be a topological generator for Gal(Q./Q) and
T =1t — 1. Define A =Z,[Gal(Q./Q)] = Z,[[T]. Then the Pontryagin dual Sel(Q,,A)" is a noethe-
rian torsion A-module. In the course of the paper, we will define a p-adic L-function L,(f) e
Z,[Gal(Q(py)/Q)] interpolating the values of L, (f, x, 1), where L, (f, x, 1) is the L-function of f
twisted by a Dirichlet character x and with the Euler factor at p removed.

Theorem 1.2. Assume that all conditions of Assumption 1.1 hold. Let L,(f, Q) be the projection of L,(f)
to A. Then, we have

Char, (Sel(Q., A)") = (L,(f, Q)).

A Kato type main conjecture as described above was recently proved for modular motives [5]
by Fouquet and Wan under the assumption that the corresponding residual representation p: Gg —
GL,(IF,) is absolutely irreducible. But not all the cases we consider satisfy this condition: Let E be
an elliptic curve with potentially ordinary (and bad) reduction at p > 5 and complex multiplication by
O. As we assume that E is defined over Q, it is immediate that K has class number one and that p is
ramified in K. Then the residual representation is given by the natural action of Go on E[p]. Let p be
the unique prime above p in K. Then E[p] C E[p] is a Galois-invariant submodule. Hence, the residual
representation cannot be absolutely irreducible.

2. Notation

We fix once and for all a normalized newform f of weight k > 2, level N, and nebentypus ¥/'. We assume
that the Fourier coefficients of f lie in Q. We also fix a rational prime p > 5 and assume that f/ has complex
multiplication by a Hecke character ¢ of infinity type (1 — k, 0) defined over the imaginary quadratic
field K. Let f be the conductor of ¢. In addition, we will frequently use the following (standard) notation
for different fields:

« For any integral ideal q of K, we denote by K(q) the ray class field of conductor q.
o K =K(3Gp™).
¢ K is the unique le,-extension of K.

3. Preliminary results and conditions on modular forms

While the notion of potentially good primes is well known for elliptic curves, it might be less common
for modular forms. Throughout this article, we will follow the convention of Kato.

Definition 3.1 ([7, Remark 12.7]). Let f* be an arbitrary newform. Let F, be a finite extension of Q,
containing all coefficients of f* and let V; be the p-adic representation associated with f" by Deligne
(i.e., for every prime q # p that does not divide the level of f', Frob, acts with trace a, on V,, where
a, is the Fourier coefficient at q). The prime p is a potentially good prime for [ if there exists a finite
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extension K' of Q, such that Vo is crystalline as G/ -representation. We call p potentially ordinary for f'
if there is a one-dimensional G, -subrepresentation V' ¥ of vy that is unramified as G,/ -representation.

It is well known that an elliptic curve with complex multiplication is potentially good at every prime.
We can prove the analogous result unconditionally for CM forms with complex multiplication. We only
state the proof here as the author was not able to find a reference.

Lemma 3.2. Let f be a CM form and | be any rational prime, then f' has potentially good
reduction at .

Proof. Let ¢’ be the Hecke character of /. Let L be the smallest field containing all values of ¢'.
Let w be a place coprime to / in L and g a prime below it. Let V,, be the L,-representation associated
with f'. Then V,, = Indg(Vw(df)), where V,,(¢') is the L, -representation on which G acts via ¢'. This
representation is only finitely ramified at each prime above /. In particular, we can find a finite extension
K’/Q, such that V,, is unramified as G,/ -representation. According to [7, Remark 12.7] this implies that
[ is a potentially good prime for f'. O

Remark 3.3. From now on we will always assume that a potentially ordinary prime is a prime dividing
the level N of f'.

For an elliptic curve, it is known that if E has potentially ordinary reduction at p and CM by O, then
p has to ramify in K. For CM newforms, this is only true under an additional assumption. The following
lemma is also well known, but the author was not able to find a reference.

Lemma 3.4. Let f' be a newform defined over Q with complex multiplication by O and trivial
nebentypus. Assume that p is a potentially ordinary prime. Then p is ramified in K.

Proof. Let ¢ =1 be the nebentypus of f'. As f” is defined over Q, we see that the character ¢ can
only take values in @, so it is at most a quadratic character [9, Corollary 3.1]. Let  be the Dirichlet
character defined on Z that takes a to the value ¢’((a))/ inf (a), where inf denotes the infinity type
of the Hecke character ¢’ associated with f'.> By definition, the conductors of n and ¢’ are divisi-
ble by the same prime ideals (as we are only considering newforms we can assume that ¢’ is defined
modulo its conductor). Furthermore, ¥ = ny’, where v’ is the nontrivial character of Gal(K/Q). It fol-
lows from the triviality of ¥ that the conductor of 7 is only divisible by the primes ramifying in K.
Hence, the newform f” has a conductor that is only divisible by these ramified primes and in fact p is
ramified in K. U

Remark 3.5. If the nebentypus v of f' is nontrivial, it has to be a quadratic character. Let n be defined
as in the proof of Lemma 3.4. It follows from [9, Remark 2, section 3] that n is trivial and that V is
induced by the character of K. As we are only interested in newforms, we can again assume that the
ideal m Ribet uses in his construction of CM forms is indeed the conductor of the Grdssencharacter ¢.
It then follows from [9, Theorem 3.4, Corollary 3.5 and Remark 3.5] that the discriminant of K divides
N. But that does not allow us to conclude anything on the splitting behavior of p in K/Q. Indeed, it is
relatively easy to construct examples where p is split or inert in K/Q and we will do so below.

In both examples, we will assume that K # Q(~/—1), Q(v/=3) is an imaginary quadratic field of
class number one such that O = {£1}. We will also show that the modular forms we are constructing
in these examples satisfy Assumption 1.1.

*Note that Ribet and Kato use different conventions to define the Hecke character here. But their characters will be the same after
translating Kato’s idelic interpretation into the one in terms of ideals of Ribet.
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o Let q be an odd prime that is inert in K and let g be a generator of (O/q)*. Let k>3 be an
odd integer and define the character ¢’ as follows. For every a € O that is coprime to p we put
@' ((a)) = (—=1)"a*"", where w is given by the quantity " =a mod q. Note that g« ~""? = —1
mod g. Hence, the parity of w does not depend on the choice of a, and ¢' is a well-defined
Hecke character with values in K. By definition, the conductor of ¢’ is q. Let f' be the newform
associated with ¢’ by [9, Theorem 3.3 and Remark 3.5]. It remains to show that ' is defined
over Q. Let a be a prime ideal in K. If a N Z is inert in K, then a is generated by a prime | € Z.
As "' =1 mod g, we see that w is even in this case and ¢'(a) = I*"' € Q. If a is ramified in
K, then K = Q(/—p), where p is the unique prime below a in Q. In this case, we get ¢'(a) =
+p*=I2 € Q. Assume now that a N Z = () N Z is split, then 7T = L for some rational prime L.
Letm=g" mod qgand ™ =g" mod q. It follows that w, and w, have the same parity, and
we see that ¢'(a) = ¢'(a). So ¢'(a) + ¢’'(a) € Z. Since ¢’ is multiplicative, f' is indeed defined
over Q.

e Let g be an odd prime that splits in K/Q. Recall that we denote the ring of integers of K
by O. Then, (O/q)* decomposes into two cyclic groups of order q — 1. There is a natural
embedding:

' (Z/g)* — (O]9)".

Note that C,;: = (O/q)*/i(Z/q)*) is a cyclic group of order g — 1. We let 7] be the unique
order 2 character of C,. We then define 1 as a character on (O/q)* given by n(x) = (), where
X denotes the image of x in C,. Let again k > 3 be an odd integer and define ¢((a)) = n(a)a*"
for every a that is corpime to q. As before we can show that the modular form f" associated with
this, Grossencharacter is already defined over Q.

4. Description of the Selmer groups

For the rest of the paper, we assume that all conditions of Assumption 1.1 are satisfied. Recall also
that we always assume that p divides the level of our modular form f. In particular, p cannot be a good
ordinary prime for f. The main goal of this section is to establish a relation between the Selmer groups
we are interested in and a quotient of the local units of the cyclotomic Z,-extension of K. Let us briefly
recall the definition of the local finite conditions as given in [2, (3.7.1) and (3.7.2)].

Definition 4.1. Let F be a number field. Let K’ be a finite extension of Q, and let V be a finite dimensional
K'-vector space with a continuous Gp-action. Let By and B,y be the period rings defined by Fontaine
(see also the summary in [2, section 1]). Let v be a finite place of F and let F\" be the maximal unramified
extension of F,. Then, we define the local conditions:

ker(H'(Gr,, V) = H'(Grx , V) v,p)=1,

H'(Gr,, V) = "
ker(H'(Gr,, V) = H' (G, V® B.y,)) vIp.

Let T be a Galois-invariant lattice in V and let A =V /T. Then, there are natural maps:

Ly HI(GF‘,, T) —> HI(GFV, V), Ly HI(GFV, V) —> HI(GF\,, A)

We define H}(Gy,, T) as the preimage of H\(Gy,, V) under v, and H}(Gr,, A) as the image of H}(Gy,, V)
under (,.
If v is coprime to p, we furthermore define

H. (Gp,, A) =ker(H' (G, A) — HI(GF;; ,A)).

It is well known that H! (G, A) = Hf‘.(GF,,, A) if V is unramified as Gr,-module (see [12, Lemma 3.5]).
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Recall that V is the representation associated with f by Deligne. We now go back to the special case

V=V(), T=T(1)and A=A = V/T(1). Then, we define
H' (Gr,A
Sel(F, A) :ker<H1(GF, A) — l_[ ( Fy )) ,

H{(Gp,, A)

H' (G, A)
H}(Gr,.A)"

where the product runs through all places of F. We will often write H/‘f(GF‘,, A) for the quotient
In addition, we will need the modified Selmer group:

H'(Gp,,A)
Sel’(F,A):ker(H'(GF,A)—> )
1;[ H(Gr,, A)

where S is the set of all primes above p. For any infinite algebraic extension M of K, we define

Sel'(M,A)=lim Sel'(F,A), Sel(M,A)= lim Sel(F,A).

KcFcMm KcFcM

Lemma 4.2. Let K. be the cyclotomic Z,-extension of K. Then there is an isomorphism of groups:

Sel'(K,, A) = Sel (IC, A)CH/ke),

Proof. Consider the inflation restriction exact sequence:
H'(Gal(K/K,),A) — H'(Gx,,A) - H' (G, A)* %) — H*(Gal(K/K.), A).

Note that Gal(K/K.) =Z, x A and that the order of A is coprime to p by assumption. Thus, to show
that H'(Gal(KC/K.,), A) is trivial for i =1, 2, it suffices to consider H(I", A) for the unique subgroup
I' C Gal(K/K,) that is isomorphic to Z,. Let T be a topological generator of I'. Recall that

p: Gog— OF

is the representation given by the action of Gy on A. Note that p(7) # 1 by definition. In particular,
p(t)—1€0,\{0}. Let §: ' - A be a cocycle. As A is O, -divisible, we can find an element x € A
such that (p(t) — 1)x = 8(7). As a cocyle on I' is uniquely determined by the image of 7, we see that §
is indeed a coboundary and H'(I", A) vanishes. As I" has cohomological dimension one, H*(T", A) also
vanishes. Hence, we obtain an isomorphism:

Q: H'(Gy,,A) = H' (G, A)SK/K),
which induces an injection:
Q': Sel'(K,) — Sel'(JC, A)Cu/ke),

To show that €' is an isomorphism, it suffices that Q7'(Sel' (K, A)%1*/%)) lies inside Sel (K., A).

Let p be the unique prime above p in K (in the inert case p = (p)). Let {" be the product of the prime
to p part of f and p (so we are eliminating higher powers of p in f). By definition, Gal(\C/K(f)) = ZIZ,.
Let K(f'). be the cyclotomic Z,-extension of K(f'). Note that /K(f'). is a Z,-extension and there-
fore unramified outside p. Let v be a place coprime to p in K(f'). and v' a place above v in K. We
denote by /, the inertia subgroup in G, v and by I,/ the inertia subgroup in Gk /- Note that the nat-
ural restriction /; — I, is an isomorphism as KC/K(f'). is unramified at v. Then, the natural restriction
homomorphism:

H'(I,,A)— H'(I;,A)
is injective. It now follows from Definition 4.1 that
1 1
H)((Gyp),,»A) = Hy(Gx . A)
is injective. By assumption, Gal(K(f')./K.) is an abelian group whose order is coprime to p. Let w be a

place below v in K, and let C = Gal((K(J').),/(K.).,)- So, C is a finite abelian group of order coprime to
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p- The inflation restriction exact sequence now implies that

H (G iy VDI = H (G, V(D)

and

H'(G 2)=H"(Gy,,,2)

K )
for Z € {V(1), T(1), A}. It follows that

Hf1 (Gir2) :H; (G VAN 4.1)

&Ko)’

for Z € {T(1), V(1)}. From the fact that C is a group of order coprime to p, we obtain an exact sequence:

1 C 1 C C
0= H (G, T = Hy Gy, VD) — H; 1 (G, A" — 0.
Together with equation (4.1), this implies
H; Gk, A) =H; (G, A
Thus,
H/]f(G<K<~>w’A) = Hl((G(KG’)r)V’A)C/H]((G(KG’)C)\»A)C ((G(K<f )’ A,

where we used again that |C| is coprime to p for the last equality. Combining this with our computations
for v and v/, we obtain an injection:

H) (G, A) = Hf(Gzc ., A).

It now follows from the definition of the modified Selmer group that the preimage of Sel'(C, A)%</&)
under €2 lies inside Sel (K., A) which is exactly what we need to show. O]

Let M be the maximal p-abelian p-ramified extension of /. Let X = Gal(M/K). Note that the
completed group ring Z,[Gal(C/K)] acts naturally on X.

Lemma 4.3. There is an isomorphism of 7, Gal(M /K)]-modules:
Sel' (K, A) = Hom(X, A),

where Hom(-, -) is the module of continuous homomorphisms.

Proof. By definition, the representation p factors through Gal(XC/Q) [7, page 256]. It follows that
Sel' (KX, A) C Hom(Gx, A). Let v be a place of X not lying above p. Let res, be the natural restriction:

es,: Hom(Gy,A) - Hom(Gy,, A).

Let § € Sel'(KC, A), then res,(8) € H! (G,C‘ A). In particular, res, () is trivial on the inertia group I, C
Gy, = Gy. This holds for all place v of K that do not lie above p. Therefore, § is trivial on the smallest
subgroup Y containing U, ,—;/, and can therefore be seen as a homomorphism on X with values in A.
We obtain that

Sel'(K, A) C Hom(X, A).

Let conversely § € Hom(X, A). We want to show that § is already an element in Sel'(KC, A). As X is a
quotient of Gy, there is a natural injection:

t: Hom(X, A) — Hom(Gy, A).
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Then res, o 1(§) € Hf1 (K,,A) for all places v of K coprime to p. It follows that ¢(§) is an element of
Sel'(IC, A). As t is injective, § is indeed an element in Sel'(/C, A). O

For any Z,[Gal(K/K)]-module M, we define M(p~") as the O, [Gal(}C/K)]-module that is isomor-
phic to M ® O, as an abelian group and is equipped with a Gal(/C/K)-action given by:
o.m=p (o) om).
We call M(p™") the twist of M by p~'. If L is a field such that K C L C K, we define
M(,O_l )= M(P_l) ®Zp[[G&l()C/K)]I Zp[[Gal(L/K)]]'

Lemma 4.4. There is an isomorphism of O, [Gal(K./K)]-modules:
Sel'(K.,A) = Homo(X(p~ k.. K2/ Os).

Proof. We apply the two proceeding lemmata:
Sel,(KC,A) ~ Sel’(/C, A)Gal(IC/KC) ~ HOm(X, A)Gal(lC/K(-).
The claim follows by twisting the right term by o1, O

In the end, we are not interested in the modified Selmer group Sel'(K,, A), but in the classical Selmer
group Sel(K,, A). Recall that we assumed that there is a unique prime above p in K. Thus, there is a
unique prime above p in K,.. By a slight abuse of notation, we write K., for the completion of K. at this
unique prime. Even though there might be more than one prime above p in KC, we will fix such a prime
Vo and write /C, for the completion at this prime. Let F be an arbitrary subfield of K and v any prime of
F above p. Let U,(F) be the principal local units in F,. We write U,(F) in the case that v is the unique
prime below v, and U, for the projective limit 1(&11( ek U,(F). We denote the product ]_[w, U,(F) by
U(F) and by U the llmlt l(ianFC U(F). In the next step, we will relate the classical Selmer group to a
quotient of U.

To do so, note that the definition of the classical Selmer group and the modified Selmer group give
us a natural exact sequence:

0 — Sel(K., A) — Sel (K., A) — H'(Gy,,. A)/H!(Gy, . A).

In the following lemma, we will analyze the right-most term in more detail.

Lemma 4.5. There is an isomorphism of O, [Gal(K./K)]-modules:
H'(Gy,,,A) =Homo(U(p™ " )k,, Kz /Ox).

Proof. Note that the decomposition group at every prime above p in K has the form le, x A, for
a finite abelian group A, of order coprime to p. In particular, Gal(kC,/(K,),) = Z, x A,. Using the
same argument as in the global case (see the first paragraph of the proof of Lemma 4.2), we obtain
H(Gal(K, /K.,),A) =0for 1 <i<2.Thus, there is anisomorphism H'(Gx,,,A) = H'(Gy,, A)%*e/Ker),
Since G, acts trivially on A,

H'(Gk,,A) = Hom(Gy,, A).
Recall that, by assumption, p is nontrivial on A,. By local class field theory,
Hom(Gy,,A)*” =Hom(U,, A)*

(compare this with [10, Proof of Proposition 5.2]). For each of the finitely many primes lying above p
in IC, we obtain a copy of U, in U. It can be verified that Hom(U, A) = Hom(U,, A)'“/*"!. The group
Gal(IC/K) is abelian, so all primes above p have the same decomposition group. Let {g;,...,g,} be a
set of representatives for A /A, and assume that g, = 1. Recall that we assumed that the class number

https://doi.org/10.1017/S0017089524000016 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089524000016

Glasgow Mathematical Journal 9

of K is 1. Thus, A acts transitively on the set of primes above p in K. There is an isomorphism:

U= H &U,
i=1

Thus, we obtain an isomorphism of Z,[ A]-modules:

Hom(U,A) = [ g:Hom(U,,, A).
i=1
It now follows that
Hom(U, A)* = Hom(U,, A)*.
Twisting Hom(U, A) by p~!' and taking Gal(X/K_)-invariants finishes the proof. O

Let V C U(p~")x, be the subgroup corresponding to H} (K.,,A), that is, there is an isomorphism:
H; (G, A) = Homo(U(p k. /V, Kz / Ox).
This gives

Lemma 4.6. There is an isomorphism of O, [[Gal(K./K)]-modules:
Sel(K., A) = Homo(X(p™ g,/ P(V), K,/ Os),

where ® is induced by the natural homomorphism given by class field theory in terms of ideles
d:U—X.

Proof. Consider the following commutative diagram

Sel' (K., A) et y HY(K,,, A)

| |

Homo (X (p~Y) k., Kr /Or) —2 Homo (U(p~Y) ., K /Or).

By Lemmas 4.4 and 4.5, the vertical maps are isomorphisms. It follows that

Sel(K., A) = B '(H} (G, A) = B; ' (Homo(U(p™ "), /V, K/ O))

= Homo(X(p k., / P(V), K/ Ox).

5. The Kato zeta-element and the Coleman map

In the previous section, we related the Selmer group we are interested in to the module
Homp(X(p™")k./®(V), K, /O,). In order to express its characteristic ideal in terms of a p-adic L-
function, we will employ Kato’s theory of zeta-elements. To do so, note that every element v € V such
that v= # 0 (here =+ stands for the projection to the +1 eigenspaces of the complex conjugation of V)
defines a lattice T C V given by T = O, v. We fix such a lattice once and for all.

Before we can state Kato’s main result, we have to introduce some further notation. Let R be a ring
that is contained in a finite extension of Q,. Assume that p is invertible in R. We write H'(R, -) for the
étale cohomology group H' (Spec(R), -). Let T be a Z,-lattice with a continuous Gg-action, then we
define H(R, T) = hm " H’(R T/p").

In our setting, T’ Wlll be the fixed Galois-invariant lattice T C V and R =Z,[w,», 1/p]. To simplify
notation, we write H'(T) for 1(1£1neN H(Z,[jn, 1/p), T) and H'(V) for H(T) ® Q,. Note that Gk acts

naturally on H'(V).
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We have introduced the twist by the representation p~' in the previous section. In what follows, we
will frequently use Tate twists which are defined as follows: let ¥ be the p-cyclotomic character and M
a Gg-module, then we denote by M(l) the module M(x"). Let (), be a norm-coherent sequence of p-
power roots of unity. Then the multiplication with (1,,)®? induces an isomorphism H'(V) — H'(V(1)).
If z is an element in H'(V), we denote its image in H'(V (1)) by z(I) (compare also with [7, page 221]).

Let 1<r<k—1 be an integer. Each of the representations V(r) is de Rham, meaning that
dimg, (V(r) ® By)“@») = 2 and the Hodge Tate weights are (r, I — k + r). Each de Rham module comes
with a natural filtration D}, (V) induced by the filtration of Dy, (see [2, Section 3]). Note that for r chosen
in the above range, the space D°(V(r)) is one-dimensional and we fix a generator w. There is a dual
exponential map:

€XPyn HI(GQP(,LP”), V(r)) — D°(V(r)).

Let per: D°(V(r)) — V be the period maps defined by Kato [7, page 162]. Then the choice of v
induces complex numbers 2. such that per(w) = Q2,vt + Q_v~. From now on, we will denote by G,
the group Gal(Q(u,»)/Q).

Definition 5.1. Kato assigns to every element v € V an element z, € H' (V). We call the element assigned
to our fixed choice of v the Kato zeta-element and denote it by Z..

Lemma 5.2. Let x be a character of G, and let £ = x(—1). Let 6" : Q,(§) ® Q — V* be the map
given by:

x@yr> Y x(0)o@per*(y).

oeGy

We have the following interpolation formula:
N
6" expyy 1y, Graolk — 1)) = 2mi)* ZQ—L@)(f, X, Dv.
+

Proof. Immediate from [7, Lemma 12.5] for r =k — 1. ]

As p is a potentially ordinary prime (and not ordinary) for f, the representation V is not crystalline.
Instead of the crystalline part, we will study

Dya(V)= lim  (B® Buy)¥,
Qyck’cQ

where QY = U,Q,(1,) is the maximal cyclotomic extension of Q,. Let G* = Gal(Q;"/Q,) x Z, be the
Galois group Gal(Q;/Q,). Then Deyq(V) is a (¢, G*)-module [4, page 41 fI.]. Note that by definition,
Dy (V) is a two-dimensional vector space over the completion of the maximal unramified extension
of Q,.

Recall that we assume that f has potentially ordinary reduction at p and ordinary reduction over
Qy(i4,)- Thus, there is a one-dimensional Gy, -subrepresentation V' C V that is unramified.

Lemma 5.3. The subspace V' is Gq,-stable and ¢ acts as multiplication by an element o, € Z; on
(Bcrys ® V/)G@’)(Mp)'

Proof. Let V' =V/V'. Then V" is ramified as G, -representation. Let I C Gy, be the inertia
subgroup of Gy, ,,)- Then, V' is the unique subspace that is fixed by /. As I is a normal subgroup of G,
it follows that V' is stable under Gg,.

It remains to show that there is a p-adic unit o, such that ¢ acts as o; on (B ® V% As V' is
unramified, we see that (B, ® V')°@%» has slope zero. In particular, ¢ has to act via multiplication by
some a; € Q, with trivial p-valuation. It remains to show that o, € Q,. By definition, Q, is the maximal
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unramified extension of Q, in Q,(x,). As V is crystalline as Gy, -representation, it follows that (B, ®
V)°@) is a 2-dimensional Q,-vector space. Let P(x) € Q,[x] be the characteristic polynomial of the
action of ¢ on (B ® V)@ | Clearly, «r, is aroot of P(x). Let 8, be the other root. As V"' is ramified, we
see that 8, cannot be a unit. Thus, v,(e; 1) = v,(81) # 0. If a; ¢ Q,, then «; and B, are Galois conjugate.
In particular, «; and 8, would have the same p-adic valuation yielding a contradiction to the fact that
v,(ct;) =0. O]

The action of Gg, on V' factors through Gal(Q,'(11,)/Q,) = Gal(Q,'/Q,) x Gal(Q,(x,)/Q,). Thus,
the restriction to Gal(Q,(u,)/Q,) is given by a character . We can therefore find a character ¢ of
Gal(Q,(u,)/Q,) such that V' ® ™' is an unramified representation of Go,.

Letf =) a,q" and let f= >, a.q" be the newform such that f(g) =f, where we denote by f(€) the
modular form such that a,(f)e(l) = a,(f) for (I, p) = 1. The modular formf is not necessarily again a
CM-form. In fact, if f is the modular form corresponding to a modular elliptic curve, then f is not CM
and might not have good reduction at p.

Let F be the smallest extension of @@, that contains all the coefficients of f and let V(f) be the 2-
dimensional F-representation associated with f.Wehave V® F = V(f) ® € as one can easily see from
the computation of the traces and norms of the Frobenius automorphisms at the primes not dividing pN.
By definition, the representation V(f) is always semistable at p.

Lemma 5.4. The representation V(f ) has an unramified Gq,-subrepresentation V’(f ), the vector space
DcryS(V(f ) is at least one-dimensional and there is a p-adic unit o such that ¢ acts via multiplication by
o 0n Dy (V'(f)).

Proof. The first claim follows by setting V/(f)zV/®£". The second claim follows as V’(f)
is crystalline as a representation over Gg,. Now we can conclude the existence of a as in
Lemma 5.3. O

Corollary 5.5. Let o be as in Lemma 5.4 and let o, be as in Lemma 5.3. Then, we have
o =0u.
Proof. Let €'y be an «;-eigenvector of ¢ in (Byys ® V)@ Then the group Gal(Q,(1,)/Q,) acts
via ¢ on ¢€y. Let ¢, be the image of ¢y in (B ® V'(f))°@w» . Then e, is again an «;-eigenvector of

@. It is also fixed by Gal(Q,(1,)/Q,). So, ¢, is an element in (B ® V/(f))G@n =DcryS(V/(f)). Thus,
o=aq. O

Recall that we have already fixed a Galois stable lattice 7' C V. We choose the lattice T(f ) such that
THRe=T.
Lemma 5.6. We have F = Q,.

Proof. Let f = > a,q". Let [ be a prime coprime to p. Then, a,6(I) = a;. As ¢ takes values in the
(p — 1)-th roots of unity and ; € Q,, we see that ¢, € Q.. It remains to consider the coefficient a,. Let
¥ be the nebentypus of f, then &2 is the nebentypus of f. By [7, page 271]:

1 — a,u+ ¥ (p)p*~"'u? = det (1 — gu on Dy (V(F))).

Note that (1 — au) divides this polynomial in Q,. Further, ¢ (/)¢*(/) € Q, for all / coprime to p. This
implies that ¥ (p) € Q,. Let

1—a,u+ Yt =1 — au)(1 — Bu).
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Note that § =0 if p divides the conductor of . In both cases, we obtain § € QQ, and it follows that
a,=aoa+ p €Q,. Thus, g, lies in Q,. O

Let @r be the completion of the maximal unramified extension of Q,. By definition, D.,u(V) =
@ ®q, Berys ® Vi) (see also [4, page 42]). For any de Rahm representation W of Gg,, we
denote by:

[]: (B ® Wk — 1)7% 5 DIV (W (1 = k) — Qi (1)

the pairing defined by Delbourgo in [4, Definition 1.3].

Let G, = Gal(Q,(1,~)/Q,) and L be a finite extension of ,. Let A" be the torsion subgroup of G,
and let T be a topological generator for the Z,-free part. Let 7=t — 1. We define

MGl =1 ohy T"LIATT | lim (A, |,/n") =0 for all o and some r > 0
GEA/

If L=Q,, we omit the subscript L.
Let

EXP: ljm H'(Gg, > T(k)) ® Deya(V*(1 = k) = H ) [Gic]
neN

be the exponential map defined by Delbourgo in [4, Theorem 1.4]. Note that the target is Hg,,)[Gool
as we assume that none of the eigenvectors of ¢ on D (V) is a power of p.

Lemma 5.7. The image of EXP lies inside H[G].

Proof. This follows directly from Delbourgo’s construction: we assume that f obtains good ordinary
reduction over Q,(u,). Thus, we can choose n =0 in Delbourgo’s construction (see [4, page 42]). Let
now W be a character of G, = Gal(Q,(u,)/Q,) and define

M(T(k), W) =1im H' (G, T) @ (V(1 —b) ® Beyys(11,)) 3@/ Gotrny1=v,

meN

Delbourgo then constructs homomorphisms:
EXPon: MT k), ¥)® Y — H[Gw].

Note that Delbourgo defines this map with image in H[G.][T~']. The image lies again in the smaller
ring H[G,] by our assumption on the eigenvalues of ¢. Delbourgo then twists EXP .,y by a char-
acter of Gal(Q,(u,)/Q,) to obtain EXP. But each such character has values in Z, giving the desired
claim. O

Recall that « is the cyclotomic character on G. Let e, be an «v-eigenvector of ¢ on Dy (V*(1 — k)) =
D, (V) (see Lemma 5.4 for the existence of ¢;). We define the Coleman map:
Lo ImH /(G Tk — 1)) = H[Goo]
neN
by k o EXP’ ((x(1)) ® ey), where x(1) denotes the image of x under the isomorphism:
1}11 HI(GQP(M,,n)» T(k—1))— @ H' (GQ,,(;W), T(k))
neN neN
and « stands for the twist on H[G,.,] given by y =« (y)y. Note that we write V(¢) for the twist of a
representation by a character € and «o if we twist a homomorphism with image in H,;[G.], that is, if
we compose such a homomorphism with «.
Delbourgo originally constructs £,, as a homomorphism on the projective limit:
lim H (G, Tk = 1)).

neN
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But it is immediate from the interpolating property and the fact that the module H;(Gg, ), T(k — 1))
lies in the kernel of the dual exponential map, that £, factors through H/‘f(G@pwpn ) Tk —1)).

Lemma 5.8. Let z be an element in l(ir_nneN H/lf(GQp(“p,,), T(k — 1)) and x be a character of conductor
p" > p*. Then,

XLo@ =Y xe Oue LY x @) exply_, (@) eol.

1€Gy o0eGy

Proof. This is immediate from [4, Theorem 1.4], the action of G, = Gal(Q,(u,»)/Q,) on e, and the
fact that oy = «. O]

Recall thatf has a nontrivial Euler factor at p. So, we can use the constructions of Perrin-Riou to
define a second Coleman map as follows:

Letn e Dcrys(V(f )*(1 — k)) be an eigenvector of & (see [7, Theorem 16.6] for its existence). According
to [7, Theorem 16.4], there is a Coleman map:

L, 1im H'(Gg,u,0> THK) = HIG]
neN
such that
L,@)ex =GO )™ D X (@D gy, (= 1), (') ()], (5.1)
oeGy
where G(x, i1,») is a Gauss-sum. Here, exp;, Pty denotes the dual exponential map with respect to the
representation V(f )(k — 1) (see also page 21) and x(—1), is the image of x under

lim H' (G, 0, T = lim H'(Go, 0, Tk — 1)

neN neN

- Hl(G@p(ﬂp”)’ T(];)(k - 1)),

which is induced by the Tate twist as defined at the beginning of the present section. Note that £, can
be seen as a homomorphism defined on the quotient:

lim H'(Ga, s TR/ 1im H(Ga, s TENk = D)(D).

neN neN

The equality V = V(f ) ® ¢ induces an isomorphism V(f )(k) ® ¢ = V(k) as follows: let Q,e be a one-
dimensional vector space on which Gq acts via ¢, that is, o(¢) = ¢! (0)e. Then v+ v ® e defines a
linear map V(f )(k) — V(k). By the choice of the lattice T(f ) and the definition of Tate twists, we obtain
homomorphisms (of Z,-modules):

Brt 1im H' (G, Tk — 1)) = lim H' (G, T(K))
neN neN
and
Bo Tim H' (G, T(K)) = 1im H' (G, TFIK)).
neN neN

We write 8 = B, o B,. The following lemma relates the Coleman maps £,, and L,,.

Lemma 5.9. The eigenvector e, can be chosen such that the following equality holds for every character
X of conductor at least p* and every element 7 in l(gl o Hl(G@p(H Tk —1)):

)

X&KLy (B(2) = X (Ley(2))-
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The twist by « occurs on the left-hand side as a twist by « is already part of the definition of £,,.

P —
Proof. Note that oo =

= Z%Gn x (to)us,. There is a series of injective Z,-homorphisms:

Derys (VIF*(1 = k) ® Q" C Dyt (V(F)*(1 — k)) = Deya(V*(1 — K)).

—~
u
P

The a-eigenspace of Dcrys(V(f )*(1 — k)) is one-dimensional. We choose ¢, as the image of 1 under these
maps. Let x € H'(Q, (), V(f)(k — 1)) and x’ its image in H'(Q,(1t,n), V(k — 1)). The G,-equivariance
of [-, -] implies

[exp;(f)(k,l),n X, 77] = [exp*\(/(kfl),n .XJ, 60]-
Note that (x*) = &7 (o)(x')°. Let x = B(z)(—1) and x' = z. Now,

x& KLy (B(2) = x (L (2)
follows from Lemma 5.8 and (5.1). O

The following lemmata are a preparation to show that the kernel and cokernel of £,, are finite.

Lemma 5.10. Let T’(f) = T(j?) N V'(f). The following inclusion holds
lim H'(Ga, s T'(N(k — 1)) C lim H} (G, TPk = 1).

neN neN

Proof. Note that H*(Gg,,.. V'(P(k — 1)) = H*(Gg,u,n» VF)(k — 1)) = {0}. It follows from [2,
Corollary 3.8.4] that

dime (Hfl (GQP(M[,H), V/(f)(k - l))
— dime ((Bdr ® V/(]'Z‘)(k _ 1))G@p(ﬂ,ﬁl)/(33} ® V/(f)(k - 1))G‘Q‘p(ﬂp'l))
:pn—l(p — 1)

= dimg, (H}(Gg, . V(P)(k — 1)).

We obtain
H! (G, VD — 1)) = H' Gy, V(P — 1)).
Therefore,
H' (G TPk — 1)) C H} (Go s Tk — 1)).
Taking projective limits implies the claim. O

Lemma 5.11. Let V'(f) = V(F)/V'(f). Let T'(f) = T() N V() and T"(f) = T(f)/T'(f). The eigenvector
N € Dy (V' (k — 1)*) can be chosen such that L, induces an injection.:

L,: 1im H' (G, > TF)E)/ Tim H' (Goy 0, T'(OK) = Z,[Goc]

neN neN

with finite cokernel.

Proof. If f has good ordinary reduction at p, this is [7, Proposition 17.11]. It remains the case that f
does not have good ordinary reduction at p. We will first show that l(ir_nnGN H 2(GQP(“F,,), T'(f)(k)) is finite.

By [7, page 233] the Pontryagin dual of l(ir_nnGN HZ(GQP(W), T/(f)(k)) is isomorphic to

H(Gg, - Homy, (T'(F). Q,/Z,)(1)).
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This group can only be infinite if V'(f) has a nontrivial subrepresentation that factors through Ge.
As V'(f) is unramified this is impossible. Therefore, the module L&n o HZ(GQF(MPW), T'(f)(k)) is finite.
Applying group cohomology to the tautological exact sequence:
0— T'(F)(k) — T(F(K) — T"(F)k) — 0,
yields that
8:1im H' (G, i THR)/ Tim H' (G T'FIK)

neN neN
- l(iEIHl(GQp(Mh")’ T/,(f)(k))
neN

is injective with finite cokernel.
By Lemma 5.10, the homomorphism £, factors through § for every possible choice of 7. So we are
left to show that we can choose 1 such that £, is induced by an injective homomorphism:

L'y 1im H' (G, T'HK) = Z,[ Gl

neN
with finite cokernel. As V/(f) is unramified the same holds for V”(f)(k — 1). Further, HO(GQP, T”(f)
(k — 1)) = {0}. Thus, we can apply [7, Lemma 17.12] to obtain the result. ]

Lemma 5.12. Let n be chosen as in Lemma 5.11. Then, ¢(n) = an.

Proof. By construction, 7 € Doy ((V'(F)(k — 1))*). Note that (V(f)(k — 1))* is isomorphic to V(f).
To conclude that ¢(n) = an, it suffices to show that ¢ acts as the multiplication by a p-adic unit on
n. As V”(f)(k— 1) is unramified, the same holds for (V”(f)(k — 1))*. Thus, the eigenvalue of ¢ on
DcryS(V”(f )*(1 — k)) is a p-adic unit proving the lemma. O

For the rest of the article, we fix 7 as in the assumptions of Lemma 5.11. Let v’ be the generator of
T(f)(k — 1) given by our fixed choice of v € T. It follows from the choice of 7 in the proof of [7, Lemma
17.12] that we can assume [V, n] = 1.

Corollary 5.13. The homomorphism
Ly: 1im H' (G, TG0/ 1im HH(Go, 0, TEIk = D)D) = Z, 1G]

neN neN

is injective with finite cokernel.

Proof. This is a direct consequence of Lemmas 5.11 and 5.10. O

Corollary 5.14. Let e, be the element corresponding to n as in Lemma 5.9. Then L, is injective, the
image lies in 7, G ]| and the cokernel is finite.

Proof. By Lemma 5.9,
X(Le(@) = xe™ i L,y(B(2)).
As an element in H[G,] is uniquely defined via its interpolation property,
e~ o L,(B(2) = Lo, (2).

We will first show that the image of L, lies inside Z,[G]l. As k and ¢ are characters with values in
Zy, it suffices to show that £,(B(z2)) € Z,[ G I, which follows from Corollary 5.13.

An element z lies in the kernel of £, if and only if x £,,(z) =0 for every character of conductor
p" > p*. Note that the twist by x¢~" induces a bijection on Z,[G.]. Thus, if z lies in the kernel of £,,,
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then £,(B(z)) = 0. But £, is injective as a homomorphism on

lim H'(Go, g TR/ lim HY (G, TEIk — 1))(1)

neN neN

by Corollary 5.13. As B is bijective, L, is injective.
It remains to show that £, has finite cokernel. Using again that k¢ induces a bijection on Z,[ G ],
it suffices again to see that £, has finite cokernel. But this is again Corollary 5.13. O

5.1. p-adic [-functions
We can define the p-adic L-function for f as in [7, Theorem 16.2].

Definition 5.15. Let Lp(f) be the element in H|[G.] constructed in [7, Theorem 16.2]. The p-adic L-
Sunction L,(f) has the following interpolating property:

~ .1 ~
LA x ™) =p'a™"G(x, wp) ™ Qri) ZQ—L@(f, X>7),
+
where the subscript p on the right-hand side means that we omit the Euler factor at p.

We can only define this L-function for the twisted modular form f as f has a trivial Euler factor at p.
To define a p-adic L-function for our original form f, we twist by the character £~ '«.

Definition 5.16. Ler L,(f) ="'k o L,,(f) be the p-adic L-function associated with f.

By definition,
XL = x""ke T Ly(f).

The twist by « occurs in the definition of L,(f) because we want to show later that the Kato zeta-
element gets mapped to L., (f) under £,,. As the definition of £, contains already a twist by «, we have
to add this twist also to the p-adic L-function.

The p-adic L-function L,(f) interpolates the values L(f, x, 1) in the following sense.

Lemma 5.17. Let x be a character of conductor p" > p?, then
x~'L,(f)=p"a"G(xe, M,w)’l(2ﬂi)k729ii%>(f, X D.
Proof. By definition,
X 'L(f) =p'e " G(xe, upnw(zni)k*Q%L@(ﬁ xe. 1.

Let ¢ be the nebentypus off. Then f has nebentypus vr&2. For every prime [ coprime to p
(1 = aHeDx DI + YD Dx> DI ) = 1 = a()x DI + @)D x> DI ).
So indeed, L,(f) interpolates the truncated L-function L, (f, x, 1). O

We close this section by the following important lemma.

Lemma 5.18. The following equation holds
Loy (Zaolk = 1)) = Ly(f).

In particular, L,(f) is an element in Z,[G].
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Proof. Let x be a character of G, let £ = x(—1) and conductor at least p*>. By Lemma 5.8,
XLy Graolk = D)= xe (DL "1 Y x 7 (0) expy, ), @) ol
7€Gy 0€Gy
Now Lemma 5.2 implies by the arguments of the first paragraph of [7, page 272]
D oxe @oppa Y x N 0) exply,, @) el

1€Gy 0eGy

1
= Z xe Opna " iy —L(f, x, 1)
7€Gy Qi
= XLp(f)s

where the last equality is due to Lemma 5.17. As this holds for all x of conductor at least p?,

ceo (Zkato(k - l)) = Lp(f)
By Corollary 5.14, the image of L,, lies inside Z,[G]. Thus, L,(f) has to be an element in
ZyGool. O

We are now in the position to define the p-adic L-function over the cyclotomic Z,-extension of Q,.
Note that this is the p-aqdic L-function appearing in Theorem 1.2.

Definition 5.19. Recall that A’ denotes the torsion subgroup of G.,. Let N be the norm of A'. Then, we
define L,(f, Q) = NL,(f).

6. Properties of

In order to analyze the structure of the quotient U(p~")x./V more closely, we make use of Rubin’s
classical main conjecture. We denote the Iwasawa algebra with coefficients in Z, associated with
Gal(KC/K) by Ax, that is, Ax =Z,[Gal(C/K)]. Recall that A’ is the torsion subgroup of G, and that
A =Z,[T] is the Iwasawa algebra associated with Gal(Q./Q) = Gal(K./K). There is the following
chain of isomorphisms:

U(pil)KL_/V = Homo(H; (GKL',]I’ A), Kn/on)
= Hom(H,(Gg,,,A), Q,/Z,) ® O,

= ](ln HOm(I‘]f] (GQF(;LPn)s A)9 Qp/Zp)A ® Orr

neN

= l(in H/lf(GQII(P'p”)’ T(k - 1))A/ ® Oﬂ’

neN

where the first and the third isomorphism follow directly from the definition of V and the definition of
group cohomology for infinite extensions over Q,. The second isomorphism can be deduced as in [13,
proof of Theorem 7.2] and the last one follows from Tate duality.

Lemma 6.1. The quotient U(p~ ") /V is pseudo-isomorphic to A ® O,. Furthermore, V is pseudo-
isomorphic to A ® O,.

Proof. Using the above chain of isomorphisms, it suffices to consider the module:

tim H(Q, (), Tk = 1)

neN
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By Corollary 5.14, the module 1(i£1nEN H)(Q,(p), T(k — l))A/ embeds into the group ring Zp|[Gco]]A/ =~
A via L, with finite cokernel. Therefore, U(p~')x,/V has rank one and does not contain a torsion
submodule. Thus, the first claim follows.

Recall that by assumption p restricted to A, is neither the inverse of the Teichmiiller character nor
the trivial character. Then [11, Theorem 5.1] implies that U(p~")k. is free of A ® O,-rank two. As
U(p~")k./V has rank one, the second claim follows. O

For every submodule M of U(p™")k_, we let My, denote the image of M in U(p~")k.. Let C be the
group of elliptic units as defined in [11, Section 1]. Clearly, C(p~"). is a submodule of U(p~")x,. Hence,
it is torsion-free and of A ® O, -rank one. By [11, Theorem 7.7], C(p~')x, is free of rank one. We will
denote a fixed generator by £. For every ideal § such that O* — (O/f)* is injective and any integral ideal
a that is coprime to 6f Kato gives the definition of a compatible system of elements ,z;,» in K(fp")*. As
long as fp" has at least two different prime factors, these elements are units and generate a submodule in
U that actually coincides with the elliptic units defined by Rubin. Kato also defines in [7, Section 15] an
element z;, that might only exist in l(igchK,C’C H'(OK)[1/pl* @ Z, ® Q(Z,[Gal(X/K)]), where O( - )
denotes the quotient field of the corresponding ring. Note that the quotient field only is necessary for the
case that fp has only one prime factor. In any case, multiplication with the augmentation ideal pushes
the element z;,~ to an integral element. As p restricted to A is neither the inverse of the Teichmiiller
character nor the trivial character, we can deduce that the image of z;,~ defines a submodule in U(p™"),
that coincides with C(p~")x..

There is a natural homomorphism:

W Co k. = Ulp k. /V.
Lemma 6.2. The homomorphism ¥ defined above is injective.

Proof. By Lemma 6.1, the quotient U(p~")x./V is pseudo-isomorphic to A ® O,.. Hence, W is either
injective or has finite image. So, to show that W is injective it suffices to show the following lemma
(Lemma 6.3). O

Lemma 6.3. The element & does not lie in V for any choice of [ > 1.

Proof. The element z,~; has a well-defined image in H'(V(k — 1) ® K,;). To prove the lemma, it

therefore suffices to show that L, (z,~(k — l))A/4 is nontrivial.

By [7, Theorem 15.12], we know that the image of z,~; in the cohomology group H' (G (VO
K,)(1)) (after tensoring with our fixed v) gets mapped to L (f, x,k — 1)»*™" under the map
ZUEGM(@(W o X(o)per; oo oexpy, . By applying [7, Theorem 12.5] for r =k — 1, this image coin-
cides with the image of Kato’s zeta-element z,,,(1). Using the fact that H'(V) is a free A ® Q,-module
[7, Theorem 12.4 (2)], one can identify the image of Kato’s zeta-element in H}f((@p(upn), (T®
0,)(1)) with the image of z,~;. The claim follows now—after taking the k—2-th Tate twist—from
Lemma 5.18. O

Let K, be the unique ZZ—extension of K. Let Z € O, [Gal(K,,/K)] be a prime element coprime to

Char g0, X(p™ k. /P(V))

and

Charseo, (U(p™ k. /(V + C(p™ k).

“Here, we use the same notation for the map on H'(V(k — 1) ® K ) induced by Legy.
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Letu € U(p~")k,, be such that the restriction of O, [Gal(K../K)]u to U(p~"), is a submodule of V that
contains Z*V for some integer a (such an element exists by Lemma 6.1). Then, V = (O, [Gal(K ., /K)])u
is free of rank one over O, [Gal(K,,/K)] .

Lemma 6.4. The following equality holds
E(p™)e, NV =10},

Proof. By [11, Corollary 7.8], the module E(p~")k_, is of rank one over the algebra O, [Gal(K,./K)]
and does not contain a torsion submodule. Choose topological generators T and y of Gal(K,,/K) such
that K. is the fixed field of the subgroup generated by y. Let 7 =7 —land S=y — 1.

If E(p~")k,, NV is nontrivial, the intersection with C(p™")k, is nontrivial. As W is injective by
Lemma 6.2, this intersection can only lie in SV N SC(p™")k,.. The variable S generates a prime ideal
in O[S, T1. So, the S-order is well defined. Let F(T, S) be of minimal S-order such that F(T, S)u

C(p~ k.., that is, there exists an element ¢ in C(p~ ')k, such that Sc = F(T, S)u. Note that F(T, S) =
SF'(T, S) for some F'(S, T). We obtain

S(F(T, S)u — ¢) =0.

As E(p™")k,, is torsion-free, this implies that F'(T, S)u — ¢ =9 contradicting the minimality of the S-
order of F(S, T). Thus, F(S, T) does not exist and E(p™")x,_ NV is trivial. O

As an immediate consequence, we obtain the following result:

Corollary 6.5. The quotient

U(p Nk /(C(P)k, + V)
is a torsion O, [Gal(K.,/K)]-module.

Theorem 6.6. There is an equality of characteristic ideals
Charo, ek kX (0. / (V) = Charo, tcav. (U0 i /(Y + C(0™ k)
Proof. Let A, be the projective limit of the p-class groups of the intermediate fields of exponent p"
of IC/K(f). There is an exact sequence:
0—>E/C->U/C>X—>A,—0.
Twisting by po~! and using the fact that |A| is coprime to p, we obtain the following exact sequence:
0— E(0 Dk /Co sy = U(p i /C0 s
= X(p™ ke = As(p Dk, = 0.
Using Lemma 6.4 this yields
0= E(p i /C(p e = U™ N /(C(0™ iy + V)

— X(0 k. /DY) — A(p~ )k, — 0. (6.1)

By Corollary 6.5, all of these modules are in fact torsion. Using the fact that p restricted to A is non-
trivial, we can apply [11, Theorem 4.1] to see that E(o~")x../C(p™" )k, and A(p~")k., have the same
characteristic ideal over the ring O, [Gal(K,,/K)]. The claim now follows from (6.1). O

We need the following sequence of lemmas from [13, Lemmas 6.4 and 6.5]. For an ideal 2 in
O, [Gal(K,,/K)], we write 2 for its image under the natural projection to A ® O,.

Lemma 6.7. Suppose that B is a finitely generated torsion O,[[Gal(K,,/K)]-module with no nonzero
pseudo-null submodule. Let y be a topological generator for Gal(K, /K). Then, charo  jcax../xn(B) 70
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if and only if B/(y — 1)B is a torsion A @ O,-module. In this case,
Charxgo, (B/(y — 1)B) = Charo, caik../x1(B)-

Lemma 6.8. Suppose that B is a finitely generated O, [Gal(K,,/K)]-module with no nonzero pseudo-
null submodule. If B' is a free O, [[Gal(K,,/K)] submodule of B, then B/B' has no nonzero pseudo-null
O, [Gal(K.,/K)]-submodule.

With these two lemmas, we can prove the following central theorem.

Theorem 6.9. There is an equality of characteristic ideals:

Charsgo, (X(0™ k. /P(V) = Charsgo, (U(p™ k. /(V + C(p™ ).

Proof. Let f)K[_ be the projection of V to the cyclotomic line. Recall that Z was a prime element that
is corpime to both sides of the equation in Theorem 6.9. Note that 1 /Vy, is annihilated by Z¢ for some
a. Therefore,

(Z)char g0, (U(p ™)k, /(V + Clp™ " )x,) = charsgo, (U(p ™)k, /(Vx, + Clp™ )k,

for some integer e < a. By construction V is free of rank 1 over O, [Gal(K. /K)]. By Lemma 6.4, the
quotient Y+ C(p™")k, is free of rank 2 (for the freeness of C(p™')x,. see [13, Theorem 5.1] or [11,
Theorem 7.7]). Hence, we can apply Lemma 6.8 to see that U(,o‘l)Koo/(f} + C(p™")k,,) does not contain
a nonzero pseudo-null submodule. By Lemma 6.7, we obtain

Chargo, (U(p™ k. / (V. + C(o™")x.)

= Char@ﬂ [Gal(Kno /K] (U(p™! koo /(f} + C(p™! koo ). (6.2)

Recall that the kernel of @ is E(p~")k_ . By Lemma 6.4, the homomorphism @ is injective on VY and
we obtain that ®(V) is free of rank one over O, [Gal(K.,/K)]. Further, by [6, Theorem 2] X(p™" )k,
has O, [Gal(K,,/K)]-rank one and does not contain a nonzero pseudo-null submodule. By Lemma 6.8,
the quotient X(p ")k / <I>(fi) does not contain a nonzero pseudo-null submodule. Therefore, Lemma 6.7
implies

Char g0, (X(p ")k, / P(Vx.)) = Chare, jcak. X (0~ g / DOV)).

Using again that V/ f),(c is annihilated by a power of Z, we obtain

(Z”’)CharA®oﬂ (X(,O_] )KC/CD(V)) = Charon [Gal(Kno /K)T (X(pfl)Koo/q)(f}))

for some integer g. Combining the above identities of characteristic ideals with Theorem 6.6 gives
(Z*)Charsgo, (X(0 ™k, / PV)) = (Z*)Charsgo, (U(p™ k. /(V + C(o ™ ,)-
By the choice of Z, we can deduce the desired equality. O

7. The final argument

Combining Theorem 6.9 with Lemma 4.6, we are left to determine the characteristic ideal of
U(p™/(V+ C(p~")x.) as A ® O,-module. We therefore obtain the following result.

Theorem 7.1. There is an equality of characteristic ideals

Char g0, (Homo (Sel(K.), K, /O2)) = (Ley Gk — 1)* WA ® O,) = L(F)* .
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Proof. We showed in Section 6:

U(p™ e /V Zlim HI(Q,(G). Ttk — 1)* ® O,

neN

By Lemma 5.14 and the properties of z,,, (see the beginning of Section 6 including the proof of Lemma
6.3), the characteristic ideal of

Homo (Sel(K.), K, /O.) Z U(p™")/(V + C(p~")x,)
is given by L) - By Lemma 5.18, this is precisely the p-adic L-function L,(f )

Proof of Theorem 1.2. The theorem follows from taking invariants in Theorem 7.1. O
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