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STABLE RANK AND THE a-EQUATION 

RUDOLF RUPP 

ABSTRACT. Let G denote a plane domain bounded by finitely many 
closed, non-intersecting Jordan curves. We show the following refinement 
of the stable rank one property of A(G): Suppose that for/, g G A(G), g / 0, 
there exists 5 > 0 such that \f(z)\ + \g(z)\ > 5 (z G G). Then there exist 
h,k€ A(G) such that 

f + hg = exp (k). 

Also we obtain a partial result for the algebra H°°(G). 

Introduction. Let A be the disk algebra, consisting of all functions analytic on the 
unit disk and continuous on its closure. In [5] the authors proved the following result: 
Suppose/1,/2 G Aand|/i(z)|+|/2(z)| > 0 for all z with \z\ < 1. Then there are g\,g2 G A 
with gf1 G A and g\fx + gfa = 1. 

By a topological argument it is known that a branch of loggi exists which is con­
tinuous on the closed unit disk (see [8, Corollary 1.21, p. 581). So the function g\ is an 
exponential, i.e., there exists u G A such that g\ = exp (u). 

By a modification of the method used in [5], we will show that this result holds for 
more general domains. Note that the example of an annulus and the functions/(z) :— z, 
g(z) :— 0 shows that not every invertible function is an exponential and that therefore 
the case g = 0 must be excluded. 

Notation. In the sequel G denotes a bounded domain in the complex plane C, whose 
boundary consists of finitely many closed, non-intersecting Jordan curves. Let C(G) de­
note the algebra of all continuous, complex-valued functions in G. We will consider the 
following algebras: 

A(G) :={fe C(G) :f analytic in G}, 

An(G):={feA(G):f)eA(G)J= l , . . . , n } , 
00 

A°°(G) := H An(G) 
n=\ 

and 
H°°(G) : = { / : / analytic in G and bounded} . 

The zero set of a function g G A(G) is denoted by Zg, i.e. 

Z8 : = { Z E G : g ( z ) = 0} . 
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Especially we are interested in the boundary zero set, i.e. in the set Zg D dG. 

1. In [5] the authors used simply connected level sets to enclose the zeros of the 
functions/i and/2- Since in the case of our domain G these level sets need not be simply 
connected, we replace them by "nicer" sets. Moreover, we only deal with the zero set of 
one function, which enables us to partly extend the results to H°°(G). 

LEMMA 1.1. Suppose that g G A(G) has at least one zero in G, but does not vanish 
identically. Then, given è > 0, there exist finitely many Jordan domains H\,..., Hn with 
the following properties: 

(i) Zg C (jHj. 
_ jZx 

(ii) Hj n Hk = 0 o v *). 
(Hi) \g(z)\ <6/2(ze \JlHjCiG]). 

n 

(iv) The function g does not vanish on the boundary set [J [dHj D G]. 
_ _ 7=1 

(v) Each set Hj H G resp. Hj H G is homeomorphic with a (resp. open) closed rect­
angle. 

Moreover, two more sets of Jordan domains { H\j}, { H2j} (j — 1, . . . , n) exist, enjoy­
ing all properties (i)-(v) and satisfying 

(vi) HjDGC HXj H G C HXj H G C H2j H G. 

PROOF. First of all we "chase" the boundary zeros of g. Since by construction (iv) 
holds, it is then evident that only finitely many zeros can ly in the complement of the 
union of these "boundary" domains Hj. These we enclose by small rectangles. We shall 
work in the upper halfplane U: Let T denote a closed Jordan curve of dG and let T* 
denote the unbounded component of C \ F. Remember that by the two-constant theorem 
[4, p. 299, Satz 2] there exists £ G T such that g(£ ) ^ 0. (By assumption g does not 
vanish identically.) With the aid of the Riemann mapping theorem, we transform the 
simply connected domain T* onto the upper halfplane U, sending the point £ to infinity. 
It is known that this transform extends to a homeomorphism O of C onto C (this is the 
theorem of Schoenflies [6, Corollary 9.4, p. 282]). 

Consider the function g := g o O - 1 . It is analytic in a domain G, one of whose 
boundary curves is the real axis. By the construction of O the boundary zero set K on 
the real axis is bounded and therefore compact. By uniform continuity we can find open 
disks DZo around each real boundary zero zo £ K of g such that 

\g(z)\<5- (zeDZQnô). 

By the reflexion principle of Schwarz, the set K of real boundary zeros is totally discon­
nected, i.e., it cannot contain an interval. 
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So it is possible to choose the disks DZQ such that g does not vanish on the two in­
tersecting points with the real axis. Since K is compact, finitely many of such disks DZo 

are sufficient to cover the real boundary zero set of g. Let Hj,j = l,...,N, denote the 
connected components of this union. Since in all intersecting points the function g does 
not vanish, it is easy to construct rectangles Rj C Hj which fulfill properties (i) - (v). To 
obtain the additional Jordan domains H\j, H^ just take slightly larger rectangles. 

Now we transform back with the homeomorphism O to get the Jordan domains ///, 
H\j and #2/. • 

THEOREM 1.2. Suppose f, g e A(G), g ^ 0 and \f(z)\ + \g(z)\ > 6 > 0 for all 
z G G. Then there exists h,k E A(G) such that 

f + hg = exp (k). 

PROOF. If the function g has no zero at all in G, just define k : = 0 and h : = ( 1 —/)/ g. 
So we may assume that g has at least one zero in G. 

STEP 1. There exist continuous functions h,kinG continuously differentiable in G 
such that dh/ dz is bounded in G and 

/ + % = exp(/c). 

Take the simply connected domains Hj, H\j, Hjj (j — 1, . . . , n) from Lemma 1.1 and let 
Xj denote a smooth function satisfying 

Xj{Z) \0 zeC\HXj. 

By Lemma 1.1 (iii), (v) the sets G7 := G Pi H^j are homeomorphic with closed rectangles 

and I g(z)\ < 6 / 2 for all z G (jGj. This implies 
7=1 

\f(z)\>6- (ze\jGj). 

By [8, Corollary 1.21, p. 58] there exists a continuous branch log7/ of log/ in G/, which 
we extend continuously to C. Then we define the continuous functions 

7 v- 1 * u e x p k ~f k:=2^Xj log/ , h := . 

Using the properties (i)-(iv) of Lemma 1.1, it is evident that h, k are continuously differ­
entiable and that dh/ dzis bounded in G. (Note that h vanishes identically in U"=i Gv» 
especially "near" Zg.) 
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STEP 2. There exist h,ke A(G) such that 

f + hg = exp(fc). 

With the functions from Step 1, we define the continuous function 

f + hg -fexp(-k). 

Clearly, 

7 ' / + g= I-
/ g 

Of course, F/f and (1 —F)/ g are différend able in G, but not necessarily analytic. There­
fore we seek for a u G C(G), which is continuously differentiable in G such that 

exp (ug) 
= 0, 

which implies the analyticity of j exp (ug) and F exp (ug). This yields the inhomoge-

neous 3-equation 
du 1 dh 

3z f + hg dz 

We show that one solution w is given by 

MO «(z) := ^ I 
^ c 

dÇAdÇ, (zeG). 

Since /x is bounded on G the convolution w is continuous. From [3, Satz 2.1, Steps 3 and 
4, p. 208 f.] it follows that u satisfies the desired 3-equation. 

We now replace the function F by F exp (ug). Then the function 

F 
a := - exp (wg) = exp [ug - k] 

is a member of A(G). Since the function ug — k is continuous in G, we have 

ug - k G A(G). 

So the function a is an exponential. Also the function 

.1 - e x p O g ) ] 
/3 A+/- exp (—fc) 

1 - F exp (ug) 

g 

is continuous up to all the boundary of G and analytic in G. Since the identity 

<xf + 0g= 1 

holds, we are done. 
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COROLLARY. Let A denote one of the algebras An(G)y « E N , or A°°(G). Suppose 
/ , g G A , g ^ 0 and \f(z)\ + | g(z)\ >ô> Ofor all z E G. Then there are h,k E A such 
that 

f + hg = exp(&). 

PROOF. Theorem 1.2 implies the existence of functions h, îc E A(G) with the desired 
property. There exists #o > 0 such that 

I exp (k(z))\ > 2è0 

for all z E G. Now, by a version of the theorem of Mergelyan [9, Theorem 13.3], there 
exist rational functions r with poles off G, approximating h. Especially, there exists r 
such that 

\h(z)-r(z)\\g(z)\<60 (ZEG). 

Since the connected component exp (A(G)) is open in the group of invertible elements 
in A(G) [7, Theorem 10.44], there exists k E A(G) such that 

f+rg = exp(k). 

Now the left side is a member of A and an easy calculation shows that therefore k E A. m 
We now present a partial result concerning the so-called stable rank of the algebra 

//°°(G), see [2]. 

THEOREM 1.3. Suppose/ E //°°(G), g E A(G), g ^ 0 and |/(z)| + \g(z)\ > è > 0 
for all z E G. Moreover, assume that there exists a bounded analytic branch of log/ in 
{ z E G : | g(z)\ < 6 / 2}. Then there exist h, k E H°°(G) such that 

f + hg = exp(k). 

PROOF. We may assume that g has at least one zero in G. Then we first of all 
construct smooth functions h, k in G such that h, k and dh/ dz are bounded in G and 
/ + % = exp(l). 

Take the sets of simply connected domains Hj, H\j, H2jJ = 1, . . . , n from Lemma 1.1 
and let \j denote a smooth function satisfying 

By properties (iii), (v) of Lemma 1.1 the set fyj H G is simply connected and \g(z)\ < 
6 J 2 (z E H2j H G). By hypothesis, there exists a branch log/ such that 11 log/| |oo < L 
in each domain G D #2/. Define the following functions in G: 

" e x p ( * ) - / 
* : = E Xj log/, A := . 
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Now this function k is bounded. Using Lemma 1.1, it is easy to see that h, k are smooth 
in G and that /z, dh/ dz is bounded in G. Note that we have 

^ . g = ^ e x p ( * ) = £ - ^ l o g / . 

Moreover, the functions \j a r e constant near the zeros of g and log/ is bounded. 
Now we proceed as in Step 2 in the proof of Theorem 1.2. • 

REMARKS. 1) For g ^ 0 and sufficiently small 6, all components of Es := {z G 
G : \g(z)\ < 0} are simply connected. The crucial point in the hypothesis of Theorem 
1.3 is the boundedness. (Assuming the contrary, there exists for every è > 0 a bounded 
residual domain D$ of a domain in Es. By the maximum principle, D$ contains at least 
one of the finitely many residual domains of G. So there exists an increasing sequence 
(A/ )£L i of bounded, simply connected domains such that | g(z) | < 1 / v for all z G dDu. 
The union D := \J^L\DU is simply connected and bounded, and g vanishes identically 
on the continuum dD. Therefore, dD C 3G, and the two-constant theorem [4, p. 299, 
Satz 2] implies the contradiction g — 0.) 
2) Theorem 1.3 complements the result in [2, Theorem 2]. 

SUPPLEMENT. Dr. R. Mortini has kindly pointed out to me the thesis of L. A. Laroco, 
Stable Rank and Approximation Theorems in H°°, University of California at Berkeley, 
1988. He proved that, for the case of the open unit disk D, the existence of a bounded 
logarithm off is necessary and sufficient for the conclusion of Theorem 1.3. 
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