
SOME REMARKS ON ANGULAR DERIVATIVES 
AND JULIA'S LEMMA 

H. L. Jackson 

(received October 19, 1965) 

1. Introduction. Let w = f(z) be holomorphic on the 
unit disk D = { z: | z ( < 1} , with the additional res t r i c t ions that 
| f ( z ) j< l and A. lim f(z) = 1, where A. lim f(z) denotes the 

z - 1 z - 1 
(outer) angular limit of f (z) at z = 1. Let us now define 
g(z) = ^ ',—, and then focus our attention on the behaviour of 

z-1 
g(z) in an a rb i t r a ry angular neighbourhood of z = 1. Whenever 
A. lim g(z) exists , this limit is commonly refer red to as the 

z-* 1 
angular derivative of f(z) at z = 1. 

We now cite some of the fundamental resu l t s , by now 
classical , pertaining to the theory of angular derivatives for 
functions res t r ic ted as above. 

(i) A. lim |g(z) | always exists either as a r ea l number a 
z-+- 1 

grea te r than zero or as + oo . 

(ii) If A. lim |g(z)J = a>Q, then this same proper ty 
z~* * 1 - If(z) I 

holds for the functions g(z), —-^4—j , and f'(z) 
respect ively . By this we mean that each of these functions 
actually posses ses an angular l imit at z = 1 which in each 
case turns out to be a. 

(iii) A. lim |g(z) | = a> 0 if and only if lim . 1 - |f(z) | . 
z-* 1 z-* 1 1- jz | 

where l im means l imit inferior . 
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(iv) If A. l i m | g ( z ) | = a > 0 , then K ( f ( z ) ) > - K ( z ) , 

w h e r e K ^ z ) H ^ f j z and K ^ f ( ,)) = ] ; j ^ j \] . 

(v) If t h e r e e x i s t s \ > 0 such that K f f ( z ) ) > \ K ( z ) , 
1 ™" 1 

then A. l i m | g ( z ) | £ — . F o r d e t a i l s r e g a r d i n g the 
z-* 1 X 

above a s s e r t i o n s , the i n t e r e s t e d r e a d e r i s r e f e r r e d to 
([1], p p . 1 1 2 - 1 2 1 ; [4] , p p . 2 3 - 3 2 ; [5] , p p . 2 3 6 - 2 3 9 ; 
[6], p p . 1 5 - 1 8 ) . 

Tha t l i m ^ " ' f v ) = a>0 i m p l i e s K (f(z)) > - K (z) 
M 1 - z 1 — a 1 

i s a g e n e r a l i z e d f o r m of the l e m m a of J u l i a . The o r i g i n a l Ju l i a 
l e m m a e s s e n t i a l l y s t a t e s tha t if f(z) i s h o l o m o r p h i c a t z = 1 

a l s o , then K^f fz ) ) > jrjj) K ^ z ) . 

The g e n e r a l i z e d Ju l i a l e m m a and i t s c o n v e r s e ( a s s e r t i o n 
(v)) r e d u c e s the ques t i on of e x i s t e n c e of a f ini te a n g u l a r d e r i v a t i v e 
of f(z) a t z = 1 to the p r o b l e m of finding a p o s i t i v e m i n i m a l 
h a r m o n i c funct ion wi th po le a t z = 1 ( i . e . , of the f o r m 
\ K ( z ) , X > 0 ) which can be domina t ed by K (f(z)). Since th i s 

1 1 
condi t ion g ives l i t t l e or no d i r e c t i n f o r m a t i o n about the m a p p i n g 
p r o p e r t i e s of f(z), we t h e r e f o r e c o n c e r n o u r s e l v e s wi th the 
p r o b l e m of finding s o m e o the r n e c e s s a r y and suf f ic iency condi t ion 
tha t wi l l e n s u r e the e x i s t e n c e of a f in i te a n g u l a r d e r i v a t i v e of 
f(z) a t z = 1 and, a t the s a m e t i m e , g ive d i r e c t i n f o r m a t i o n 
about the mapp ing p r o p e r t i e s of f (z ) . R e s u l t s of th i s kind have 
b e e n e s t a b l i s h e d by C a r a t h é o d o r y , V a l i r o n , W a r s c h a w s k i and 
o t h e r s , and h a v e b e e n s u m m e d up in T s u j i ! s book ([9], Chap t . IX, 
t h e o r e m s DC. 9, IX. 10 and IX. 11) . 

It i s the au tho r 1 s opinion tha t c e r t a i n a s p e c t s of the t h e o r y 
of a n g u l a r d e r i v a t i v e s c a n be g r e a t l y s impl i f i ed by m a k i n g u s e 
of s o m e of the concep t s of m o d e r n p o t e n t i a l t h e o r y , e s p e c i a l l y 
the fine topology of Car tan, B r e l o t and Nai rn . In fac t , we s h a l l 
show tha t the e x i s t e n c e of a f ini te angu la r d e r i v a t i v e of f(z) 
at z = 1 i s equ iva len t to the condi t ion tha t c e r t a i n fine n e i g h b o u r ­
hoods of z = 1 a r e p r e s e r v e d by f(z) in a s e n s e to be m a d e 
p r e c i s e . 
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2. Some Definitions and Results that a re Fundamental 
in Potential Theory. In this section, we introduce some 
potential theoretic concepts in a form that is adequate for our 
pu rposes . 

Let R be an open connected subset of the complex plane 
which tolera tes a Green ' s function G(z, a), with pole at a € R. 
A set E CR is defined to be polar, or of outer capacity zero 
(with relat ion to the Green ' s function as kernel) , if there exists 

a Green potential U (z) = / G(z,w)du. i + co on R with 
JR 

respec t to the m a s s distribution JJL (a non-negative Borel 

measure ) , such that U (p) = + oo for any p€ E. 

Now let v be a positive (>0) superharmonic function 
on R, E C R, and {s} the set of non-negative superharmonic 
functions on R such that s > v on R-E for any s 6 {s} . Then 

the lower envelope of {s} , denoted by Z with ordering taken 

to be pointwise, is a non-negative superharmonic function on R 
quasi-everywhere (except on a polar subset of R). Let us now 

E regular ize 2 by defining a new function 

&i 
E E 

Z wherever Z is lower semi-continuous, 
v v 

E lim Z at any p (necessari ly in a polar set) where 

^ Z fails to be lower semi-continuous, 
v 

XT 

Then £ is a non-negative superharmonic function on R; we 

shall refer to this function as the (outer) extremalized function 
of v on E, and to ê as the extremalizat ion operator of 
Brelot (see [8], pp . 127-131 for detai ls) . In the par t icular case 
where E is open, then 

The function H is defined to be the generalized solution of 
v, 

the Dirichlet problem on E with boundary function 
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f v on aEflR, 
v = < 

* [ 0 at oo (the Alexandroff compactification point of R). 

The fine topology of Car tan-Bre lo t on R is defined to be 
the least topology on R making continuous the super harmonic 
functions on R, or equivalently the least topology making 
continuous the Green potentials on R. A fundamental notion 
associated with the filter of fine neighbourhoods at a point a e R 
is the concept of a thin set introduced by Bre lo t . A set E C R 
is defined to be thin at ae R if and only if either 

(i) a is an isolated point of E U {a} in the usual 
topology on R, 

or 
; (ii) 3 a positive superharmonic function v on R such 

that 

v(a) < lim v(z). 
z-** a 
z € E 

A set N C R is a fine neighbourhood of a if and only if 
a € N and R - N is thin at a. 

Let us now choose a e R as a reference point, and hold it 
fixed throughout the remainder of this section. The set R-{a} 

shall be denoted by R , and the function _, —r on R X R 
a G(z, a) a a 

shall be designated by K(z, w). We shall refer to K(z, w) as 
t n e Mart in kernel function, although the t e rm normalized 
Green ' s function is often used, and note that there exists a 
compact me t r i c space R = RU A, where R is dense in R; 
such that 

lim K(z, w) 
z-** z 
Z€ R 

Z € A 

is a positive harmonic function on R where l imit is taken with 
r e spec t to the topology of R. A is called the Mart in boundary 
of R, and if K J w ) is minimal ( i . e . , dominates only non-
negative harmonic functions of the form \KA(w) where 

z 
0 < X < 1) then we say that z is a min imal Mart in boundary 

= K^ (w) or K(z , w) 
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point and denote the set of these points by A . In general 

A, C A, and Mart in showed that for each positive harmonic 
1 

function h in R there exists a unique mass distribution JJL on 
A such that h(w) = f K(2, w)djj.^ . The measure JJL is often 

referred to as the canonical measu re on A i associated with h. I 

The function K(z, w) originally defined on R X R , and then 
a a 

extended continuously onto R X R , shall be called the Martin 
a a 

kernel function on R X R 
a a 

Let a be a m a s s distribution on R and z e R • Then 
a a 

the function V (z) = / K(z, w)du. , là + <»), shall be refer red 
R W 

a 
to as the Mart in potential of u ([7], p . 21). If z € R , then 
V (z) = ~7T— where U (z) is the Green potential of JJL. In 

G(z, a) 
her thesis , Nairn ([7], p.23) introduced a definition of thinness 
for a set E C R relat ive to any point z e R 

a a 

According to Nairn1 s definition, E is thin at z if and 
only if ei ther: 

(i) z is an isolated point of ElJ{z} in the Martin 
topology 

or 
(ii) there exists a Martin potential V r on R such that 

a 
V*1 (£) < lim V41 (z) . 

z-+ z 
Z € E 

Nairn showed that R is thin at ze A - A ([7], p . 25) and that 
a x 

for any E C R , it follows that E is thin at z e A. if and only 

c V E a 

if (^ ^ K-N{w) ([7], p . 27, theorem 5). By making use of 
K£(w) 2 

a kernel function which she designated by 0, Nairn was able 
to define potentials for m a s s distributions on R ra ther than 
just on R . The function 
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0(z, w) = r l
 C ^ ] , on R X R 

G(z, a) G(w, a) a a 

6(z, w) = ^ /
( 2 , W , ) on R X R 

G(w, a) a a 

6(z, w ) = l i m 9(z, w) on A X A 
w-*- w 
W 6 R 

9(z, w) = f 9(z, w ^ d i i ^ , on A X ( A - A ) w h e r e \i i s 
J w1 1 

A i 
the c a n o n i c a l m e a s u r e (on A , ) a s s o c i a t e d wi th K^ 

1 w 

The fine topology of Nairn on R i s defined to be the l e a s t 
a 

topology on R which m a k e s the 9 - p o t e n t i a l s con t inuous ([7], 
a 

p . 40) . Under th i s topology the b o u n d a r y of R t u r n s out to be 
a 

the m i n i m a l M a r t i n b o u n d a r y A * The fine topology of Nairn 

on R r e l a t i v i z e d to R c o i n c i d e s wi th the fine topology of 
a a 

Car tan and B r e l o t , It i s a l so w o r t h noting tha t if z e R then 
a ( ) 

any 6 -po t en t i a l U ^ z ) ~ f 8(z, w)d|i^ i s of the f o r m — " -
J* w o^z, aj 

a 
w h e r e v(z) is a n o n - n e g a t i v e supe r h a r m o n i c funct ion on R , and 

a 
tha t if z e A then U^(z) = l i m /v(z) \ > 0 or + oo , ([7], p . 48, 

z-*" z l G ( z , a) 
Z€ R 

a 

t h e o r e m 7 ! - l 6 ) . 
We c l o s e th i s s e c t i o n wi th a r e m a r k on the r e f e r e n c e po in t 

a . As P a r r e a u ([8], p . 151) h a s r e m a r k e d , the M a r t i n b o u n d a r y 
A of R (as we l l as A ) has only an a p p a r e n t d e p e n d e n c e on the 

A. 

poin t a . If a w e r e r e p l a c e d by b € R, then the s p a c e s R 

and R would be equ iva len t both as topo log ica l s p a c e s and 

u n i f o r m s p a c e s . 

3 . A T h e o r e m on Angula r D e r i v a t i v e s . We s h a l l now 
s t a t e and p r o v e our m a i n t h e o r e m . 
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T H E O R E M . Le t f(z) be defined a s above , and le t 
N C D = { z : | z | < 1} be an open s u b s e t r e l a t i v e to the u s u a l 
topology and at the s a m e t i m e a de le ted fine ne ighbourhood of 
z = 1 r e l a t i v e to the s p a c e D = {z : | z | < 1} endowed wi th the 
Nairn topo logy . Then f(z) p o s s e s s e s a f ini te angu la r d e r i v a t i v e 
a t z = 1 if and only if the i m a g e of N unde r f ( i . e . , f(N)) i s 
â  de l e t ed fine ne ighbourhood of w = 1 r e l a t i v e to the s p a c e 
D ! = {w: j w | < 1} endowed a l s o wi th the fine topology of Nai rn . 

P r o o f . N e c e s s i t y P a r t . Suppose tha t f(N) fa i l s to be 

a de le ted f ine ne ighbourhood of w = 1. Then £T_ , . = K (w) WK (w) " i 
1 

([7], p . 27, t h e o r e m 5) on f(N), w h e r e £, i s the e x t r e m a l i s a t i o n 
o p e r a t o r of B r e l o t . 

Since K (w) i s a so lu t ion of a g e n e r a l i z e d D i r i c h l e t 
1 

p r o b l e m on f(N) , or quas i -bounded a c c o r d i n g to P a r r eau1 s 
t e r m i n o l o g y ([8], p , 164), t h e r e f o r e K (f(z)) i s quas i -bounded 

on N. T h i s fol lows i m m e d i a t e l y f r o m the fac t tha t any q u a s i -
bounded h a r m o n i c funct ion on f(N) can be e x p r e s s e d as the 
l i m i t of a m o n o t o n e n o n - d e c r e a s i n g s e q u e n c e of bounded h a r m o n i c 
func t ions on f(N). 

N N 
We now def ine K A (z)= K , ( z ) - C T . , . on N, and note tha t 

1 1 *~K (z) 
N 1 

K (z) i s a p o s i t i v e m i n i m a l h a r m o n i c funct ion on N ([7], p . 42, 

t h e o r e m 12) . S ince K (f(z)) i s quas i -bounded on N, t h e r e f o r e 
1 

K (f(z)) canno t d o m i n a t e any m i n i m a l funct ion of the f o r m 
1 

N 
\ K (z) , \ > 0 . T h i s i s a c o n s e q u e n c e of the fac t tha t 

K (f(z)) 
F . l i m — = 0 ([7], p . 49, t h e o r e m 8 f -17 ) , w h e r e F . l i m 

z € N K ^ ( z ) 
z - * l 

d e n o t e s the fine l i m i t o r p s e u d o l i m i t of Nairn, combined with the 
r e s u l t t ha t z = 1 m a y be r e g a r d e d a s a m i n i m a l M a r t i n b o u n d a r y 
p o i n t of bo th N and D ([7], p . 46, t h e o r e m 15) . 

N 
Since K (z) < K (z), i t i s not p o s s i b l e to c h o o s e \ > 0 

1 "~ 1 
s u c h tha t K^f(z) > XK (z) on N, and hence on D. Combining 

1 ~~ 1 
t h i s r e s u l t wi th the g e n e r a l i z e d l e m m a of Ju l i a , it fo l lows tha t 
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l ina ( 1 - j i ( z ) j ) , _ . . ,, f -. 
_ — , _L 1 \ if = + QQ ^ ^Yie necessity of our theorem follows. 
:zr+\ 1 - |z J 

Stifficiency Part. We let N = {z: K (z) > 1} and suppose 

ffhat f(N) is a deleted fine neighbourhood of w = 1. Then 

H(w) = K (w) - £ , . is a positive minimal harmonic function 
1 K (w) 

1 
on f(N) ([7], p. 42, theorem 12). Furthermore, lim H(w) = 0 

w-*w0 

wcf(N) 

where w is a boundary point of f(N) in D*, keeping in mind 
o 

that any such point must be a regular boundary point of f(N) 
([8] i PP- 111-113). Now let z be any boundary point of N in 

D. Since f(z ) is either a regular boundary point of f(N) in D!, 
o 

or possibly an interior point of f(N), therefore lim S(z) = 0 
z-* z 
ze N° 

where S(z) ^ 0 in the singular part of H(f(z)). 

Since the principle of positive singularities of Bouligand 
and Brelot is applicable to N, S(z) is a positive minimal 
harmonic function with pole at z = 1 ([2], p. 120, theorem 4), 

N 
and therefore of the form X K (z), X > 0, where 

o 1 o 
N 

K (z) = K (z) - I o n N. Since K (f (z)) > S(z) on N and hence 
N - K (£(«)) 

K (f(z)) > X K (z) on N, it follows that F . lim „ . x > X > 0, 
1 -~ o 1 . T A K (z) — o 

K*(») Z ^ 1 * 
because F, lim T̂  . x = 1. Thus the canonical measure of 

z-* 1 1 
K (f(z)) associated with {1} is greater than or equal to 

X ([7], p. 49, theorem 8!-17), and therefore 
o 

K f(z) > X K (z) on D. Combining this result with the converse 
1 "— o 1 

of the generalized Julia lemma, it follows that f(z) possesses a 
finite angular derivative at z = 1. This proves the suif iciency. 

Since the concept of fine neighbourhood is conformally 
invariant, our theorem holds true if phrased in terms of the half 
plane, taking into account the minor modifications which must 
be made. For holomorphic functions on D, with less restrictive 
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conditions than those just considered, the theory of angular 
derivat ives can, in cer tain instances, be associated with the 
Phragmé'n-Ldndelô'f pr inciple . It is the wr i t e r ' s intention to 
consider this principle in a future work. 
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