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All our m a t r i c e s a r e s q u a r e with r e a l e l e m e n t s . The 
Schur p roduc t of two n X n m a t r i c e s B = (b ) and C = (c. ) 

( i , j , = 1, 2, . . . , n ) , is an n X n m a t r i x A = (a ) wi th 
ij 

a . . = b . . c . . , ( i , j = 1, 2, . . . , n). 

A r e s u l t due to Schur [ l ] s t a t e s tha t if B and C a r e 
s y m m e t r i c pos i t ive defini te m a t r i c e s then so i s t h e i r Schur 
p r o d u c t A. A ques t ion now a r i s e s . Can any s y m m e t r i c 
pos i t ive defini te m a t r i x be e x p r e s s e d a s a Schur p roduc t of 
two s y m m e t r i c pos i t ive definite m a t r i c e s ? The a n s w e r i s in 
the a f f i r m a t i v e a s we show in the following t h e o r e m . 

THEOREM. A r e a l s y m m e t r i c pos i t ive defini te m a t r i x 
i s a Schur p roduc t of two r e a l s y m m e t r i c pos i t ive defini te 
m a t r i c e s . 

Proof . Let us f i r s t p rove the t h e o r e m for a r e a l 
s y m m e t r i c pos i t ive definite m a t r i x A = (a' ) w h e r e a = 1, 

1 ij i i 
(i = 1, 2, . . . , n ) . F o r e a c h i, (i = 1, 2, . . . , n), let the i 
c h a r a c t e r i s t i c r o o t s of the leading i X i p r i n c i p a l s u b m a t r i x of 
A (i. e. the s u b m a t r i x occupying the upper left hand c o r n e r of 

A ) be X , X , . . . , X wi th X > X > . . . > \ > 0. 
1 l i 2i i i 1 i — Zi — — ii 

Wr i t e X = m i n X . Choose a to be a pos i t ive n u m b e r 
ii 

i 

sa t i s fy ing 1 - X < a < 1. If B is an n X n m a t r i x with 1 in 
i t s , m a i n d iagonal and a e l s e w h e r e , and C = ( c . . ) w h e r e 

iJ 
c = a1 /a , i / j , c . . = 1, ( i , j = 1 , 2 , . . . , n ) , then the Schur 
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produc t of B and C is A . 
^ 1 1 

Now we have to show tha t the m a t r i c e s B , and C a r e 
1 

pos i t ive def in i te . Indeed the i - t h l ead ing p r i n c i p a l m i n o r i s 
i -1 

e a s i l y seen ( see [2]) to be equa l to (1-tf) {1 + ia-a}, (i = 1, 2, . . . , n) . 

So B i s pos i t i ve def in i te . With r e g a r d to C, le t us c o n s i d e r 

the following po lynomia l of d e g r e e i in x: 

P.(x) 
l 

» i »' 

21 

i l 

12 13 
x a' 

23 

i2 i3 

A c c o r d i n g to the defini t ion of \ , X , B l i 2i 

a ' 
l i 

2i 

X , we have 
ii 

P ( l - X ) = P ( l - \ ) = . . . = P ( l - \ ) = 0 , and P (x) > 0 w h e n e v e r 
i l i i 2i i i i i 

x > 1 - X... The l ead ing p r i n c i p a l m i n o r of o r d e r i of C i s 

equa l to a P (a). As a > 0 and a > 1 - X. , we see tha t t h i s 
i i i 

l ead ing p r i n c i p a l m i n o r i s p o s i t i v e . T h i s ho lds for i = 1, 2, . . . , n. 
Thus C i s a s y m m e t r i c p o s i t i v e defini te m a t r i x . Hence we have 
got a d e s i r e d f a c t o r i s a t i o n of A. 

Le t now A = ( a . . ) , ( i , j = 1, 2 , . . . , n) , be a s y m m e t r i c 

pos i t i ve defini te m a t r i x in which not a l l the m a i n d i agona l 
e l e m e n t s a r e 1. We know tha t a . > 0 for i = 1, 2 , . . . , n . 

i 
2 

Put a!. = a . . / ( a . . a . . ) , (i , j = 1, 2 , . . . , n ) . Then A = ( a f . ) i s 
y XJ 1X JJ 1 y 

a s y m m e t r i c pos i t i ve def ini te m a t r i x , b e c a u s e the l ead ing i - t h 
p r i n c i p a l m i n o r of A i s equa l to the p r o d u c t of 

- 1 
( a . , a o ~ . a ^ « • • a«.) a n d the l ead ing i - t h p r i n c i p a l m i n o r of A, 

11 22 33 i i 
and so i s p o s i t i v e , (i = 1, 2, . . . , n) . F u r t h e r , we define B = (b . . ) 

w h e r e b . . = a., and b = c*(a a ) if i é \ . 
i i i1 ij i i j j J 
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Then B is symmetr ic and positive definite, since its i-th 
principal minor is equal to the product of (a J a . . . a..) 

11 Zc 11 
and the leading i-th principal minor of B , i. e. equal to 

i-1 
a A . . . a..(l-or) (1+ia-a). 

11 il 

We now see that A is the Schur product of the symmetric 
positive definite mat r ices B and C, with a and a' as 

defined above. This completes the proof. 

We notice that each rea l symmetric positive definite 
ma t r ix can be exhibited as a Schur product of two rea l symmetr ic 
positive definite mat r ices in infinitely many ways. Combining 
the above resul t with Schur1 s resul t , we can state that a rea l 
symmetric ma t r ix is positive definite if and only if it is the 
Schur product of two real symmetric positive definite m a t r i c e s . 
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