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THE PARITY DISTRIBUTION OF TRACES IN IMAGINARY 
QUADRATIC FIELDS 

D. S. DUMMIT 

ABSTRACT. Computations of the Iwasawa À -invariant for imaginary quadratic 
fields showed a discrepancy in the proportion of even and odd traces of certain inte­
gers from these imaginary quadratic fields. This paper shows that such a discrepancy is 
in some sense to be expected and that the proportion of even and odd traces of princi­
pal generators of powers of prime ideals in imaginary quadratic fields is related to the 
3-primary component of the class group. 

Let D > 0 be a squarefree positive integer with k = Q(>/—D) and let Ok denote the 
ring of integers of k, so that Ok — Z + ZLJ where 

if DEE 1, 2 mod 4 

if DEE 3 mod 4. 

In the first case, the trace to Q of every element of Ok is an even integer and in the second 
case there are integers of k with odd trace. 

Let (P be a prime ideal of Ok lying above the rational prime p and let/ be the order of 
¥ in the class group of/:, so that *$ — (IT) is the smallest power of (P which is a principal 
ideal. For D ^ 1,3, the element n is uniquely defined up to sign. For D = 1 we may 
determine n uniquely by choosing n = 1 + / if fP is the prime above 2 and requiring 
7T EE 1 mod (1 + if for all other primes 2\ For D = 3 we choose n = y/3 for the prime 
fP above 3 and otherwise require IT = 1 mod (3). 

Let tp -- Trace n G Z be the trace from k to Q of a generator n of the ideal <$ chosen 
above. Note that the parity of tp is well-defined and that tp depends only on the prime p 
and not on the choice of prime ideal fP lying over p in k. 

If D EE 1,2 mod 4 then tp is even since all integers in such fields have even trace. 
If p does not split in k then again tp is even since such primes are principal with p as 

a generator which of course has even trace (if D = 3 the element IT is —/?). 
If D EE 7 mod 8 and p splits in k then ti is odd and tp is even for all odd p. This is 

elementary since ti = ir + 7f (where it ^ TT is the complex conjugate of 7r) would imply 
7f G (P if h were even, a contradiction; for p odd writing ir = (t + by/—D)/ 2 gives 
4pf — 47T7f = t2 + b2D, which is impossible mod 8 for t (and hence b) odd. 
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It remains to consider the situation of D = 3 mod 8 and p a split prime in k, which 
is more interesting. Let F denote the Hilbert class field of k and let F(2) denote the ray 
class field of k of conductor (2). Let G = Gal (F(2)/ k) be the Galois group of FQ) over 
k (the ray class group to conductor (2)). Since D = 3 mod 8 the ideal (2) is inert in k so 
that F(2> is an abelian extension of F of degree 3 with Galois group H = Gal (F(2)/ F) 
canonically isomorphic by the Artin isomorphism to the group (0/ (2)0)* ~ Z/3Z, 
with representatives 1, UJ , 1 + UJ mod (2). The quotient Gj H is the class group Ck of k so 
we have the exact sequence of abelian groups 

(1) l-+H-+G->Ck-+l. 

If fP is a prime ideal of k then the order/ of fP in the class group Q is the smallest power 
of the Artin symbol 

which is an element of the subgroup H of G. Since H ~ (0/ (2)0)* ~ Z/3Z has 
representatives l,o;, 1 + LJ mod (2) it follows that 7r = 1 mod (2) precisely when this 
element of H is the identity of//, and 7r = a; or 1 +u mod (2) otherwise. Since the trace of 
u; is 1, we see that n has even trace if and only if the smallest power of the Artin symbol 
for fP in F(2)/ k to lie in the subgroup H is the identity element of H. By the Tchebotarov 
Density Theorem the primes in k with given Artin symbol in F@)/ k have density 1/ 3h 
(the order of G), which proves the following 

THEOREM. 

(1) IfD = 1 , 2 mod 4 or ifp does not split in k then tp is even. 
(2) Suppose D = l mod 8 andp splits in k. Then ti is odd and tp is even for all odd p. 
(3) Suppose D = 3 mod 8. Let h denote the class number ofk and let n denote the 

number of elements in the ray class group of conductor 2 which are the identity when 
raised to their order in the quotient group Ck, the class group ofk. Then tp is even with 
density nj 3h as p ranges over the split primes ofk. 

The integer n in the Theorem depends on the structure of the 3-primary component 
of G and in particular on the 3-primary component of the class group of k. For example, 
if h is prime to 3 then tp is even with density 1/3 since in this case the group extension 
(1) splits: G ~ H x Ck and h of the 3h classes (the identity coset of C*) have even trace. 

More generally, if the 3-primary component of G is cyclic of order 3^ with G of 
order 3Nhf, h' prime to 3, then it is easy to see that n — h' so that only 1/ 3^ of the traces 
will be even. For example, the field Q(\/—59) has class number 3 with the 
ideal % lying above 3 as generator. Since 2f = (7 + V-59 ) / 2 ^ 1 mod (2) the 
extension (1) does not split so that G ~ Z/9Z and we should expect even traces 1/9 
(~ 0.1111) of the time. Computing2 the traces for split primes up to 106 for this field 

2 On a PC with the infinite precision number theoretic language PC-ALGEB using algorithms developed 
in [2] 
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we find that there are 4,327 even traces and 34,890 odd traces (~ 0.1103 and ~ 0.8897, 
respectively). 

If the 3-primary component of G is elementary abelian of order 3^ then a quick cal­
culation shows n — (3N — 2)H (h1 again the order of G prime to 3) so that in this case 
the majority (3N — 2)/ 3N of traces are even. For example, the field Q(V~307) has class 
number 3 with the ideal fP7 above 7 as generator. Since fP7

3 = 6 +A/—307 = 1 mod (2) in 
this case the extension (1) splits so that G ~ Z/ 3Z x Z/ 3Z and we should expect even 
traces 7/9 (~ 0.7778) of the time. Here the traces for split primes up to 106 give 32,972 
even traces and 9,452 odd traces (~ 0.7772 and ~ 0.2228, respectively). 

As the 3-primary component of G (or of Q ) becomes more interesting the proportion 
of even and odd traces becomes more interesting. We give the following two examples3 : 

(1) The field Q(>/-4027) has class number 9 with class group Ck ~ Z / 3Z x Z / 3Z 
(generators are 2*13 and T\q). Since 

^ 3 69 + V-4027 . 
2?3 - £1 mod 2 

the ideal îfo has order 9 in the ray class group, so that G ^ Z / 9 Z x Z / 3Z. A simple 
calculation then shows that n — 1 here so that even traces occur with density 7/27 (= 
.2593). Computations give 10,063 even and 29,013 odd traces for the split primes less 
than 106(~ 0.2575 and - 0.7425, respectively). 

(2) The field Q(>/-3299) has class number 27 with class group Ck ~ Z / 9Z x Z / 3Z 
(generators are (P3 (of order 9) and (P\\ (of order 3)). Since 

m 3 45 + V-3299 ,A 

2?1 = ^ £1 mod 2 

the ideal (P\\ has order 9 in the ray class group, so that G ~ Z/ 9Z x Z / 9Z. Here n = 61 
so that even traces occur with density 61 / 81 (=.7531). Computations give 29,542 even 
and 9,613 odd traces (~ 0.7545 and ~ 0.2455, respectively). 

REMARK 1. Computations of the Iwasawa À-invariants for imaginary quadratic 
fields k for various primes p utilizing a test due to Gold, Sinnott et al showed that the 
integer solutions / G Z o f the congruence 

(2a) tp~l + ptp~3 - I = 0 mod/?2 

satisfying the further Archimedean constraint 

(2b) 0<t< 2JÏ 

were disproportionately odd: for/? < 6,580,633 the proportions are 748/1145 = .6533... 
and 397/1145 = .3466... [If the prime p splits in k into principal primes, p = nit then 

3The famous examples of nontrivial 3-ranks of Scholz and Taussky [4] 
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Gold's test for \p > 1 is to check whether log^ TT = 0 mod n2 where the equation 
is considered in the 7f-adic embedding of k into Qp and log^ is the associated /7-adic 
logarithm. Writing 7r = (t + by/—D)/ 2, where t G Z is the trace of IT, it is easy to 
see that Gold's test is precisely equation (2a). Turning this around, fixing/? and solving 
for all solutions t of (2a) subject to (2b) gives all D for which /? splits into principal 
primes in Q(y/—D) and Â  > 1 (the Archimedean constraint (2b) is required so that 
4p — t2 (= b2D) is positive), so in particular determines all p with Â  > 1 for the 
imaginary quadratic fields of class number 1.] Trying to explain this distribution led to 
the question of the general distribution of traces in imaginary quadratic fields considered 
here. 

If/is a solution to (2a) and (2b) then s = 2p—t2 is a solution to the equation 5^ - 1 ) / 2 = 
1 mod/?2, satisfying —2/7 < s < 2/7. The value s = 1 is always a solution to this latter 
equation and, conversely, if 2/? — 1 is a square, we have a solution to (2a) (with s — 1 
and t odd). Examining the tables shows that the parity of the values remaining when the 
primes p with 2/7 — 1 a square are removed are approximately evenly distributed. 

If we assume that the values of p with 2/7 — 1 a square account for the abundance 
of odd solutions to (2a), then A. Granville has supplied the following heuristic for the 
distribution of these values. The probability that t satisfies (2a) is 1//7, so the suggested 
number of even solutions in our range is approximately yjpj p. Hence the number of 
even solutions up to x is approximately 

£ l/y/p* f* -y^—dtn&'yiogx. 

Similarly, the expected number of odd solutions of (2a) in our range is 2xxl2 / log x plus 
the number of primes p ^ x for which 2/7 — 1 is a square. If 2/7 — 1 = d2, then d ^ y/2x 
and d = 2n+1 is odd. Hence we wish to count the number of integers n ^ y/x/'2 such that 
2n2 + 2n+\ is a prime. A classical conjecture of Hardy-Littlewood, Schinzel-Sierpinski 
predicts that 

#{ n S x | 2n2 + 2n + 1 is prime } » Cxj log x 

with 

c = n I-UWIJ, 
p=odd prime * *-/ P 

where uj(p) is the number of residue classes n mod/7 for which 2n2 + 2n+\ = 0 mod/7. 
Since 2n2 + 2n + \ — n2 + (n + l)2, this is equivalent to the assertion that —1 is a square, 
hence 

0 if/7 = 3mod4 
^ }2 if/? = 1 mod 4 ' 

which gives C « 1.372 (computing the product for the first million primes). It fol­
lows that the expected number of odd solutions to (2a) would be approximately (2 + 
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C\f2)xxl21 log x, hence that the proportion of odd to even solutions would be 1+(C/ y/2) 
^1.97. 

REMARK 2. Let now E be an elliptic curve defined over the Hilbert class field F of 
k which has complex multiplication by Ok. Let \j)Fjk be the associated Grossencharacter 
of E. For v a prime of F of good reduction for E, ipF/ k(v) = TTV £ k* where 7rv is the ele­
ment of Ok such that multiplication by TTV is the Frobenius morphism (x,y) \—> (^v ,^v) 
on the (affine part of the) reduced curve Ë/ ¥qv over the residue field F9v for v. 

If *P is the prime oik lying below v, then the element TTV is a generator for & where/ is 
the order of fP in the class group of k (and qv — pf above), so that the traces ap considered 
above are the traces of Frobenius in the sense of elliptic curves, i.e. are coefficients of 
the L-series for E (or of the associated modular form). The results above can then be 
interpreted as giving the distribution of the parity of the coefficients ap of the associated 
modular forms. 

This can also be seen directly from the elliptic curves by considering the Galois action 
on the 2-division points of the curve (which is the Galois action on the quotient T2/ 2Tj 
of the 2-adic Tate module T2 and so determines the mod 2 behavior of the traces of 
Frobenius for most primes). The equivalence of this with the field-theoretic approach 
above is just the classical complex multiplication theory for elliptic curves which relates 
the ray class field to conductor (2) to the field obtained by adjoining the 2-division points 
of an elliptic curve having complex multiplication by Ok. 

Finally we note that this latter approach also applies for example to elliptic curves 
defined over Q which are not complex multiplication curves and shows that the parity 
distribution of the coefficients ap of their L-series is determined by the splitting of primes 
in the field obtained by adjoining the 2-division points of the curve (cf. Serre [5], [6] 
where these and other modular forms are considered). For example, the tables [1] provide 
examples of parity distributions similar to those considered above, determined by the 
rationality of the 2-division points (note also that if the curve has good reduction at 2 
then it is possible to have a2 odd and all other traces even — analogous to the case 
D = 1 mod 8 considered above). For example, the modular form r/(z)2r/(llz)2 (whose 
coefficients were previously computed in connection with [3])) arises from the curve 
£ = Xo(ll): y2 +y = x3 — x2 — lOx — 20 and the coefficients ap are odd with density 
1/3 (the 2-division points generate an S3 extension of Q and 2 of the 6 invertible 2 x 2 
matrices with coefficients in F2 have even trace). 
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