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Abstract

We compare the dimension of a non-invertible self-affine set to the dimension of the
respective invertible self-affine set. In particular, for generic planar self-affine sets, we show
that the dimensions coincide when they are large and differ when they are small. Our
study relies on thermodynamic formalism where, for dominated and irreducible matrices,
we completely characterise the behaviour of the pressures.
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1. Introduction

Let J be a finite set and (A; + v;);cs a tuple of contractive affine self-maps on R2, where
we have written A + v to denote the affine map x — Ax + v defined on R? for all matrices
A € M>(R) and translation vectors v € R2. If the affine maps A; + v; do not have a com-
mon fixed point, then we call such a tuple an affine iterated function system. We also write
fi =A; +v; for all i € J and note that the associated tuple of matrices (A;);cy is an element of
MyR).

A classical result of Hutchinson [18] shows that for each affine iterated function system
(f)ies there exists a unique non-empty compact set X’ C R, called the self-affine set, such
that

X' =[JHx". 1)
ie

In this paper, if I ={i €J:A; is invertible} is non-empty, then the self-affine set X C X’
associated to (fj);es is called invertible, and if J \ I is non-empty, then the self-affine set
X' associated to (f;)icy is called non-invertible. Béarany, Hochman and Rapaport [2] and
Hochman and Rapaport [17] have recently shown that the Hausdorff dimension reaches
a natural upper bound, the affinity dimension, on a large deterministic class of invertible
self-affine sets.
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2 ANTTI KAENMAKI AND PETTERI NISSINEN

In our main result, Theorem 1-1 below, part (i) shows that generically under a separa-
tion condition the dimensions of X’ and X agree when they are at least 1. Furthermore, if
the dimension of X is strictly less than 1, then part (ii) demonstrates that generically the
dimensions of X’ and X are distinct. Regarding part (iii), let us first recall that Marstrand’s
projection theorem [24] gives dimy(projy(X”)) = min{1, dimp(X’)} for Lebesgue almost all
V e RP!. Although the equality holds for generic V, it is often difficult to say whether a
particular V satisfies it. The purpose of part (iii) is to verify that the orthogonal complement
of the kernel of one of the rank one matrices is such a direction.

The precise definitions of the assumptions used in the theorem will be given in coming
sections.

THEOREM 1-1. Suppose that X' and X are the planar self-affine sets associated to affine
iterated function systems (A; + vi)icy and (A; + v;)ies such that A; € GLr(R) forallie I C J,
respectively.

(1) If (A))ieq is strictly affine and strongly irreducible such that dimgg((A;)icr) = 1 and X
satisfies the strong open set condition, then

dimm(X) = dimp(X),
dimp(proj, (X)) = 1

forall Ve RP'.

@i1) If (Ap)iey is dominated or irreducible such that maxey ||A;|| < 1/2, contains a rank
one matrix, and dimu((A;)icr) < 1, then

dimy(X{) > dimp(Xy)

for L% -almost all translation vectors v = (v;)icy € (R®)*.

(i) If (Ap)iey contains a rank one matrix, (A;)icy is strictly affine and strongly irreducible
such that dimag((A;)icr) < 1, and X satisfies the strong open set condition, then there
exists a rank one matrix A in A such that

dimp(X") = dimg(projye, 4y (X)) < 1.

We remark that Bardny and Kortvélyesi [5] have recently continued the above study. They
have demonstrated that if the affinity dimension is strictly less than one, then there exist two
large parameter sets for the defining matrices so that in the first one, the Hausdorff dimen-
sion of the non-invertible self-affine set equals the affinity dimension, and in the second
one, the Hausdorff dimension is strictly smaller than the affinity dimension. This observa-
tion proposes that determining the Hausdorff dimension in this situation requires a better
understanding of the geometry.

The remainder of the paper is organised as follows. In Section 2, we compare the
behaviour of the pressures and study the continuity. In particular, for dominated and
irreducible matrices, we completely characterise the continuity of the pressure in the non-
invertible case. In Section 3, we uncover how the study of non-invertible self-affine sets is
connected to the theory of sub-self-affine and inhomogeneous self-affine sets, and prove the
main result.
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Non-invertible planar self-affine sets 3

2. Products of matrices

2-1. Rank one matrices

We denote the collection of all 2 x 2 matrices with real entries by M»(R), the general
linear group of degree 2 over R by GLy(R) C M>(R), and the orthogonal group in dimension
2 over R by O7(R) C GLa(R). A matrix A € GL>(R) is called proximal if it has two real
eigenvalues with different absolute values. If A € M»(R), then the singular values of A are
defined to be the non-negative square roots of the eigenvalues of the positive-semidefinite
matrix ATA and are denoted by «1(A) and a>(A) in non-increasing order. Recall that the
rank of A is the number of non-zero singular values of A. The identities «1(A) = ||A|| and
a1(A)an(A) = | det (A)| for all A € Mp(R) are standard, as is the identity aa(A) = A~ ~!
in the case where A is invertible. For each A € M>(R) and s > 0 we define the singular value
function by setting

ai(A), if0<s<1,
@' (A) = { a1(@)azA) !, if 1 <s<2,
et , if 2 <s < o0,
| det (A)[*/2 if 2

where we interpret 00 = 1. The value ¢*(A) represents a measurement of the s-dimensional
volume of the image of the Euclidean unit ball under A. Since « 1Az (AY 1 =
a1(A)* 5| det (A)]*~! for all 1 <s<2, the inequality ¢*(AB) < ¢°(A)¢*(B) is valid for all
s 2 0. In other words, the singular value function is sub-multiplicative.

Note that if A € M»(R) has rank one, then ¢°(A) = 0 for all s > 1. Recalling that A has rank
zero if and only if A is the zero matrix, we see that ¢*(A) = 0 for all s > 0. Let us next recall
that rank one matrices are projections. Let RP! be the real projective line, that is, the set
of all lines through the origin in R2. If V, W € RP!, then the projection projyy : R? — Vis
the linear map such that proj{,v |y =1d|y and ker (proj% = W. Furthermore, the orthogonal

projection proj “fl onto the subspace V is denoted by projy. The following lemma is well
known. But, as the proof is short, we provide the reader with full details.

LEMMA 2-1. A matrix A € M>(R) has rank one if and only if there exist v,w € R?\
{(0, 0)} such that A =vw' . In this case,

(v, w)proji(;r(/gf;), if A is not nilpotent,

[VIIW|Rprojyer (a)L> if A is nilpotent,

where R € O2(R) is a rotation by an angle 7 /2. In particular, A(X) is bi-Lipschitz equivalent
10 Projyer () (X) for all X C R%.

Proof. Let us first prove the characterisation of rank one matrices. If A=vw' for some
v,weR?\ {(0,0)}, then Ax = vw " x = (w, x)v for all x € R2. Therefore, A maps every x to a
scalar multiple of v, rank(A) = 1, and im(A) = span(v). If x € span(w)l, then Ax =vw ' x =
(w,x)v=0andker (A) = span(w)J-. Conversely, if rank(A) = 1, then there is v € R2 \ {(0, 0)}
such that Ax is a scalar multiple of v for all x € R?. In particular, this is true when x = (1, 0)
and x = (0, 1). That is, there are w, w, € R\ {0} such that A(1,0) =w;v and A(O, 1) = wov.

In other words,
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4 ANTTI KAENMAKI AND PETTERI NISSINEN
Ww1Vv1 wWaVvi
A= = va,
W1V2 WV
where w = (w1, wz) € RZ \ {(0, 0)}.

Let us then show that a rank one matrix A is a projection. If A is not nilpotent, then
span(v) =im(A) # ker (A) = span(w)L. Since Ax =vw ' x= (x, w)v and it is easy to see that

{x, w) 1
V=
(v, w) (v, w)

-ker (A

pI’O]im(A))(x) = Ax

for all xeR%, we have shown the first case. If A is nilpotent, then span(v) =im(A) =
ker (A) = span(w)=*. Since Rw/|w| = v/|v|, where R € O»(R) is a rotation by an angle /2,

we have
PrOjier (4)L (¥) = PrOjspan() (¥) = <x’_“2’>w _ MR_l
Wl [vlwl
and hence,
Rprojyer (ayL (x) = M — 1
E
as claimed.

Since the last claim follows immediately from the the fact that a rank one matrix is a
projection, we have finished the proof.

2-2. Pressure

Let J be a finite set and A = (4;)ic; € M2(R)’ be a tuple of matrices. We say that A is
irreducible if there does not exist V € RP! such that A;V CV for all i € J; otherwise A is
reducible. Note that the irreducibility is equivalent to the property that the matrices in A do
not have a common eigenvector. Therefore, A is reducible if and only if the matrices in A can
simultaneously be presented (in some coordinate system) as upper triangular matrices. The
tuple A is strongly irreducible if there does not exist a finite set VV C RP! such that A;Y =V
forallieJ.

We call a proper subset C C RP' a multicone if it is a finite union of closed non-trivial
projective intervals. We say that A is dominated if each matrix A; is non-zero and there
exists a multicone C C RP! such that A;,C C C° for all i € J, where C° is the interior of C.
Conversely, if a multicone C C RP! satisfies such a condition, then we say that C is a strongly
invariant multicone for A. For example, the first quadrant is strongly invariant for any tuple
of positive matrices. Note that a dominated tuple is not necessarily irreducible and vice
versa. If A € GL»(R)’ is dominated and irreducible, then, by [4, lemma 2-10], A is strongly
irreducible.

We let J* denote the set of all finite words {@} U |, /"', Where @ satisfies @i = i@ =i
for all i € J*. For notational convenience, we set JO = {&}. The set JN is the collection
of all infinite words. We define the left shift o : JN — JY by setting o1 = ipi3 - - - for all
i =iyip - - - € JN. The concatenation of two words i € J* and j € J* U JN is denoted by i j €
J*UJN and the length of i € J* UJN is denoted by |i|. If j € J* UJN and 1 < n < |j|, then
we define j|, to be the unique word i € J” for which ik = j for some k € J* UJN. Write
ilo=2.If i eJ*\ {0}, then i~ =i|j;)—; is the word obtained from i by deleting its last
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Non-invertible planar self-affine sets 5

element. Furthermore, if i € J” for some n € N, then we set [i]={j € JN : j|, =1}. The
set [1] is called a cylinder set. We write A; =A;, ---A; foralli=ij---i,eJ"andneN.
We say that A € GLy(R)’ is strictly affine if there is i € I* such that A; is proximal. Recall
that A € GLy(R) is proximal if it has two real eigenvalues with different absolute values.
By [3, corollary 2-4], a dominated tuple in GLy(R)” is strictly affine.

If I c JY is a non-empty compact set such that o(I") C T, then we define ', = {i|, €
J":ieT}and Ty =, o T'n- We keep denoting (I, and (IN),, by I" and I*, respectively,
for all I € J and n € N. Given a tuple A= (A;);cs € M>(R)’ of matrices, we define for each
such I'  JY and s > 0 the pressure by setting

. 1 Ky _ 1 N
P(T, A 5)= lim ;log Z @ (Ai)_;gg - log Z @*(A3) € [ — 00, 00).

iel’, iel’,

The assumption o (I') C I guarantees that if i € J” and j € J” such that ij € [';,4,, then
iel'y, and j eI,. Therefore, as the singular value function is sub-multiplicative, the
sequence ( log Ziel"n ©%(A1))neN is sub-additive and hence, the limit above exists or is —co
by Fekete’s lemma.

Let A be a tuple of strictly contractive matrices and I' C JN be a non-empty compact
set such that o(I") C T. Since ¢*(4;) < ¢'(A;) maxey ||Ax]|“~? for all i eJ, we see that
P(T,A,s)<PT,A, 1)+ (s — 1) log maxgey ||Ag|| for all s >t > 0. Since A consists only of
strictly contractive matrices, we have maxgey ||Ax|| < 1 and hence, the pressure P(T", A, s)
is strictly decreasing as a function of s whenever it is finite. Notice also that P(T", A, 0) =
lim,,— o (1/n) log #T",, > 0 and lims_, o P(T", A, 5) = —00. In this case, we define the affinity
dimension by setting

dimyg(T, A) =inf{s > 0: P(T", A, s) < 0}.

Notice that if the pressure s+ P(I', A,s) is continuous at sy =dimu(I", A), then
P, A, s0)=0.
We are interested in the properties of the pressure

P(A, s)=PUN, A, 5)

as a function of s and the affinity dimension dimag(A) = dimgg(JY, A). To that end, let us
introduce some further notation. Let / = {i € J : A; is invertible}. In this case, we trivially
have that

N ={i eJN:A;, is invertible for all n € N}
is a compact subset of JN and satisfies o (IN) = IV, Therefore, the pressure PN, A, 5) is
well-defined for all s > 0. We also define

Y={ie JN :Aj), is non-zero for all n € N}.

It is easy to see that X is a compact subset of J™ and satisfies 0(£) C . Indeed, if j € o(Z),
then there is i € ¥ such that j =oi and A;|, #0 for all n € N. As clearly Ay, # 0 for all
n € N, we see that j =01 € X as claimed. Hence, also the pressure P(X, A, s) is well-defined
for all s > 0. Observe that the inclusion ¢ (X) C X can be strict: if J = {0, 1} and
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6 ANTTI KAENMAKI AND PETTERI NISSINEN

0 1 0 0
A(): ) A]: ’
0 0 0 1

then X ={0111--- ,111---}and o(X)={111---}.
LEMMA 2-2. If A= (A)ies e Mr(R)Y/ satisfies max;cy ||A;ill < 1, then

log #J, if s=0,
PA,s)=3P(Z,A,5), if0<s<1,
P(IN,A, s), ifl <s<oo.

Furthermore, the function s — P(A, s) is strictly decreasing on [0, 00), continuous on (0, 1),
and uniformly continuous on (1, 0c0) whenever it is finite.

Proof. Recall first that ¢S(A) = a1(A)° = ||A||® for all 0 < s < 1. Therefore, as we inter-
preted 00 = 1, we have

P(A,0)= lim l1og D 1As]% =log#J.
n—-oon e
Since o1 (A) > 0 if and only if A € M>(R) is non-zero, we see that for each 0 < s < 1 the sin-
gular value function satisfies ¢(A;) = ||A1||* > 0 if and only if i € Z,. Therefore, P(A, s) =
P(X, A, s) for all 0 <s < 1. Furthermore, since a2(A) > 0 if and only if A € GLy(R), we
have that for every 1 < s < oo the singular value function satisfies ¢*(A;) > 0 if and only
if i € I*. This shows P(A, s) = P(IN, A, s) for all 1 <s < co. The function s — P(A, s) has
already seen strictly decreasing. The continuity on (0, 1) follows from [16, theorem 1-2(3)]
and the uniform continuity on (1, co) follows directly from [23, lemma 2-1].

The following lemma characterises the continuity of the function s — P(A, s) at 0.

LEMMA 2-3. If A=(A))ies e Mr(R) satisfies max;ey ||Ai|| < 1, then the function s+
P(A, s) is right-continuous at 0 if and only if the semigroup {A; : 1 € J*} does not contain
rank zero matrices.

Proof. If the semigroup {A; : i € J*} does not contain rank zero matrices, then ¥ = JN
and the right-continuity at O is guaranteed by Lemma 2.2. If A; has rank zero for some
ieJ" and n € N, then clearly #X, < #J" = (#J)". Fix 0 < s < 1 and notice that Lemma 2-2
implies

1
PA5)< —log ) A"

iey,

and
. 1 1
lim P(A, 5) < — log#X, < — log#J" = P(A, 0),
540 n n

where the limit exists by Lemma 2-2. In particular, the function s+ P(A, s) is not right-
continuous at 0.
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Non-invertible planar self-affine sets 7

The possible discontinuity at 1 has already been observed by Feng and Shmerkin [16,
remark 1-1]. In their example, the pressure is not finite when s > 1, but it is easy to see that
this is not a necessity. If / = {0, 1} and

10 10
AO: ) Al = ’
oo =)

then, by lemma 2.2, for A = (Ao, A1) € M>(R)’ we have P(A, 1) =1log 2 and P(A, s) = 0 for
all s > 1. The continuity of the function s — P(A, s) at 1 will be characterised for dominated
and irreducible tuples in Lemma 2-10.

Let us next determine when the pressure is finite. For that, we need the following defini-
tion. Given a tuple A = (A;);cj € M>(R)’ of matrices, we define the Jjoint spectral radius by
setting

o(A)= lim max ||A;]|'/".
n—o00 ieJn

As the operator norm is sub-multiplicative, the sequence (log maxicj» ||Aill)nen 1S sub-
additive and hence, the limit above exists by Fekete’s lemma.

LEMMA 2-4. If A= (A))ics € Mo(RY is dominated or irreducible, then o(A) > 0.

Proof. Let us first assume that A is dominated and C C RP! is a strongly invariant mul-
ticone for A. Since there exists a multicone Co C RP! such that | J;;n A;C C J,o; AiC C
Co C C° for all n € N, we find, by applying [8, lemma 2-2], a constant « > 0 such that

[As VI = & |As]] 2

forall V e Cpand i € J*. It follows that if V € Cp, then A;V € Cp and [|A14; || = [|A14;5]V| =
1A 1A VA1V = K2|A; || |A;| for all i, j € J*. Therefore,

o(A) = liminf max "D A VA )1 2 P min 147 > 0

n—>00 jy-iyelf

as claimed.

Although the proof in the irreducible case can be found in [19, lemma 2-2], we present the
full details for the convenience of the reader. Denote the unit circle by S! and suppose that for
each k € N there is x; € S! such that for every i € J we have |A;xx| < 1/k. By the compactness
of S', there is x € S' such that |A;x| =0 for all i € J. Choosing V = span(x) € RP!, we see
that A;V = {(0,0)} C V for all i € J and A is reducible.

It follows that there is § > 0 such that for every x € S! there exists i € J for which |A;x| >
8. Let us next apply this inductively. Fix xo € S' and choose i; € J such that |Aj xo| = 6.
Write x; = A;,x0 and choose i; € J such that |A;, (x1/]x1])| = 6 whence |A;,A; xo| = A, x1]| =
Slx1| =68lAi x0l = 82, Continuing in this manner, we find for each n € N a word i, € J” such
that ||A;, || = |Ai,x0| = §". Hence,

o(A) = liminf Ay, ||'/" >8>0
n— oo
as wished.
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The following two lemmas characterise the finiteness of the pressure.

LEMMA 2-5. If A= (A)ics € Ma(R) satisfies max;ey ||Ail| < 1, then the following five
conditions are equivalent:

(1) P(A,s5)> —ooforall0<s<1;

(ii) limgy o P(A,s) > —00;
(iii) there does not exist n € N such that A; =0 for all i € J",
(iv) there exists j € JN such that Aj), #0 forallneN;

V) o(A) > 0.

Furthermore, all of these conditions hold if A is dominated or irreducible.

Proof. Notice that the limit in (ii) exists by Lemma 2-2 and the implications (i) = (ii) and
(iv) = (iii) are trivial. Let us first show the implication (ii) = (iii). If (iii) does not hold,
then there exists ng € N such that A; =0 for all i € J™. Since now ||A;|| =0 for all i € J"
and n > ng, we see that P(A, s) = —oo for all s > 0 and (ii) cannot hold.

Let us then show the implication (iii) = (iv). If (iv) does not hold, then for every j €
JN there is n(j) € N such that Ajl,; = 0. By compactness of JN, there exist M € N and

Jisevndm € JN such that {[jiln(ji)]}f.‘il still covers JV. Choosing n =max;e(1... m) n(3j;),
we see that for every i € J" there is i€ {1,..., M} such that A; =Aj,|,; Asnp; =0 and
(iii) cannot hold.

Since A is a tuple of strictly contractive matrices, the function s+ P(A,s) is strictly
decreasing whenever it is finite. Therefore, we have P(A,s) > P(A, 1) >log o(A) for all
0 < s < 1 and hence, we have the implication (v) = (i). Therefore, to conclude the proof, it
suffices to show the implication (iii) = (v) and also verify condition (v) when A is domi-
nated or irreducible. While the latter is immediately assured by Lemma 2-4, we also see that
to prove the former, we may assume that A is reducible. This means that, after possibly a
change of basis, the matrices A; in A are of the form

A= a; b;
0 Ci

for all ieJ. Since A;(1,0)=a;(1,0) and A;((b;/(ci — a;)), 1) = ci((bi/(c; — a;)), 1) when
a; # ci, we see that max{|a;|, |ci|} < ||A;|| for all i € J. As the product of upper triangular
matrices is upper triangular with diagonal entries obtained as products of the corresponding
diagonal entries, we also have max{|a;, - - - a;,|, |ci; - - - ¢;,|} < ||Ai]| foralli =iy - - - i, € J"
and n € N. Therefore, if condition (v) does not hold i.e. o(A) =0, then

max |¢;| = lim  max |a; -- -a,-nll/" <o(A)=0
ieJ n—>00 j---ieJ"

and, similarly, max;e; |c;| = 0. In other words, the diagonal entries in all of the matrices A;
are zero. Thus, A; = 0 for all 1 € J? and condition (iii) does not hold.

LEMMA 2-6. If A=(A))ics € Ma(R)’ satisfies max;ey ||Ai|| < 1, then the following five
conditions are equivalent:

(i) PUN,A,s)> —oco forall s >0;

(i) P(A,s) > —oo forall s > 0;
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Non-invertible planar self-affine sets 9
(iii) limgy; P(A, s) > —00;
(iv) there does not exist n € N such that A; has rank at most one for all 1 € J",;
(V) there exists j € J such that Aj € GLy(R).

Proof. Notice that the limit in (iii) exists by Lemma 2-2 and the implications (i) = (ii)
and (ii) = (iii) are trivial. Let us first show the implication (iii) = (iv). If (iv) does not hold,
then there exists ng € N such that A; has rank at most one for all i € J"0. It follows that for
every i € J” and n > ng the rank of A; is at most one as it is bounded above by the rank of
Ailno' Therefore, as ¢*(A;) =0 for all i € J", n > ng, and s > 1, we have P(A, s) = —oo for
all s > 1 and (iii) cannot hold.

Let us then show the implication (iv) = (v). If (v) does not hold, then A; has rank at most
one for all j € J. It follows that for every i € J” and n € N the rank of A; is at most one and
(iv) cannot hold.

Finally, let us show the implication (v) = (i). The condition (v) implies that A ), € GL>(R)
foralln e Nwhere j=jj--- € JN. Since ©*(Aj),) = a2(Aj),) = az2(A)" > O foralln € Nand
s > 0, we see that P(IN, A, 5) > log az(Aj) > —oo for all s > 0 as wished.

2-3. Equilibrium states

Let My () be the collection of all o-invariant Borel probability measures on NI
0 < s < 1, then we say that a measure ug € My (IN) is s-Gibbs-type if there exists a constant
C > 1 such that

Cle P AIA < k(2] < Ce A Ay |

foralli e J" and n e N.

LEMMA 2-7. If A=(A)ies e Mr(RY satisfies max;cy ||A;ill <1 and is dominated or
irreducible, then for every 0 <s < 1 there exist a unique ergodic s-Gibbs-type measure
ux € Mg(J N)-

Proof. Recall first that, by Lemma 2.5, the pressure P(A, s) is finite forall 0 < s < 1. If Ais
irreducible, then the existence of the claimed measure ug € /\/l(,(JN ) follows immediately
from [15, proposition 1-2]. We may thus assume that A is dominated. Fix 0 <s < 1 and
notice that, by (2), there exist ¥ > 0 and a multicone Cy C RP' such that 1AV =« ||A;l
for all V € Cy and i € J*. Fixing V € Cy, we see that

n—1
log |As), [I* + log * <) " log Ak, lAos VI < log |As,|I°

k=0

for all i € JN and neN. By [10, theorems 1-7 and 1-16], there exist an ergodic measure
g € My (JN) and a constant C > 1 such that

e AV AL < (1D < Ce AV A |

for all i € J" and n € N; see also [4, lemma 2-12]. The uniqueness of g is now evident as
two different ergodic measures are mutually singular.

Downloaded from https://www.cambridge.org/core. IP address: 35.202.208.150, on 26 Sep 2024 at 22:14:47, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004124000136


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004124000136
https://www.cambridge.org/core

10 ANTTI KAENMAKI AND PETTERI NISSINEN

If A=(A)ics € Mo(R) is dominated, then it follows from (2) that |A;| >
K2=DYA - 1A= 120D mingey A" > O forall i =iy - - - i, € J" and n € N. Hence
the semigroup {A; : i € J*} does not contain rank zero matrices and, by Lemma 2.3, the
function s — P(A, s) is right-continuous at 0. Furthermore, if there are no rank zero matri-
ces, then ¥ =JN and the s-Gibbs-type measure g € My (JV) is fully supported on JN. If
A is irreducible, then u is supported only on X.

Given u € M, Ny and A = (A;)ic; € Ma(R)’, we define for each s >0 the energy by
setting

. ) o1 .
A, A, 9)= lim = " (i) log *(As) = inf — > u([i]) log ¢*(As).
e n ieJn neN ieJn
The limit above exists or is —oo again by Fekete’s lemma. Recall that the entropy of w is
-1 . .
h(w)=— lim =3 p(i]) log pu(lil).
n—-oon iegn

It is well known that
P(A,s) = h(n) + A, A, s) 3)

for all u € My (JN) and s > 0; for example, see [23, section 3]. A measure ug € My
is an s-equilibrium state if it satisfies

P(A, 5) = h(uk) + Ak, A, 5) > —oc. 4)
The following lemma shows the uniqueness of the equilibrium state in dominated and

irreducible cases.

LEMMA 2-8. IfA=(A))ics € M>(R) satisfies max;cy ||A;|| < 1 and is dominated or irre-
ducible, then for every 0 < s <1 the ergodic s-Gibbs-type measure g € My (V) is the
unique s-equilibrium state.

Proof. Fix 0 <s <1 and let ug € My (IN) be the ergodic s-Gibbs-type measure. Since,
by Lemmas 2-7 and 2-5,
A1 ]°
puk([i])

1
h(ei) + Alpg, A, )= Tim = >~ pg((i]) log
n—-oon

iey,

1
= lim — > ux([i])log " *Y = P(A, 5) > —oc,
n—oon

ie¥,

we see that wg is an s-equilibrium state. As u is ergodic, the uniqueness follows from [23,
theorem 3-6].

If A=(A;)ie; € M2(R)’ contains an invertible matrix, then I # @ and, by Lemma 2-6,
P(IN, A, s) > —oo for all s > 0. In this case, regardless of domination and irreducibility, it
follows from [20, Theorem 4-1] that for every s > 0 there exists an ergodic measure vk €
M (JN) supported on IN such that

PUIN, A, s) = h(vg) + A(vg, A, ). 5)

Note that such a measure is not necessarily unique; see [9, 15, 22, 23].
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Non-invertible planar self-affine sets 11

LEMMA 2-9. If A=(A)ics € Mr(RY satisfies max;ey ||A;ll <1, contains a rank one
matrix, and is dominated or irreducible, then

PUN, A, 5) < P(A, 5)
forall0<s< 1.

Proof. Since A is dominated or irreducible, Lemma 2-5 shows that P(A, s) > —oo for all
0 < s < 1. Notice that, by Lemma 2-2, PN, A, 0)= log #I < log #J = P(A, 0) and we may
fix 0 < s < 1. Therefore, by Lemma 2-8, there exists unique ug € My (J N) such that

P(A, s) = h(ug) + A(ug, A, s) > —oo. (6)
Furthermore, by Lemma 2-7, g satisfies
ug([iD) > C e A A1 > 0

for all i € ¥, and n € N, where C > 1 is a constant. In particular, if Ay is a rank one matrix
in A, then ug([k]) > 0.

If A does not contain invertible matrices, then trivially P(IN, A,s)=—o0 for all s>0
and there is nothing to prove. We may thus assume that A contains an invertible matrix.
Therefore, by (5), there exists a measure vk € MU(JN) supported on IN such that

PN, A, 5) = h(vg) + Avg, A, 5). 7

Since Ay is not invertible and vg is supported on IN, we have vg([k]) =0. As Uk is the
unique measure in M, N satisfying (6) and ug([k]) > vk ([k]), we see that vk does not
satisfy (6) and therefore, by (7),

P(A, s) > h(vk) + A(vg, A, s) = PUY, A, s)
as claimed.

The following lemma characterises the continuity of the function s — P(A, s) at 1.

LEMMA 2-10. If A= (A)iey e Mr(RY satisfies max;cy ||A;|| <1 and is dominated or
irreducible, then the function s — P(A, s) is continuous at 1 if and only if A does not contain
rank one matrices.

Proof. If A does not contain rank one matrices, then it contains only invertible or rank
zero matrices. By Lemma 2-2, rank zero matrices do not have any effect on the value of the
pressure P(A, s) when s > 0. Therefore, rank zero matrices have no impact on the continuity
at 1 and we may assume that A € GL>(R)Y’. But in this case, the continuity follows from [23,
lemma 2-1].

Let us then assume that A contains a rank one matrix. If A does not contain invertible
matrices, then, as the function s+ P(A, s) is strictly decreasing, Lemma 2-6 implies that
P(A, s) = —oo for all s > 1. Furthermore, since A is dominated or irreducible, Lemma 2-5
shows that P(A, s) > —oo for all 0 < s < 1 and the function s — P(A, s) is discontinuous at
1. We may thus assume that A contains an invertible matrix. By Lemma 2-6, we thus have
P(IN, A, 5) > —oo for all s > 0. Recall that, by [23, lemma 2-1], the function s — PN, A, 5)

Downloaded from https://www.cambridge.org/core. IP address: 35.202.208.150, on 26 Sep 2024 at 22:14:47, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004124000136


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004124000136
https://www.cambridge.org/core

12 ANTTI KAENMAKI AND PETTERI NISSINEN

is continuous at 1. Therefore, by Lemma 2-2, showing
PN, A 1) < P(A 1)

proves the function s — P(A, s) discontinuous at 1. But, as A contains a rank one matrix,
this follows immediately from Lemma 2.9.

3. Dimension of non-invertible self-affine sets

Recall that J is a finite set and the affine iterated function system is a tuple (f;)ies of
contractive affine self-maps on R? not having a common fixed point. We write f; = A; + v;
for all i € J, where A; € Mp(R) and v; e R?, and f; =f;, o---of;, for all i =iy ---i, € J"
and n € N. We let f = 1d to be the identity map. Note that the associated tuple of matrices
(A))iey is an element of M>(R)”’ and satisfies max;c; ||A;|| < 1.

If I ={i € J: A; is invertible} is non-empty, then the invertible self-affine set X is associ-
ated to (f;)ics, and if J \ I is non-empty, then the non-invertible self-affine set X’ is associated
to (f;)ics- Recall the defining property (1) of a self-affine set. We use the convention that
whenever we speak about a self-affine set, then it is automatically accompanied with a tuple
of affine maps which defines it. This makes it possible to write that e.g. “a non-invertible self-
affine set is dominated” which obviously then means that “the associated tuple A = (A;);cs
of matrices in M>(R)” is dominated”.

The study of non-invertible self-affine sets is connected to the theory of sub-self-affine
sets. If the canonical projection 7 : JN — R? is defined such that

n
n(1)= lim f3),0)= lim > As)_vi,
k=1
for all i =1ijir---€JV, then we write X’ = (), where ¥ ={ieJV :Aj|, is non-zero
for all n € N}. Observe that X =7 (IN) c X" c 7(JY) =X’ and, as 6(X) C X, the set X is
sub-self-affine, i.e.

x" c|Jrx"; ®)
ieJ
see [23]. The study is also connected to inhomogeneous self-affine sets. If C C R? is
compact, then there exists a unique non-empty compact set Xc C R? such that

xe=Jrxoue.
iel
The set X¢ is called the inhomogeneous self-affine set with condensation C. Such sets were

introduced by Barnsley and Demko [7] and they have been studied for example in [1, 6, 11,
12, 21]. Note that Xy is the invertible self-affine set X.

LEMMA 3-1. If X' and X are non-invertible and invertible planar self-affine sets, respec-
tively, and X is the associated sub-self-affine set defined in (8), then X' \ X" is countable
and

X' =Xc=XxU|JA(©),
ier*
where Xc is the inhomogeneous self-affine set with condensation C = ;. w Si(X).
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Non-invertible planar self-affine sets 13

Proof. Let us first show that X" \ X” is countable. Writing v; =Y ;_; Ai|,_, vi,, We see that
fi=Ai+viforalli=i;---iyeJ"andneN.Letie JN \ X and choose ng(i) = min{n €
. . 1
N:Aj|, is zero}. Since vi|,,, = Y 11 Aty Vie = AilVipss T 2 gy Adly Vig = Vi), for all
n 2 ng(1i), a simple induction shows that

fi|n(X/) = {vi‘no(i)}

for all n > ng(i). As JN \ T is clearly separable, there exist countably many infinite words
i1, i2,...€JN\ X such that SN\ 2 C Upep [klng(ip]- It follows that

X/ \X// C {vik‘no(ik) ke N}

is countable.
Let us then prove the claimed equalities. Noting that the argument of [26, lemma 3-9]
works also in the self-affine setting, we have

Xc=XU Ufi(c)- ®

iel*

To prove the remaining equality, let us first show that X’ C X¢. To that end, fix x € X’. By
(9), we have X C X¢ and we may assume that x € X’ \ X. But this implies that there exist
i el* and i€ J\ I such that x € f;;(X’). Since, again by (9),

fulX) (O c | A0 cXe

ierl*

we have shown that X’ C X¢. The inclusion X¢ C X’ follows immediately from (9) since we
trivially have X C X" and f; (C) C X’ for all i € I*. Thus X’ = X¢ as claimed.

We are interested in the dimension of the non-invertible self-affine set. Relying on (1),
the non-invertible self-affine set X’ can naturally be covered by the sets f; (B), where B is a
ball containing X’. Note that such sets are ellipses or line segments, depending on whether
the associated matrix is invertible or has rank one. Each set f; (B) can be covered by one ball
of radius a(A;)diam(B) or by o1(Ai)/a2(A;) many balls of radius «y(A;)diam(B). This
motivates us to study the limiting behaviour of sums ) ;. ;» ¢*(A;) and hence, the pressure
P(A, s).

Recall that the upper Minkowski dimension dimy is an upper bound for the Hausdorff
dimension dimg for all compact sets; see [25, section 5-3]. The following lemma, general-
ising [14, theorem 5-4], shows that the affinity dimension is an upper bound for the upper
Minkowski dimension for all non-invertible self-affine sets.

LEMMA 3-2. If X' is a planar self-affine set, then
dimp(X") < dimggr(A).

Proof. We may assume that dim,g(A) < 2 as otherwise there is nothing to prove. Let k €
{0, 1} be such that k < dima(A) < k + 1. Fix dimag(A) < s < k + 1 and notice that P(A, s) <
0. By [14, proposition 4-1], we thus have

M= Z ¢*(A;) < 00. (10)
jeJ*
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14 ANTTI KAENMAKI AND PETTERI NISSINEN

Let B be a ball containing X’'. By scaling and translating, we may assume that B is the unit
ball. Write

Cr={ieJ" 1ars1(A;) <1 <aps1(A;-)}

forallO<r<1.If je JN, then ap+1(Aj)0) = ax+1(Id) = 1 and ag41(A4),) — 0 as n — oo.
Therefore, for each 0 < r < 1 there exists unique n € N such that j|, € C, and the collection
{[i]: i € C,} of pairwise disjoint cylinder sets is a cover of J.

Fix 0 <r <1 and i € C,, and observe that f;(B) is an ellipse with semi-axes «1(A;) and
a2(A;). Since op4+1(A;) < r < agy1(Az-), the set f5(B) is covered by

4, if k=0,

4max{r—to1(A;), 1}, ifk=1

many balls of radius r. Notice that max{r‘lal(Ai), 1} < r_lal(Aif) and hence, f;(B) can
be covered by 4¢*(A; - )r~* many balls of radius r. Write

Ni(r) = 49k (A *
and observe that
Ni(D7r* =4 (A;-)r F <4 (A a1 (As-) F =4¢°(As-)

for all i € C,. Recalling (10), we thus have

D INSHT Y QA =47 Y PAY)

ieC, ieC, jeJ* ieC,: iT=j
S4rS Y #IgN(Ay) <AMEIFT. (11)
jeJ*

Since {[i]:1i €C,} is a covering of JN, it follows that {fi(B):1ieC,} is a covering of X.
Hence X’ can be covered by >, <C, N;(r) many balls of radius r. This together with (11)
gives dimp(X) < 5. The proof is finished by letting s | dimggr(A).

It is easy to construct examples of self-affine sets having dimension strictly less than the
affinity dimension. For example, several self-affine carpets have this property. Nevertheless,
the classical result of Falconer [14, theorem 5-3] shows that, perhaps rather surprisingly,
the Hausdorff dimension of a non-invertible self-affine set equals the affinity dimension for
Lebesgue-almost every choice of translation vectors.

THEOREM 3-3. If X{, is a planar self-affine set and A satisfies max;ey ||Aill < 1/2, then

dimpy(X{,) = min{2, dim,g(A)}
for L2* _almost all translation vectors v = (v;)icy € (R2)*.

Originally, Falconer assumed that the matrices are invertible and their norms are bounded
above by 1/3. Solomyak [27] relaxed the bound to 1/2 which, by the example of Edgar
[13], is known to be the best possible. To see that min{2, dim,¢(A)} in Theorem 3-3 is a lower
bound for the Hausdorff dimension also when the matrices are non-invertible, by Lemma 2-2
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Non-invertible planar self-affine sets 15

it suffices to notice that [14, lemma 2-2] remains valid for all parameters s strictly less than
the rank of the matrix.

Recently a deterministic class of invertible self-affine sets were found for which the
Hausdorff dimension equals the affinity dimension. We say that X satisfies the open set con-
dition if there exists a non-empty open set U C R? such that fWO)Nf(U)y=Pand f;(U) CU
for all i,j el with i #j. If such a set U also intersects X, then we say that X satisfies the
strong open set condition. The following breakthrough result for self-affine sets is proven by
Barany, Hochman and Rapaport [2, theorems 1-1 and 7-1]:

THEOREM 3-4. If X is an invertible strictly affine strongly irreducible planar self-affine
set satisfying the strong open set condition, then

dimy(X) = min{2, dimyg(7Y, A)},

dimy(projy (X)) = min{1, dimyg (1™, A)}
forall Ve RP'.

We emphasise that Theorem 3-4 uses the assumption that the affine iterated function sys-
tem consists only of invertible maps. It is currently not known whether the result holds also
with non-invertible maps. We also remark that Hochman and Rapaport [17] have recently
managed to relax the assumptions of the result. They showed that the strong open set
condition can be replaced by exponential separation, a separation condition which allows
overlapping.

The following three propositions collect our dimension results for non-invertible self-
affine sets.

PROPOSITION 3-5. Suppose that X' and X are non-invertible and invertible planar self-
affine sets, respectively. If

dimg(X) = min{2, dim,g (1N, A)} > 1,

dimp(projy (X)) = min{1, dimg(I", A)} = 1
for all V e RP!, then dimy(X") = dimg(X) and dimyg(projy, (X')) = 1 for all V € RP".

Proof. To simplify notation, write s = dimaff(lN, A).If 1 < s < 0o, then Lemma 2-2 shows
that dim,g(A) =s > 1. If s = 1, then we get P(A, 1) = P(IN, A, 1) < 0=P(IN, A, 1) < P(A, 1)
for all 1 <f< oo and we again have dimgg(A)=1s> 1. Therefore, by Lemma 3-2, we
have dimp(X’) < min{2, dimu(A)} = min{2, s} = dimp(X) < dimy(X’). To finish the proof,
notice that 1 = dimpg(projy (X)) < dimp(projy, (X)) < 1 forall V e RP!.

PROPOSITION 3-6. Suppose that X' and X are non-invertible and invertible planar self-
affine sets, respectively. If X' is dominated or irreducible, A contains a rank one matrix,
dim(I™N, A) < 1, and

dimp(X') = min{2, dimagr(A)},

then dimg(X) > dimp(X).
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Proof. To simplify notation, write s = dimaff(IN, A). Since s < 1, Lemma 2-9 implies that
0=PUN,A,s) < P(A, s). Therefore, as Lemmas 2-5 and 2-2 guarantee the continuity of
the pressure, we have s < dim,g(A). Therefore, by Lemma 3-2, we have dimp(X) < s <
min{2, dimug(A)} = dimy(X).

PROPOSITION 3-7. Suppose that X' and X are non-invertible and invertible planar self-
affine sets, respectively. If A contains a rank one matrix and

dimy (X) = dimy(projy (X)) < 1

for all V € RP!, then there exists a rank one matrix A in A such that dimg(X’) =
dimy (projye, 4+ (X)) < 1.

Proof. To simplify notation, write s = dimyg(X). By Lemma 3-1, the non-invertible self-
affine set can be expressed as an inhomogeneous self-affine set,

X'=Xc=XxU |0,
iel*

where C =, N fi(X'). Therefore, by the countable stability of Hausdorff dimension,

dimy(X") = max{s, sup dimy(fi (C))}

iel*
=max{s, dimyg(C)} = max{s, r_nja\); dimy(A;(X"))}. (12)
e
Let A be a rank one matrix in A such that dimp(A(X")) = max;e,\; dimp(4;(X")). Since,

by the assumption and Lemma 2-1, s = dimy(projye, (4)L (X)) < dimp(projye; (1)L (X)) =
dimyg(A(X")), the claim follows from (12).

We are now ready to prove the main result. The proof basically just applies Theorems 3-3
and 3-4 in the above propositions.

Proof of Theorem 1-1. (i) Since, by Theorem 3-4, we have
dimp(X) = min{2, dimgg(I", A)} > 1,
dimp(projy (X)) = min{1, dimag (1", A)} = 1

for all V € RP!, Proposition 3-5 implies dimp(X") = dimg(X) and dimg(proj (X)) =1 for
all vV e RP!,
(i1) Since, by Theorem 3-3, we have

dimp(X{,) = min{2, dim,g(A)}

for £*_almost all v e (R?)*, Proposition 3-6 implies dimy(X.) > dimp(Xy) for L£L>#-
almost all v e (R2)*.
(iii) Since, by Theorem 3-4, we have

dimy (X) = dimpy(projy (X)) < 1
for all V € RP!, Proposition 3-7 implies that there exists a rank one matrix A in A such that

dimy(X") = dimp(projye, (1)L (X)) < 1.
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