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KOMLOS LIMITS AND FATOU’S LEMMA
IN SEVERAL DIMENSIONS

FRANK H. PAGE, JR.

ABSTRACT.  Using Komlos’ Theorem, a sequence decomposition result
due to Gaposhkin, and two results due to Artstein, we prove a result concern-
ing the properties of Komlos limits. We then show that a stronger version of
Fatou’s Lemma in several dimensions can be deduced from Artstein’s ver-
sion of the Lemma. The version of Fatou’s Lemma proved here subsumes the
most recent version of the Lemma in several dimensions given by Balder.

1. Introduction. Using Komlos’ Theorem [7], a sequence decomposition result
due to Gaposhkin [4], and two results due to Artstein [1], we prove a result concerning
the properties of Komlos limits. We then show that a stronger version of Fatou’s Lemma
in several dimensions can be deduced from Artstein’s version of the Lemma [1]. The
version of Fatou’s Lemma proved here subsumes the most recent version of the Lemma
given by Balder [2], as well as the versions given by Schmeidler [8], Hildenbrand and
Mertens [6], and Hildenbrand [5].

2. Preliminaries. Let (Q,X, 1) denote a finite measure space, L'(Q, Z, u) = L! the
space of all equivalence classes of real-valued integrable functions defined on Q, and
LI (Q,Z, ) = L] the m-fold product of L'. Thus, if f € L}, thenf = (f',...,f™), where
fieL' fori=1,...,m,and ||fi||; = fq|f]| dp. For {f,}, and f in L}, lim, fof, du =
Jof dp means lim,, fo f dp = [of? du, for each i. Inequalities between vectors should
be understood as componentwise inequalities.

We will denote by Ls(f,(w)) the set of all limit points of { f,(w)}», and by co Ls(f,(w))
the convex hull of Ls(fn(w)).

In proving the stronger version of Fatou’s Lemma we will use the following general-
ization of Komlos’ Theorem [7].

KOMLOS’ THEOREM IN R™.  If {f,}» C L},, with sup, ||fi||; < oo for all i, then there
is a subsequence { fyx }x and an f" € L}, such that,
(1) Tigj<k(1/ B)fni(w) — M (w) ae. [u] as k — oo (i.e., { fuc}x converges a.e. [u]
Cesaro to f),
(2) any further subsequence extracted from { f,x }« also converges a.e. [u] Cesaro to

.

Received by the editors June 18, 1990 .
AMS subject classification: Primary: 28B05, 28A20. Secondary: 46G10..
(© Canadian Mathematical Society 1991.

109

https://doi.org/10.4153/CMB-1991-017-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1991-017-3

110 FRANK H. PAGE, JR.

We will refer to any subsequence satisfying conclusions (1) and (2) of Komlos’ The-
orem as a K sequence and we will refer to the corresponding Cesaro limit f* € L}, as
the K limit.

3. Results. Our first result concerns the properties of K limits.

PROPOSITION 1. Let {f,}n C L}, be a K-sequence with K-limit f* € L}, Then
(1) fNw) € coLs{fu(w)} a.e. [u], and
(2) there exists an f* € L) such that f*(w) € Ls(fn(w)) a.e. [u] and

Jfrdu= [ " dp.

Our second result is a stronger version of Fatou’s Lemma in several dimensions.

PROPOSITION 2. Let {f,}» C L) be such that sup, ||fi]i < oo for all i and
lim, fof, du exists. Without loss of generality, assume that { f,}, is a K sequence.

If for any subsequence { fu }x Of { £ }n, { max (0, — T1<j<k(1/ k)f;}« is uniformly in-
tegrable, then there exists an f* € L} such that

(1) f*(w) € Ls(fu(w)) a.e. [p], and

(2) Jof*dp <lim, fofpdp.

If { Ci<j<k(1/ k)fys} , is uniformly integrable, then (2) holds with equality.

REMARK. The most recent version of Fatou’s Lemma in several dimensions is due
to Balder [2].

BALDER’S LEMMA. Let {f,}, C L}, be such that { max (0, —f,)}, is uniformly inte-
grable and lim,, [o f, du exists. Then there exists f* € L} such that
(1) f*(w) € Ls(fu(w)) a.e. [u], and
(2) Jaf*du <lim, fof, dp.
If {fu}n is uniformly integrable, then (2) holds with equality.

Recall that if {f,}, is uniformly integrable, then sup, ||f!||i < oo for all i, but the
converse is not true in general. Moreover, if { max (0, —f,) } , is uniformly integrable, then
{max (0, — 1 <k<n(1 / n)fi) }» is uniformly integrable. However, the converse is not true
in general. A similar statement can be made concerning {f, }» and { 1<k<a(1/ n)fi}n-

4. Proofs. First, we will need the following generalization, to m dimensions, of
Gaposhkin’s [4] sequence decomposition lemma (Lemma C.I).

GAPOSHKIN’S LEMMA.  If {f, }» C L}, with sup, ||fi|| < oo for all i, then there is a
subsequence { fuk Y such that, for each k, fu = gk + hi, where { gi}x converges weakly
[ie., ina(L},LP)] to some g° € L., and limg hy(w) = 0 a.e. [p].

We will also need the following results due to Artstein [1]:
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ARTSTEIN’S RESULTS. (i) (Theorem A, Fatou’s Lemma). Let {f,}, C L) be such
that {fu}n is uniformly integrable and Yim, [ f, du exists. Then there exists f* € L,ln
such that

(1) f*(w) € Ls(fu(w)) a.e. [p], and
(2) fof*dp =lim, fofadp.
(ii) (Proposition C). Let { g,}» C L. be such that { g,}, is uniformly integrable. If
{ gn}n converges weakly to some gle L,l,,, then g%(w) € co Ls{ g.(w)} a.e. [u].

PROOF OF PROPOSITION 1. By Gaposhkin’s Lemma, we can assume, without loss
of generality, that {f,}, is such that for each n, f, = g, + hy, where { g,}» converges
weakly to some g° € L} and lim, h,(w) a.e. [u]. Since {f,} is a K sequence with K
limit f”, { gn}x is also a K sequence with K limit f”. Also, Ls(fn(w)) e Ls(g,,(w)?
a.e. [u]. Applying Artstein’s Theorem A to { g, }4, it follows that there exists an f* € L),
such that f*(w) € Ls(g,,(u.))) a.e. [u], and such that

Jfrdn =im [ gadp = [ & dp.

Since { g,} converges weakly to g°, { ©1<k<n(1/ n)gx}, must also converge weakly
to g°. Thus, since { T1<k<n(1/ n)gi}n converges to f* ace. [u],8° = f* ae. [u]. So f*
satisfies (2).

By Artstein’s Proposition C, g%w) € coLs{g,(w)} ae. [u]. Thus, since
coLs{gu(w)} = coLs{fu(w)} ae.[u] and f* = g0 ae. [u], f(w) € coLs{fu(w)}
a.e. [u], proving (1). n

PROOF OF PROPOSITION 2. Let f* € Ll be the K limit corresponding to the K
sequence {f,}.. By part (2) of Proposition 1, there exists an f* € L! such that

ffw) € Ls(f,,(w)) ae. [pl and fof*du = Jof" du. Now let {fu}x be any subse-
quence of {f,}, such that { max (0, — ¥1<j<k(1/ k)fj) }« is uniformly integrable. Since
max (0, —(1/ k) T <j<ifrj(w)) — max (0, =f"(w)) a.e. [u], as k — 0o we have

/max(O,—fA)duz lim/ max (0, —(1/k) ¥ f) dp.
Q Kk JQ 1<j<k
Moreover,
tim [ fodi = lim [ fowdp = lim(1/0) 35 [ fydo
We have then
lim [ fodie = tim [ fud =m0/ 35 [ fydi
= timinf [ [max (0,(1/K) 3 f) = max (0,.—(1/ k) 3 )] dn
k Q 1<j<k 1<j<k

> liminf [ [max (0,(1/k) % f,,j)]du

1<j<k

— tim sup Jomax (0.—(1/0) ¥ f) dp

1<j<k

> [ max(0,f")dp — [ max(0,~f"ydp = [ fMdu= [ f*du.
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Finally, since (1/k) i<j<kf(w) — f(w) ae. [p] as k — o0, it follows that if
{ Ti<j<k(1/ k)fy) }x is uniformly integrable, then

lim [ fudp = tim [ fucds = lim(1/ k) z Jofwdn = [ fdu= [ £ dp.
n

REMARKS. In Balder [3], using Chacon’s Biting Lemma (a result equivalent to
Gaposhkin’s sequence splitting result), Balder showed that his version of Fatou’s Lemma
(i.e., Balder [2]) could be deduced from Artstein’s version of the Lemma (i.e., Artstein
[1]). Here, using Gaposhkin’s sequence splitting result [4] and Komlos” Theorem [7], we
have shown, in a very direct way, that an even stronger version of Fatou’s Lemma can
be deduced from Artstein’s Lemma.
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