COMPOSITIO MATHEMATICA

Geometry and topology of the space of
Kahler metrics on singular varieties

Eleonora Di Nezza and Vincent Guedj

Compositio Math. 154 (2018), 1593-1632.

doi:10.1112/S0010437X 18007170

A LONDON
FOUNDATION Vf \Tﬁ MATHEMATICAL
COMPOSITIO AR [socieTy
MATHEMATICA B |isr 1a0s

https://doi.org/10.1112/50010437X18007170 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007170
https://doi.org/10.1112/S0010437X18007170

</\ Compositio Math. 154 (2018) 15931632

\ doi:10.1112/S0010437X 18007170

\

Geometry and topology of the space of
Kahler metrics on singular varieties

Eleonora Di Nezza and Vincent Gued]

ABSTRACT

Let Y be a compact Kéahler normal space and let a € H}B’é(Y) be a Kahler class. We
study metric properties of the space H,, of Kéhler metrics in a using Mabuchi geodesics.
We extend several results of Calabi, Chen, and Darvas, previously established when
the underlying space is smooth. As an application, we analytically characterize the
existence of Kahler—Finstein metrics on Q-Fano varieties, generalizing a result of Tian,
and illustrate these concepts in the case of toric varieties.

Introduction

Let Y be a compact Kihler manifold and ay € HY'(Y,R) a Kihler class. The space Hq, of
Kahler metrics wy in ay can be seen as an infinite dimensional Riemannian manifold, whose
tangent spaces Ty, Ha, can all be identified with C*°(Y,R). Mabuchi has introduced in [Mab87]

an L2-metric on H,,, by setting
wy "
= f9—>
Jo

where n = dim¢ Y and V,, = [}, wy™ = o} denotes the volume of ay-.

Mabuchi studied the corresponding geometry of H,, , showing, in particular, that it can
formally be seen as a locally symmetric space of non-positive curvature. Semmes [Sem92] re-
interpreted the geodesic equation as a complex homogeneous equation, while Donaldson [Don99]
strongly motivated the search for smooth geodesics through its connection with the uniqueness
of constant scalar curvature Kahler metrics.

In a series of remarkable works [Che00, CC02, CT08, Che09, CS12|, Chen and his
collaborators have studied the metric and geometric properties of the space Hg, , showing in
particular that it is a path metric space (a non-trivial assertion in this infinite-dimensional
setting). A key step from [Che00] has been the production of C*!-geodesics, which turn out to
minimize the intrinsic distance d. Very recently, such a regularity result was improved by Chu
et al. [CTW17]: they showed that geodesics are C1:1. It follows from the work of Lempert and
Vivas [LV13], Darvas and Lempert [DL12], and Ross and Witt-Nystrom [RW15] that one cannot
expect better regularity, but for the toric setting.

The metric study of the space (Ha, , d) has been recently pushed further by Darvas [Darl7b,
Darl7c, Darl5]. He characterized there the metric completion of (Hq, ,d) and showed that such
a completion is non-positively curved in the sense of Alexandrov. He also introduced several
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E. D1 NEzZzA AND V. GUEDJ

Finsler-type metrics on H,, , which turn out to be quite useful (see [DR17, BBJ15]). For each
p =1, we set

dp(¢o, ¢1) := inf{l,(4) | ¢ is a path joining ¢o to @1}, Voo, d1 € Huy, (1)

G = | Vilpdt = / 1 ( / |¢t|pMA<¢t>)1/pdt,

and MA(¢¢) := (wy +dd°¢:)"/Va, . The goal of this article is to extend these studies to the case
when the underlying space has singularities.
From now on, let Y be a compact Kahler normal space and ay € H]gé(Y) a Kahler class,

where

where Héé (Y') denotes the Bott—Chern cohomology space. We fix a base point wy representing
ay and work with the space of Kéhler potentials

Huy = {¢ € C°(Y,R) : wy + dd°¢ is a Kahler form}.
Our first main result extends the main results of [Che00] and [Darl5, Theorem 1], as follows.

THEOREM A.

(1) (Hwy,dp) Is a metric space.

(i) dp(co, d1) = ([y [Po[P MA(¢0)) /P = ( [y [d1[P MA(¢1))/P, Vb, 1 € Hevy -

As we are going to discuss, in Remark 1.11, the singularities of Y prevent us from defining
the distance dj, as in (1). We instead work on a resolution of Y and there define d), as a limit of
path length metrics. We refer to Definition 1.10 and Remark 1.14 for the precise definition of d,.

Following [Darl7c, Darl5] we then study the metric completion of the space (Ha, ,d,) and
establish the following generalization of [Darl5, Theorem 2].

THEOREM B. Let Y be a projective normal variety and assume that wy is a Hodge form. The
metric completion of (H, ,dp) is a geodesic metric space, which can be identified with the
finite-energy class (EP(Y,wy), Ip).

Finite-energy classes have been introduced in [GZ07] and further studied in [BEGZ10, BBGZ13];
we recall their definition in § 2. The Mabuchi geodesics can be extended to finite-energy geodesics,
which are still metric geodesics. A key technical tool here is Theorem 3.6, which compares d,
and I, where

I (¢o, 1) = (/Y|¢0 T {MA(%) —;—MA(¢1):|>1/17‘

This is a natural quantity which allows one to define the ‘strong topology’ on P (Y, wy ).

The metric completion of (Ha, ,d) has been considered by Streets in his study of the Calabi
flow [Strl6] and also plays an important role in recent works by Berman et al. [BBJ15] and
Berman et al. [BDL16]. There is no doubt that the extension to the singular setting will play
a leading role in subsequent applications. We illustrate this here by generalizing Tian’s analytic
criterion [Tia97, PSSWO08], using results in [BBEGZ] and an idea in [DR17].

THEOREM C. Let (Y, D) be a log Fano pair. It admits a unique Kédhler-Einstein metric if and
only if there exists €, M > 0, such that, for all ¢ € Hyorm,

F(p) < —edi(0,¢) + M.
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Here, F is a functional whose critical points are Kéhler—Einstein potentials (§5) and Hporm
is the set of potentials in H,,, normalized such that the supremum is 0. This result has been
independently obtained by Darvas [Darl7a] using a different approach.

Our results should also be useful in analyzing more generally constant scalar curvature Kahler
(cscK) metrics on mildly singular varieties (see, for example, the recent construction by Arezzo
and Spotti of cscK metrics on crepant resolutions of Calabi—Yau varieties with non-orbifold
singularities [AS16]).

A way to establish these results is to consider a resolution of singularities 7 : X — Y and
to work with the space H,, of potentials associated with the form w = n*wy. All these results
actually hold in the more general setting when w is merely a semi-positive and big form (i.e.
S w" > 0). We approximate H,, by spaces of Kéhler potentials H,yc.x and show that the most
important metric properties of (Hytewy ,de) Pass to the limit.

The organization of the paper is as follows. Section 1 starts with a recap of Mabuchi geodesics
and metrics. Theorem A is proved in §1.2, where we develop a low-regularity approach for
understanding geodesics by approximation. We introduce in §2 classes of finite-energy currents
and compare their natural topologies with the one induced by the Mabuchi distances in § 3. We
study finite-energy geodesics in §4 and prove Theorem B. We finally prove Theorem C in §5.

1. The space of Kahler currents

Let (Y,wy) be a compact Kéhler normal space of dimension n. It follows from the definition of
Hgé(Y) (see, for example, [BEG13, Definition 4.6.2]) that any other Kéhler metric on Y in the
same Bott—Chern cohomology class of wy can be written as

wg = wy + dd°e,
where d = 9+ 9 and d° = (1/2im)(0 — 9). Let H,,, be the space of Kdhler potentials
Heoy = {0 € C(Y,R);wp = w+ dd°¢p > 0}.

This is a convex open subset of the Fréchet vector space C*(Y) := C*°(Y,R) and thus itself a
Fréchet manifold, which is, moreover, parallelizable:

THey = Hey x CO(Y).

For any ¢ € H.,, , each tangent space TyH., is identified with C*°(Y').
As two Kéhler potentials define the same metric when (and only when) they differ by an
additive constant, we set

Hay = Hwy /R,

where R acts on H,,, by addition. The set H,,
the cohomology class ay := {wy} € Héé(Y)

In the whole article we fix m : X — Y a resolution of singularities and set w = 7*wy,
a = m*ay. Since « is no longer Kéahler, we fix wyx a Kahler form on X and set

is therefore the space of Kéhler metrics on Y in

We ' = W + EWx
for € > 0. We will study the geometry and the topology of the spaces

Ho =7"Hay and Hy, =7"He,y

1595

https://doi.org/10.1112/50010437X18007170 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007170

E. D1 NEzZzA AND V. GUEDJ

by approximating them by the spaces H,,, Ho., where
He. = {p € C°(X,R);w: +dd¢p >0} and a. = {w:}.

All the properties that we are going to establish actually hold for cohomology classes «
that are merely semi-positive and big (not necessarily the pull-back of a Kéhler class under a
desingularization).

Our analysis will focus on the ample locus of a.

DEFINITION 1.1. The ample locus Amp(«) of « is the Zariski open set of those points = € X,
such that « can be represented by a positive closed (1, 1)-current that is a smooth positive form
near x.

We then let H,, denote the space of potentials ¢ € C*°(X,R) such that w,, is a Kéhler form
in Amp(a). In our main case of interest, i.e. when a = 7*ay for some Kéhler class ay on a
normal space Y, the ample locus

Amp(a) = 71 (V™)
is the preimage of the set of regular points of Y.

1.1 The Riemannian structure
1.1.1 Mabuchi geodesics.

DEFINITION 1.2 [Mab87]. The Mabuchi metric is the L? Riemannian metric on H,,. It is defined
by

ddC n
<w1’¢2>¢_/xwlw2(w+vgo)7

where ¢ € Hy, 1,12 € C°(X), and (w + ddp)™ [V, is the volume element, normalized so that
it is a probability measure. Here, V,, := a" = [, w™.

In the following, we shall also use the notation w, := w + ddp and
MA(p) = Va_lwg.

Geodesics between two points ¢g, @1 in H,, correspond to the extremals of the energy functional

1
ol =5 [ [ @ Ma

where ¢ = ¢ is a smooth path in H, joining ¢y and ¢;. The geodesic equation is formally
obtained by computing the Euler-Lagrange equation for this energy functional (with fixed end
points). It is given by
$MA(¢) = Vﬁ dp N d AWl (2)
(03

We are interested in the boundary value problem for the geodesic equation: given g, ©1, two
distinct points in H,, can one find a path (¢(t))o<i<1 in H,, which is a solution of (2) with end
points ¢(0) = ¢ and (1) = 17

For each path (y¢);ejo,1] in Huw, we set

olx,t+is) =pi(x), z€X, t+ise S={ze€C:0<R(z) <1};
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i.e. we associate with each path (¢;) a function ¢ on the complex manifold M = X x S, which
only depends on the real part of the strip coordinate: we consider S as a Riemann surface
with boundary and use the complex coordinate z = t + is to parametrize the strip S. Set
w(zx, z) = w(x).

Semmes observed [Sem92] that the path ¢; is a geodesic in H,, if and only if the associated
function ¢ on X x S is a w-psh solution of the homogeneous complex Monge—Ampere equation

(w+ clcigcc7zg0)’1'H =0. (3)
This motivates the following.

DEFINITION 1.3. The function
¢ =sup{u; v € PSH(M,w) and u < ¢o 1 on OM}
is the Mabuchi geodesic joining ¢ to ;.

Here PSH(M,w) denotes the set of w-psh functions on M: these are functions u : M —
R N {—o0} that are locally the sum of a plurisubharmonic and a smooth function, such that
w +ddg ,u > 0 in the sense of currents (see §2.1.1 for more details).

PROPOSITION 1.4. Let (¢¢)o<t<1 be the Mabuchi geodesic joining ¢o to ¢1. Then:

(i) ¢ € PSH(M,w) is uniformly bounded on M and continuous on Amp({w}) x S;
(i) lp(z,2) — @(z,2)| < AIR(z) = R(")| with A = [leo — 1l e(x);
(iii) @im(z)=0r = Y0, Plr(z)=1} = ¢1 and (w +dd; )" =0.

It is, moreover, the unique bounded w-psh solution to this Dirichlet problem.
We thank Hoang Chinh Lu for sharing his ideas on the continuity of (.

Proof. The proof follows from a classical balayage technique together with a barrier argument,
as noted by Berndtsson [Berl5]. Set A = [|o1 — @ol| oo (x)-

Observe that the function ¢y — At, with t = R(z), is w-psh on M and ¢ — At|orr < ¢o,1-
Hence, it belongs to the family F defining the upper envelope ¢, so g — At < .

Similarly, o + At is a w-psh function on M and ¢g + At|gar = 0,1 Since (w + dds ,(po +
At))"tl = 0, it follows from the maximum principle that u < g + At, for any u € F in the
family. Therefore,

o — At < ¢ < po + At.

Similar arguments show that
o1+ At —1) <@ <1 — At —1).

The upper semi-continuous regularization ¢* of ¢ satisfies the same estimates, showing, in
particular, that ¢*|gn = ¢o,1. Since ¢* is w-psh, we infer p* € F; hence, ¢* = ¢. Thus ¢ is w-psh
and uniformly bounded, proving the first statement in part (i). Classical balayage arguments show
that (w + dd, ,¢)"*! = 0, proving part (iii).

We now prove part (ii). Consider the function

xt(z) = max{po(x) — Alog|z|, o1 () + A(log|z| — 1)}
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and note that it belongs to F and has the right boundary values.
Since x— = @o(z) — At < ¢ with equality at t = 0, we infer, for all x,

_ -
- Ot |i=0

- < $o(z)-

Similarly x4+ = ¢1(z) + A(t — 1) < ¢ with equality at ¢ = 1 yields, for all z, ¢1(z) < +A =
(OX+/0t) 4y Since t — ¢y(x) is convex (by subharmonicity in z), we infer that for a.e. ¢, z,
—A < ¢o(r) < ¢i(x) < ¢1(z) < +A. B

It remains to show that ¢ is continuous on Amp({w}) x S. We can assume, without loss
of generality, that pg < 1. Indeed, given any g, 1 € Hy, there exists C' > 0, such that
vo < 1 + C. By Lemma 1.8, the Mabuchi geodesic joining @9 and ¢1 + C is ¢y = ¢ + Ct,
t € [0,1]. The continuity of (x,t) — 1(x) will then imply the continuity of (z,t) — ().

We change notation slightly, replacing the strip S by the annulus D := {z = e!™* € C: 1 <
|lw| < e}. We are going to express the function ¢ as a global ©-psh envelope on the compact
manifold X x P!, where we view the annulus D as a subset of the Riemann sphere, C C P! =
C U {oo}. The form O(x, z) = w(x) + Awps(z) is a semi-positive and big form on the compact
Kihler manifold M := X x P!, so the viscosity approach of [EGZ17] can be applied, showing
that the envelope ¢ is continuous on Amp({w}) x S. Here, wrg denotes the Fubini-Study metric
on P! and A > 0 is a constant to be chosen next.

Consider U = max(Uy, Uy), where Up(z, z) := po(x) and

Ui(zx, z) = p1(z) + A(log|z|? — log(|z|? + 1) + log(e? + 1) — 2).

We choose A > 0 so large that U(z,1) = po(x). Note that U(z,e) = ¢1(x) since ¢y < 1. Both
Up and Uy are ©-psh on M, hence so is U.
Fix p a local potential of Awrg in D, such that p|gp = 0 and let F be a continuous S'-invariant

function on M, such that:

(a) F = o1 on X x 0D;

(b) F(x,z) 2 U(x,2) = ¢o(z);

(¢) F(x,z)+ p(z) > ¢e(x) in X x D, with t = log |z|.
We let the reader check that the function F = U in M \X x D and

F(z, 2) := (1 = log|z|)o(2) + (log|z|)¢1(x) — p(2) + (log]|2[)(1 — log|z]),
for (z,z) € X x D, does the job.
We claim that for all (z,2) € X x D,
P@(F)(ZU, Z) + p(z) = (plog\z|(x) )

where N
Po(F) :=sup{v:v € PSH(M,0) and v < F'}.

Indeed Pg(F)+pis w-psh in X x D and has boundary values <¢g 1. It follows from the definition
of the geodesic that Pgo(F') + p < ¢ Conversely, F'+p > U+ p € PSH(X x D,w) and U = g1
on OM, thus Po(F) + p = ¢o,1 on OM. Condition (c) ensures that M = X x D does not meet
the contact set {Pg(F) = F}, since F + p > ¢y > Po(F) + p. It thus follows from a balayage
argument [BT82] that (© + dd°Pg(F))"*! = 0 in M, and the maximum principle yields

Po(F)+p= ¢t
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The continuity of ¢ on Amp({w}) x S now follows from [EGZ17], together with the following easy
observation: the arguments in [EGZ17, §2.2] ensure that if /' is a smooth function on M, Po(F)
is a ©-psh function, continuous on Amp({©}). The same result holds if F' is merely continuous.
Indeed, let F}; be a sequence of smooth functions on M converging uniformly to F'. Taking the
envelope at both sides of the inequality F; < F' + [|[Fj — F[| e (x), we get Po(F;) < Po(F) +
HFJ - FHLOO(X). Hence, HP@(F}) — P@(F)HLoo(X) < HF] — FHLOO(X). Thus, P@(Fj) converges
uniformly to Pg(F), and so Pg(F) is a ©-psh function that is continuous on Amp({©}) =
Amp({w}) x S. O

Remark 1.5. If one could choose F' smooth in this proof, it would follow from [BD12] (or [Ber13,
Theorem 1.2]) that ¢ € C!'(Amp(a) x S). This would also provide a compact proof of Chen’s
regularity result.

We now observe that geodesics in H,, are projections of those in H,,_,

PROPOSITION 1.6. Let ¢ denote the geodesic joining pg to @1 in H, and let ¢° denote the
corresponding geodesic in the space H,,. . The map ¢ — ¢° is increasing and ¢® decreases to ¢
as € decreases to zero. Moreover,

¢ = P(¢°),

where P denotes the projection operator onto the space PSH(M,w).

Recall that, for an upper semi-continuous function w : M — R, its projection P(u) is defined
by
P(u) :=sup{v € PSH(M,w);v < u}.
The function P(u) is either identical to —oo or belongs to PSH(M,w). It is the greatest w-psh

function on M that lies below u.

£

Proof. Set 1 := P(¢°). Since w < we, it follows from the envelope point of view that ¢ < ¢°.
Thus, ¢ = P(p) < P(¢®) = ¢ and ¢ € PSH(M,w). Now ¢ < ¢, since ¥ < ¢° = g, 91 on OM
and 1 € PSH(M,w). Thus, ¢ = P(¢°) = .

Fix ¢’ < e. The inclusion PSH(M,w.) € PSH(M,w,) implies similarly that ¢ < ¢ < ¢~
The decreasing limit v of ¢°, as £ decreases to zero, satisfies both ¢ < v and v € PSH(M,w)
with boundary values g, 1, thus v = . O

It will also be interesting to consider subgeodesics.

DEFINITION 1.7. A subgeodesic is a path (¢;) of functions in H,, (or in larger classes of w-psh
functions) such that the associated function is a w-psh function on X x S.

We shall soon need the following simple observation.

LEMMA 1.8. Fixc € R, p,9 € H,, and let (¢1)o<i<1 denote the Mabuchi geodesic joining ¢ = g
to 1 = . Then Y (x) := pr(x) —ct,0 < t < 1,2 € X, is the Mabuchi geodesic joining ¢ to 1) —c.

Proof. The proof follows from Definition 1.3 and the definition of envelopes, since sup{v;v €

PSH(M,w) and v < p,v < ¢ —con OM} = ¢ — ct. O
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1.1.2 Mabuchi and other Finsler distances. When w is Kahler, the length of a smooth path
(¢t)eejo,1] in Hy, is defined in a standard way,

)= [ i de = / 1 | v ar

The distance between two points in H,, is then
d(po, 1) :=inf{l(p) | ¢ is a smooth path joining ¢g to ¢1}.

It is easy to verify that d defines a semi-distance (i.e. non-negative, symmetric, and satisfying
the triangle inequality). It is, however, non-trivial to check that d is non-degenerate (see [MMO5]
for a striking example).

Observe that d induces a distance on H, (that we abusively still denote d) compatible with
the Riemannian splitting H,, = Ho X R, by setting

d(wg, wy) = d(p, 1)

whenever the potentials ¢, of wy,w, are normalized by E(p) = E(¢)) =0 (see §2.2.1 for the
definition of the functional E).

It is rather easy to check that (Ha,d) is not a complete metric space. We shall describe the
metric completion (He,d) in §4. Following Darvas [Darl5], we introduce a family of distances
that generalize d:

DEFINITION 1.9. For p > 1 and w Kahler, we set
dy(po, 1) = inf{l,(p) | ¢ is a smooth path joining ¢g to ¢1},
1. 1 .

where £,(¢p) := fo |Gt p dt = fo (fX |oe [P MA(%))I/P dt.

Note that dy = d is the Mabuchi distance. Mabuchi geodesics have constant speed with
respect to all the Finsler structures ), as was observed by Berndtsson [Ber09, Lemma 2.1]: for
any C!'-function ¥,

fs /X x(1) MA(¢1)

is constant along a geodesic. Indeed

d . D n ) .. e
@ / (1) MA(gr) = / V(@)@ MA (1) + - / (1) ddeipy A )
dt Jx X Vo Jx

N no.. .. e
X

«

since @ MA(pr) — (n/ V) dpe A dpp A wg;l = 0. Applying this observation to x(t) = t* shows
that Mabuchi geodesics have constant £,-speed.

When w is merely semi-positive, there are fewer smooth paths within H,,. It is natural to
consider smooth paths in H,,_ and pass to the limit in the previous definitions.

DEFINITION 1.10. Assume w is semi-positive and big. Let ¢g, 01 € Hy. We define the Mabuchi
distance between g and ¢; as

dp(o, 1) := lim inf dp. (@0, 1),

where d), . is the distance with respect to the Kéhler form w, := w + cwx.
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We will show in Theorem 1.13 that it is a distance, which moreover does not depend on the
way we approximate w by Kéahler classes.

Remark 1.11. For any smooth path 1 : [0, 1] — H,,, we can still define

1 ) 1/p
()= [ (3 [ 1 Gesdau)

when w is merely semi-positive. Since PSH(M,w) C PSH(M,w.), 9 is both in H,, and H,,..
Observe that

y-l /X ([P (we + ddoapn)" = V! /X P (w + ddun + e )"
<V / WP (w + dd*d)” + Ae,
X

hence
lpe(V) < Ly(h) + Ale,
where /), . denotes the length in H,,_. We infer

dp (0, p1) < inf{fy(1)) 1 smooth path joining ¢ and ¢ in H,}.

The converse inequality is, however, unclear, owing to the lack of positivity of w: it is difficult to
smooth out w-psh functions if w is not Kahler. This partially explains Definition 1.10.

1.2 Approximation by Kahler classes
Fix o, ¢1 € Hw. We let (¢1)o<i<1 denote the Mabuchi geodesic in H,, joining ¢ to ¢;.

DEFINITION 1.12. For t = 0,1 we set
16) = [ 1o MG,

THEOREM 1.13. Set w. = w + ewx, € > 0. Then lim._,¢ dp . (o, 1) exists and is independent
of wx. More precisely,

dp < (¢0, p1) = 1(0) = I(1).
In particular, d,(po, 1) = I(0)Y/? = I(1)'/P defines a distance on H,,.

In the definition of 1(0), (1), the time derivatives ¢g = ¢, $1 = ¢] denote the right and
left derivatives, respectively.

Remark 1.14. When w = m*wy, for some Kahler form wy on a compact normal space Y, for
each p > 1 and Voo, ¢1 € H,, , we define

dp(¢0, 1) = dp(po, 1) where pg = T ¢g, 1 = T P1.

This definition does not depend on the choice of resolution. Indeed, let 7’ : X’ — Y be another
resolution of Y that dominates X, i.e. there exists a holomorphic and bimeromorphic map
f: X" — X, such that 7/ = 7o f. Set W' := 7" wy = f*w. We need to show that

dp,w(@Oa 801) = dp,f*w(f*<)007 f*801)
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Denote by 1y the f*w-geodesic joining f*ypg and f*¢1. We claim that ¢y = f*¢;. We first observe
that, since ¢y is a f*w-psh function for each fixed ¢, 1 = f*~;, where ~ is a w-psh function on X.
Set M":= X' x S, (2!, t) := (), and v(a’, t) := y(a’) for each (a’,t) € M’. By construction,
we have that

FHw+ddy)" = (f'w+dd)" T =0 on M":= X' xS, ¢losr = F o1,

The claim follows from the uniqueness of the solution of the Dirichlet problem in Proposition 1.4.
The invariance of the non-pluripolar Monge—-Ampeére measure under bimeromorphic maps
[DiN15], together with the fact that V := [, w" = [, f*w, give

. w _|_ ddc n . *(/J + ddc * n . (/J/ _|_ ddc n
/ ‘900’;)( 900) _ / |f*(,00|p (f f 900) _ / ’¢0’p( 300) '
X \%4 X |4 X/ \%4

The conclusion then follows from Theorem 1.13.

Proof. Observe that g, p1 € H,. and let ¢f be the corresponding geodesic. It follows from
[Darl5, Theorem 3.5] that

& (p0.ip1) = V! / eI (e + ddCp0)™
X

Now observe that

a_
oy <oh< B2 we (o),

where the first inequality follows from the fact that ¢ — ¢f is decreasing (Proposition 1.6), while
the second uses the convexity of ¢ — 7. Thus,

©F—Po .y

6 — &g | < ; ©o |-

Letting € N\, 0 and then ¢ — 0 shows that |¢f — gbar | converges pointwise to zero. Moreover,
(we +dd pp)™ = fe dV where dV is the Lebesgue measure and f. > 0 are smooth densities, which
converge locally uniformly to f > 0 with (w + ddp9)" = fdV. The dominated convergence
theorem thus yields

lim @7 (o) = V! [ 1P+ dd )" = 100).
The argument for I(1) is similar.

This shows, in particular, that d), is a distance on H,,: if d, (o, 1) = 0, then I(0) = I(1) =0,
hence, ¢o(z) = ¢1(x) = 0 for a.e. x € X, which implies ¢;(z) = 0 for a.e. x € X, by convexity of
t — @¢(x). Thus, @o(z) = ¢1(z) for a.e. v € X. O

We now extend the definition of the distance d,, for bounded w-psh potentials.

DEFINITION 1.15. Let ¢, 1 € PSH(X,w) N L*>(X); then

dy(0, 1) = liminf lim inf dpva(go%, golf) = lim inf dp, - (o0, 1),
e—> j +00 e—>0

0 jk—

where 4,06, o} are smooth sequences of w.-psh functions decreasing to g and ¢y, respectively.
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Observe that dp ., (¢o,¢1) is well defined for potentials in EP(X,w.) [Darl5], and so, in
particular, for bounded w.-psh functions.

PROPOSITION 1.16. Let g, 1 € PSH(X,w) N L*°(X). The limit of d, ., (o, 1) as € goes to
zero exists and does not depend on the choice of wx.

Proof. First, observe that since g, p1 are bounded, they belong to EP(X, w.) for any 0 < e < 1.
By [Darl5, Corollary 4.14] we know that the Pythagorean formula holds true, i.e.

dg,s(wov 901) = dg,s((po’ o Ve 901) + dg,s(QOO Ve P1, 901)7

where 1) := ¢g V¢ 1 is the greatest w.-psh function that lies below min (g, ¢1). Fix ¢ < &’. We
claim that

‘/Edg,s(gam 1/}) < %,dg,g’ (3007 ¢) and ‘/Edg,s(wa Sol) < ‘/;’dz7gl(w7 301)

Let v, wf/ denote the e-geodesic and the &’-geodesic, both joining ¢ and ¢g. Since £ — ¥ is
increasing (Proposition 1.6), we have that, for any ¢ € (0, 1)

Wi _ Y =
t ot

which implies ¢8 < @bgl. Moreover, observe that, since po(x) > 9 (x) for all z € X, Lemma 3.3
yields ¢§(z) > 0 for all z € X. It then follows that

/ 0517 (we + ddy)" < / 05 1P (wer + ddC2p)™,
X X
hence the claim. The same type of arguments give V.db - (1, p1) < Vgldzﬁ,(d}, ©1). Hence,

VoV D (w0, 1) < dy (90,0 Ve 1) + dy (0 Ve 1, 01).
Using again [Darl5, Corollary 4.14] and the triangle inequality we get
VoV (o, 1) < dy (00, p1) +2d) (0 Ve 91,00 Ver 1)

Moreover, since pg Ve 91 = @o Ve 1, [Darls, Lemma 5.1] yields

d£751(800 Ve 91,90 Ver 901) <

1
V. /X(SDO Ver 01 — 9o Ve p1)F (wer + dd(w0 Ve 1))"
E/

1
<7 / (o Ver o1 = @0 Ve ¢1)” (w 4 wx + dd®(o Ve ¢1))"
e JX
11 /
=V (e €).
Observe that (e, ") converges to 0 as €’ goes to 0. From above, we have
Vedp (0, 91) < Vrdy (00, 01) +11(e, ).

Hence, the limit exists.
Now, let wy,wx be two Kahler metrics on X, such that

wx Swx < Cwy
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for some C' > 0. Assume first g < 1. Set W, := w+ ewx and observe that w, < W, < w,r, where
e/ = eC. Let ¢f, @5 be the geodesic with respect to we and @., respectively, and observe that
wi < ¢f < gpf/. The same arguments as before give

. Z el
l961” < |@61F < ¢ |F

hence
[ 1457 e + ddn)” /w (e + ddg0)" /’@0’ wor + ddCo0)".

The latter tells us that the limit does not depend on wx. To get rid of the assumption ¢y < ¢1,
one can use the Pythagorean formula, as before.

An adaptation of the classical Perron envelope technique yields the following result of
Berndtsson [Berl5].

PROPOSITION 1.17. Assume that ¢g, 1 are bounded w-psh functions. Then
oz, z) = sup{u(a:,z) | w € PSH(X x S,w) with tlir(])nlu < @071}

is the unique bounded w-psh function on X x S, which is the solution of the Dirichlet problem
P|xx8s = 0,1, with
(w+ dd;zgo)”"'l =0 inX x S.

Moreover ¢(x, z) = p(z,t) only depends on %(z) and 4| < |1 — wol L (x)

The proof goes exactly as that of Proposition 1.4. The function ¢ (or rather the path
v C PSH(X,w) N L*(X)) is called a bounded geodesic in [Ber15]. We use the same terminology
here, as it turns out that bounded geodesics are geodesics in the metric sense.

ProposITION 1.18. Bounded geodesics are metric geodesics. More precisely, if g, p1 are
bounded w-psh functions and ¢(x,z) = pi(x) is the bounded geodesic joining ¢g to 1, then
for all t,s € [0,1],

dp(spt; ps) = |t — s| dp(ep0, p1)-

Proof. Let cp{),golf € H,. be sequences decreasing, respectively, to ¢g, p1. It follows from the
comparison principle and the uniqueness in Proposition 1.17 that ¢;; decreases to ¢; as j
increases to +o0o. From Definition 1.15, Proposition 1.16 and the fact that the identity in the
statement holds in the Kéhler setting for d. we obtain

dp(pt, @s) = liminf liminf dp (1,5, s k)
—-0 jk—>—+o0

= |t — s|liminf liminf dpg(goo,gpl) |t — s|dp(o, ¢1)- O

e—=>0 jk—>+o0

Remark 1.19. One can no longer expect that dy,(po,v1)? = [ |¢:[P MA(py) for a.e. t € [0,1],
as simple examples show. One can, e.g., take pg = 0 and ¢; = max(u,0), where u takes
positive values, has isolated singularities, and solves MA(u) = Dirac mass at some point: in
this case MA(y;) is concentrated on the contact set (v = 0) while ¢; = 0 on this set, hence
Jx 1¢1/P MA (1) = 0. We thank Darvas for pointing this out to us.
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As this remark points out, we do not have that dh (g, 1) = I(0) = I(1) when g, 1 are just
bounded w-psh functions. Nevertheless, we can still recover the formula in some special cases.
We start by recalling the following.

THEOREM 1.20. Let f be a continuous function, such that dd°f < Cwx on X, for some C' > 0.
Then P(f) has bounded Laplacian on Amp({w}) and

(o dd°Pu( )" = L py—py (@ + df)" 4)

The fact that P(f) has a locally bounded Laplacian in Amp({w}) is essentially [Berl3,
Theorem 1.2]. We do not assume here that f is smooth but one can check that the upper
bound on dd¢f is the only estimate needed to pursue Berman’s approach. One can then argue
as in [GZ17, Theorem 9.25] to get (4).

Set

Hpq = {p € PSH(X,w) N L>(X), ¢ = P,(f) for some f € C°(X) with dd°f < Cwx,C > 0}.

THEOREM 1.21. Assume that g, 1 € Hpg. Let ¢ be the Mabuchi geodesic joining ¢p and 1.
Then

(0, 01) = /X (Gl MA (o) = /X $11P MA (1), (5)

Proof. Set o := P,_(fo) and 1. := P,_(f1). Clearly, ¢; . decreases pointwise to ¢;, i = 1, 2.
Let ¢f be the we-geodesic joining ¢p . and ¢j .. Combining [Darl5, Theorem 3.5] with (4), we
get
Vedh (9o0,ep1,6) = / |95|P (we 4 ddpo )" = / |95|P (we + dd° fo)".
X {500,5:.)00}

Set D == {po: = fo}, Do := {vo = fo}, and observe that Dy C D,. Since o = P,,_(f) and
o = P,(f), Theorem 1.20 ensures that (w. 4+ dd°pg )" = g-w’ and (w4 dd°pg)" = gow'y where
Je, go are defined as

Oa x ¢ D€7 Oa x ¢ DO?

9e =\ (we +dd°fo)" go = § (w+dd°fo)"

) $€D5, ) I'GD().

wy wx
We claim that g. converges pointwise to gg. Indeed, when = € Dy C D., then g.(z) =
((we +ddfo)" /' )(x) converges to ((w + dd®fo)"/w)(x) = go(z) as € goes to 0. In the case
when x ¢ Dy, i.e. gpo(x) < fo(z), since g.(x) decreases to po(x) as € goes to zero, we can
infer that, for e sufficiently small, we still have ¢.(x) < fo(z), which means = ¢ D.. Hence,
g=(z) =0 = go(z). The claim is then proved.

Since 1p_pj = fo = 1p,¥o, the same arguments in Theorem 1.13 show that |1p_¢5 — 1p,¥ol
converges pointwise to 0 as € goes to zero.

We thus infer that 1D5|¢8|p95 converges pointwise to 1p,|4¢o|Pgo as € = 0. The dominated
convergence theorem yields

lim df . (o, 1) = lim / 1p.|¢ol" (we + ddpo )" = / 1o |¢ol"(w + dd®po)",
e—0 ’ e—>0 X X

hence the conclusion. O
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Observe that if ¢g,p1 € Hy, then g V 1 € Hpg. Indeed, since g, 1 are smooth, the
functions —pg, —¢1 are quasi-plurisubharmonic, i.e. there exists C' > 0 such that dd°(—¢;) >
—Cwy for any ¢ = 1,2. Thus, min(yg, ¢1) = —max(—¢p, —¢1) is such that

dd® min(gp, p1) = —dd° max(—¢g, —¢1) < Cwy.

In particular, (5) holds for d,(vo, w0 V 1) and dy(¢1, 90 V 1).

2. Finite-energy classes

We define in this section the set £(a) (respectively EP(a)) of positive closed currents T = w +
dd¢p with full Monge-Ampere mass (respectively finite weighted energy) in «, by defining the
corresponding class £(X,w) (respectively EP(X,w)) of finite-energy potentials .

2.1 The space &(a)

2.1.1 Quasi-plurisubharmonic functions. Recall that a function is quasi-plurisubharmonic if
it is locally given as the sum of a smooth and a psh function. In particular quasi-psh (gpsh for
short) functions are upper semi-continuous and integrable.

DEFINITION 2.1. We let PSH(X,w) denote the set of all w-plurisubharmonic functions. These
are quasi-psh functions ¢ : X - R U {—o00} such that

w+ddp >0
in the weak sense of currents.
The set PSH(X,w) is a closed subset of L!(X), for the L!-topology.
2.1.2 The class E(X,w). Given p € PSH(X,w), we consider
¢; = max(p, —j) € PSH(X,w) N L™ (X).

It follows from the Bedford-Taylor theory [BT82] that the MA(y;) are well-defined probability
measures. Moreover, the sequence jij := 1~ _ ;3 MA(p;) is increasing [GZ07, p. 445]. Since the
5 all have total mass bounded from above by 1, we consider

fyp = lim py,

j—>—4o0
which is a positive Borel measure on X, with total mass < 1.
DEFINITION 2.2. We set
E(X,w) :={p e PSH(X,w) | px(X) =1},
For ¢ € £(X,w), we set MA(p) = .

The latter can be characterized as the largest class for which the complex Monge-Ampere
mass is well defined and the maximum principle holds [GZ07, Theorem 1.5]. We further note
that the domination principle holds ([BEGZ10, Corollary 2.5], [DDL18, Proposition 2.4]).
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PROPOSITION 2.3. If ¢,9 € £(X,w) are such that
o(x) < Y(x) for MA(y)-a.e. x,
then p(z) < ¢(x) for all z € X.

It follows from the 90-lemma that any positive closed current T € a can be written
T = w + dd°p for some function ¢ € PSH(X,w) that is unique up to an additive constant.

DEFINITION 2.4. We let £(«) denote the set of all positive currents in «, T = w + ddp, with
p e &(X,w).

Note that this definition does not depend on the choice of w, nor does it depend on the choice
of .

2.2 The class £}(X,w)
2.2.1 The Aubin-Mabuchi functional. Each tangent space T,H., admits the following
orthogonal decomposition

ToHy = {9 € CF(X); By (1) = 0} & R,
where 8 = MA is the 1-form defined on H by

Bo() = /X $MA(p).

It is a classical observation of Mabuchi that the 1-form f is closed. Therefore, there exists
a unique function E defined on the convex open set H,,, such that § = dE and E(0) = 0. It is
often called the Aubin—-Mabuchi functional and can be expressed (after integration along affine
paths) by

1 - . ,
Elp) = —— dd®p) AW
()= i 3o [ ¢+ ddp) A
7=0

LEMMA 2.5. The Aubin—-Mabuchi functional E is concave along Fuclidean segments, non-
decreasing, and satisfies the cocycle condition

o

(¢ — ) (w+ dd°p)? A (w + dd“p)" 7 .
;/X@ @

It is affine along geodesics and convex along subgeodesics in H,,.

Proof. These properties are well known when w is in a Kahler class.
The monotonicity property follows from the definition since the first derivative of E is
dE = 8 = MA > 0, a probability measure: if ¢; is an arbitrary path, then

GE@) = [ oA
It follows from Stokes theorem that
d—QE(go ) = 5 MA s 5e ddQ n—1
72 t /X Pt (1) + A /X o ad pr Nw,,

. n . c . n—
:/X{(ptMA((pt>—Vd(pt/\d (pt/\w%:l}'

[0}
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Thus, E is concave along Euclidean segments (¢; = 0), affine along Mabuchi geodesics,
and convex along Mabuchi subgeodesics. The cocycle condition follows by differentiating

E(te+ (1 —1t)y).

These computations are merely heuristic as ¢ — ¢;(x) is poorly regular when ¢; is a
geodesic or subgeodesic. We can, however, approximate w by we. = w + ewx; consider (¢7) the
corresponding geodesic

1 g :
Ew £ — £ Cc, € n—].
(#0) (n+1)vsj§:%/x%(ws+dd o) At (©

It follows from Proposition 1.6 that ¢ — ¢f decreases to ¢y; hence, t — FE(y;) is affine, where
the limit of the affine maps t — E,,_(¢5).
For subgeodesics, we again approximate w by w. and we proceed as in the Kéhler case. O

Observe that E(p +t) = E(p) +t. Given ¢ € H,, there exists a unique ¢ € R such that
E(¢ + ¢) = 0. The restriction of the Mabuchi metric to the fiber E~1(0) induces a Riemannian
structure on the quotient space H, = H, /R and allows decomposition of H, = Hs X R as a
product of Riemannian manifolds.

DEFINITION 2.6. For ¢ € PSH(X,w), we set
E(p):=inf{E(¢);¢ <1 and ¢ € PSH(X,w) N L¥(X)} € [—o0, +00]
and £Y(X,w) := {p € PSH(X,w); E(¢) > —oo}.

2.2.2 Strong topology on E'(a). Set

I(pu) = /X (o — &) (MA() — MA ().

It has been shown in [BBEGZ] that I defines a complete metrizable uniform structure on
EY(a). More precisely, we identify £!(a) with the set

Ehormn(X,w) = {0 € £1(X,w) | supp = 0}
X

of normalized potentials. Then:

(a) I is symmetric and positive on &L . (X,w)?\{diagonal};

(b

) I satisfies a quasi-triangle inequality [BBEGZ, Theorem 1.8];
(¢) I induces a uniform structure that is metrizable [Bou07];
)

(d) the metric space (€!(a),d;) is complete [BBEGZ, Proposition 2.4], where d; denotes one
of the distances induced by the uniform structure I.

DEFINITION 2.7. The strong topology on £!(a) is the metrizable topology defined by I.

The corresponding notion of convergence is the convergence in energy previously introduced
in [BBGZ13] (see [BBEGZ, Proposition 2.3]). It is the coarsest refinement of the weak topology
such that E becomes continuous. In particular, if T; — T in (€!(«), d), then

Tj — T weakly and T} — T"

in the weak sense of Radon measures, while the Monge—Ampere operator is usually discontinuous
for the weak topology of currents.
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2.2.3 Yet another distance. To fit in with the notation of the next section, we introduce yet
another notion of convergence in £(X,w). We set

L(e. ) ‘I/X!so—w[MA“”);MAW |

This symmetric quantity is non-negative. It follows from Proposition 2.3 that it only vanishes
on the diagonal of £1(X,w)?, while Theorem 3.6 will insure that it satisfies a quasi-triangle
inequality. Hence, I; induces a uniform structure, which is metrizable [Bou07].

For C' > 0, we set

5é(X,w) ={p € 51(X,w);E(cp) > —C and ¢ < C}.

It follows from Hartogs’ lemma, the upper semi-continuity, and the concavity of E along
Euclidean segments (Lemma 2.5) that this set is a compact and convex subset of PSH(X,w),
when endowed with the L!-topology (see [BBGZ13, Lemma 2.6]).

PROPOSITION 2.8. For all o, € EY(X,w), I(p,v) < 2I1(p,v). Conversely, for each C' > 0, there
exists A > 0 such that, for all ¢, € EL(X,w),

He ) < [ [2max(p. ) = (o + DIMAQ) + AT(p, )" (7
In particular, the topologies induced by I, 1, on £} . (X,w) are the same.

Observe that I; induces a distance on £}(X,w), but I is merely defined on &;

nOI‘m(X7w)7 as
I(p+c, v+ ) =1(p,1), for any ¢, € R.

Proof. The first inequality is obvious, as

I(p,0) = / (0 — ) (MA($)) — MA(p)) < / o — B(MA@) + MA(9)).
X X
It follows from Proposition 2.13 that

Li(p,¥) = i (¢, max(p, 1)) + I (max(p, 1), ),
hence it suffices to establish the second inequality when ¢ < 9. In this case
N(eb) < [ (6= 9)MAG),

by Lemma 2.12, while the Cauchy—Schwarz inequality yields

/X¢—wwmw»=/kw—wwmm%y/dw—www%Asw
X X

X

1/2
< <w—¢>MA<0>+I<so,o>1/2( /. d(so—wAdC«D—w)A&) ,

where we have set S, := Z?;& wl A w177 Observing that S, < 2”‘1wg/_21, we can invoke
[BBEGZ, Lemma 1.9] to obtain

. 1-1/2n-1 1-1/2n-1
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Now I(¢,¢/2) < anl(p,0) < C" and [BBEGZ, Theorem 1.3] yields

I(1h,0/2) < bpf{I(¥,0) + I(0/2,0)} < U{I(¥,0) + I(,0)} < C".

We thus get (7).

To prove the last statement, we need to show that, given a sequence p; € &L (X, w)

converging to 1 with respect to I, then it also converges to i with respect to I;, and vice
versa. We first note that the I-convergence implies the L!-convergence of the potentials [GZ17,
Theorem 10.37]. This ensures that

/X 2max(), %) — (5 + $))MA(D) = 0 as j — +oo,

and moreover we have that ¢;,¢ € EL(X,w) for some C > 0 [GZ17, Lemma 10.33 and
Definition 10.34]. The I;-convergence would then follow from (7). Moreover, since I(p;, 1) <
2I1(pj,1), we conclude that the I1-convergence implies the I-convergence. O

2.3 The complete metric spaces £P(a)
Fix p > 1. Following [GZ07, BEGZ10], we consider the following finite-energy classes.

DEFINITION 2.9. We set
EP(X,w) == {p € E(X,w)/|ol" € L' (MA(p))}

and let EP(a) = {T = w + dd | p € EP(X,w)} denote the corresponding sets of finite-energy
currents.

On the class EP(X,w), p > 1, we define

L(p, ) == (/X o — ¢’p|:MA(§0) JQFMA(w)Dl/p.

This quantity is well defined by [GZ07, Proposition 3.6]. It is obviously non-negative and
symmetric. It follows from the domination principle (Proposition 2.3) that

Ip(p,Y) = 0= p = 1.

Moreover, it will follow from Theorem 3.6 (which shows in particular that I, satisfies a quasi-
triangle inequality) that I, induces a uniform structure. We can then define the following:

DEFINITION 2.10. The strong topology on £P(«) is the one induced by I,,.

By [BEGZ10, Theorem 2.17], a decreasing sequence converges strongly. We also have good
convergence properties if we approximate by slightly larger finite-energy classes EP(X, we).

PROPOSITION 2.11. Fix w, = w + ewx, € > 0. If p,¢p € EP(X,w) N L®(X), then p,¢ € EP(X,
we) N L®(X) and I, (@, %) = L,u(p, 1) ase — 0.

Moreover, if p,1 € EP(X,w) and ¢;,1); are sequences of smooth we ;-psh functions decreasing
to ¢, with €; — 0, then

Ip,waj ((pja %) - Ip,w(@a W

as j goes to +oo.
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Proof. Note that ¢, belong to any energy class with respect to any Kahler form since they
are bounded. In particular, ¢,1 € EP(X,w.). The first assertion follows from the fact that
(we + dd°p)™ and (we + dd))™ converge weakly to (w + dd°p)” and (w + dd“y)" as € — 0,
respectively. For the second statement, we observe that, by symmetry, it suffices to prove that

/X oy — P, + ddiipy)" — /X o — B (w + dd°g)"  as j — +oc.

Given a bounded function f on X, we set

Tl = ( [ 16, + ddcsoj)n)

1/p

The triangle inequality yields

i — Yilp <l —Plp + (@5 — ) + 1% — ¥5)lp

and similarly
loj = Yilp = | = Plp = [(0j — @) = [(¥ = ¥j)lp-

Since ¢ — 1 is a positive quasi-continuous uniformly bounded function on X, it follows from
[GZ17, Theorem 4.26] that

o —vlp = /X o — Y[P(we; + ddp;)" — /X o — P[P (w + dd°p)"

as j — +00. Moreover, we claim that the terms |(¢; — ¢)|, and [(¢) — ;)| go to 0 as j — 4o0.
Lemma 2.12, together with the fact that w., < w + wx, yields

/X (05 — O (wn, + ddfipy)" < /X (7 — 9P (w +wx + ddo)"

Note that ¢;,p € EP(X,w + wx) (since they are bounded). Hence [GZ07, Theorem 3.8] ensures
that the integral at the right-hand side of this inequality is finite.

Since ¢; is decreasing to ¢, it then follows from the dominated convergence theorem that
(pj — )5 — 0 as j — +00. Fix jo < j. Then

[ =, + davey < [ (- 0P wx + dg)
X X

It follows again from the continuity of the Monge-Ampere operator along the decreasing
sequence, [Kol05, Corollary 1.14], and the dominated convergence theorem that letting j — +o00
and then jo — +o0o we get

/ (Vjo — V)P (w + wx + ddp;)" — 0.
X
Thus, |(v; —¥)|h — 0 as j — +o0o. Hence the conclusion. O

It follows from Hoélder’s inequality that the strong topology on £P(«) is stronger than the
one on £1(a): if a sequence (p;) € EP(X,w) is a Cauchy sequence for I, then it is a Cauchy
sequence in (£1(X,w), dy), since

0< I, 1) = /X (0 — ) MA($) — MA()] < 2Y7 I, (i0,0).
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Since (£1(X,w),d;) is complete, there is p € EL(X,w) such that d;(p;, p) — 0. Now I,(p;,0) is
bounded and MA(y;) converges to MA(y) (by [BBGZ13, Proposition 5.6]). Thus, ¢ € EP(X,w)
by Fatou’s and Hartogs’ lemmas.
One would now like to prove that I,(¢;,¢) — 0 and conclude that the space (EP(X,w), I;)

is complete, arguing as in [BBEGZ, Proposition 2.4]. We refer the reader to Theorem 4.2 for a
neat treatment.

LEMMA 2.12. Let ¢,1¢ be bounded w-psh functions and S be a positive closed current of
bidimension (1,1) on X. If ¢ < 1), then

/(w—so)pww5</(zp—ga)pwws.
X X

In particular, V1 fX(¢ - go)pwfp A Wg_j < fxw — )’ MA(p).

Proof. By Stokes’ theorem,
Jw-erons— [ @-erons=p [ @-ertio-v)nde-v)ns
X X X

is non-negative if (¢ — ) > 0.
The second assertion follows by applying the first one inductively. O

We now establish a few useful properties of I, that will notably allow us to compare I, with
dp in the next section.

PROPOSITION 2.13. For ¢, 9 € EP(X,w),
Ip(‘)oa w)p = Ip(QO7 maX(‘pa lb))p + Ip(max(cp, 1/})7 w)p

Proof. Recall that the maximum principle ensures that

1{p<yy MA(max(p, 1)) = Li ey MA(Y),

while (¢ — max(p,1))? =0 on (¢ > ); thus,

21, (1o, max(ip, ) = /{ I #PMA) + AL
o<

Similarly, 21, (v, max(p,¥))? = f{w>¢} | — Y[PIMA(p) + MA(¢))] and the result follows, since

Lol =5 [ le= bl MAG) +MAW) o
{e#v}

COROLLARY 2.14. For all ¢, € EP(X,w),

B(£500) < hie)
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Proof. By approximating ¢, from the above by a decreasing sequence, it suffices to treat the
case when ¢,9 € H,. Changing w in wy, we can further assume that ¢ = 0. It follows from
Proposition 2.13 that

Ip(0,¢/2)P = Ip(0, max(0, ¢/2))” + I(max(0, ¢/2), ¢/2)".
It follows from Lemma 2.12 that

I,,(0, max(0, ¢/2) p</ max(0, ¢/2)’ MA(0)
_ o / max(0, ¢)? MA(0) < L,(0, max(0, ¢))”.
We claim that, for all 0 < j <

/X(maX(O, ) — go)pwi, AW < /X(maX(O, ) — go)pwg.

Assuming this for the moment, it follows again from Lemma 2.12 that

I(max(0, p/2), /2 < /X (max(0, /2) — /2) MA(/2)

1 LR . .
— CJ 0 — 0PI AW
ST J§:O n /X (max(0, p) — p)Pw, Aw

<5 [ (max(0.) = ¢V MA() < L (g max(0, )"
We infer
1,00, 0/2 < L0, max(0,))? + Ly(max(0, ), )" = 1, (0, o)

by using Proposition 2.13 again.
It remains to justify our claim. Set S = w/™t A wj™ 7Tt suffices, by induction, to establish
the following inequality:

/X(maX(O ©)—ePwAS = / max(0,p) — p)Pw, NS — /X(maX(O, ©) — )P dd°e NS
< [ (max(0,¢) — p)Pw, A S.
This follows by observing that
— [ (max(0.0) = dap 1.5 = p [ (max(0,9) = 9! dlmax(0,9) = ) A 1S

_ _p/ ()P Ldp Adp A S <O0. 0
{e<0}

3. Comparing distances
In this section, we show that I, is equivalent to dj, (Theorem 3.6). Recall that
Hpq == {p € PSH(X,w) N L>(X), ¢ = P,(f) for some f € C°(X) with dd°f < Cwx,C > 0}.

In the following, we are going to use several times and in a crucial way the fact that Theorem 1.21

ensures
. w + dd° n . w + dd° n
(0, 01) = / (o LA 00)" / o IO o € Haa
X V X Vv
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3.1 Kiselman transform and geodesics
Let (¢t)o<t<1 be the Mabuchi geodesic. For all x € X, ¢t € [0,1] — ¢:(z) € R is convex. It is
natural to consider its Legendre transform, us(z) : s = supyeo17{st — ¢¢(x)}. This function is
convex in s, but the dependence in x is —w-psh, so we rather consider —us. We finally change s
in —s to obtain a more elegant formula,

vs(x) = Ogtlil{st + pi(x)}.
PROPOSITION 3.1. The functions x — 1,(x) are w-plurisubharmonic. In particular, x — () =
info<i<1 () is w-psh.

This is the minimum principle of Kiselman [Kis78]. For g, ¢1 € Hpa, we let o V 1 denote
the greatest w-psh function that lies below ¢y and ¢;. In the notation of Berman and
Demailly [BD12]

wo V1 = P(min(<P07 ()01))7
while ¢g V ¢ is denoted P(po, ¢1) in [Darl7c|.

An important consequence of Kiselman’s minimum principle [Kis78] is the following
observation of Darvas and Rubinstein [DR16].

PROPOSITION 3.2. The function ¢qg V 1 is a bounded w-psh, which has a locally bounded
Laplacian on the ample locus of a = {w}, and its Monge—Ampére measure MA(pg V 1) is
supported on the coincidence set

{z € X | oV pi1(z) = min(po, p1)(z)}.

Moreover, MA (0o V ¢1) = Lisiver—por MA(90) + Lisover—pr <o} MA(01).
Let (y1) be the Mabuchi geodesic joining ¢ and 1. Then, for all x € X,

woVr(z) = tel%(l)fl} o ().

Proof. 1t follows from a classical balayage procedure that goes back to Bedford and Taylor [BT82]
that MA(po V ¢1) is supported on the coincidence set {x € X | ¢o V ¢1(x) = min(po, ¢1)(x)}.
This holds true more generally for the Monge—Ampere measure of any envelope, namely

1¢p(ny<ny MA(P(h))

0,

where h is a bounded lower semi-continuous function.
We have observed in Proposition 3.1 that x — inf,c(g1) ¢¢(7) is a w-psh function. Since it
lies both below ¢g and 1, we infer

tei[f(l)fl] ot < o V1.
Conversely, (t,x) — o V ¢1(z) is a subgeodesic (independent of t); hence, for all ¢z,
vo V p1(z) < @i(x). Thus, ¢ = @o V p1 = infigoq % hence, ¢ is bounded, thanks to
Proposition 1.4.
By Proposition 3.1, ¥ is w-psh, hence Awx-psh for some Kéahler form wx and A > 0. Thus,
supx Ay, ¥ = —C for some C > 0.
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It follows from the work of Berman and Demailly [BD12] (see also [Ber13, Theorem 1.2])
that for any compact subset K C Amp(«), there exists Cx > 0, such that, for all ¢ € [0, 1],

sup Ay ot < Cgn.
K

Thus (—¢¢) is a family of Cxwx-psh functions in a neighborhood of K, which are uniformly
bounded from above. Thus,

Y 0221( ©r) RN

is Cgwx-psh near K, in particular A, 9 < Cgn. This means that 1) has a locally bounded
Laplacian on Amp(«).

It follows then from classical arguments that the measure MA(pg V 1) is absolutely
continuous with respect to the Lebesgue measure. Since ¢g V 1, po (respectively o V @1, ¢1)
have locally bounded Laplacians in Amp(«), it follows from [GT83, Lemma 7.7] that their second
partial derivatives agree on {po V @1 = @o} (respectively on {pg V ¢1 = ¢1}), hence

MA(gpo V ¢1) = 1{800\/901=<Po} MA (o) + 1{<P0\/901=s01<</90} MA((1).
We have used here the fact that none of the measures MA(¢o V ¢1), MA(¢p), MA(¢1) charges
the pluripolar set X\ Amp(c). O

A basic observation that we shall use on several occasions is the following.

LEMMA 3.3. Assume @y, p1 € Hpq and let (¢i)o<t<1 be the Mabuchi geodesic joining ¢ to .
Then

dp(p0, 1) < o1 — @oll Lo (x)-

Moreover,

(i) if po(x)
(if) if @o(x)
By symmetry, if ¢1(z) < ¢o(z), it follows that ¢g(x) < 0. Moreover, if p1(z) < @o(z) for all

x € X then ¢y(x) < 0 for a.e. x,t. Here, and in the following, g, ¢1 denote the right and left
derivatives, respectively, while we recall that ¢;(x) is well defined for a.e. (z,t).

1(x) for some x € X, then ¢1(z) > 0;

S
< p1(x) for all x € X then ¢i(x) >0 for all z € X and a.e. t € [0,1].

Proof. From Theorem 1.21 we know that dj(¢o, ¢1) = [ |¢0P MA(¢g). Moreover, Proposition 1.4
ensures that |@o| < [[¢1 — @oll < (x)- Hence, the first statement.

Assume ¢ (z) < 0. Since ¢t — ¢¢(x) is convex, we infer ¢y (z) < @1(z) < 0. Thus, t — ()
is decreasing, hence ¢1(x) < ¢o(z), a contradiction. This proves part (i).

Assume now that ¢g(x) < ¢1(x) for all z € X. Then

Yo < Pt S P1-
The first of these inequalities follows from the fact that, by Proposition 1.4,
¢ =sup{u u € PSH(M,w) : u < o1 on M},

with p(z,t+is) = ¢i(z), and that po(z,t +is) = po(x) is a subsolution (i.e. a candidate in the
envelope). The other inequality follows from the fact that ¢;(x,t+is) = ¢1(z) is a supersolution
of (3) since (w + dd;zgol)r”rl =0 and ¢; > ¢o,1. The same argument shows that g < s < ¢y
forall 0 < s <t and z € X, hence ¢y (z) > 0 for all x € X and a.e. t € [0, 1], since the derivative
in time of ¢ is well defined for a.e. t. O
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We now establish a very useful relation established by Darvas [Darl7c, Proposition 8.1] when
w is Kéhler (see also [Darl5, Corollary 4.14]).

PROPOSITION 3.4. Assume g, 01 € Hpq. Then, for all p > 1,

db (o, 01) = db (o, 00 V 1) + db(wo V 1, ¢1).

Proof. We proceed by approximation, so as to reduce to the Kéahler case. The identity is known
to hold for dp, . and ¢g V. ¢1, where d,, . denotes the distance associated with the Kéhler form
we =w + ewy and @g Ve @1 is the greatest w.-psh function that lies below min(¢p, ©1).

Using Theorem 1.21 and the triangle inequality, the proof boils down to checking that
dpe(poV 1,00 Ve p1) = 0 as ¢ — 0. The same arguments used in the proof of Proposition 1.16
yield

dp,e(p0 V 1,00 Ve 1) < dper(00 V 1,00 Ve 1), € <€

We claim that dp76/(¢0 V 1,00 Ve 1) goes to zero as € goes to zero, since ¢y Ve 1 decreases
to @o V ¢1 as € — 0. Indeed, observe that g V @1, 90 Ve 1 € EP(X,wl) N L>(X) and that by
Proposition 3.8 we know that

dper (0o V 01,900 Ve 1) < 21, 1(00 V @1, 90 Ve ©1).

The same arguments in the proof of Proposition 2.11 then show that I, ./(wo V @1, @0 Ve 1) = 0
as € goes to zero. The conclusion then follows. O

We note for later use the following consequence.
COROLLARY 3.5. If ¢q, 01 € Hpq, then

dp (00,00 V 1) < dp(p0, 91)-

3.2 Comparing d, and I,
The goal of this section is to establish that d, and I, are equivalent, extending [Darl5,
Theorem 5.5].

THEOREM 3.6. For all ¢g, p1 € Hpd,
271dp<800, ¢1) < Ip(o, 1) < 24+(2n71)/pdp(9007 ©1)-
It follows from Definition 1.10 and Proposition 2.11 that
dp(0, 1) = ali_%dp,a(@o, p1) and  Ip(po, 1) = ii_rfg)fpﬁ(@m%@l)v

so it suffices to establish these inequalities when w is a Kéahler form.

We nevertheless give a direct proof, valid when w is merely semi-positive, with several
intermediate results of independent interest. Several of these results have been obtained by
Darvas [Darl7b, Darl7c, Darl5] when w is Ké&hler.

LEMMA 3.7. Assume that g, p1 € Hpq satisfy oo < 1.

(i) dp(p1, (w0 +91)/2) < dp(0, ¢1)-
(i) dp(po, p1) < 22Pd, (002, 01/2).
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(iii) If o1 = 0 then dy(vo,0) = 2d,(0/2,0).
(iv) Ifv € Hpq is such that pg < ¢ < @1, then
max{d,(po,1); dp(, ©1)} < dp(0, 1)

Proof. Let ¢, (respectively 1) denote the Mabuchi geodesic joining g (respectively (po+p1)/2)
to 1. Since g < ¢1, it follows from Lemma 3.3(ii) that ¢ — ¢y, t — 9 are increasing and ¢; < ¥,
hence

Yt — Y1 >¢t—¢1
t—1 7 t—1 "

since 1 = 1. Therefore, 1 > 11 > 0 and we infer

: + P .
[ A = dy (01, 252 < e = [ 1eaPMAG)

This, together with Theorem 1.21, proves part (i).

Now let (¢;) (respectively (1)) denote the geodesic joining ¢g to @1 (respectively ¢o/2 to
©1/2). Observe that t — ¢y, 1, are increasing, hence ¢g = 0. The family (¢;/2) is a subgeodesic
joining po/2 to v1/2, hence /2 < 9 and

0< % < o = |pol” < 2|40
Moreover, MA(¢p) < 2" MA(¢0/2), so we infer

o) = [ 100l MAGpo) < 2" Pdy(i0/2.01/2)

X
which proves part (ii). A similar argument shows that

i $1 i p —p|,5. |P

0S¥ <5 = [l <27
Now MA(¢1/2) = MA(¢1) = MA(0) when ¢ = 0, hence
0,0 = [ 1P MA() > 2y (/2,01
X
which yields part (iii).
It remains to prove part (iv). Let (¢t)o<i<1 (respectively (1t)o<t<1) be the geodesic joining

o to @1 (respectively ¢g to 1). Observe that ¢g = 1 and 1y < ¢y, hence 1y < 9. Moreover,
0 < v since t — y(x) is increasing. We infer

dy (00, )P = /X [0l MA (o) < /X (G0l MA(g0) = dy (0, 1)

The other inequality is proved similarly. O
PROPOSITION 3.8. For all g, 01 € Hpd,

0 < dp(wo, 1) < 2L,(¢0, ¢1)-
Moreover, if go < @1 then Ip(o, 1) < ([ (#1 — @0)? MA(p0))/? and

1/p
dp(po, 1) < (/ (1 — o) MA(S"O)) < 21Pd (0, 1)
X
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Proof. We first assume that ¢g < 1. The inequality

oo 1) < (/X(SDI — o)? MA(soo>> N

follows from Lemma 2.12. Let (y;) be the geodesic joining ¢g to ;. It follows from Lemma 3.3
that 0 < ¥o < v1 — @o < @1, hence

[ 1= e MaGen) < [ (0P MAGen) = dylg,in (s)
X X

and, similarly, dp (0, ¢1)P < [x (01 — ©0)” MA(¢0).
We now show that [ (p1 — ¢0)? MA(po) < 2"FPd(po, 1)P. Observe that (po + ¢1)/2 € Haq
with MA(pg) < 2™ MA((¢o + ©1)/2), hence

+ p
<¢0 5 L @0) MA (o)
X

p
<2n+p/ <900+901 _900> MA(woerl)
U2 2

p
g 2n+pdp<900’ @0;@1) ’

/X(<P1 — ¢0)" MA(ipo) = 2p/

as follows from the first step of the proof, since ¢y < ¢1. Lemma 3.7(iv) yields

Yo+ p1
dp (@07 ) < dp(‘POa 901)’

2

hence [y (p1 = ¢0)? MA(go) < 2"*Pdp(0, 1)P.
We finally treat the first upper bound of the proposition, which does not require ¢g to lie

below ;. It follows from the triangle inequality that

dy(po, ¢1) < dp(po, max (o, v1)) + dp(max(po, 1), ©1)
1/p 1/p
< ( R MA(@O)) ; ( [ ey MA(sol))
{pvo<e1} {®vo>¢1}
1/p
<ol ( [ o1 = P MAGo) + MA(m)])
X

= 2</X o1 — golp MALPO) J2r MA(¢1)]>1/p

by using the elementary inequality a'/? 4+ /P < 21-1/P(q + b)l/p. O

Remark 3.9. Working with ¢ = tpg + (1 — t)¢1, 0 < t < 1, instead of (¢g + ¢1)/2, one can
improve this inequality and obtain

1/p n -+ 1+n/p
p
(/ (1 — p0)? MA(900)> S : 7)7,/}7 dp(0; 1)
X pn

We now extend Lemma 3.7(i), following [Darl5, Lemma 5.3].
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LEMMA 3.10. For all pg, 01 € Hpq,

+
dyp <<P0, M) < 22+n/pdp(<P0, ©1).

Proof. When ¢y < 1, this follows from Lemma 3.7(i). Replacing w with w + dd®pg, we can
assume, without loss of generality, that ¢g = 0. The triangle inequality yields

#1 $1 Y1 P1
dy(0,22) <a,(0,0vE) +a,(0vEL 21
Observe that 0V ¢1 < 0V ¢1/2 < min(0, p1/2). It follows, therefore, from Lemma 3.7(iv)
that

dp<0,0vgl> +dp<0v¢21,¢21> <dp(0,0vm)+dp<ovsol,¢21).

Since 0V ¢1 < 0 and 0V 1 < ¢1/2, we can invoke Proposition 3.8 to obtain

1/p
dp(0,0 V1) + dp <0 V1, <,01> < (/ |0V 1P MA(OV g01)>
X

2
+</ ’0\/@1—21
X
<21—1/P(/ [[0\/<,01|p+‘0\/901—901
x 2

Recall now that the measure MA(0 V ¢1) is supported on the contact set S := {x € X;0V
v1(z) = min(0, p1)(x)}. On this set, we have

P 1/p
MAOV )

p] MA(0 V gol))l/p

p
<2[p1P = 2[00V o1|P + 10V 1 — @17,

|0\/g01‘p+‘0\/(p1—()021

while Proposition 3.8 yields
/ [0V 1P +10V @1 — 1P ] MA(O V 1)
X
< 2PTdy (0,0 V 01)P + dp(0 V o1, 01)P] = 2P77d (0, 1),

where the last equality follows from Proposition 3.4. Altogether, this yields dp(0,¢1/2) <
2241/pd,(0, ¢1), as claimed. O

We are now ready to prove Theorem 3.6.

Proof. We have already observed that dp(¢o, 1) < 21,(¢0, 1) in Proposition 3.8, so we focus
on the reverse control. Lemma 3.10 and Proposition 3.4 yield

+
2P (o, 1) = db <900, al 5 <p1>

wo + 1 Yo + 1 wo + 1
=d§<9007¢0\/2>+d§< 5 oV T >

It follows from (8) together with the fact that 2" MA((po + ¢1)/2) = MA(yp) that

+ + P
d <900,<P0 v 5 @1) > / (ﬂpo -2 5 7Ly @0) MA (o)
X
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and
p
aP ¢0+¢17@0v¢0+¢1 >2n/ ¢0+¢1_¢0v¢0+901 MA(i50).
P\ 2 2 U2 2
Hence
_ + P + + b
dh (o, 1) = 2 (p+n)/ [(900 . 5 d VSOO) + (W 5 R 5 1 V<P0> ] MA (o)

= gl—dp—2n /X lvo — ¢1]P MA(¢o),

where in the last inequality we used the fact that |a — b|P < 2P~ (aP + bP), for any a,b € RT.
Reversing the roles of g and @1, we get

%Wm@ﬁ>21“’%[;wy—mVMAwﬁ,

from which it follows that dp (g, 1) = 27210 (00, ©1). O

3.3 Controlling the supremum
It follows from previous results that the supremum of a bounded potential with locally bounded
Laplacian in Amp(«) is controlled by the distance to the base point.

LEMMA 3.11. There exists C' > 0, such that for all ¢ € Hpg,

—2214, (0, ) < supp < 272 (n+ 1)d1 (0, ) + C.
X

Proof. If supy ¢ < 0, then supy ¢ < 0 < (n+ 1)d1(0,¢) + C, while

—dy (Ov 90) - E((p) < S;P P,

as follows from Proposition 3.12. We therefore assume in what follows that supy ¢ = 0. If ¢ > 0,

Proposition 3.12 yields
1

n—+1

téwMM®<Ew%HM&@-

It is a classical consequence of the w-plurisubharmonicity [GZ05, Proposition 2.7] that there
exists C' > 0 such that, for all ¢ € PSH(X,w),

supgoé/ ¢ MA(0) + C.
X X
Thus, supy ¢ < (n+1)d1( o)+ C.

When supy ¢ > 0 but ¢ takes both positive and negative values, we set 1) = max(0, ¢) and
observe that supy 1 = supy ¢. Using Propositions 2.13 and 3.8 and Theorem 3.6, we obtain

d1(0, max(0, ) < 211(0, max(0, ) < 211(0, ) < 2°~C=1/Pq,(0, p).

The conclusion, therefore, follows from the previous case. O

1620

https://doi.org/10.1112/50010437X18007170 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007170

THE METRIC SPACE OF KAHLER CURRENTS

PROPOSITION 3.12. Assume ¢, € Hpq. Then
di(p,¥) = E(p) + E(¢) —2E(p V 1).

Proof. We proceed by approximation, so as to reduce to the Kihler case. By [Darl5,
Corollary 4.14], we know that

dl,E(‘Pv Tzz)) = Eu, (90) + B, W) —2F,, (90 Ve d})a

where w; := w + cwx, ¢ Ve ¢ is the greatest w.-psh function that lies below min(p, 1)), and E,,_
is as in (6). Since (we + ddp)™ converges weakly to (w + dd®p)™, we have that E,,_(¢) converges
to E(y) as € goes to 0. The same holds for E,_(1)). We then need to ensure that E,, (¢ V. ¥)
converges to E(p V 1). Denote ¢. := ¢ V,,_ 1 and ¢ := ¢ V 1. Fix &’ > £. Using Lemma 2.5 and
the fact that ¢, is decreasing to ¢, we get

0> Bu(6) = Bunl9) = opgrgr O [ (00 = 0)(we 4 067 1 (e + do™
13 ]:0

1

> 7 2 fy 00 ~ 9o s 4 A0 o 4 a9

Letting first € to zero and the &/, we get the result. The conclusion then follows from the previous
arguments and Proposition 1.16. O

4. The complete geodesic space (£P(X,w),dp)

4.1 Metric completion
For ¢,v € EP(X,w), we let ¢;, 1, denote sequences of elements in Hyg decreasing to ¢, v,
respectively, and set

Dp(%?ﬁ) = hmlnf dp(@j»l/)k)-
J,k——+o00
We list in the following proposition various properties of this extension.

PRrRoPOSITION 4.1.

(i) D, is a distance on EP(X,w), which coincides with dy, on Hpg.
(ii) The definition of D,, is independent of the choice of the approximants.
(iii) D, is continuous along decreasing sequences in EP(X,w).

Moreover all previous inequalities comparing d,, and I, on Hq extend to inequalities between
D, and I, on EP(X,w).

In the following, therefore, we will denote D, by d,,.

Proof. It is a tedious exercise to verify that D, defines a ‘semi-distance’, i.e. satisfies all
properties of a distance but for the separation property. It follows from the definition of D,
and Proposition 2.11 that Theorem 3.6 extends in a natural way to potentials in EP(X,w). If
D,(p,) =0, it therefore follows that I,(¢,1) = 0, hence ¢ = ¢ by the domination principle.

One can check that D), coincides with dj, on H;q as follows: using part (ii), one can use the
constant sequences ¢; = ¢ and 1), = 1) to obtain this equality.
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We now prove part (ii). Let ¢;,u; (respectively v, v;) denote two sequences of elements
of Hpq decreasing to ¢ (respectively ). We can assume without loss of generality that these
sequences are intertwining, i.e. for all j, k € N, there exists ¢, ¢ € N, such that ¢; < ug and ¥y, < vy,
with similar reverse inequalities. It follows from Proposition 3.8 and the triangle inequality that

|dp(p55 k) — dp(ue, vg)| < dp(pj, ue) + dp(Vr, vg)
< 20p(pj, ug) + 2Ip (g, vg)-

Now, again by Proposition 3.8, we get
esue < [ (we= )P MA() < (p+1)" [ (w0 P MAC),

where the last inequality follows from [GZ07, Lemma 3.5]. The monotone convergence theorem,
therefore, yields I,(¢j, ue) + I (Y, vq) = 0 as £,q — +o0, proving part (ii).

One shows part (iii) with similar arguments. The extension of the inequalities comparing d,,
and I, follows from [BEGZ10, Theorem 2.17]. O

PROPOSITION 4.2. The metric spaces (ERorm(X,w),d,) and (EP(X,w),dy) are complete. The
Mabuchi topology d, dominates the topology induced by I: if a sequence converges for d,, it
converges in energy.

Proof. Let (p;) € EP(X,w)N be a Cauchy sequence for dj,. We claim that there exists 1 € EP(X,w),
such that

dy(pj,v) = 0 and I(3,p;) — 0.
Extracting and relabelling, we can assume that
dp(js pj+1) < 277, j>1.

Set o1 =0 and for £ > j, Yjr == ¢©; V@jr1 V-V @k, and observe that v 1= ¢; V ¥ ky1.
Hence, the Pythagorean formula gives

dp (05, Vi) < dp(ps, Vi1k) < 277 + dp(0j1, Vjgrp)-
Repeating this argument, we get dp,(¢;, ¥ k) < 2771 We then have

j—1

dp(0,%jk) < Y dp(pe, pesr) + dplpj Vjk)
=1

J
< Z dp(pes pev1) + dp(@j+1,Pj11,k)
—1

< dp(0, 1) +2+ 27711

It follows from Theorem 3.6 that (0, 1) is uniformly bounded, hence its decreasing limit
Yy = limy_s oo Y1 € EP(X,w) [BEGZ10, Proposition 2.19]. From the above, we also have

dp(0,70;) < dp(0, 1) + 2+ 2791,

Lemma 3.11 then ensures that (supy v;); is uniformly bounded, hence ¢; increases a.e.
towards ¢ € PSH(X,w). Also, ¢ € EP(X,w) thanks to [BEGZ10, Proposition 2.4]. Moreover,
[BEGZ10, Theorem 2.17] yields

I(,15) + (s, ) —> 0.
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It follows, therefore, from Proposition 3.8 that d,(1, ;) — 0 and

dp(1h, p5) < dp(¥,95) + dp(v5, 05) < dp(h,5) + 27771 > 0.

Recalling that 1; < ¢j, it follows from the quasi-triangle inequality, Proposition 2.8, and
Theorem 3.6 that

I, 05) < eal (¥, 05) + 1(j,05) } < cap{I(,105) + dp(j, 05)} — 0. O

Recall that the precompletion of a metric space (X, d) is the set of all Cauchy sequences Cx
of X, together with the semi-distance

6({zj},{y;}) = lim d(z;,y;).
J—>+o0
The metric completion (X, d) of (X,d) is the quotient space Cx/ ~, where

{zj} ~{yi} = 0({z;}, {y;}) =0,

equipped with the induced distance, which we still denote d.
We are now taking advantage of the fact that Hp, lives inside the complete metric space
(EP(a), dp) to conclude the following.

THEOREM 4.3. The metric completion of (Hpq,d)) is isometric to (EP(X,w),dp).

Thanks to Theorem 3.6, an equivalent formulation of this statement is that the metric
completion of (Hpq,dp) is bi-Lipschitz equivalent to (EP(X,w), I,,).

Proof. We work at the level of normalized potentials,
& (X,w) = {p € E"(X,w) | E(p) = 0}

and Hy := {p € Hpq | w+ dd°p > 0 and E(yp) = 0}.

Since (&)(X,w),d,) is a complete metric space that contains Hy, it suffices to show that the
latter is dense in &5 (X, w). Fix ¢ € EJ(X,w) and let (p;) € HY be a sequence quasi-decreasing to
: the normalization condition E(p;) = 0 prevents us from getting a truly decreasing sequence;
however, ¢;+¢; is decreasing where ¢, is a sequence of real numbers decreasing to zero. It follows
from Proposition 3.8 that

dp(Pjre + €j4t, 05 T €5)P < /X(%‘ — 0j+0)" MA(@j40) + &5
Now [GZ07, Lemma 3.5] shows that the latter is bounded from above by

(1) /X (0 — )P MA(9) + 2.

which converges to zero as j — 400, as follows from the monotone convergence theorem.
Therefore (¢;) is a Cauchy sequence in (#Ho, d,) that converges to ¢, since

0 < dplp, 5 +¢5) < lim inf dp(pjte, 05) < 2(1+p)"PI, (5, ) + 8]1-/1” — 0,

— 400

by Proposition 3.8 and [BEGZ10, Theorem 2.17].

1623

https://doi.org/10.1112/50010437X18007170 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007170

E. D1 NEzZzA AND V. GUEDJ

We note the following alternative approach of independent interest. One first shows that Hg
is dense in the set of all bounded w-psh functions. Given ¢ € £J(X,w), one then considers its
‘canonical approximants’,

Yj = max(p, —j) + €j € PSHy(X,w) N L>(X),

which decrease towards ¢ € (X, w). It follows from Proposition 3.8 that
dlipssones) <o)+ [ (0= pisel MAGs10)

= o(1) + / P MA(pj40) + / (0 — p140)" MA(9)
(p<—j—0) (—j—l<p<—j)

= o(1) + /( o P MA(p) + / (pj — @j+0)" MA(p)

(—=j—€<p<—j)

<o(l) + / o MA(p),
(p<—19)

where we have used the maximum principle, together with the fact that

/(wé—k') Malpw) = /X Males) = /(w>—k) MAGen) = /(go<—k) MA().

since ¢ € £(X,w), as follows again from the maximum principle. We infer that (¢;) is a Cauchy
sequence, which converges to . O

We are now in a position to prove Theorem B of the introduction.

COROLLARY 4.4. Assume w = w*wy, where wy is a Hodge form. Then the metric completion
(Ha,dp) is isometric to (EP(«),d,). Similarly, the metric completion (H.,dp) is isometric to
(gp(X7w)7dp)'

Proof. Thanks to [CGZ13, Corollary C] we can ensure that the space H,, is dense in Hpg. The
result then follows from Theorem 4.3. a

4.2 Weak geodesics
4.2.1 Finite-energy geodesics. We now define finite-energy geodesics joining two finite-
energy endpoints ¢, ¢1 € E(X,w). Fix j € N and consider ¢}, ¢} bounded w-psh functions

decreasing to ¢g, ¢1. We let ¢; ; denote the bounded geodesic joining go% to gp{. It follows from
the maximum principle that j — ¢y ; is non-increasing. We can thus set

o= lim ;.

Jj—>+o0

DEFINITION 4.5. The map (t,z) — ¢(x) is the (finite-energy) Mabuchi geodesic joining g
to ©1-

The ¢; indeed form a family of finite-energy functions: since t — E(y;;) is affine
(Lemma 2.5), we infer, for all j € N,

(1— 1) E(po) + tE(p1) < (1 - )E(e) +tE(eY) = E(ary),
hence ¢; € E1(X,w) with (1 —t)E(po) + tE(p1) = E(py).
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It follows from the maximum principle that ¢; is independent of the choice of the
approximants ¢, ¢: if we set (z,2) := ¢(x), z =t + is, then ¢ is a maximal w-psh function
in X x S, as a decreasing limit of maximal w-psh functions. It is thus the unique maximal w-psh
function in X x S with boundary values g, ¢1.

When ¢q, 1 belong to EP(X,w), these weak geodesics are again metric geodesics in the
complete metric space (EP(X,w),d,).

PROPOSITION 4.6. Given ¢g, 1 € EP(X,w), the Mabuchi geodesic ¢ joining ¢g to @1 lies in
EP(X,w) and satisfies, for all t,s € [0, 1],

dp(@ta (Ps) = |t - S| dp(9007 Spl)'

Thus, (EP(X,w),d)p) is a geodesic space.

Proof. We can assume, without loss of generality, that ¢g, 1 < 0. Fix j € N and consider cpé, go{
bounded w-psh functions decreasing to ¢o, ¢1. We let ¢; ; denote the bounded geodesic joining

@} to (p{, which decreases towards ¢y as j increases to +00. Observe that

0o V1 < @) Vel < e

It therefore follows from [GZ07, Lemma 3.5] and Lemma 4.7 that

/ (—gu, )P MA(g1,) < (p+ 1)" / (—g0V 1)? MA(go V 1) < +oo,
X X

hence the monotone convergence theorem yields [y (—¢¢)? MA(p;) < +oo, for all t, ie.
€ EP (X , w).
The remaining assertion is proved as in the case of bounded geodesics (Proposition 1.18). O

LEMMA 4.7. Assume 0 > ¢, p1 € EP(X,w). Then ¢y V ¢1 € EP(X,w) and
[ ooV e MG v ) < [ (o0 MaG) + [ (e MAG).
X X X

Proof. Tt suffices to establish the claimed inequality when g, 1 € Hpq and then proceed by
approximation. It follows from Proposition 3.2 that

MA(po V1) < 1{900\/501:@00} MA(go) + 1{900\/9011501} MA (1).

The inequality follows, since ¢q, 1 < 0. O

4.2.2 (Non-)uniqueness of geodesics. Fix @g, 1 € EYX,w). If the sets (o < 1) and
(po > 1) are both non-empty, the function g V ¢; differs from ¢y and ¢; and it follows
from Proposition 3.4 that

di(po, 1) = di(po, w0 V 1) + di(po V @1, 1),

thus the concatenation of the geodesic joining ¢g to ¢ V ¢1 and of that joining g V 1 to ¢
gives another minimizing path joining ¢g to ¢;.

When ¢y < 1, this argument no longer works, but there are nevertheless very many
minimizing paths, as shown by the following result.
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LEMMA 4.8. Assume @y, p1 € Hpq are such that oo < ¢1. Let (¥¢)o<i<1 be a path joining ¢q to
1. Then '
0 (Y) = di(po, p1) <= Yi(x) =20 for a.e. t,x.

In particular, t — ty1(x) + (1 — t)po Is a minimizing path for dy, which is not a Mabuchi
geodesic, unless @1 — g is constant.

//Wt JIMA(¢y) d

/OE(¢t)dt' [E(p1) — E(po)| = di(o, ¢1),

Proof. Observe that

) MA () dt

dt

where the last identity follows from Proposition 3.12. There is equality if and only if ]¢t(:c)| =
Yy(x) > 0 for a.e. (¢, ) (the sign has to be positive because 1y = o < @1 = ¥1).

In particular, t — v, = to1(x) + (1 — t)po has this property, since U = @1 — oo = 0. We
recall that, since ¢, is a smooth path, the geodesic equation can be written as

. n o - . _
e MA(Yr) = 37 dipe A de Ay !

(see §1.1.1). Now 1), = 0, hence t — 1), is not a Mabuchi geodesic, unless d(p1 — @) A d°(¢1 —
©o) A wzt_l =0 for all ¢, i.e. p1 — ¢ is constant. O

Conversely, it follows from the work of Darvas [Darl17c, Lemma 6.12] (based on [CCO02, §2.4])
that geodesics are unique in £2(X,w).

THEOREM 4.9. Assume w = 7*wy, where wy is a Hodge form. Then the space (£?(X,w),ds) is
a CAT(0) space.

Complete CAT(0) spaces are also called Hadamard spaces. Recall that a CAT(0) space is
a geodesic space that has non-positive curvature in the sense of Alexandrov. Hadamard spaces
enjoy many interesting properties (uniqueness of geodesics, contractibility, convexity properties,
etc., see [BH99]).

Proof. By Corollary 4.4 we know that (£2(X,w),ds) is the completion of (H,,d2) and by
Proposition 4.6 that it is a geodesic metric space. [BH99, Exercise 1.9.1.c (p. 163)] ensures that
(E2(X,w),ds) is a CAT(0) space if and only if the CN inequality of Bruhat and Tits [BT72] holds,
i.e. VP, Q, R € £?(X,w) and, for any M € £%(X,w) such that do(Q, M) = d2(R, M) = d2(Q, R)/2
(in other words M = cp? R|t:1 /2 where go?R is the geodesic joining @, R), one has

dZ(Pv M)2 < %d2(Pa Q)2 + %dQ(P7 R)2 - %dQ(QaR)Z (9)

Assume first that P, Q, R € H,, C H,,.. Then by [CCO02, §2.4] (see also [Dar17c, Lemma 6.12]),
we have that
dy.2 (P, M)* < 302c(P, Q)% + 3da2(P, R)* — 3d2c(Q, R)?,

where M. is the point of e-geodesic joining @, R such that do.(Q,M)=ds(R,M) =
d2(Q, R)/2. Thanks to Theorem 1.13, the right-hand side in the inequality converges to the
right-hand side of (9) as ¢ goes to zero. We claim that da (P, M.) converges to d(P,M).
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Observe first that M. decreases to M, since e-geodesics decreases as e decrease to zero
(Proposition 1.6). Moreover, the triangle inequality yields |da (P, M) — doc(P, M)| < da (M,
M.). Since M, M. are both bounded, it follows from Theorem 3.6 and Proposition 2.11 that
doer(M,M.) — 0 as e — 0. This proves the claim.

If P,Q, R € £?(X,w), we choose smooth approximants Py, Q, Ry, € H,, decreasing to P, Q, R.
The above arguments ensure that

do( Py, My)? < 3do(Py, Qi) + 3da(Py, Ri)? — 1do(Qp, Ri)?. (10)

The comparison principle implies that M) decreases to M as k goes to +oo. It then follows
from Propositions 3.8 and 4.1 that dao(M, M) — 0 as k goes to +oo. This, together with
Proposition 4.1, gives (9) when letting k£ — +o0. O

5. Singular Kahler—Einstein metrics of positive curvature

The existence of singular Kéhler—Einstein metrics of non-positive curvature has been established
in [EGZ09], generalizing the fundamental work of Aubin [Aub78] and Yau [Yau78]. They always
exist, provided the underlying variety has mild singularities and the first Chern class is non-
positive.

Singular Kéhler—Einstein metrics of positive curvature are more difficult to construct. It is
already so in the smooth case [CDS15]. Their first properties have been obtained in [BBGZ13,
BBEGZ]. In §5.3, pushing further these works, we provide a necessary and sufficient analytic
condition for their existence, generalizing a result of Tian [Tia97] and Phong et al. [PSSWO0S].

5.1 Log terminal singularities
A pair (Y, D) is the data of a connected normal compact complex variety Y and an effective
Q-divisor D, such that Ky + D is Q-Cartier. We write

Yo := Y}eg\SUPP D.

Given a log resolution 7 : X — Y of (Y, D) (which may be chosen to be an isomorphism over Yjy),
there exists a unique Q-divisor ), a;E;, whose push-forward to Y is —D, such that

KX = ﬂ'*(KY +D) + ZazEz

DEFINITION 5.1. The pair (Y, D) is kit if a; > —1 for all j.

The same condition will then hold for all log resolutions of Y. When D = 0, one says that
Y is log terminal when the pair (Y,0) is klt. We have the following analytic interpretation. Fix
r € N* such that r(Ky + D) is Cartier. If o is a nowhere-vanishing section of the corresponding
line bundle over a small open set U of Y, then

("™ o Ao /T (11)

defines a smooth, positive volume form on Uy := U NYj. If f; is a local equation of F; around a
point of 7=1(U), then

ﬂ_*(,l-rnQO_ A 5_)1/r _ H ’fi’2a¢ dv
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locally on w~1(U) for some local volume form dV. Since Y, E; has normal crossings, this shows
that (Y, D) is klt if and only if each volume form of the form of (11) has locally finite mass near
singular points of Y.

The previous construction globalizes as follows.

DEFINITION 5.2. Let (Y, D) be a pair and let ¢ be a smooth Hermitian metric on the Q-line
bundle —(Ky + D). The corresponding adapted measure mes, on Y is locally defined by
choosing a nowhere-zero section o of r(Ky + D) over a small open set U and setting

mesg := (™ o A7)YT 02/T.
[ TP

The point is that the measure mes, does not depend on the choice of o; hence, it is globally
defined. This discussion shows that

(Y, D) is klt <= mesy has finite total mass on Y,
in which case we view it as a Radon measure on the whole of Y.

5.2 Kahler—Einstein metrics on log Fano pairs
DEFINITION 5.3. A log Fano pair is a klt pair (Y, D) such that Y is projective and —(Ky + D)
is ample.

Let (Y, D) be a log Fano pair. Fix a reference smooth strictly psh metric ¢g on —(Ky + D),
with curvature wp and adapted measure 1o = mesg,. We normalize ¢g so that pg is a probability
measure. The volume of (Y, D) is

Vi=ca(Y,D)" = / wg -
X

DEFINITION 5.4. A Kdhler—Einstein metric T for the log Fano pair (Y, D) is a finite-energy
current T' € ¢1(Y, D). such that T" =V - up.

We now list some important properties of these objects, established in [BBGZ13, Berl5,
BBEGZ].

(i) A Kéhler—Einstein metric w is automatically smooth on Yj, with continuous potentials on
Y, and it satisfies
Ric(wKE) = WKE + [D] on Y;eg-
(ii) The definition of a log Fano pair requires the singularities to be klt. This condition is, in
fact, necessary to obtain K-E metrics on Yeg.

(iii) The Kihler—Einstein equation reads (wo + dd°¢)™ = e~?T¢y for some constant ¢ € R. If we
choose a log resolution, the equation becomes (w + ddp)™ = e~ Ty, where w = *wy is
semi-positive and big and fig = [, | f;|** dV.

(iv) The potential ¢ belongs to H,, and maximizes the functional

X

Fie) o= Blp) + g [ eaa).

Conversely, any maximizer of F is a Kéhler—Einstein metric.
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(v) Two Kéhler—Einstein metrics are connected by the flow of a holomorphic vector field that
leaves D invariant.

(vi) If the functional F is proper (i.e. if E(p;) - —oo = F(¢;) = —o0), then there exists a
unique Kéhler—Einstein metric.

Here, [D] is the integration current on Dly, . Writing Ric(wgg) on Yieg implicitly means
that the positive measure wiply,., corresponds to a singular metric on — Ky, ,, whose curvature
is then Ric(wgg) by definition.

5.3 The analytic criterion
Following an idea of Darvas and Rubinstein [DR17], we now extend [Tia97, Theorem 1.6] and
[PSSWO08] by proving the following.

THEOREM 5.5. Let (Y, D) be a log Fano pair. It admits a unique Kéhler-Einstein metric if and
only if there exists €, M > 0 such that, for all ¢ € Hporm,

Flp) < —edi(0,¢) + M.
This is Theorem D of the introduction.

Proof. We are going to use Theorem B. Note that wy € ¢;(—Kx — D) is a Hodge form. One
implication is given by [BBEGZ, Theorems 4.8 and 5.4]: if

‘7:(90) < _Edl(oa SD) + Mv

then F is proper, hence there exists a unique Kahler—Einstein metric.
So we assume now that there exists w, a unique Kéhler-Einstein metric, which we take as
our base point of H,,. It is the unique maximizer of F on £1(X,w),

F(0)= sup  Flp),
pef (X w)
as follows from [BBGZ13, Theorem 6.6], [ BBEGZ, Theorems 4.8 and 5.3].
Note that F is invariant by translations, so we actually consider the restriction of F on
EL (X w) = {p € EY(X,w),supy ¢ = 0}. Assume for contradiction that there is no ¢ > 0 such
that F(p) < —edy1(0, ) + M for all ¢ € Hyorm, where we set M := F(0) + 1. Then we can find
a sequence (¢;) € HY such that supy ¢; = 0 and

_ dy (Oa (pj)

Jj+1

If E(p;) does not blow up to —oo, we reach a contradiction: up to extracting and relabelling,
we can assume that E(p;) is bounded and ; converges to some ¢ € (X, w). Since F is upper
semi-continuous, we infer F (1) > F(0) + 1, a contradiction.

So we assume now that E(yp;) — —oo. It follows from Lemma 3.12 that d; := dq(0,¢;) =
—E(pj) — +oo. We let (¢1j)o<i<d; denote the Mabuchi geodesic with unit speed joining 0 to
¢; and set 1; := ¢ j. Note that the arguments in Lemma 3.3 show that ¢ — ¢y ; is decreasing,
hence ¢; < 1; < 0. In particular, supyx t; = 0, while, by definition, di(0,%;) = 1 = —E(¢;).

It now follows from Berndtsson’s convexity result [Berl5, §6.2] and its generalization to the
singular context [BBEGZ, Theorem 11.1] that the map t — F(¢p; ;) is concave. We infer

F(ed;,5) — F(vo,5) - 1 1

——+ -,
dj Jj+1 dj

Flpj) > + F(0) + 1.

0> Flpr;) — Flpo,) =
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thus F(;) — F(0). This shows that (1);) is a maximizing sequence for F, which therefore
strongly converges to 0, by [BBEGZ, Theorem 5.3.3]. This yields a contradiction, since

d1(0,1/;j) =1. O
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