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Exceptional Sets in Hartogs Domains

Piotr Kot

Abstract. Assume that Q is a Hartogs domain in C'*", defined as Q = {(z,w) € C'*" : |z] <
wu(w), w € H}, where H is an open set in C" and y is a continuous function with positive values in H
such that — In g is a strongly plurisubharmonic function in H. Let ,, = Q N (C x {w}). For a given
set E contained in H of the type Gs we construct a holomorphic function f € O(§2) such that

EZ{WE(C”:/{

Dy

|FC W dg? = oo}

1 Preface
Assume that €2 is a Hartogs domain in C'*" defined as
Q= {(z,w) € C"": |z| < u(w),w € H},

where H is an open set in C” and p is a continuous function with positive values in
H such that — In p is a strongly plurisubharmonic function in H. Let

Q, = QN (Cx {w}).

We denote
EQ, f)= {WG c” :/ |f(-,w)|*de? = oo}
Q,

the exceptional set for a holomorphic function f (f € O(2)). By £* we denote the
2-dimensional Lebesgue measure.

Behaviour of the holomorphic functions on the slices has been investigated in
different cases by many authors: [1, 2, 3, 4, 5, 6, 7]. In particular a construction of
holomorphic function f € O(£2) with a given closed or open exceptional set has
been shown in the paper [3]. In this paper the author raises the question whether it
is possible to create a holomorphic function with a given exceptional set of the type
Gs. In our paper we answer this question.

Theorem 2.4 Let E be a subset of the type Gs in H. Then there exists a holomorphic
function f € O($2) such that E(Q, f) = E.

Observe that this theorem solves completely the problem of description of excep-
tional sets because if E is an exceptional set for a holomorphic function f € O(£2),
then! E is a set of the type Gs.
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"Let r € (0,1). The function u,(w) := f\Z\<m(

w |z, w)|? d€%(2) is continuous on H. Therefore

u(w) = lim,_1 u,(w) is a lower semi-continuous function on H. Now E(Q, f) = u~!(00), and therefore
E(S, f) is a set of the type Gs.
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2 Exceptional Sets in Hartogs Domains

In the proof of Lemma 2.1 we use the idea based on [3, Theorem 1].

Lemma 2.1 Assume that T, D are compact sets in H such that D\ T = @. Let us set

a natural number k and a real number ¢ > 0. There exists a natural number m and a
function f € O(£2) such that

(1) flz,w) = ZT:kfj(w)zj where f; € O(H) and {/|fj(w)|pu(w) < 1 +¢€ forw €
TUD,

(2) wi [f(-,w)]?d* > 1forwe T,

(3) |f(z,w)| < e for(z,w) € Qandw € D.

Proof There exists a continuous function pr positive such that pr > p, —Inprisa
function strongly plurisubharmonic in H and pr(w) = p(w) iff w € T. Let

5—max{ sup M(W),\/ ! }
wep pr(w) " V 1+
Obviously 6 € (0, 1).

On the basis [8, Theorem 9, p. 214] there exist holomorphic functions h; € O(H)
fori = 1,...,sand natural numbers g; fori = 1, ..., ssuch that

(2.1) In

1 1
< —In |h; ti=1,...,5¢ <1
() _sup{ o n |hi(w)| : i s} n

for w € T U D. Select natural numbers b; with the following properties:

dpr(w)

* k<ab <agpbfori=1,...,s—1,
x Ja;b;0%0 < 23 inf,ep pu(w) fori =1,...,s,
* aib; < (1 +¢e)%2inf,cpp?(w) fori=1,...,s.

We define function f as

flew) = S0/t = 3 fiwye)
i=1 =k

where m = ab;—1, fop,—1 = “’%"'h?” and f; = Owhen j ¢ {a;b;—1,...,a:b;—1}.

Due to (2.1) and the inequality a;b; < 7(1 + €)%*~21%(w) for w € T U D we can
estimate

o a;b; ab— a;b; aibi—1(y,
o ) o) = [ 0 s it ) < ) 42 )

7T ™ 6“ibzul;ibi(w)

< al_bl 1 < a;b; (\/my’bi
Vo ambipw) TV om o p(w)

< (1+¢e)¥bi1
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for w € T U D. From this we obtain the property (1).
If w € T, we can estimate:

/ |f( W)‘Z sz Z ai b |h,’(W)‘2bi|Z‘2aibi_2 dﬁz(z)
Dy

|z|<p(w)

M(W 2“1 i

1 2a;b;
> sup ( (W)) M(W)za,-bi =1,

from which property (2) results. Moreover

f@w)| <>
i=1
<> Vabilhi(w)]" pw) !

i=1

a;bi |hi(W)|bi ‘Z|a,‘bi—1
s

a,'b,'
SZ\/_< (W)) plw) !

s 5 a;b;
< Z \/ﬁ< m) p(w)bi=1
i=1

ZS: einfeep plx) _

< -
- 2'u(w)

i=1

for w € D, which is property (3). [ ]

Lemma 2.2 Assume that T, D are compact sets in H such that DT = &. Let also K
be a compact set in §). Let us set a natural number k and a real number ¢ > 0. There
exists a natural number m and a function f € O($2) such that

(1) flz,w) = Z;”:k fi(w)zl, where f; € O(H),
@) Jo, IfC,wPde* > 1forwe T,
(3) |f(z,w)| < e for(z,w) € Korw € D.

Proof Increasing a set K we can assume that
K ={(z\,w): (z,w) € K,w € H,|\| = 1}.

Let Ky := {w € Q: inf,ex ||z — w|| < 0}. Let us select number § so small that Kj is
a compact subset of 2.

There exists a sequence of compact sets D; such that D = D; C --- C D; C
Diyy C -+ C Ujen Di = H \ T. On the basis of Lemma 2.1 there exist functions ;
and natural numbers a;, b; such that
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(1) k<a; <b; <aj, ‘
(2) hi(z,w) = 2% h; j(w)z/, where h; ; € O(H) and

j=ai

i s (w) p(w) < 1+ 23 forw € TUD;,

(3) fQW |hi(-,w)|?de* > 1forw e T,
(4) |hi(z,w)| < 5 forw € D;.

We define

b;
glz,w) =) hilz,w) =Y > hijw)zl =) aj(w)z),

ieN ieN j=a; jEN

Observe that

lim sup {/ |aj(w)|pu(w) = lim sup /| hi j(w)|u(w) < 1

j—oo j—oo

for w € H. Therefore, due to Hadamard’s test, the function g is holomorphic on 2.
In particular

(2.2) > / | de>2 = [ |g]?d2*? < .
ieN Y Ks Ky
It is obvious that there exists a constant Cx > 0 such that
|hi(z, w)| < CK/ |h|* dg*+?
K‘
for (z,w) € K. Due to (2.2) there exists iy € N such that
Iy, | d@2m+2 < £
K Ck
Observe that |h;,(z, w)| < e for (z,w) € K. Therefore it is enough to set f = h;,.

Lemma 2.3 IfE = ),y Ui C H, where {U;}icn is a sequence of open sets, then
there exists a sequence of closed sets {T; j}i jen and closed sets {D; ;}i jen in H such
thatU; = UjeN T,‘_’j, T,"j ﬂD,‘J’ =, H\U,‘ C D,‘_’j and T,‘_’j C D,"k, when ‘]—k‘ > 2.
Proof We denote:

1 1
T; ::{ZEUi:,—S inf Hz—w||§,—},
J+2 7 weau Jj+1

1
D= H: —— < inf |z— .
ij {Z = (G+32 WlenT,'_]- Iz Wl}
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It is a direct result of the deﬁnition that H\ U; C D; ;.
Observe that ||z — w| > +3)2 forz € T;; and w € T;xwhenk — j > 2. In fact

supposethatz € T; j, w € T; k and ||z—w|| < In this case there exists u € OU;

]+3)2
such that [lu — w|| < 75 < ]+3 We can estimate
1 1 1 1
— Slu—z <fu=—wl+llw-zl| < =+ =55 < —,
712 j+3 GRS 2

which is impossible.
Let k > j+2. If x € T;;j \ Djx, then there exists a point y € T; such that

lx — y|| < ﬁy < (]Jr%, which is impossible due to the first part of the proof.
Letk < j—2.1fx € T; ;\Dj, then there exists y € T such that [|x—y| <

(k+3)
which is also impossible due to the first part of the proof.

Theorem 2.4 Let E be a subset of the type Gs in H. Then there exists a holomorphic
function f € O(S2) such that E(Q), f) = E

Proof There exists a sequence of open sets {U; };en such that

E=(\UjC--CUnCUC-

We define an increasing sequence of compact sets K; such that K; C Vi1 C Kjyp C

- C UieN K; = Q, where V; denotes the interior of the set K;. On the basis of
Lemma 2.3 there exists a sequence of closed sets { T; j }: jen and closed sets {D; ; }i jen
in H such that U; = UjGN T,], T N D,] = 9, H \ U; C Di,]' and Ti,]' C Di,k>
when |j — k| > 2. We define also a sequence of compact sets {S;};en such that
S;CSqC---C UjeNSj = H.

As D; ;N T; ; = &, therefore on the basis of Lemma 2.2 we can select functions
fi,j € O(H) and natural numbers g, j, b; ; such that

(1) aij < bijand® [a;j, b; ;] N [ag, biy] = @ for (i, j) # (k, 1),
(2) fijzw) =300, hijm(w)2", where b ;,, € O(H),

(3) Jo IfiiC,m| dﬁz > 1forw e T;; N Siyj,
(4) |fi,j(z,w)|* < 555 when (z,w) € Kiyj orw € D; j N Siy ).

Observe that

[ Vst owi e = 55 [ PP g

Qy p—

2N(W)2m+2
Zzﬂh”m( P <0

m=a; j

2We denote [a,b] := {t:a <t < b}.
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for w € H. We define

f=Y fij

ij=1

Due to the property (4) function f is holomorphic on Q. If w € E, then

Z 1 =o0.

i,jeN: WGT,'_']'I"TSH]‘

Therefore using properties (1)—(3), we can estimate:

) 2 702 _ 2 1q2
/lef(,w) ag Z/ i P dg

i,j=1

v

S [ e ae

i,jEN: WET,‘_]'OS,'H

Z 1 = o0.

i,jEN: WET,‘_]'OS,'H

v

If w € H \ E, then there exists iy € N such thatw € S fori+ j > ipandw €
H\ U; C D fori > i;. Moreover there exist natural numbers k; fori = 1,..., 1
such that w € D; ; for |j — k;| > 2. Denote

A= {G, )i <o |j— k| < Tori+j <io}.

Observe that #A < co. Moreover if (i, j) ¢ A then w € D; ; N S j. We can estimate

> / g )P de? < Z/ g de?

i<ip,jEN (i,j)eA

+Z/ sl ow) P dg?

(i,7)¢A

<Y Z 27r|h,]m(w)|2 o +2

(i,j)EA m=a j

+Z/ 2l+]dL2<oo

i,jEN
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In particular, on the basis of properties (1),(2), and (4) we obtain the following esti-

mation
[ irempag =3 [ 16 de
% e
1
=2 /'f”j("w)‘zd’32+ 2 / 2o
i<ig,jeEN /b i>igjEN 7/
< > /|ﬁ.,j('aW)\2d92+27w(W)2<oo.
i<iy, jEN v
It follows that E(£2, f) = E. [ |
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