
If t he r e a d e r can s u r m o u n t t h e s e b a r r i e r s and wade h i s 
way t h r o u g h the a p p l i c a t i o n s , he wi l l enjoy s o m e we l l w r i t t e n 
c h a p t e r s l ike the ones dea l ing wi th m o l e c u l a r v i b r a t i o n s and 
m o l e c u l a r o r b i t a l s . It i s to be r e g r e t t e d tha t the c h a p t e r s on 
s y m m e t r i c g roups and t h e i r app l i c a t i ons cannot be inc luded in 
th i s c l a s s s ince the i m p o r t a n t t echn ique of Young s y m m e t r i z e r s 
i s not given an adequa te t r e a t m e n t in ex i s t ing books on the 
app l i ca t ions of g r o u p theory* 

Long and f a i r l y c o m p l e t e l i s t s of r e f e r e n c e s a r e g iven at 
the end of each c h a p t e r , but the p a p e r s and books l i s t e d (with 
t i t l e s t r a n s l a t e d into English1 . ) a r e n e v e r r e f e r r e d to in the text* 

It s e e m s r a t h e r i r o n i c a l tha t a book dea l ing wi th s y m m e t r y 
and s t r u c t u r e should have so l i t t l e use for e i t h e r in i t s c o n c e p ­
t ion and e x e c u t i o n . 

F e z a G l i r s e y , P r i n c e t o n , N . J . 

S tudies in l i n e a r and n o n - l i n e a r p r o g r a m m i n g , by K . J . 
A r r o w , L.. H u r w i c z and H. U z a w a . Stanford U n i v e r s i t y P r e s s , 
1958. 229 p a g e s . $ 7 . 5 0 . 

The t h r e e m a i n t h e m e s in t h i s co l l ec t ion of p a p e r s a r e 
e x i s t e n c e t h e o r e m s (pa r t I ) , the g r a d i e n t m e t h o d (pa r t II) and 
the c o n s t r u c t i o n of s p e c i a l a l g o r i t h m s for spec i f ic p r o g r a m m i n g 
p r o b l e m s (par t III) . The f i r s t c h a p t e r p r o v i d e s de t a i l ed 
s u m m a r i e s of the p a p e r s and connec t ing l inks b e t w e e n t h e m . 

In c h a p t e r 2 an exp l ic i t f o r m u l a i s ob ta ined for a se t of 
v e c t o r s spanning a convex p o l y h e d r a l cone g iven a s the i n t e r ­
s e c t i o n of h a l f - s p a c e s . Th i s r e s u l t is t h e n used to p r o v e the 
fundamenta l t h e o r e m s on convex p o l y h e d r a l c o n e s . In a l a t e r 
c h a p t e r a n e l e m e n t a r y m e t h o d for so lv ing l i n e a r p r o g r a m m i n g 
p r o b l e m s is b a s e d on th i s f o r m u l a . As the m e t h o d c a l c u l a t e s 
a l l the e x t r e m e po in t s of the f ea s ib l e s e t , it i s not a s efficient 
a s the s i m p l e x m e t h o d . 

C o n s i d e r the p r o b l e m : F ind a n n - v e c t o r x that m a x i m i z e s 
f(x) sub jec t to the r e s t r i c t i o n tha t x ^ 0 and g(x) ^ 0, w h e r e 
f(x) and g(x) = <(gl(x), . . . , g m ( x ) > a r e funct ions defined on the 
n - v e c t o r x s* 0. The L a g r a n g i a n a s s o c i a t e d wi th t h i s p r o b l e m i s 

^>(x,u) = f(x) + u . g ( x ) , 

w h e r e x = < x i , . . . , x n > and u = <u^, . . . , u m > . The c a s e 
when f(x) and g(x) a r e concave funct ions in x > 0 ( concave 
p r o g r a m m i n g ) i s c o n s i d e r e d in c h a p t e r 3 , and a new condi t ion 
i s g iven unde r which x i s a so lu t ion of the m a x i m i z i n g p r o b l e m 
if and only if t h e r e i s a v e c t o r û such tha t (x,U) i s a n o n - n e g a t i v e 
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saddle-point of 0(x,u) (the Kuhn-Tucker theorem). Chapters 
4 and 5 systematically develop a theory of programming in 
linear spaces. The basic concepts and needed theorems from 
the theory of linear topological spaces are explained at length, 
and the reader need have no previous familiarity with this 
material. Given a convex cone K in a linear space W, an order 
relation on U/is defined by putting w1 $ wn if and only if 
w1 - w11 € K. (In the finite-dimensional case K is usually the 
non-negative orthant. ) Let H , 11 and ^ be linear spaces with 
order relations defined by convex cones, and let f and g be 
functions on 2e into Tj and ^ respectively. Then the problem 
of programming in linear spaces may be stated: Find x e 3£ 
that maximizes f(x) subject to the restriction that x ^ 0 in 3£ 
and g(x) ^ 0 in ^ , In connection with this problem one may 
define the Lagrangian 

^(x,z*,y*) - y*{f(x)] + z* [g(x)] , 

where y* and z* are continuous linear functionals on ^ and ^ 
respectively. Fundamental to the proof of the Kuhn-Tucker 
theorem is the Minkowski-Farkas lemma which states that if 
A is an m x n matrix and Ax > 0 implies b'x ^ 0 for all x, then 
there exists t > 0 such that b = A't. The main results of chapter 
4 are generalizations of the Minkowski-Farkas lemma and the 
Kuhn-Tucker theorem to certain classes of linear spaces• 

Let <£(x,y) be a real-valued function defined for 
x = <x^, . . . , xn> £ 0 and y = <yi, . . . , ym> ^ 0, and let 
(x\ y) be a saddle-point of $(x,y) inx s 0 and y » 0. The 
gradient process is the system of differential equations 

26 
. 0 if x; = 0 and ^ ~ - < 0 dx^ J x oXi 

dtT~ = ] i iL otherwise, 
i = 1 , . . . , n, 

d y . [ 0 i f y j = 0 a n d l * - > 0 

dt~~ —~ otherwise, 
l ôYj 

The question is under what conditions do solutions x^(t, x(0), y(0)), 
yj(t, x(0), y(0)) of these equations converge to the saddle-point 
(x,y). The main result is: 

If $(x,u) is continuously twice differentiable, is convex 
in u for each x and is strictly concave in x for each u, then 
the gradient process converges in both x and u. 

This result depends on the existence theorem for the above 
differential equations given in chapter 7. The reviewer doubts 

197 

https://doi.org/10.1017/S0008439500025522 Published online by Cambridge University Press

https://doi.org/10.1017/S0008439500025522


w h e t h e r the proof g iven t h e r e i s a d e q u a t e . F r o m th i s g r a d i e n t 
m e t h o d for a p p r o x i m a t i n g a s a d d l e - p o i n t a g r a d i e n t m e t h o d for 
s t r i c t l y concave p r o g r a m m i n g i s e a s i l y d e r i v e d . A nea t 
modi f i ca t ion of th i s supp l i e s a n a l g o r i t h m for a l l concave p ro» 
g r a m m i n g , which i s i l l u s t r a t e d by a n e x a m p l e in l i n e a r p r o ­
g r a m m i n g . The g r a d i e n t m e t h o d i s a l s o f o r m u l a t e d a s a s y s ­
t e m of d i f fe rence e q u a t i o n s , and d i s c u s s e d in th i s f o r m . In 
the final c h a p t e r of p a r t II the p o s s i b i l i t i e s of weaken ing the 
concavi ty a s s u m p t i o n a r e i n v e s t i g a t e d . 

The t h r e e p r o g r a m m i n g p r o b l e m s f rom m a t h e m a t i c a l 
e c o n o m i c s d i s c u s s e d in p a r t III show how g r e a t ga ins in 
s i m p l i c i t y and efficiency can be ob ta ined by t ak ing advan tage of 
the s p e c i a l f e a t u r e s of a p r o b l e m , r a t h e r t han m a k i n g a 
m e c h a n i c a l app l i ca t i on of s o m e g e n e r a l p r o g r a m m i n g a l g o r i t h m . 

A . M . Duguid , B r o w n U n i v e r s i t y 

App l i ca t ions of T e n s o r A n a l y s i s , by A . J . M c C o n n e l l . 
D o v e r , New Y o r k , 1957. x i i + 318 p a g e s . $ 1 . 8 5 . 

Th i s i s a p a p e r b a c k r e p r i n t o f ' A p p l i c a t i o n s of the Abso lu t e 
Di f fe ren t ia l C a l c u l u s " . The book i s s t i l l an exce l l en t i n t r o d u c ­
t ion to t e n s o r s f rom the c l a s s i c a l n i n d e x p u s h i n g " v i ewpo in t . 
It d e m o n s t r a t e d , in 1931 , the u se fu lne s s of t e n s o r a l g e b r a for 
d e t e r m i n a n t t h e o r y and the ana ly t i c g e o m e t r y of q u a d r i c s , a 
point wh ich s t i l l n e e d s e m p h a s i z i n g . It a l s o con ta ins s e c t i o n s 
on the d i f f e ren t i a l g e o m e t r y of c u r v e s and s u r f a c e s and on 
app l ied m a t h e m a t i c s . 

B . A . R a t t r a y , McGi l l U n i v e r s i t y 

E l e m e n t a r y S t a t i s t i c a l M e t h o d s , by W. A . N e i s w a n g e r , 
M a c m i l l a n , New Y o r k ; B r e t t - M a c m i l l a n , Ga i t , Ont . , r e v i s e d 
ed i t ion , 1956. 749 p a g e s . $ 7 . 2 5 . 

T h i s i s a n exce l l en t t ex t for the s tuden t who w i s h e s to 
e m p l o y s t a t i s t i c a l t e c h n i q u e s wi thout n e c e s s a r i l y u n d e r s t a n d i n g 
t h e i r m a t h e m a t i c a l b a s i s . P r a c t i c a l e x a m p l e s a r e u sed to 
p r e s e n t the t e c h n i q u e s , s i m p l e in tu i t ive a p p r o a c h e s a r e g iven 
to the m o r e m a t h e m a t i c a l l y difficult concep t s and cau t ions a r e 
advanced in e v e r y top ic to show the b e g i n n e r the l i m i t a t i o n s of 
the t e c h n i q u e s and to w a r n h im of the m o r e c o m m o n m i s u s e s . 
N e i t h e r i n the text nor in the s u m m a r y i s any a t t e m p t m a d e to 
d e v e l o p the f o r m u l a e r i g o r o u s l y . F o r i n s t a n c e , when two 
f o r m u l a e a r e g iven a s app l i cab l e to the so lu t ion of s o m e q u e s ­
t i on , no a t t e m p t i s m a d e to show t h e i r e q u i v a l e n c e . The s t r o n g 
point of th i s t ex t i s tha t m o t i v a t i o n i s g iven wi thout m a t h e m a t i c a l 
a r g u m e n t , the e m p h a s i s be ing to en l igh ten the s tuden t a s to what 
c i r c u m s t a n c e s s u g g e s t the use of a p a r t i c u l a r t e c h n i q u e , 
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