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THE TENSOR PRODUCT FORMULA
FOR REFLEXIVE SUBSPACE LATTICES

K. J. HARRISON

ABSTRACT.  We give a characterisation of £; ® £, where L; and L, are subspace
lattices with £; commutative and either completely distributive or complemented. We
use it to show that Lat(4; ® 4,) = LatA4, ® Lat 4, if A4, is a CSL algebra with a
completely distributive or complemented lattice and 4, is any operator algebra.

1. Introduction. The algebra tensor product formula (ATPF):
(ATPF) Alg(L) ® L) = Alg Li® Alg L,.

for reflexive operator algebra has been studied in a series of papers [3], [5], [6], [7], [8],
and [9]. Although not universally valid [10], the ATPF has been shown to hold in various
circumstances. If £; and £, are both orthocomplemented then Alg £, and Alg £, are
von Neumann algebras, and in these circumstances the ATPF is a formulation of Tomita’s
commutation theorem. The formula also holds if one of the subspace lattices £, or £, is
commutative and completely distributive [9].

The dual equation is the lattice tensor product formula for reflexive subspace lattices
(LTPF):

(LTPF) Lat(4,®4,) = Lat4, ® Lat4,.

The validity of the LTPF has been established only in special cases. It holds, for example,
if 4; and 4, are both CSL algebras and Lat 4, is completely distributive [9], or if 4,
and 4, are both approximately finite-dimensional von Neumann algebras [4], or if 4,
is a CSL algebra and Lat 4 is a nest or is totally atomic and 4, consists of just scalar
multiples of the identity [4]. The main obstacle preventing more general results is the
difficulty in determining £; ® L,, except in a few special cases. In this paper we obtain
a tractable description of L; ® L, when L, is completely distributive and commutative,
and use it to extend the known validity of the LTPF.

We consider only separable Hilbert spaces, bounded linear operators and orthogonal
projections. For any set 4 of operators on a Hilbert space #, Lat 4 denotes the set of all
projections left invariant by each 4 € 4. Each Lat 4 is a subspace lattice, i.e. a strongly
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closed, complete sublattice of Proj(#{), the lattice of all projections on . For any set
L of projections on #, Alg L denotes the set of all operators which leave invariant each
P € L. Each Alg L is an operator algebra, i.e. a weakly closed subalgebra of B(H). We
say that 4 is reflexive if 4 = Alg Lat 4, and that L is reflexive if L = LatAlg L.

Suppose that 4; is an operator algebra and L; is a subspace lattice on a Hilbert space
H, for i = 1 and 2. The tensor product 4; ® 4, is the operator algebra on H; ®
generated by all elementary tensors 4 ® Ay, where 4; € 4. Similarly, £, ® L, is
the smallest subspace lattice on H; ® H, which contains all elementary tensors Py ® P,,
where P; € L;. The lattice £; ® L, is, in general, difficult to determine. However a useful
description can be given if one of the factors is completely distributive and commuta-
tive. This description is based upon Arveson’s representation of commutative subspace
lattices [1], which we now briefly outline. A more complete account also appears in [2]
(Chapter 22).

Let ¢ be a regular measure on a compact metric space X, and let < be a standard pre-
orderon X, i.e. forallx,y € X, x <y ifand only if f,(x) < f,(y) for all n, where f,£,. ..
is a countable family of continuous real-valued functions on X. If E is a Borel subset of
X, Pg will denote the corresponding projection on L?(X, p); i.e. Pg is multiplication by
XE, the characteristic function of E. A subset E of X is increasing if x € Xandx < y
implies y € E. Let L(X, p, <) = {Pg : E is an increasing Borel set}. Then L(X, i, <) is
a commutative subspace lattice (CSL), and every CSL is unitarily equivalent to one of
the form L(X, p, <).

Arveson established the reflexivity of L = L(X, i, <) by introducing Ay, the min-
imal algebra corresponding to (X, i, <), and showing that £ = Lat Ay;,. Of all ultra-
weakly closed algebra of operators 4 on L?(X, u1) for which Lat 4 = L and AN 4* =
L', Ayin is the smallest. The largest of such algebras is Alg £, and L is said to be synthetic
if Apin = Alg L.

2. The lattice £(X, 1, <,P). We shall study lattice tensor products £; ® L,, act-
ing on spaces #; ® %5, in which the first factor, L;, is a CSL. We shall assume that
Hy, = L*(X, n) and H, = H, and that H; @ H, is identified, via a unitary equivalence,
with L2(X, 1, ), the Hilbert space of weakly-measurable, square-integrable,  -valued
functions on X. Under this identification, L°(X, u) ® B(H) = L™ (X, w, B(H )), the
space of measurable, essentially bounded B(#)-valued functions defined on X. In par-
ticular, if x ¢ is the characteristic function of a Borel subset E of X, and if P is a projection
on H, then xz ® P = xgP.

For any subset 4 of B(H), let L°(X, ., A) denote the space of essentially bounded,
A-valued functions on X. Let B(# ). denote the positive cone of B(H ). We say that
¢ € L=(X, p, B(H).) is increasing if ¢(x) < ¢(y) whenever x < y. Let L°(X, u, <)
denote the space of essentially bounded, positive, increasing functions on X, and for each
A C BH)s let

L2, p, <, A) = L2, p, )N L7, p, ).
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For each ¢ € L™ (X, w, B(H )), the multiplication operator M, is defined on
LX(X, p, H) by Myf(x) = ¢(x)f (x) for each f € L*(X, p1, H). For any subspace lattice P
on H, let

LX,p,P)={My: ¢ € L°X, pu, P)}.

Each My € L(X, 1, P) is a projection, and L(X, p, P) is, in fact, a subspace lattice. The
lattice operations in L(X, u1, P) are performed pointwise, and My« — M, strongly if
and only if ¢(®(x) — t(x) strongly a.e.

We also define

L1, <, P) = {My : ¢ € L%, 1, <, P)}.

Since the partial order < is preserved under arbitrary joins and intersections,
L(X, p, <, P) is a strongly closed sublattice of L(x, u, P).

The tensor product L(X, 1, <) ® P is generated by projections of the form Pr ®
0, where Pg is multiplication by the characteristic function x g of an increasing subset
Eof X,and O € P. But Py ® Q = M, where ¢ is the increasing function xzQ. So
LX, 1, YRP C LUX, p, <, P). We shall show that L(X, p, )R P = L(X, u, <, P) for
certain types of CSLs L(X, 11, <). But first we establish some properties of L(X, u, <, P).

Arveson introduced the lattice L(X, u, <, Proj(H )) in [1], and established its reflex-
ivity by showing that

M L(X, p, <, Proj(#)) = Lat(Fmin ® 1).
The next theorem is a simple generalisation.

THEOREM 1. L(X,pu,<,LatB) = Lat(Anin @ B) for any operator algebra ‘B C
B(H).

PROOF. Clearly L(X, u, <,Lat B) C L(X, p, <,Proj(#{)), and Lat(Amin ® B) C
Lat(Amin ® 1) = L(X, p, <, Proj(#)) by (1). So suppose that P = M, € L(X,u,<,
Proj(H )). It is enough to show that P € Lat(1 ® B) if and only if #(x) € Lat B a.e.

Now 1® B = Mp for each B € ‘B, where Mgf(x) = Bf(x), for all f € L*(X, u, H). So
PL(1®B)P = My MMy = My 5, = Oif and only if ¢(x) € LatB a.e. It follows that if
$(x) € Lat Ba.e. then P-(1 ® B)P = 0, and hence P € Lat(1 ® ‘B) since B is arbitrary in
B. On the other hand, if P € Lat(1 ® B), then for each B € B, - (x)Bé(x) = 0 a.e. Since
the unit ball of B is weakly separable, there is a null set N, such that ¢ (x)Bé(x) = 0 for
all x € X\ N and for all B € ‘B. So ¢(x) € Lat Bforallx € X\ N.

COROLLARY 2. If P is reflexive then L(x, pu, <, P) is reflexive.
PROOF. If P is reflexive, then P = Lat Alg P, and so by Theorem 1
LX, p, <,P) = L(X, 1, <,Lat Alg P) = Lat(Anin @ Alg P).

Hence L(X, u, <, P) is reflexive.

The following lemma will be used to establish the lattice tensor product formula for
certain types of operator algebras.
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LEMMA 3. If LX, 4, <) ® P = L(X, p, <, P) for arbitrary subspace lattices P,
and if L(X, p, <) is synthetic, then the LTPF holds if A = Alg L(X, p, <) and ‘B is any
operator algebra.

PROOF. The hypotheses and Theorem 1 imply that
Lat(A4 ® B) = Lat(Anin ® B) = LIX, p, <,Lat B) = L(X, p, <) ® Lat B.

The reflexivity of L(x, 4, <) completes the proof.

3. Boolean algebras. If L(X,pu, <) is complemented, we may assume that < is
trivial, i.e. x < y if and only if x = y. Hence L(X, p, <) = L(X, u) = {Pg : E is a Borel
set}, and L(X, p, <, P) = L(X, i, P).

THEOREM 4. L(X, n) ® P = L(X, p, P) for any subspace lattice ‘P.

PROOF. We must show that L(X,u,P) C L(X,u) ® P. So suppose that M, €
L(X, u, P). Since the weak and strong closures of any set of projections contain the
same projections, and since L(X, 1) ® P is strongly closed, it is enough to show that
every weak neighbourhood of M contains a projection My, € L(X, 1) ® P.

Suppose that f1, g1,/2, 82, - - - »/n» 8n are vectors in #, and e > 0. Let ®: X — C” be
defined by

D) = (P, 81), ($V2: £2), - - -» (BXVs &n))-

Since @ is bounded, its range can be covered by open subsets U, Uy, ..., U, of C",
each of diameter less than €. Define disjoint subsets X7, X3, . . ., X, inductively by X; =
O 'Upand X; = O MU\ K UXLU---UXy) forj = 2,3,...,r. Let ¢y =
Y1 #(x))x;, where for each j, x; is the characteristic function of Xj, and x; € X;. (If
X; is empty, set ¢(x;)x; = 0.) Then My € L(X, 1) ® P. Furthermore, if F; = xy ® f;, and
G; = xy ® gi, where Y is a Borel subset of X, then for each i,

(s — MpF;, G| = | [ (960 — v g )],
<3 /w|<(¢(x) — 6))fr, i) | dx,
9-@(&%55-;«&
£

Suppose that Fy, Gy, F3, G, ..., Fn, G, are step functions in L?(X, i, ). Then there
exist disjoint, measurable sets Y1, 13, .. ., ¥y, and vectors f;; and g;; in H , such that

m m
Fizzx,-@)ﬁj, and G,':X;Xj®gij,
]:

j=

for each i, where x; is the characteristic function of Y;. For each j choose a step
function 1); such that My, € L(X,u) ® P, and such that for each i and for each j,
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KMy — My ® £, (x; ® gl < € - u(¥)). Now let o = x191 +x292 4+ + Xm .
Then M, € L(X, 1) ® P, and for each i,

(M — My)F;, Gi)| = Emjl (Mg — My )i ®F;), O @ gi))ls
j=
yi‘lu(Y,-) <e- X,
j:

Since step functions are norm-dense in L2(X, u, H), it follows that M, is in the weak
closure of L(X, 1) ® P, as required.

COROLLARY 5. If A4 is a von Neumann algebra with an abelian commutant, and if
B is any operator algebra, then Lat(A ® B) = Lat 4 @ Lat B.

PROOF. The conditions on 4 ensure that 4 = Alg L(X, p) for some complemented
CSL L(X, p). Such subspace lattices are synthetic [2] (Corollary 22.20), and so the result
follows from Lemma 3 and Theorem 4.

4. Complete distributivity. Complete distributivity is an infinite version of ordi-
nary distributivity for lattices. A complete lattice L is completely distributive if the iden-
tity:

@ A(V %ag) = V

a€l \peJ peS

(/\ xa,w(a)) >

ael

and its lattice dual

3) V (/\ xa,ﬁ) = A (V xa,w(a))-

a€l \peJ e “a€el

hold, where I and J are arbitrary indexing sets, J/ is the set of functions from / into .J,
and where x, g € L foreach o € Iand each 8 € J.

Other characterizations of complete distributivity have been obtained [11], [12] and
[13]. In particular Raney has shown that (2) and (3) are equivalent [14]. We shall use the
following splitting property which was shown by Raney [14] to be equivalent to complete
distributivity.

THEOREM 6 [14]. A4 complete lattice L is completely distributive if and only if, when-

everv,w € L, v £ w, there exista,b € L, suchthata £ w andv £ b, and either a < ¢
orc < bforeachc € L.

Any lattice of commuting projections is distributive. However it may not be com-
pletely distributive. The following measure-theoretic characterisation of complete dis-

tributivity for the commutative subspace lattice L(X, p, <) is due to Hopenwasser, Laurie
and Moore [6]:
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THEOREM 7. The lattice L(X, <, ) is completely distributive if and only if for every
Borel set A with u(4) > 0, (u X u)(A X AN G(S)) > 0, where G(<) = {(x,y) : x <y}
is the graph of <.

We shall give a variation of Theorem 7 based upon interval subsets of X. For x,y € X,
define [x,00] = {z€ X : x <z}, [-o0,y] ={z € X:z<x},and [x,y] = {z € X :
x <z <y} Let Py = Pioq) and Q) = Pl_xoy). The intervals [x, 00], [—00,y] and

. [x,y] are closed, [x, 00] is increasing and [—o0,y] is decreasing. So P, and le are in
L(X, S’ /1') and Pny P[xy]

If <is trivial and if u has no atoms, then for eachx, p[x, 00] = p[—o00,x] = u{x} =0,
and so P, = Q, = 0. In this case L(X, <, i) is a non-atomic Boolean algebra and is not
completely distributive. We show that the projections P, and O, are more substantial if
L(X, <, p) is completely distributive.

LEMMA 8. The lattice LAX, <, ) is completely distributive if and only if for each
Borel set A with i(A) > 0, Ix,y € A such that p([x,y] N 4) > 0.

PROOF. First suppose that L(X, <, p) is completely distributive, and that u(4) > 0.
Then by Theorem 7 and Fubini’s theorem,

(1 x w)(A X ANG(S)) = [ p(lx, 001 N A > 0.

So p([x, 00]) N A) > 0 for some x € 4.
Let B = [x,00] N 4. Then by Theorem 7 and Fubini’s theorem again,

(1 x w(Bx BNG(S) = [ w([—00.»)NB)udy >0,

and so p([—00,y]MB) > 0 for some y € B. But[—00,y]NB = [x,y]NA4,andsox,y € 4
and u([x,y]N4) > 0.

For the converse, assume that p(4) > 0 for some Borel set 4, andlet B = {x € 4 :
w([x,00]NA) = 0}. Now B is a Borel set, and if u(B) > 0 it follows from the hypothesis
that p([u,v] N B) > 0 for some u,v € B. Now [u,v] C [u,00] and B C A4, and so
w([u, 00]NA) > 0. But this is impossible since u € B, and so we conclude that u(B) =
Therefore u([x, 00) ﬁA) > 0 for almost all x € 4, and so (p X u)(A XAN G(S)) >0,
by Fubini’s theorem. So L(X, <, 1) is completely distributive by Theorem 7.

COROLLARY 9. The lattice (X, <, p) is completely distributive if and only if
for each Borel set A and each ¢ > 0, Ix;,y; € A, i = 1,2,...,n, such that
uA \ Uiz i, yi]) <e.

PROOF. First suppose that L = £(X, <, 1) is completely distributive, and that 4 is
a Borel subset of X. Let 0 = supgcq (U yje £ [%, 1M A), where Q consists of all finite
sets of intervals [x, y], where x, y € 4. Then there exists countably many intervals [x;, y;]:
i=1,2,3,..., withx;,y; € 4 for each i, such that p(U2,[x;,y:] N 4) = 0. Let A =
U, xi il r‘nA and let B = 4 \ A®). Assume that ;(B) > 0. Then p([x',y’]NB) > 0
for some x’,y’ € B, by Lemma 8.
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Choose n such that u(4™”) > o — §/2, where AW = U |[x,y]]NA4,and § =
w(x',»'1NB). Let 4’ = A™ U ([x,y']N 4). Then

') = pd' N A + ' O B) > p(A®) + pu([x',y'1NB) > o +6/2.

But this is a contradiction, since {[x,)'], [x1,y1], - ., [Xn,yu]} € Q. So we conclude that
pw(B) = 0, and hence (4 \ U, [x:,y:]) < ¢ for sufficiently large n.

The converse is an easy application of Lemma 8.

Corollary 9 can be expressed in terms of projections.

COROLLARY 10.  The lattice L(X, <, p) is completely distributive if and only if P4 <
Viyea PxQy for each Borel set A.

PROOF. The measure condition in Lemma 9 is equivalent to the statement that
Visyler P,,Qij — 0 strongly as ¥ increases along the net Q. But V|, jcr PxQy —
Viyea PxQy. So the condition in Lemma 9 is equivalent to V/, ¢, P.OPL = 0, ie.
PA S nyeA Pny-

COROLLARY 11.  If L(X, <, p) is completely distributive, then P4 = \/ ¢4 Px for each
increasing set A.

PROOF. Suppose that Py, € L(X, <, 1), with p(4) > 0. Now Py < (V, yea PxOy)
by Corollary 10. But P,Q, < P, < P4 for eachx,y € A, since 4 is increasing. So
P4 =VyyeaPxQy = Viea Px.

Corollary 11 will be used to show that L(X, u, < P) is a tensor product if L(X, p, <)
is completely distributive.

THEOREM 12. If L(X, pu, <) is completely distributive, and if P is any subspace lat-
tice, then L(X, 1, <) ® P = L(X,, <, P),

PROOF. 1t is enough to show that L(X, u, <,P) C L(X, u, <) ® P. Suppose that
My € L(X, 1, <,P),andlet My, = V .y Px®¢(x). Foreachx € X, P,@¢(x) € L(X, p, <
) ® P, and since L(X, i, <) ® P is complete, it follows that M, € L(X,p, <) ® P.
Furthermore, P, ® ¢(x) < M, since ¢ is increasing, and so M,, < M,;. We show that
My = M,.

Choosef € #H and¢ > 0,and let C = {x € X : (¢(x)f,f) > t}. Since ¢ is increasing,
C, is an increasing subset of X. By Corollary 11, Pc = \/,c¢ Px, and since the unit ball
of rB(LZ(X , u)) is strongly metrizable, Pc = /2, P,, for some countable set of points
x; € C. Now for each i, P,, ® ¢(x;) < My, and so

t S <¢(xl)f’f) S <¢(x)faf> a.c.on [xi’ OO]

It follows that (y(x)f,f) > ta.e.on C, and since ¢t > 0 is arbitrary, (Y(x)f,f) > (¢x),/)
a.e. Therefore, since H is separable, there is a null set N such that for all f € # and

allx € X\ N, ($@x).f) > (dp(x)f.f). Therefore y(x) > ¢(x) a.e. and so My, > M.
Therefore My = M, as required.

https://doi.org/10.4153/CMB-1995-045-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1995-045-x

TENSOR PRODUCT FORMULA 315

COROLLARY 13.  If L(X, p1, <) is completely distributive and ‘P is any subspace lat-
tice, then every projection in L(X, u, <, P) is the join of elementary projections.

PROOF. The proof of Theorem 12 shows that My = \/, .y Px ® ¢(x) for each M, €
LX,p, <, P).

Corollary 13 is not true for arbitrary CSLs. If, for example, L(X, 1, <) is a Boolean
algebra without atoms, then P, ® ¢(x) = 0 for each x € X.

COROLLARY 14. IfA = Alg(L(X, i, 5)), where L(X, p, <) is completely distribu-
tive and if ‘B is any operator algebra, then Lat(4 ® B) = Lat 4 ® Lat ‘B.

PROOF. This follows from Lemma 3, Theorem 12 and the fact that completely dis-
tributive commutative subspace lattices are synthetic [6] (Corollary 9).

As a second application of Theorem 12, we show that the tensor product of two com-
pletely distributive subspace lattices is also completely distributive if one of the factors
is also commutative. This generalises a result in [6], where it is shown that the tensor
product of two completely distributive subspace lattices is also completely distributive
if both factors are commutative.

THEOREM 15. If L, and L, are completely distributive subspace lattices and if L,
is commutative, then L, @ L, is completely distributive.

PROOF. We may suppose that £; = £(X, u,<) and that £, = P. Then L; ® L, =
L(X, u, <,P) by Theorem 12. We shall use Theorem 6 to show that L(X, u, <, P) is
completely distributive.

Suppose that M, and My, are projections in L(X, u, <, P), and M, £ M,,. Since My =
V,ex Px®(x) by Corollary 13, P, @ ¢p(u) £ My, forsomeu € X.LetZ={x € X:u<x
and ¢(u) £ Y(x)}. Then u(Z) > 0, and so by Lemma 8, u([v,w] N Z) > 0 for some
v,win Z. Since Z C [u,00], we have u < v < w and ¢(u) £ ¥(w). Furthermore,
u(v,w]) > p(lv,wl NZ) > 0, and since ¢ and 9 are increasing, #(v) £ (x) and
d(x) £ Y(w) for all x € [v,w].

Now P, and O € L(X, u, <), and since u([v,w]) > 0, P, £ QL. Since L(X, s, <)
is completely distributive, there are increasing subsets 4 and B in L(X, i, <) such that
P, £ Pgand P4 £ O, and such that either P4 < P¢ or P¢ < Pp for each increasing
subset C of X. Furthermore, P is completely distributive, and hence contains projections
a and § such that o £ (w) and ¢(v) £ B, and either &« < ¥ or Y < 3 for eachy € P.
Now define

a forxe A, 1 forxe€B,

D) = 0 forx¢gA, and  ¥(x) = B forx ¢ B.

We show that My and My split L(X, u, <, P).

If Mp < My, then o < 1(x) a.e. on A. On the other hand, @ £ ¥(w), and since 1 is
increasing, a £ (x) for all x < w. So p([—o0, w] N 4) = 0. But this is a contradiction
since P4 € Q. So we conclude that Mg £ M,,. Similarly, if M, < My, then ¢(x) < 8
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a.e.on B¢ = X\B.But¢(v) £ Bandso ¢(x) £ (forallx > v. Therefore p([v, co]NB) =
0, and since this contradicts P, £ Pg, we have M, £ My.

Suppose that My € L(X, u, <,P),letC = {x: a < 6(x)} andlet D = {x : 6(x) < 3}.
Then CU D = X. Furthermore, Pc € L(X, p, <), and so either Py < Pc or P¢ < Pp. If
P4 < Pc then @ < 0(x) a.e. on 4, and hence Mg < Mj. On the other hand, if Pc < Py
then Py < P{ < Pp.Now P4 = Pp, and so (x) < B a.e. on B°. Hence My < My.

So L(X, u, <, P) splits, and so by Theorem 6, it is completely distributive.

COROLLARY 16. The tensor product of a finite number of completely distributive,
commutative subspace lattices is completely distributive.

PROOF. The tensor product of commutative subspace lattices is commutative, since
it is generated by commuting projections. So Theorem 15 can be used inductively to
establish the result.
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