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Abstract

In this paper, we define two types of strongly decomposable positivity, which serve as generalizations of (dual)
Nakano positivity and are stronger than the decomposable positivity introduced by S. Finski. We provide the criteria
for strongly decomposable positivity of type I and type II and prove that the Schur forms of a strongly decomposable
positive vector bundle of type I are weakly positive, while the Schur forms of a strongly decomposable positive
vector bundle of type II are positive. These answer a question of Griffiths affirmatively for strongly decomposably
positive vector bundles. Consequently, we present an algebraic proof of the positivity of Schur forms for (dual)
Nakano positive vector bundles, which was initially proven by S. Finski.
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1. Introduction

Let (E,hF) be a Hermitian holomorphic vector bundle of rank r over a complex manifold X of
dimension n. The Chern forms c; (E, h*) of degree 2i,0 < i < r and the total Chern form c(E, h%) are
defined by
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.
c(E, hE) = Z ci(E, hE) = det(IdE + ‘;—TRE

v/
i=0

)

where RE € A1 (X, End(E)) denotes the Chern curvature of (E, h*). For any k € N with 1 < k < n,
let A(k,r) be the set of all the partitions of k by non-negative integers less than or equal to r — that is,
any element A = (41, --- ,Ax) € A(k,r) satisfying

k
r>/ll2/12>~~>/lk>0and|/l|=z/li=k.

i=1
Each partition A € A(k, r) gives rise to a Schur form by
Pa(c(E, h®)) = det(ca,—is; (E, hE))1<i <k

which is a closed real (k, k)-form. The Schur forms contain the Chern forms and the signed Segre forms
as special examples; for example,

P (k0. 0)(c(E, hF)) = ci (E, hF)
and
P(i. 1.0 0)(c(E, hE)) = (=) s (E, hF).

In [14, Page 129, Conjecture (0.7)], Griffiths conjectured the numerical positivity of Griffiths positive
vector bundles (see (2.3) for a definition); that is, if (E, h¥) is a Griffiths positive vector bundle, then

/ P(cy, -+ ,c5) >0, (1.1)
1%

where P(cy, -, cy) is a positive polynomial in the Chern classes ¢y, - - - , ¢s of any quotient bundle Q
of E|ly, V c X is any complex analytic subvariety. Bloch-Gieseker [2] proved that all Chern classes
of an ample vector bundle satisfy (1.1). Fulton-Lazarsfeld [1 1, Theorem I] extended Bloch-Gieseker’s
result and proved all Schur polynomials are numerically positive for ample vector bundles. For nef
vector bundles over compact Kéhler manifolds, Demailly-Peternell-Schneider [5, Theorem 2.5] proved
the numerical semi-positivity of all Schur polynomials.

Griffiths [14, Page 247] also conjectured (1.1) holds on the level of the differential forms, which can
be reformulated as follows; see [9, Page 1541, Question of Griffiths].

Question 1.1 (Griffiths). Let P € R[cy, ..., ¢, ] be anon-zero non-negative linear combination of Schur
polynomials of weighted degree k. Are the forms P(c(E, hE),...,c (E, hE)) weakly positive for any
Griffiths positive vector bundle (E, k) over a complex manifold X of dimension n,n > k?

Recall that areal (k, k)-form u is called weakly positive (resp. non-negative) if u A (V—1) (n=k)? BAB >
0 (resp. > 0) for any non-zero decomposable (n—k,0)-form 8 = By A---ABy_k, where B;, 1 <i < n—k
are (1,0)-forms; see Definition 3.1 for the definitions of (weakly) positive (resp. non-negative) vector
bundles.

Griffiths [14, Page 249] proved that the second Chern form of a Griffiths positive vector bundle is
positive by using Schwarz inequality. Guler [13, Theorem 1.1] verified Question 1.1 for all signed Segre
forms, and Diverio-Fagioli [6] showed the positivity of several other polynomials in the Chern forms of a
Griffiths (semi)positive vector bundle by considering the pushforward of a flag bundle, including the later
developments [7, 8]. See Xiao [20] and Ross-Toma [ 1 8] for other related results of ample vector bundles.

For Bott-Chern non-negative vector bundles, Bott-Chern [3, Lemma 5.3, (5.5)] proved that all
Chern forms are non-negative. Li [17, Proposition 3.1] extended Bott-Chern’s result and obtained all
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Schur forms are non-negative. Later, Finski [9, Theorem 2.15] proved the equivalence of Bott-Chern
non-negativity and dual Nakano non-negativity. Moreover, using a purely algebraic method, Finski [9,
Section 3.4] proved that all Schur forms of a Nakano non-negative vector bundle are non-negative. For
(dual) Nakano positive vector bundles, Finski [9, Theorem 1.1] proved that all Schur forms are positive
by the refinement of the determinantal formula of Kempf-Laksov on the level of differential forms.
However, as pointed out by Finski [9, Remark 3.18], the above algebraic method can be used to deal
with the case of non-negativity, while for the positivity statement, it is not clear if one can refine the
algebraic method because there is no similar criterion for (dual) Nakano positivity (see [9, Remark 2.16])
and there is little known about the specific structure of the forms defined in [9, (3.83)]. This motivates
the author to study the question of Griffiths (Question 1.1) by developing the purely algebraic method.

In [9, Section 2.3], Finski introduced the definition of decomposably positive vector bundles (see
Definition 2.2), which is a generalization of both Nakano positivity and dual Nakano positivity, and
coincides with Griffiths positivity for n - r < 6. So it is natural to wonder if Question 1.1 holds for such
positive vector bundles. In this paper, we introduce two new notions of positivity of vector bundles,
called strongly decomposable positivity of type I and type II; see Definition 2.4 and Definition 2.7.
They fall in between (dual) Nakano positivity and decomposable positivity. Roughly speaking, (E, hF)
is strongly decomposably positive of type I if, for any x € X, there is a decomposition T):’OX =U,®Vy
such that it is Nakano positive in the subspaces E, ® U, and dual Nakano positive in the subspace
E. ® V,, and the cross curvature terms vanish; see Definition 2.4. Using the purely algebraic method,
we answer Question 1.1 affirmatively for strongly decomposably positive vector bundles of type I.

Theorem 1.2. Let (E, h®) be a strongly decomposably positive vector bundle of type I over a complex
manifold X, rankE = r, and diim X = n. Then the Schur form P,(c(E, h¥)) is weakly positive for any
partition A € A(k,r), k <nand k € N.

The proof of the theorem above primarily involves presenting an equivalent characterization of a
strongly decomposably positive vector bundle of type I. While previous algebraic methods can handle
the non-negative cases, for the strictly positive situations, by utilizing our equivalent characterization,
we can derive a contradiction if the Schur form is not weakly positive.

From [15, Theorem 1.2], a real (k, k)-form u is non-negative if and only if # can be written as

N
U= Z(\/—_l)kzas Ay (1.2)
s=1

for some (k, 0)-forms ag, 1 < s < N. By (4.15) and (4.16), the Schur form has the following form:

k 2
1 1 — 2 N
P/l(C(E’hE)) = (E) (F) ( _1)k Z (_1)|€‘+klpptce A @bptce- (13)
: p.t,C, €
where Y/;ce is a (|€], k — |€])-form and is defined by
k
lfbptce = Z dot /\(Bpo-(j)cj*)ej A (Apn—(j)cj')l_ej' (14)
TSy j=1

It is not clear how to express (1.3) as in (1.2) in the general case. Hence, it seems hard to prove that the
Schur form P, (c(E, h®)) is a positive (k, k)-form by using the algebraic method. However, if (E, hF)
is Nakano positive or dual Nakano positive, it is equivalent to A = 0 or B = 0. For example, for A = 0,
(1.4) gives

k
lﬁplcel = Z qot /\Bp(,(j)c_,-, e=(1,---,1
=1

o €Sy
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and Yp;ce = 0 for any € # €). Then the Schur form is given by

k 2
PateEb0 = o) (1) D 3 e 2T

27 pt.c

which satisfies (1.2) because ;¢ is a (k,0)-form. As a result, we can give an algebraic proof of the
following positivity of Schur forms for (dual) Nakano positive vector bundles.

Theorem 1.3 (Finski [9, Theorem 1.11). Let (E, hF) be a (dual) Nakano positive vector bundle of rank r
over a complex manifold X of dimension n. Then for any k € N, k < n, and A € A(k,r), the (k, k)-form
Pa(c(E, hE)) is positive.

Inspired by the definition of the strongly decomposable positivity of type I, it is natural to define
the strongly decomposable positivity of type II by decomposing the vector bundle, which is the direct
sum of Nakano positive and dual Nakano positive vector bundles point-wisely; see Definition 2.7. By
Littlewood-Richardson rule (see [10, Chapter 5]), the Schur class of direct sum E & F can be given by

PA(c(E@F)) =) b, Pu(c(E)Py(c(F)),

v

where cﬁv(z 0) is a Littlewood-Richardson coefficient. In this paper, by refining the above identity on
the level of differential forms and using Theorem 1.3, we obtain the following.

Theorem 1.4. Let (E, h) be a strongly decomposably positive vector bundle of type II over a complex
manifold X, rankE = r, and dim X = n. Then the Schur form P,(c(E, hF)) is positive for any partition
AeA(k,r), k <nandk € N.

Remark 1.5. Comparing Theorem 1.2 with Theorem 1.4, it is natural to ask if the Schur forms are
positive for a strongly decomposably vector bundle of type I.

The article is organized as follows. In Section 2, we define two types of strongly decomposably positive
vector bundles, which are the generalizations of both Nakano positivity and dual Nakano positivity, and
are stronger than decomposable positivity. In Section 3, we recall the positivity notions for differential
forms and show the positivity of the product of two positive forms. In Section 4, we give a criterion
of a strongly decomposably positive vector bundle of type I, recall the definitions of Schur forms and
Griffiths cone, and then prove the weak positivity of Schur forms, Theorem 1.2 and Theorem 1.3 are
established in this section. In Section 5, we give a criterion of a strongly decomposably positive vector
bundle of type II and prove the positivity of Schur forms. Theorem 1.4 is established in this section.

2. Strongly decomposably positive vector bundles

This section defines two types of strongly decomposably positive vector bundles.

2.1. Connections and curvatures

In this subsection, we recall the definitions of the Chern connection and its curvature for a Hermitian
holomorphic vector bundle. One can refer to [16, Chapter 1] for more details. We use the Einstein
summation convention in this paper.

Let 7 : (E,hf) — X be a Hermitian holomorphic vector bundle over a complex manifold X,
rankE = r and dim X = n. Let V be the Chern connection of (E, h¥), which preserves the metric hf
and is of (1, 0)-type. With respect to a local holomorphic frame {e; },<;<, of E, one has

VEe; = 6le;, 2.1
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where 0 = (6’{ ) (j row, i column) is the connection form of VE More precisely,
6/ = dhh™,
where h;; = h(e;, ex). In terms of matrix form, it is
0" =0h-h".
Considering e = (e1,-- - , e,) as a row vector, then (2.1) can be written as
VEe=e-0.
Let RE = (VE)? € A1 (X, End(E)) denote the Chern curvature of (E, hF), and write
RE =Rle;®e' € AV (X,End(E)),

where R = (R{ ) (j row, i column) is the curvature matrix whose entries are (1, 1)-forms and {e’};<;<,
denotes the dual frame of {e;};<;<,. The curvature matrix R = (R{ ) is given by

J_ge) + 07 Aok = 5o
R] = do! + 6] n6F = dol.

If {€;}1<i<, is another local holomorphic frame of E with é&; = a{ ej, then

é=e-a,
where ¢ := (é},---,é,)anda = (aj.). Denote by R the curvature matrix with respect to the local frame
{éit1<i<r- Then
R=a'-R-a. (2.2)

Let {z%}1<q <n be local holomorphic coordinates of X. Write
J _ pJ @ =B
R = ngdz Ad7
and denote
. k 5
Rij = REhyj = Ri5,5d2" A dZP,
so that
Rizop = RX hy: = —0q05h;: + W00 050, -
ijaB iaB " kJ atprij abilYp k>

where 8, := 8/0z* and 8 := 8/07P.

2.2. Strongly decomposable positivity

This subsection defines two types of strongly decomposably positive vector bundles. Firstly, we recall
the following definitions of Nakano positive and dual Nakano positive vector bundles.

Definition 2.1 ((Dual) Nakano positive). A Hermitian holomorphic vector bundle (E, h¥) is called
Nakano positive (resp. non-negative) if

Rija/;ui”w_'ﬁ > 0 (resp. > 0)
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for any non-zero element u = u'%¢; ® 8, € E ® T'"°X. (E, h%) is called dual Nakano positive (non-
negative) if

Rl-]-al;vj“vTﬁ > 0 (resp. > 0)

for any non-zero element v = vf“éj ®dy € E®TYOX.

In [9, Definition 2.18], S. Finski introduced the following new notion of positivity for vector bundles:
decomposable positivity.

Definition 2.2 (Decomposably positive). A Hermitian vector bundle (E,hE) is called decompos-
ably non-negative if for any x € X, there is a number N € N and linear (respectively sesquilinear)
forms 11/7 : T;’OX ® Ex — C (respectively [, : T):’OX ® Ex — C), p =1,...,N, such that for any

v E T;’OX,g € E, we have

N N
3 (RE 009081y = 6 + D 02
£

p=1
We say that it is decomposably positive if, moreover, <Rf (v, )&, € > ne 0forv,& #0.

Remark 2.3. From the above definition, a (dual) Nakano positive vector bundle must be decomposably
positive. From [9, Proposition 2.21], for n - r < 6 decomposable positivity is equivalent to Griffiths
positivity; that is,

Rijapv'#E°EF > 0 (2.3)

for any non-zero ¢ = é%9, € T'"9X and v = v'e; € E. Decomposable positivity is strictly stronger than
Griffiths positivity for all other n,r» # 1.

Next, we introduce the notion of strongly decomposable positivity, which falls in between (dual)
Nakano positivity and decomposable positivity.

Definition 2.4 (Strongly decomposably positive of type I). A Hermitian vector bundle (E, h¥) is called
a strongly decomposably positive (resp. non-negative) vector bundle of type I if, for any x € X, there
exists a decomposition T;’OX = U, & V, such that

Riiaﬁui‘lm > O(resp. > 0), Riidﬁ-ui"v’jﬁ =0, Riiaﬁvf"vTﬁ > O(resp. > 0)

for any non-zero elements u = u'%¢; ® 0y € ExQU,, V' = Vv'jBej®0g € Ex®Vyandvy = vf_'"éj®6a €
E,®V,.

Remark 2.5. In fact, by taking u’® = 1 = v’ j 3 in the above definition, the condition Rijaﬁ“i ¥y iB =0
is equivalent to R; 7,5 = 0 for any d, € Uy and dp € V (i.e., R(Uy, Vy) = 0), which is also equivalent
to Riia/;vj“u’fﬁ =0 forany v = vf"éj ® 3y € Ex®Vyand u’ = u'ifé; ® dg € Ex ® Uy. Hence, the
above definition is invariant under switching U and V.

For any point x € X, if V,, = {0} (resp. Uy = {0}), then strongly decomposable positivity of type I
is exactly Nakano positive (resp. dual Nakano positive).

Example 2.6. Let 7 : (Ey, h*') — X; be a Nakano positive vector bundle and 7, : (Ep, hF?) — X,
be a dual Nakano positive vector bundle. Denote by p; : X1 X X, — X;,i = 1, 2, the natural projections.
Then

me : (PTE1 ® pyEs, pih™ @ p3h™) — Xi x X,
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is a strongly decomposably non-negative vector bundle of type I, and
g - (pTEl ®p;E2,pThEl ®p;hE2) - X1 XX,

is a strongly decomposably positive vector bundle of type 1.

From Definition 2.4, a strongly decomposably positive vector bundle (E, h¥) of type I means that
there is a decomposition of holomorphic tangent bundle T;’OX = U, ®V,, such that (E, h¥) is Nakano
positive in £, ® U and dual Nakano positive in Ex ®Vy, and the cross curvature terms vanish. Naturally,
one may define another strongly decomposable positivity of vector bundles by decomposing the vector
bundle.

Definition 2.7 (Strongly decomposably positive of type II). We call (E, h*) a strongly decomposably
positive (resp. non-negative) vector bundle of type Il if, for any x € X, there is an orthogonal decompo-
sition of (E,, h® |£,), Ex = E1 x @ E3 . such that the Chern curvature Rf has the form

RE — R§|El,x 0
* 0 Rf |E2,X ’

and Rifagui“ﬁ > 0 (resp. > 0) for any non-zero u = u'e; ® 9y € Ei  ® T1'X, Rij-agv’ﬁvl_'& >0

(resp. > 0) for any non-zero v = v"/;e,- ® 83 €EErx® TQ’IX.
A simple example of a strongly decomposably vector bundle of type II is as follows.

Example 2.8. Let (E, h¥) be a Nakano positive vector bundle and (F, h¥') be a dual Nakano positive
vector bundle over a complex manifold X. Then (E & F, hf @ h'") is a strongly decomposably positive
vector bundle of type II.

By Definition 2.4 and Definition 2.7, a strongly decomposably positive vector bundle is defined as
follows.

Definition 2.9 (Strongly decomposably positive). A Hermitian vector bundle (E, hF) is called strongly
decomposably positive if it is a strongly decomposably positive vector bundle of type I or type II.

Similarly, one can define strongly decomposably negative (non-positive) vector bundles. Note that
the dual of the Nakano positive (negative) vector bundle is dual Nakano negative (positive), so we have
the following.

Proposition 2.10. A Hermitian vector bundle (E,hF) is a strongly decomposably positive (non-
negative) vector bundle of type I (type II) if and only if (E*, ht") is a strongly decomposably negative
(non-positive) vector bundle of type I (type II).

Remark 2.11. Let (E, h¥) be a strongly decomposably positive vector bundle and Q be a quotient
bundle of E. The curvature of the bundle Q is given by

R? = RF|,+C AT’
for some matrix C whose entries are (1, 0)-forms. From the criteria of strongly decomposably positive

vector bundles, Theorem 4.3 and Theorem 5.2, and the above curvature formula of quotient bundles,
the quotient bundle (Q, h2) ceases to be a strongly decomposably positive vector bundle in general.

2.3. Relation to decomposable positivity

From the equivalent descriptions of Nakano non-negative and dual non-negative due to S. Finski [9,
Theorem 2.15 and 2.17], one has the following:
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Proposition 2.12. A Hermitian vector bundle (E, h*) is decomposably non-negative if and only if the
Chern curvature matrix has the form

R=-BAB +AAA (2.4)

with respect to a unitary frame, where A (resp. B) is a r X N matrix with (1, 0)-forms (resp. (0, 1)-forms)
as entries.

Proof. From Definition 2.2, (E, h) is decomposably positive if for any x € X, there is a number N € N
and linear (respectively sesquilinear) forms [ 1’, : T;’OX ® E, — C (respectively [, : T;’OX ®E, — C),
p=1,...,N,such that for any v € T;’OX,f € E, we have

N N
(RE,9)E,€)e = Y [l O + D |1, 8)[. @.5)
p=1 p=1

We denote
lp(Vs f) = lipﬁ_vié?ﬁ, l;)(vs f) = l;pavigas

and set A = (A;p) and B = (B;p) by

Ajp = Ajpadz® =ljpadz®,  Bjp =B ,zd? =1, .d7.
Then (2.5) is equivalent to
N N L
Rijap = D lipglina * D ipalipp
p=1 p=1
N N
= > Ajpaips+ Y BjppBipa- (2.6)
p=1 i=1
With respect to a unitary frame, R‘iia ;= R;7qp and (2.0) is equivalent to
R=-BAB +AAA,
which completes the proof. O

From Proposition 2.12 and Definition 2.2, (E, h%) is decomposably positive if and only if (2.4) holds
and (RE (v,7)é,&), » # 0 for v, & # 0. By Theorem 4.3 and Theorem 5.2, we have the following:

Corollary 2.13. If (E, hF) is a strongly decomposably positive vector bundle of type I or type II, then
(E, hE) is decomposably positive.

However, from Theorem 4.3 and Theorem 5.2, the two types of strongly decomposably positive
vector bundles cannot contain each other. Both are the generalizations of (dual) Nakano positive vector
bundles and are stronger than decomposable positivity. One can refer to the following Figure 1.

Remark 2.14. Note that the set of curvature operators of a vector bundle, whether they are Griffiths
positive, decomposably positive or (dual) Nakano positive, is closed under addition. Specifically, if both
R; and R, are curvature operators that fall into any of these categories, then their sum R; + R, will also
belong to the same category. Moreover, a decomposably positive curvature operator can be expressed
as the sum of a Nakano positive curvature operator and a dual Nakano positive curvature operator. As a
result, it is also the sum of the strongly decomposable positivity of type I (or type II). Since the strongly
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Griffiths positive

Decomposably positive

Figure 1. Relations of several notions of positivity.

decomposable positivity of type I (type II) is strictly stronger than decomposable positivity, the set of
strongly decomposable positive curvature operators of type I (or type II) is not closed under addition.

3. Positivity notions for differential forms

In this section, we recall positivity notions for differential forms. For more details, one can refer to [7,
Section 1.1] and [15, 9].

Let V be a complex vector space of dimension n and let (ey,--- ,e,) be a basis of V. Denote by
(e',---,e") the dual basis of V*. Let AP-7V* denote the space of (p, g)-forms and AP""V* c AP-PV*
be the subspace of real (p, p)-forms.

Definition 3.1. A form v € A™"V* is called a non-negative (resp. positive) volume form if
v=1V=le! Ae' A - AV=Te" A€" for some 7 € R, 7 > O (resp. 7 > 0).

Now we set ¢ = n — p. A (q,0)-form g is called decomposable if 8 = §; A --- A B, for some
Bi,....Bg V",

Definition 3.2. A real (p, p)-form u € AL""V* is called

o weakly non-negative (resp. weakly positive) if for every non-zero 8 € A?°V* decomposable,
un (V=1 )‘72 B A j3is a non-negative (resp. positive) volume form;

o non-negative (resp. positive) if for every non-zero 8 € A9OV* u A (\/—_1)‘12 B A B is a non-negative
(resp. positive) volume form;

o strongly non-negative (resp. strongly positive) if there are decomposable forms a1, . . ., ay € APOV*
such thatu = 3V, (V=)' ay A @.

Remark 3.3. Let WPPV*,PPV* and SPPV* denote respectively the closed positive convex cones con-
tained in Ag’p VY spanned by weakly non-negative, non-negative and strongly non-negative forms. Then

SPPV* C PPV* C WPPV™, 3.1)

Note that the above two inclusions become equalities for p = 0, 1, n — 1, n, and the inclusions are strict
for 2 < p < n—2; see, for example, [7, Remark 1.7, 1.8] and [15].

Proposition 3.4. If u is a positive (k, k)-form and v is a positive (1,1)-form, k +1 < n, thenu A v is a
positive (k + 1, k + 1)-form.
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Proof. By [15, Corollary 1.3 (a)], u A v is a non-negative (k + [, k + [)-form; that is, for any non-zero
18 c An—k—l,Ov*

uAvA(V=1)* DA g > 0. (3.2)

By [15, Theorem 1.2], v has the form
N 2
v=> (V-De, A 75
s=1
for some (/,0)-forms az, 1 <5 < N. So

N
uAvA(NV=1)*Dp A § = Z uh (V=D as Ads A (N=1) kD2 A 3

s=1

N
= un (VDR 0y n AT AR
s=1

Thus, the equality in (3.2) holds if and only if
uA (V=) g ABAa; AB=0, 1<s<N,

which is equivalent to

Thus,
2 N 2 _—
v A (V=1)"*=D"g A g = Z(\/—_l)(""‘) as ABAas AB =0,
s=1

which contradicts the positivity of v. Hence,
uAv A(N=D)* D g A 550

for any non-zero 8 € A" *7LOV* (ie., u A v is positive). O

Let X be a complex manifold of dimension n and denote by A”*4(X) the space of all smooth (p, g)-
forms.

Definition 3.5. A real (p, p)-form o € AP-P(X) is called weakly non-negative (weakly positive), non-
negative (positive) or strongly non-negative (strongly positive) if for any x € X, o, € Ag”’ (T;’OX )*
is weakly non-negative (weakly positive), non-negative (positive) or strongly non-negative (strongly
positive), respectively.

4. Strongly decomposable positivity of type 1

In this section, we give a criterion of strongly decomposably positive vector bundles of type I and prove
the weak positivity of Schur forms.

4.1. A criterion of type I positivity

In this subsection, following S. Finski’s approach [9, Theorem 2.15, 2.17], we give a criterion for the
strongly decomposable positivity (non-negativity) of type I by using M.-D. Choi’s results.
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Let (E, hF) be a strongly decomposably non-negative vector bundle of type I. For any x € X, there

exists a decomposition T;’OX = U, ® V. One can take local holomorphic coordinates {z',--- ,z"}
around x such that

Ux = Spanc{al, T ano}’ Vx = Span(c{anoﬂ, T an}a

where ng := dim U, and recall that 8, := 0/3z%. Let {e; }| <i < be alocal holomorphic frame of E such
that

hij(x) = h® (ei(x), e(x)) = 6.

With respect to {7%}1<q<n and {e;}1<i<r, the Chern curvature matrix R = (R{) at x € X has the
following expression:

Rl =R’ .dz* ndZF
iaf
noy n
_ J a =B J @ =B
= R 5dz" ndF + > R 52" Adz .1
a,B=1 a,B=np+1

no n n 10
+ Z Z Rfade" Ad7P + Z Z R'l_iaﬁdz" Ad7P.

a=1 B=np+1 a=np+1 B=1
By assumption, (E, hF) is strongly decomposably non-negative of type I, so
N, n .
52 30w
a=1 B=np+1
forany 3 | u'®e; ® 9y and Yj5_, ., v'jBe; ® dg, which follows that
Rijo=0, 1<a<nyn+l<p<n. 4.2)
By conjugation, one gets
RifaB = Rj;ﬁ& =0, ny+l1<a<n 1< B < np. “4.3)

Substituting (4.2), (4.3) into (4.1), one has
noy n
J _ J a B J a =B
R{ = Z Ria,B'dZ ANdZP + Z Ria,B'dZ AdZP.
a,B=1 a,B=ng+1
For the local frame {4 }1 < <n, We define a local metric g around x by
8o = g(aaa (9,8) = 6&,8~
Now we define a linear map
HY :End(V,) — End(E,)

by

HY (0q ® d7”) =R’

;aBgﬁ_’yeJ ® ei = RJ —€j ® ei (44)

iay
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for any ng + 1 < @,y < n. With respect to the basis {9q }ny+1 <a<n. the matrix of d, ® dz¥ € End(Uy)
is E oy, which is the (n — ng) X (n — np) matrix with 1 at the («, y)-component and zeros elsewhere.
The matrix ofR 7€ ® e’ € End(E,) is given by (R’
(4.4) becomes

; my)1< j,i<r (j TOW, i column). In terms of matrices,

HY (Eay) = (Rl i<jizr = (Rijayhisjizr- 4.5)

Then (HY (E ay))ng+1<a,y<n is @ (n — ng) X (n — ng) block matrix with X r matrices as entries, and

(H)‘c/ (an))n0+1§a,y§n = ((Rijm?)lgj,ig) (J @ row, iy column).
no+l<a,y<n

Since (E, h%) is strongly decomposably non-negative of type I, then

Rl-]‘-aﬁ‘vjavzﬁ >0

for any non-zero v = v/ Ye; ® 04 € Ex ® Vy, which follows that the matrix
(H)‘(/ (an))noﬂs(t,ySn

is positive semi-definite. By using [4, Theorem 2 and Theorem 1], there exist (n — ng) X r matrices
Vp,1 < p < N (one can choose Ni = (n — ng) - r) such that

N
—T
HY (Eay)= ). Vp “Eay-Vp
for any ng + 1 < @,y < n. Combining with (4.5) and considering the (j, ) entry, one has

laﬁ Z(V “’:3 v, )j i= Z (V )aj(v )ﬁt

Hence,

n n Ny
D, Rl nd® = 3 3 Vo (Vp)pide® ndZF

a,B=np+1 a,B=np+1 p=1
N
= Z Ajp A Aip,
p=l1
i e s
where Aj, = 3" _ — (Vp)ajdz®, and one has

> R dz ndZF =AANA,
iaf

a@.f=no+l 1<j,i<r

where A = (Aj,,) is ar x Ni matrix with (1, 0)-forms in V as entries.
Similarly, by considering the linear map

HY :End(U,) — End(E), HY (. ®d:")=R! e ®e;.

iay
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One can obtain that

(H;‘c/ (an))ISn,ysno = ((Rifa/)'/)lsj,iSr) (iCL’ row, j ¥y COlumn)’
]S(I,)’Sn()

which follows that
no X T
>R dz A dZF =-BAB,
iaf
a,p=1 1<ji<r
where B = (Bj,) is ar X N, (one can choose N, = ng - r) matrix with (0, 1)-forms in U’ as entries.

Thus, if (E, h*) is strongly decomposably non-negative of type I, then for any x € X, the Chern
curvature matrix at this point has the form

R=-BAB +AAA (4.6)

with respect to a unitary frame, where B is a r X N, matrix with (0, 1)-forms as entries, A is a r X N
matrix with (1, 0)-forms as entries, and

spanc{E} Nspanc{A} = {0}, 4.7
where
{B} :={Bip,1 <i<r,1<p<N,}
and
{A}y ={A;p,1 <i<r,1<p < N1}

Remark 4.1. It is noted that the above argument is independent of the choice of unitary frames. If
é = e - a is also a unitary frame, then a is a unitary matrix. By (2.2), one has

ﬁ:a_1~(—BA§T+AAZT)-a

1 —=T —T
=—a BAa'B +a AANa'A ,

which has the form (4.6). Moreover, span-{B} = spans{a~! B} and span-{A} = spans{a~' A}, (4.7) is
equivalent to

spanc{a~1B} N spanc{a~'A} = {0}.

Conversely, we assume (4.60) and (4.7) hold. For any x € X, taking local holomorphic coordinates
{z%H <a<n around x € X such that

spanc{dzl [, -+, dZc} = SPaHC{E}
and
spanc{dz""'|, -+ ,dz"" |} = spanc{A},
we now set

Uy :=spanc{0ilx,** »Onylx}> Vi =spanc{dngsilxs- -+ »Onlx}-
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Then U, ® V, = T):’OX . Using (4.6) and (4.7), one can check that (E, hE) is strongly decomposably
non-negative.

Hence, (E, h%) is strongly decomposably non-negative of type I if and only if the Chern curvature
matrix of (E, h¥) satisfies (4.6) and (4.7).

Next, we assume that (E, hF) is strongly decomposably positive of type I; that is, it is strongly
decomposably non-negative of type I and

Ri5pu'®uif =0= u' =0, foralll <i<r,1<a<n (4.8)
and
Ri7apv ®VviF =0 =117 =0, forall | < j<r,mp+1<pB<n (4.9)

By the equivalent description of strongly decomposably non-negative of type I (i.e., (4.6) and (4.7)
hold), one has

No
ia,,j i |2
R;jopu' “uiP = Z |Bipau'@|”.
p=1

Definition 4.2. Let B be a r X N, matrix with (0, 1)-forms as entries. We define the following N, X rny-

matrix B as
By1 Bz By
B = (Bipa)p.ia = Bl:ﬁ Blzﬁ Br:zno . (4.10)
B1N2T B1N2§ o Brvymg Noxrng

Similarly, if A is a r X N| matrix with (1, 0)-forms as entries, we define

Alt(ngs1) Att(nes2) **° Arin
ARngr)  Alt(nes2) - Aron

A:=(Ajpalp.ja = . ) . ) 4.11)
A1N1 (no+1) AlN] (ng+2) *°° AI'N|I’L Nixr (n—ng)

Hence, (4.8) is equivalent to the equation Bx = 0 has only zero solution. This is also equivalent to
rank(B) = rng. Similarly, (4.9) is equivalent to rank(A) = r(n — nyp).
We obtain the following.

Theorem 4.3.

o A Hermitian vector bundle (E,hF) is strongly decomposably non-negative of type I if and only if
(4.6) and (4.7) hold.

o A Hermitian vector bundle (E, h®) is strongly decomposably positive of type I if and only if (4.6) and
(4.7) hold, and rank(A) = r dim V,;, rank(B) = r dim U,.

As a result, we obtain the following criteria of (dual) Nakano positive vector bundles.
Corollary 4.4.

o A Hermitian vector bundle (E, h¥) is Nakano positive if and only if the Chern curvature matrix has
the form

R=-BAB'
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with respect to some unitary frame, where B is a r X N matrix with (0, 1)-forms as entries, and
rank(B) = rn.

o A Hermitian vector bundle (E, h*) is dual Nakano positive if and only if the Chern curvature matrix
has the form

R=AANA

with respect to some unitary frame, where A is a r X N matrix with (1,0)-forms as entries, and
rank(A) = rn.

Remark 4.5. Note that the above corollary for dual Nakano positivity was previously observed by F.
Fagioli [7, Page 13, Positivity in (Fin20)] as a statement without proof.

4.2. Weak positivity of Schur forms

In this subsection, we prove the weak positivity of Schur forms for strongly decomposably positive
vector bundles of type L.

4.2.1. Schur polynomial
Each partition A € A(k,r) gives rise to a Schur polynomial P, € Q[cy, ..., c;] of degree k, defined as
k X k determinant

Pa(cyy...,cr) = det(c/ll._,-ﬁ)Ki’Kk,
where by convention ¢cg = 1 and ¢; = 0ifi ¢ [0, r].
Denote by M, (C) and GL, (C) the vector spaces of r X r matrices and the general linear group of
degree r. A map P : M, (C) — C is called GL, (C)-invariant if it is invariant under the conjugate

action of GL, (C) on M, (C). Now we define the following GL, (C)-invariant function ¢; : M, (C) — C,
i=1,...,rby

,
det(l, +1X) = ) 1" ci(X),
i=0

where I, is the identity matrix in M, (C). Then the graded ring of GL, (C)-invariant homogeneous
polynomials on M,.(C), which we denote here by I(r) = @Z‘fo 1(r)k, is multiplicatively generated by
Clyee.,Cp.

Let (E, hf) be a Hermitian vector bundle; the i-th Chern form c; (E, h) is defined by

c,-(E,hE) = ci(\/__lRE).

2
For each A € A(k,r), recall the Schur form (see Introduction) can be given by
Pi(c(E.hF)) = Pa(c1(E, h®), ... c; (E, hP)),
which represents the Schur class

Py(c(E)) :=Py(ci(E),...,cr(E)) € H¥*(X,Z).
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4.2.2. Griffiths cone
By [14, Page 242, (5.6)], each P € I(r); can be written as

P(B) = Z Z pP‘TT pompen " Bpowpr 4.12)

o, 7Sk pe[l,r]
where By, A, u =1, ...,r are the components of the matrix B, S is the permutation group on & indices
and [1,7] :={1,...,r}. Anelement P € I(r), is called Griffiths non-negative if it can be expressed in

the form (4.12) with

Ppor = Z Apt * GpotGpre
teT

for some finite set 7, some real numbers 4,; > 0, and complex numbers g, o+
The Griffiths cone I1(r) C 1(r) is defined as the cone of Griffiths non-negative polynomials.

Proposition 4.6 (Fulton-Lazarsfeld [11, Proposition A.3]). Let

P= ) aP)Py (a(P)cQ

Aen(k,r)

be a non-zero weighted homogeneous polynomial in Q[cy,...,c,]|. Then P lies in the Griffiths cone
I1(r) if and only if each of the Schur coefficients a,(P) is non-negative.

In particular, for each A € A(k, r), one has

PA(B) = Z Z pPU'TBPv(l)PT(l) T Bpo-(k)l)r(k)’

o,7€Sk pe[l,r]k

2 -
where pyor = lei’jSm(%) aij(t)a;j (o) with (a;;(1)) € U(m), see [11, (A.6)]. Denote T = [1,m]?

and g4 := a;(o) forany ¢t € T. Then

Py(B) = ( ) Z Z (qu'tq‘rt) Po ()P (1) 'Bp<r<k>Pr(k>' (4.13)

o,7€Sk pe[1,r]k \teT

4.2.3. Weak positivity of Schur forms

We assume that (E, h¥) is a strongly decomposably positive vector bundle of type I over a complex
manifold X. By Theorem 4.3, for any x € X, there exists a decomposition T;’OX = Uy, & V, such that
the Chern curvature matrix R of (E, h*) has the form

R=-BAB +AAA (4.14)

with respect to a unitary frame, where B is a r X N matrix with (0, 1)-forms in U_; as entries and A is a
r X N matrix with (1, 0)-forms in V} as entries. Moreover, rank(A) = r - dim Vy, rank(B) = r - dim U.
For each A € A(k,r), by (4.13), the Schur form P, (c(E, hF)) is given by

PateE. hE»_( ) WD) (zqmqﬂ) e

o, T€Sk pe[l, rlk \teT
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By (4.14), the Chern curvature matrix satisfies

I - — a; =B
Rowimin = Bp.yeii Booieid + Apeiiyeiaj Apeye;p,)d2™ A dZ

A B

Pr(j)€J + A A APO‘(J)(‘J)

PU(J)‘/

..Mz ‘.Mz

o €j 1 \l-e€;
Z Bpoijye; A Boeijye)? A Ap ey AMApgres) 7
€/ €{0,1}

which follows that

k k N
_ €/ l-€;
/\ R/’MJ)PT(/) - /\ Z Z (Bpr(J)CJ A BPrme) TN (Aprij A Apaij) !

j=1 Jj=1cj=1¢€;€{0,1}

I
>»

€ 1-¢;
(Bprr(j>Cj A BPrij) TN (Ap,(j)c, A Aprrum)

I
—_

ce[1,N]k ee{0,1}k j

=2,

ce[l,N]k e€{0,1}k j

5 comn

ce[l,N]k e€{0,1}k

. 1 . 1_ . . 1_ .
0 By A i)' A By A )™

H'>»

k k

. 1_ . . 1_ .
P\ Bowiye)? A Bprine) ™ | AL\ Borye) A (Apeye)'™ |
Jj=1 j=

where |e| := Zj?:] €.
Recall that p € [1,7]%,t € T, c € [1,N]¥ and € € {0, 1}*. We obtain that

k
Pae(E, hE»—(E) D Y

p.t.C,€

Z dot /\(Bp[rmc,)E A (Apamc])l < Z 9zt /\(BpT(J)cJ)E A (ApT(J)cj)l <

oeSk Jj=1 TeSK Jj=1

Now we set

k
wptce = Z qot /\(Bpn-(j)cj*)ej A (Apo-(j)cj‘)lieja (415)

oeSk j=1

which is a (|€|, kK — |e|)-form. Hence,

k 2
Pa(c(E,h")) = (i) (%) (V=DF 3 (=D Apree. (4.16)

2r
p.t,c,€

For any non-zero decomposable (n — k,0)-form n = n; A --+ A n,—k, Where n;, 1 < i < n -k,
are (1,0)-forms, we assume that 77y, -+ ,1;, € Uy and njj41, -+ ,a—k € Vi. Now we can take local
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holomorphic coordinates {z%};<q<» around x € X such that
Ui = spanc{dz'|y, -+ ,dz™|y}, withdz/|, =n;, 1< <ip
and
Vi = spanc{dz™* |y, ,dz"|c}, with dZ070% | =, ig+1<j<n—k,

and SO ¥y;c¢ can be written in the following form:

Yorce = Z "llwl"'(V\e\,él“‘ﬁk—ls\dzm Ao Adze

1= <v--<a‘5|£n0
n0+]£ﬁ1<-~~<ﬁk,|5‘5u

AdZPIA - A dFPRe
Then

(V=D% 3T DIy e Apree A (V1) 0 A7

pst,C,€

- (V=D)¥ Z (=1)mo~iotk (\ZT) (=R gzl AL A dZO A

p.t.c,|€|=ng—ip

dZn()+1 Ae-- /\dznfi()+nfk A dzl A A dzi[) A dzn()+l Ao A dznfi(ﬁnfk/\

io+1 . ny =no—iptn—k+1 L =n
= = S W SRV N AcndZA @IT)

_dzi0+1 Ao A dzn() A dzno—i()+n—k+1 A /\dZn)
n

(l/,i0+l, - ,ng,np—igtn—k+1,--,

— 2,
- Z Il/’i0+l,~',no,no—i0+n—k+l,~~~,ﬁ|

pst,c,|€|=no—ip

(N=D)"dz" A AdZ" AdZ A - A dT,

which is a non-negative volume form. By (4.16), the Schur form P, (c(E, hF)) is weakly non-negative.
We show the weak positivity of Schur form P, (c(E, h*)) using a proof by contradiction. Specifically,
we derive a contradiction when assuming P, (c(E, hF)) A (\/—_1)("‘]‘)217 A=0.
By (4.17), one knows that

Pa(c(E,BE) A (V=) """y A i =0
if and only if

=0 (4.18)

wi()+] s 5ng, N —igtn—k+1,--- i1

for any p, ¢, ¢, |€| = ny — ip.

Now we take a special vector € = (1,---,1,0---,0) and denote jy = ng — ig, by (4.15). Then
N———
no—ip

Yprce = Z qotBpyyer Ao A B/)a'(jo)cjo A Ap(r(j0+l)cj0+l Ao NApg er
oEeSk
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Combining with (4.18), one has

0= wi0+1,--- ,ng,no—ip+n—k+1,--- i

= > D D sen(m)sen(n)gor (4.19)

T1ESj, TZES/(—J‘O oeSk

A

Bp(,(l)cl‘rl (ip+1) T Bpu(jo)c_,'oq'] (ng) : Aprr(j0+l)c_i0+l7'2 (j0+n_k+1) : Prr(k)CkTZ(") .

Since rank(A) = r - dimVy, rank(B) = r - dim U,, without loss of generality, we assume that the
submatrices

7
B’ = (Bc,ia)IScSrdimUx,lsiSr,ISa/SdimUx

and

- (Ac ]a)l<n <rdimV,,1<j<r,1<a<dimVy

of B and A are inverse. By (4.19) and note that B;’m = Bjc.q and A;’ja = Ajcq, One has

rng r(n—ngp)

0= Z Z Z Z Z sgn(71)sgn(12)q ot

T ES]O T2€Sk,j0 Cl, ,Cj0=1 Cjg+ls""" ,cr=1 0oeSk

7 B LA Y )
c1,P0 (1) T1 (io+1) CjgPor(jg) T1 (10) Cjg+1:Per (1) T2 (Jotn—k+1) Ck-Por (k) T2(1)

A =1yge A =1 B -1, B = 18,¢ (4.20)

j0+lﬁ[0+1 Cjo+l joﬁjo Cjoy '

Z Z Z Sgn(TI)Sgn(TZ)CIUt pg(k)lk 6T2(n)ﬁk e 6p(,-(j0+1)lj0+1 :

T ESjO T2€Sk,_,'0 oeSk

6T2(j0+n—k+1)/3j0+1 6P(r(j0)lj0 6T1 (no)Bj, """ 6}90’(1)11 0z, (io+1)B)

for any (ﬁl?"' ’ﬂjo) € [l’no]jo, (ﬁj0+1" o 9ﬁk) € [n0+ l,n]l’l*j() and (119"' ’lk) € [l»r]k'
By taking

ip+s 1 <s < jo,
ﬂx‘:{

n—k+s jo+1<s<k,

(4.20) becomes

> 4otbpeiti ot =0 421

oEeSk

forany p,l € [1,7]* andt € T.

Remark 4.7. Note that (4.21) holds if and only if ¢ ,;.e = 0 for any p, ¢, c, €. In fact, if ;e = 0, then
(4.18) holds and follows (4.21). Conversely, if (4.21) holds, then

l—€;
lv[/ptce = Z ( Z 6]m5p(,(1)11 p(r(k)lk) /\Bljc, A Al iCj ' =0.

le[l,r]k o€Sk

For k < r,one can take p; =I; =i for 1 <i < k. Thus,

0= Z qa'tép(r(l)ll ° '6pa(k)lk = dq1d,t

oEeSk
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for any r € T, which is a contradiction since (qigr);er € U(m) is a unitary matrix. Hence, all
(k, k)-Schur forms P,(c(E, hF)) are weakly positive for any k < r. In particular, all Chern forms
ci(E,hF),1 <i < r, are weakly positive.

For general k and r, we take [y, - - - , [ in (4.21) to be

lizpi, fOI'lSiSk,

and (4.21) implies that

Z ZXJ(O-)‘SPWU(U ) Pkp(r(k) =0, (4.22)

pe[l,r]k o €Sk

where

xa(0) = Te(@0) = ) aii(o)

i=1

is the character of the representation ¢, (o) = (a;;(0")) € U(m) corresponding to the partition A. From
[11, (A.5)], (4.22) is equivalent to

Pa(l) = 0. (423)

Here, P,(e) denotes the invariant polynomial corresponding to the Schur function P, under the iso-
morphism I(r) = Q(cy, -+, cp)-
Denote by x, - - - , x, the Chern roots, which are defined by

.
chzf = (1+tx1) (1 +1x2) -+ (1 +1x,).
7=0

Recall that the Schur polynomial is defined by

Pi(cy,...,c =det(c i )
/l( 1» s r) Aj—j+l 1<j,l<k’

where A = (41, -+ ,Ax) € A(k,r) is a partition satisfying
k
Z/lizkandrz/ll > > A > 0.
i=1

Denote by A’ the conjugate partition to the partition A (see, for example, [12, Section 4.1, Page 45]).
Then

,
= (f,-++, A7), with > Al =kand A} > -+ > 1] >0 (4.24)
i=1

The second Jacobi-Trudi identity (or Giambell’s formula) gives

Pater,.yer) =detfequ) = swlonen); (4.25)
1<j,i<k
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see, for example, [12, Page 455, (A.6)], where

/l/l+r—l /l’1+r—1 /l’l+r—l
A cel Xy
Ap4r=2 +r-2 Ay+r=2
X, X, e Xy
b4 X .
S N W i 4.26
Sy(xy, -0 ,x0) = (4.26)
HlSi<j5r (xi _xj)
In particular, we have
1
P/I(IV):P/I CI=Cr5' ’CZ_C:"? »Cr:C:)
=sy(l,---,1) 4.27)
’ ’
1_[ A; - /lj +j—i
= . b
11 j—i

where the third equality follows from [12, Page 461, (ii)]. Hence, P (I,) # 0, which contradicts (4.23).
Thus,

Pa(c(E,BE) A (N=1) "R p A7 > 0

for any non-zero decomposable (1 — k, 0)-form 7, and so P, (c(E, h*)) is a weakly positive (k, k)-form.
We obtain the following.

Theorem 4.8. Let (E, hF) be a strongly decomposably positive vector bundle of type I over a complex
manifold X, rankE = r, and diim X = n. Then the Schur form P,(c(E, h¥)) is weakly positive for any
partition A € A(k,r), k <nand k € N.

In particular, if (E, hF) is Nakano positive, then the Chern curvature matrix has the form
R=-BAB .

By considering A = 0 in (4.15), then

k
Yptce = Z qot /\Bpo.(j)cj, ee=(1,---,1)
j=1

oeSk

and
Yptce = 0, for any € # €.
By (4.16), one has

k 2
Pa(c(E, hF)) = (i) (%) (V=D > Yprca Aprean (4.28)

2r )
p.t,c
where ;¢ ¢ is a (k, 0)-form. For any non-zero (n — k, 0)-form 7, one has
Pa(c(E, hE)) A (N=1)"0’p A7y

1 k 1 2 ) -
~(52) (1) 70 3 e A0 AT

p.t.c
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which is a non-negative volume form, and so P,(c(E, h*)) is non-negative. Moreover,
Pa(c(E, hEY)Y A (N=1) Ry A =0 (4.29)
if and only if
Ypree A1 =0 (4.30)

forany p € [1,r]X, 1 € T, ¢ € [1, N]*. By the expression of ¢/, , (4.30) becomes

0=vprce AT
= Z qa'tho-(l)C] AN A Bpo-(k)ck A n (43])
o eSk
= Z q(rfBﬂu(l)leil .. 'Bp(r(k)Ck&dem A Adz% A 7.
o eSk

Since (E, hF) is Nakano positive, by Corollary 4.4, we can take B such that B is invertible. Multiplying
(4.31) by B Ve 18 - B Ve 1.5, and summing on ¢y, - - - , ¢k, one has

Z qmé,,(,“)ll "'5pu(k)lk dZBl AR /\dZ’Bk A= 0

oeSk

forany I = (I1,---,I) € [1,r]*¥ and 8 = (B1,---,Bx) € [1,n]*. By choosing S, - - - , B such that
dzﬁl /\'--/\dzﬁk/\n;tO,

Z qﬂ'l‘épau)ll T 6pu(k)lk =0, (4.32)

o €Sy

which is exactly (4.21). By Remark 4.7, (4.32) is equivalent to ¢, ¢, = 0. Hence, (4.29) is equivalent to
(4.32), which follows that P, (1) = 0; see (4.23). By (4.27), P, (1) # 0, so we get a contradiction. Thus,
Py (c(E, h®))is apositive (k, k)-form. Similarly, if (E, h%) is dual Nakano positive, then Py (c(E, h¥))
is also a positive (k, k)-form.

Hence, we can give an algebraic proof of the following positivity of Schur forms for (dual) Nakano
positive vector bundles.

Theorem 4.9 (Finski [9, Theorem 1.1]). Let (E, h¥) be a (dual) Nakano positive (respectively non-
negative) vector bundle of rank r over a complex manifold X of dimension n. Then for any k € N, k < n,
and A € A(k,r), the (k, k)-form Pa(c(E, hF)) is positive (respectively non-negative).

Remark 4.10. Note that S. Finski proved the above positivity of Schur forms by using the following
two steps: the first one is a refinement of the determinantal formula of Kempf-Laksov on the level of
differential forms, which expresses Schur forms as a certain pushforward of the top Chern form of a
Hermitian vector bundle obtained as a quotient of the tensor power of (E, A1), and the second one is to
show the positivity of the top Chern form of a (dual) Nakano positive vector bundle. Our method here
is an algebraic proof by analyzing the vanishing of Schur forms, which is very different from S. Finski’s
approach.

5. Strongly decomposable positivity of type II

In this section, we consider the strongly decomposable positivity of type II, which is the direct sum of
Nakano positive and dual Nakano positive vector bundles point-wise.
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5.1. A criterion of type II positivity

Let (E, h*) be a strongly decomposably positive vector bundle of type II; see Definition 2.7. By
Corollary 4.4, with respect to a unitary frame {ey,---, e, } of (Ej x, hE |E1,x)’ and a unitary frame
{er+1,-+,e,} of (Eax, hE|g, ) atx € X, one has

E i E ol
Rylg,, =—-BiAB1 , RYlg,,=A2AAr,

with rank(B;) = dim(E; x) - n and rank(A;) = dim(E> x) - n, where By = ((B1)ip)i<i<r.,1<j<N, iS
a matrix with (0, 1)-forms as entries and Ay = ((A2)ip)r+1<i<r,1<j<N, is a matrix with (1, 0)-forms

as entries. The matrices B; and A, are defined in (4.10) and (4.11), respectively. Now we define the
matrices A,xn and B,y (N = max{Ny, N»}) by

_ (B O (00
B—(O 0)’ A_(Azo). (5.1)

Then
rank(B) = rank(B;) =r| - n, rank(A) =rank(Ay)=(n—-ry)-n

and

RE = =—BAB +AAA.

—-B; /\B_lT 0
0 Ap /\A_2T

For the matrix B = (B;pa)ia,p, We can associate it with another matrix B by

B = (Bap) = (Z Bip(iei) s
i=1 ;

rp

which is a n X N matrix with elements of £ as entries. Similarly, we can define a n X N matrix by

A= (Agp) = ZA,-paei)
i=1 ap
We define
{B} = {ZBimei,l <p<N,1<a< n}
i=1
and

-
{A} := {ZAipaei,l <p<N,l<ac< n}

i=1
By the definitions of the matrices A and B, one has
spanc{A} L spanc{5}.

Hence, if (E, h*) is a strongly decomposably positive vector bundle of type II, then there are two r X N-
matrices A, B of (1,0)-forms and (0, 1)-forms, respectively, such that with respect to a unitary frame
{eiti<i<r of Ex,

RE=-BAB +AAA, (5.2)
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and
spanc{A} L spanc{5}. 5.3)

Moreover, the ranks of A and B satisfy

rank(B) =r; -n, rank(A)=(r-ry) - n. 5.4)
Remark 5.1. If we consider a new unitary frame e = e - a for a unitary matrix a € U(r), by Remark 4.1,
one has
—_— - =T — =T
RE=—-BAB +AAA , (5.5)

withB=a! -BandA=a"!-A. Moreover, one has

r r r

— - . »

Bap:ZBip('teiz Z(a )iijpd/eizszpdej:Bap-
i=1 =1

ij=1

Similarly, A,p = Aqp. Hence, A and B are independent of the unitary frame. One can also check that
rank(B) = rank(B) = r{ - n, rank(A) = rank(A) = (r — ry) - n.

In a word, we show that (5.2)—(5.4) hold for any unitary frame.

Conversely, we assume that (5.2)—(5.4) hold for some unitary frame of E, x € X. Set
E| x =spanc{B}, E :=spanc{A}.
Let {e, -, e’f} be a unitary frame of E; , and {er[“’ -+, e} be a unitary frame of E; . Since
E| x L E 4, then {e;}1<i< is a unitary frame of E; , ® E . Now we can extend the frame {e;} <<

and get a unitary frame {e;}i<i<, of Ex. By Remark 5.1, (5.2)=(5.4) also hold for this unitary frame
{ei}1<i<r. Hence,

N
Rijape; ® = Y (~Bgp & Bap + Aap ® Agp).
p=1

So
RE|lg, . =-BAB , RE|lp, =ANA"
and
R;74p = 0 for any (i,j)or(j,i) e[l r]Ix[r]+1,r].
By (5.4), one has
rizry, r—ri=r’'—r>r-ri,
which follows that

ri=ry, r'=r.
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Hence, Ex = E| x ® E, . By Corollary 4.4, we obtain that R; FapH iy jB > 0 for any non-zero

u=u%; ®, € E| , ® Ty"X, R,J—afv‘ﬁvla > 0 for any non-zero v = vife; ® 95 € Eyx ® o1,

Thus, (E, hF) is a strongly decomposably positive vector bundle of type II.
In a word, we obtain a criterion of a strongly decomposably positive vector bundle of type II.

Theorem 5.2. (E, hf) is a strongly decomposably positive vector bundle of type II if and only if it
satisfies (5.2)—(5.4).

5.2. Positivity of Schur forms

In this subsection, we consider the positivity of Schur forms for strongly decomposably positive vector
bundles of type II.

Let E and F be two holomorphic vector bundles over a complex manifold X, rank(E) = r and
rank(F) = ¢q. Let x1,--- ,x, denote the Chern roots of E. For any partition A’ satisfying (4.24), we
denote

sy(c(E)) = sp(xi,--,x,) € H¥(X,R),

where sy (xq,- -+ ,x;) is defined in (4.26), which is also called a Schur class. Similarly, one can define
the cohomology classes sy (¢(F)) and sy (c(E @ F)). For these cohomology classes, by Littlewood-
Richardson rule (see [1, Proposition 3.3 (3.14)]), one has

se(c(E@F) = ) el su(c(E))sy(c(F)),

v

where c"’,v/ is a Littlewood-Richardson coefficient. One can refer to [10, Chapter 5] for more details
on the Littlewood-Richardson coefficients. By (4.25), the Schur class P (c(E & F)) of the direct sum
E & F satisfies

PAc(E@F)) = ) b Pu(c(E)Py(c(F)) = > cp, Pu(c(E)Py(c(F)), (5.6)

wLv 118%

where A, u, v are the conjugate partitions to A, u’, v’, respectively. The last equality follows from the

conjugation symmetry ¢ Wy = cfw, see, for example, [19, Page 115].

Let h® and k¥ be Hermitian metrics on E and F, respectively. The direct sum E @ F is equipped
with the natural metric ¥ @ hf". Now we can prove (5.6) on the level of differential forms.

Proposition 5.3. For any A € A(k,r), one has
Pa(c(E@F.h" @ h")) = > i, Pu(c(E,hF)) A Py(c(F,h")).
7%

Proof. We follow the method in the proofs of [13, Proposition 3.1] and [6, Theorem 3.5]. From the
definition of total Chern form, one has

c(E®F,hE @ hf)y =c(E,hE) A c(F,h").
Recall that Py (c1, ..., cr) = det(c,—i+j) | <; j<k> SO that

Pa(c(E @ F,h* @ h")) = )" b Pu(c(E, hF)) A Py (c(F, h"))
)78 %

= Z ﬁ1~~~irj1»»»qu1(E,hE)il /\"'/\Cr(E,hE)ir

i1 +2ip++rip
+j1+2jp++qjq=k

Act(F,hEYUA - A ey (F, k),
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where the universal coefficients f;, ..., j,...;, do not depend on E, F and X, but just depend r, g, P,. By
(5.6), then the cohomology class satisfies

Z ety iy €1 EREY VA A e (B RE) A ey (FL ) A -+ Aeg(F RE)a| = 0.
i1 +2ip++rip

+j142ip++qiq =k

Now we can take X as any n-dimensional projective manifold and fix an ample line bundle A on X. Let w
be a metric on A with positive curvature. For my, -+ ,m,,my, -+ ,m,44 positive integers, we define

E=A®"g...0 A®", F=A%"d1g...@ A®"r+a,

By the same proof as in [6, Page 14], one can show all universal coefficients f;,...;, j,...; Y vanish, which
follows that

Py(c(E® F,h* @ nF)) - Z d Pu(c(E W) APy (c(F hF)) =0,
H,v

which completes the proof. O

Now we assume (E, hF) is a strongly decomposably positive vector bundle of type II. For any x € X,
there exists an orthogonal decomposition of Ey,

E,= El,x @ E2,x’

and the Chern curvature RE has the form

RE — RflEl,x O .
x 0 REIg,,

Let {e1,---,e,} be a unitary frame of (El,x,hElEl’x) and {e;+1, -+ ,e,} be a unitary frame of
(Eax, hF |£,,)- Let (U, {z%}1<a<n) be alocal coordinate neighborhood around x and denote by E1 =
U X E| x the locally trivial bundle; {e;}1<; <, also gives a frame of E;. Now we define the following
Hermitian metric on E| by

hE] (8,’,6]’) = 61] - Riiaﬁ-zafﬁ, 1< l,] <r,

which is a Hermitian metric by taking U small enough. Then (E;, hF") is a Hermitian vector bundle
around x and satisfies

E, _ pE
RX - R)C |El,x'

Similarly, one can define a Hermitian vector bundle (E,, h*?) such that sz = RE| E,..- Hence,

V-1(RY' 0
c(Eq @Ez,hEl @hE2)|x = det|Id, + 7( ())C sz)
V-1 (RE|g, 0
= det Idr+7( 0 ’ RElEzyx)
V-1
= det|Id, + 7R£
= c(E.h®)x,
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which follows that
Pi(c(E, hF))|x = Pa(c(Ey ® Ep, h™' ® 1™2))|y.

By Proposition 5.3, one has

PA(c(E, HE)) e = D ch Pu(e(Er, hE) | A Py(c(Ea, hP2),. 5.7)
u,v

Since (E}, h®1) is Nakano positive and (E2, h2) is dual Nakano positive at x, then P, (c(Ey, hE1))|, and
P, (c(Ey, h*?))|, are positive forms. Since the Littlewood-Richardson coefficients cﬁv are non-negative
integers (see [10, Corollary 1 in Chapter 5]), then each summand

CpyPulc(Er BEY) | A Py (c(Ey, h2))],

in RHS of (5.7) is non-negative. However, for any 4, u, v satisfying A; = u; + v; for all i, then cfm, =1
(see [10, Page 66]), and

P,u(C(Eh hEl))|x A Py (c(En, hEZ))|x

is a positive (|1], |A|)-form by Proposition 3.4. By (5.7), we show that the Schur form P,(c(E, h®))|.
is a positive (||, |1|)-form.

Theorem 5.4. Let (E, h%) be a strongly decomposably positive vector bundle of type II over a complex
manifold X, rankE = r and dim X = n. Then the Schur form P,(c(E, hF)) is positive for any partition
AeAN(k,r), k <nandk € N.
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