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1. I n t r o d u c t i o n . Le t cr*(N) deno te the s u m of the 
u n i t a r y d i v i s o r s of N, tha t i s , 

cr*(N) = Z d. 
d | N 

(d, N / d ) = 1 

It i s e a s i l y s e e n tha t cr*(N) i s m u l t i p l i c a t i v e . In fac t cr*(l) = 1 
1 r 

<r*(N) = (1 + p ) . . . (1 + p ) if N > 1 ha s the p r i m e d e c o m -
cr a 

1 r 
p o s i t i o n N = p . . . p . Le t u s define a p o s i t i v e i n t e g e r 
to be u n i t a r y p e r f e c t w h e n e v e r <r*(N) = 2N . The f i r s t four 
s u c h n u m b e r s a r e 6, 60, 90 and 87, 360 . In a r e c e n t a b s t r a c t 
[ l ] pub l i shed by one of u s , the l a s t of t h e s e n u m b e r s was o v e r ­
looked . No o the r u n i t a r y p e r f e c t n u m b e r s a r e known to the 
au thor s . 

It would a p p e a r f r o m s o m e of the r e s u l t s to fol low that the 
nex t u n i t a r y p e r f e c t n u m b e r , if i t e x i s t s , m u s t indeed be quite 
l a r g e . I t m i g h t s e e m r e a s o n a b l e to c o n j e c t u r e tha t t h e r e i s no 
u n i t a r y p e r f e c t n u m b e r l a r g e r than 87, 360. When the p r o b l e m 
of the d e t e r m i n a t i o n of a l l u n i t a r y p e r f e c t n u m b e r s w a s men t ioned 
to P . E r d o s , he e x p r e s s e d the opinion tha t it m i g h t be a difficult 
one , c o m p a r a b l e to the p r o b l e m of odd p e r f e c t n u m b e r s . We 
p r e s e n t h e r e a p a r t i a l so lu t i on . 

2* Nota t ion . In a l l tha t fo l lows, u n l e s s o t h e r w i s e 
spec i f ied , n r e p r e s e n t s an odd i n t e g e r l a r g e r than 1, and N 
an even i n t e g e r g iven by N = 2 m n with m a p o s i t i v e i n t e g e r . 

P a r t i a l l y suppo r t ed by NSF G r a n t G P 1222 whi le a t the 
U n i v e r s i t y of M i s s o u r i . 
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1 L r 
We f u r t h e r a s s u m e tha t n = p p • . . p with 

1 2 r 
p < p < . . . < p and the p odd p r i m e s , and the a p o s i t i v e 
*1 VZ r i i 
i n t e g e r s . We a l s o w r i t e n = n n n with the n. r e l a t i v e l y 

p r i m e in p a i r s , e v e r y p r i m e d i v i s o r of n i s c o n g r u e n t to 

1 modu lo 4, e v e r y p r i m e d i v i s o r of n i s c o n g r u e n t to 

3 modu lo 4 and o c c u r s with an even exponent , and the p r i m e 
d i v i s o r s of n a r e e a c h c o n g r u e n t to 3 m o d u l o 4 but o c c u r 

wi th odd exponen t . F o r any fixed n, le t a, b, and c deno te 
the n u m b e r of d i s t i n c t p r i m e s in n , n and n r e s p e c t i v e l y . 

^ 1 2 3 v y 

F o r g iven n o n - n e g a t i v e i n t e g e r s a, b, and c not a l l z e r o , the 
c l a s s of a l l odd n u m b e r s n = n n n a s s o c i a t e d wi th 

1 2 3 
a, b , and c wi l l be denoted by K(a, b , c ) . 

It i s t r i v i a l to o b s e r v e tha t if n = n n n and 
1 2 3 

n1 = n1 n ' n1 a r e bo th m e m b e r s of K(a, b , c), t hen 
1 2 3 

(2 .1 ) <r*(n) /n> <r*(n I)/n l 

w h e n e v e r n ' :> n , n1 > n , and n1 > n . 

Define 

(2 .2 ) B(a, b, c) = m a x { o-*(x)/x } , 

x € K(a, b , c) , x not s q u a r e - f r e e if b = c = 0. 

The r e a s o n for x not s q u a r e - f r e e if b = c = 0 wi l l be a p p a r e n t 
af ter L e m m a 2 of s e c t i o n 3 . F i n a l l y n o t i c e 

( 2 . 3 ) B(a , b , c ) > B ( a f , b ! , c1) if a>a ' , b>b ! , and c^c 1 . 

3 . Some L e m m a s and T h e o r e m s . We p r o c e e d to p r o v e 
s e v e r a l r e s u l t s for u n i t a r y p e r f e c t n u m b e r s . F o r a p r i m e p , 

t n 11 t+1 » 
we w r i t e p | |x to m e a n , a s u s u a l , tha t p |x and p /( x . 

T H E O R E M 1. T h e r e a r e no odd u n i t a r y p e r f e c t n u m b e r s . 
a a a 

1 2 r 
P roo f . If n = p p . . . p i s odd and u n i t a r y p e r f e c t , 

a a a 
t hen 2 | | (1 + p j ) (1 + p ^ ) . . . (1 + p r ) . H e n c e r = 1 

1 2 r 
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1 1 
and 1 + p = 2p , which is not poss ible . 

LEMMA 1. If N = 2 n is unitary perfect, then: 

(3.1) p j ( 2 m +1) if or. = a• = . . . a = 1; 
r 1 2 r - 1 

(3.2) a + b + 2c <_ m + 1 and equality holds when c = 0; 

(3. 3) B(a, b, c) >, 2 / (2 +1) for at least one set of 
values of a, b, and c satisfying (3.2) . 

Proof. The proof of (3.1) is t r ivial . To show (3.2), for 
any p r ime p = 1 (mod 4) and all positive integers k, we have 

2 || (1 + p ). This also holds when p = 3 (mod 4) provided 
k is even. But if p = 3 (mod 4) and k is odd, we have 

4 | (1 + p ) and indeed 2 || (1 + p ) if and only if 2 || (1 + p). 
Applying these r emarks to the relation 

. Ct Gi 

(3.4) 2 m 1 n = (1 + 2 m ) (1 + p / ) . . . (1 +p r ), 
1 r 

which holds if N = 2 n is unitary perfect, provides us with (3. 3). 
F r o m (3.4) we have 

2 (2 + 1) = cr^(n) In 

from which (3. 3) follows by applying the definition of B(a, b, c). 

Remark . Result (3.2) can be sharpened as follows: 

(3.6) a + b + Z i C . = m + l , 
l 

l 

where C. is the number of p r ime divisors p of n of the form 

p = 3 (mod 4) where exponents in the p r ime factorization are 

odd, and i is given by 2 || (1 + p ) . 

LEMMA 2. If N = 2 m n is unitary perfect, and 3 | N, 
then: 

(3.7) m is an even integer; 

(3.8) if p* j| n, then p* = 1 (mod 6); 

(3.9) there is a p r ime p such that p | n , p = 5(mod 6), and 
p occurs with an even exponent in n; 
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(3. 10) n has an even number of distinct p r i m e s . 

Proof, The f i rs t two, (3.7) and (3.8), a r e quite t r iv ia l . 

To obtain (3.9), notice that with m even, 1 + 2 = 5 (mod 6). 
Hence there is a p r ime p jn such that p = 5 (mod 6). F r o m 
(3.8) it follows that p mus t occur to an even exponent. F r o m 
(3.4), (3.7), and (3.8) 

m+1 r+1 
2 n = 2 = 2 (mod 3) 

and therefore r must be even which proves (3.10) . 

Notice that (3.9) justifies the r e m a r k after (2 .2) . The 
authors have not been able to find any unitary perfect numbers 
not divisible by 3 nor have they been able to prove that there 
are none. 

perf 

( i ) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

a a 
THEOREM 2. Let N = 2 m p . . . p r be unitary 

ect. 

If r = 1, then N = 6. 

If m = 1, then N = 6 or 90. 

If m = 2, then N = 60. 

If r = 2, then N = 60 or 90. 

It is not possible for m = 3, 4, 5, or 7. 

It is not possible for r = 3 or 5. 

If m = 6, then N = 87, 360. 

If r = 4, then N = 87, 360. 

Proof. The basic tools a re Lemmas 1 and 2. Let u 
i l lus t ra te the procedure for a few selected c a s e s . 

Suppose that r = 1, then by Lemma 2 the one odd p r ime 
m+1 a m a 

must be 3. Thus 2 3 = (1 + 2 )(1 + 3 ) and therefore 
a m+1 m a 

1 + 3 = 2 and 1 + 2 = 3 which quickly forces m = a = 1. 
Next, if m = 1 then 3 must once more divide N. Hence 

not both b and c can be ze ro . We have two cases : 
(1) a = b = 0 and c• = 1 or (2) a = b = 1 and c = 0. In the 
f i rs t case r = 1 and so N = 6. In case (2), 

4 X 3 û f X p ^ = 3 ( 3 Û f + l ) ( p i 3 + l ) with a even. Thus 3 | ( p | 3 + l ) 
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which i m p l i e s tha t p = 2 (mod 3) and j3 i s odd. Since i t i s 
known tha t p = 1 (mod 4), i t fol lows that p = 5 (mod 12). If 

p >_ 17, then we apply ( 2 . 1 ) to ob ta in 

4 = 3 (3* + 1) ( p P + l ) / 3 % ( 3 < 3 x 10 X 18/9 X 17 

which is a f a l s e s t a t e m e n t . T h e r e f o r e p = 5 and 
ce 

4 X 3 x 5 = 3 ( 3 ^ + 1 ) 6 which f o r c e s a = 2 . 

The s i t u a t i o n fo r m = 6 i s s o m e w h a t m o r e c o m p l i c a t e d . 
6 

Since 2 + 1 = 5 X 13, i t i s a p p a r e n t that a > 2 . We have the 
following c a s e s : 

(1) c = 0 and a + b = 7; (2) c = 1 and a + b < 5; 
(3) c = 2 and a + b < 3 . 

7 . 6 
By d i r e c t compu ta t ion B(a, 7 -a , 0) < 2 / ( 2 + 1) for 

2 < a < 7. Thus t h e r e a r e no u n i t a r y p e r f e c t n u m b e r s with 
a + b = 7 and c = 0. Li c a s e (2), B(a, b , 1) i s a l so l e s s than 

7 6 
2 / ( 2 + 1 ) which exc ludes c a s e (2) f r o m c o n s i d e r a t i o n . The 
c o m p u t a t i o n s a r e s impl i f ied b e c a u s e 

B(2, 3, 1) > B(2 , 2, 1) > B(2, 1, 1) > B(2, 0, 1) 
and 

B ( 3 , 2, 1) > B(3 , 1, 1) > B(3 , 0, 1) by ( 2 . 3 ) . 

In c a s e (3), B(2, 1, 2) < 2 ? / ( 2 6 + 1). 

Suppose t ha t N i s a u n i t a r y p e r f e c t n u m b e r which o c c u r s 
in K(3, 0, 2 ) . Set 

/ a ÛL a^ atM CL. 
o \ Z 3 4 5 

N = 2 p p p p p . Since 5 i s an odd i n t e g e r , 

p = 3 . A l s o 5 and 13 o c c u r in N. The p r i m e 7 cannot 
* 3 

o c c u r in N b e c a u s e 2 |? + 1 and 3 -I- 2 + 3 > 7 which v i o l a t e s 
( 3 . 6 ) . A s s u m e a. > 1; then a > 3, and us ing (2 .1 ) 

1 1 ~" 
7 

2 < 5 X 13 X 28 X 6 X 14 X 18 X 12/27 X 5 X 13 X 17 X 11 , 

which i s f a l s e . T h e r e f o r e a. = 1. Now p = 5 and the 

a s s u m p t i o n that a, > 1 l e a d s to a s i m i l a r c o n t r a d i c t i o n as does 

a3 
the a s s u m p t i o n tha t p. > 1 1 . Hence 

7 3 Q
5
 a5 

2N = 2 X 3 X 5 X 1 1 X 1 3 X p / = 5 X 13 X 4 X 6 X 12 X 14 X (p^ + 1) . 
5 a 
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But 3 jl 2N and 3 || cr*(N). Thus t h e r e a r e no u n i t a r y p e r f e c t 
n u m b e r s in K(3, 0, 2 ) . We a r e now left wi th a c o n s i d e r a t i o n 

6 1 2 3 4 
of K ( 2 , 0 , 2 ) . Suppose tha t N = 2 p p p p i s a 

u n i t a r y p e r f e c t n u m b e r in K(2, 0, 2 ) . A s s u m e 3 /f N; then wi th 
the aid of L e m m a 2 and (2 .1 ) 

2 < 5 X 13X 26 X 14 X 8 X 2 0 / 2 5 X 13 X 7 X 19 

which i s f a l s e . T h e r e f o r e p j = 3, p = 5, and e i t h e r p o r 
1 2 i 

p i s 1 3 . Now a > 1 l e a d s to a c o n t r a d i c t i o n as does a > 1. F 4 1 2 
a 

If p > 13, then 
7 

2 < 5 X 1 3 X 4 X 6 X 1 4 X 2 0 / 3 X 5 X 13 X 19 

a3 *3 
wh ich i s not c o r r e c t . T h e r e f o r e p = 7 or 1 1 , but p = 11 

not p o s s i b l e by ( 3 . 6 ) . Thus 

2 X 3 X 5 X 7 X 1 3 | 3 = 5 X 1 3 ( 1 + 3)(1 + 5)(1 + 7)(1 + 13*3) 
and 

2 X 7 X 1 3 P " = 1 + 1 3 P 

which i m p l i e s tha t (3 = 1. T h e r e f o r e 2 X 3 X 5 X 7X 13 i s the 
only m e m b e r of K(2, 0, 2) which can be u n i t a r y p e r f e c t . It i s 
u n i t a r y p e r f e c t . 

T H E O R E M 3 . L e t m be a fixed p o s i t i v e i n t e g e r . T h e r e 
i s a t m o s t a f ini te n u m b e r of u n i t a r y p e r f e c t n u m b e r s N such 

that 2 m |i N. 

Proo f . Suppose tha t t h e r e a r e inf in i te ly m a n y such 
u n i t a r y p e r f e c t n u m b e r s . T h e r e is an inf ini te s u b s e t of such 

u n i t a r y p e r f e c t n u m b e r s of the f o r m 2 C D , wi th C a cons t an t , 

(C, D ) = 1, and D. i s composed of a fixed n u m b e r of d i s t i n c t 
i i 

p r i m e s . F u r t h e r m o r e e a c h p r i m e p o w e r of D. i s i n c r e a s i n g . 

Thus l i m <r*(D.)/D. = 1. If C = 1, t hen 
-i- * / T ^ \ / T > T - ,m+l / ^ m , t , ^m+1 ^m , j , . , 
l i m (T^(D.)/D. = k m 2 / Z + 1 and 2 = 2 + 1, which 

m+1 m *̂  
i s not p o s s i b l e . If C > 1 then 2 C = (1 + 2 ) (T(C) and 
2 |j cr*(C). F o r any D. , 2 J cr*(D.), and so 
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m + 2 i j m + 1 M 4s 

2 <r*(CD.) . But 2 cr (CD.) . In any case there is at 
i l 

most a finite number of such unitary perfect numbers . 

THEOREM 4. There is at most a finite number of 
unitary perfect numbers with a fixed number of p r i m e s . 

Proof. Assume there are infinitely many such unitary 
perfect numbers . There is an infinite subset of the numbers of 
the form CD. with C an odd constant, (C, D ) = 1, and the 

i i 
pr ime powers of D. increasing. As before lim (^(D.J /D. = 1. 

Then if C = 1, 2. = lim (r*(D.)/D. = 1, a contradiction. If 
l l 

C > 0, 2C = lim <r*(C) <r*(D.)/D. = cr*(C) and C is an odd 
l l 

unitary perfect number, violating Theorem 1. 
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