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The analytic classification of plane curves

Marcelo Escudeiro Hernandes @ and Maria Elenice Rodrigues Hernandes

ABSTRACT

In this paper, we present a solution to the problem of the analytic classification of
germs of plane curves with several irreducible components. Our algebraic approach
follows precursive ideas of Oscar Zariski and as a subproduct allows us to recover some
particular cases found in the literature.

1. Introduction

A remarkable step towards the understanding of the local structure of a germ of complex plane
curve was the characterization of its topological type. Let C; and Cs be germs of analytic reduced
plane curves at the origin of C2. We say that C; and Cs are topologically equivalent (as embedded
germs) if there exist U and V neighborhoods at the origin of C? and a homeomorphism ® : U — V
such that ®(C; NU) = Ca N V. In this case, Zariski in [Zar71, Zar06] says that C; and Ca have the
same topological type or they are equisingular. When @ is an analytic isomorphism, the curves
are called analytically equivalent.

The local topology of plane curves has been studied since the first decades of the last century,
with important contributions from Brauner, Burau, Zariski, Milnor, and others (see [BK86]). For
an irreducible plane curve (branch) the topological type of the curve is equivalent to the topology
of the complement of the associated link, that is, the intersection of the curve with a small
sphere centered at the origin. This intersection is an iterated torus knot. The topological type
of the curve is completely described by the type of the knot which is characterized by pairs of
integers called Puiseux pairs. There are many complete discrete invariants that determine and are
determined by Puiseux pairs, for instance, the characteristic exponents, the value semigroup of
the curve, the multiplicity sequence associated to the canonical resolution, and others. For plane
curves with several branches, the local topology can be described by the value semigroup of the
curve or, equivalently, by the value semigroup of each branch and the intersection multiplicities
of pairs of branches (see [Wal72, Zar71]).

With regard to analytic equivalence, there are many hard problems. For instance, how
we can decide if two curves are analytically equivalent? What is the associated moduli
space?

Any introduction to the analytic classification subject of plane curves is hardly comparable
to the review by Washburn presented in [Was88]. We just cite some contributions to the theme
in chronological order.
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In 1965, Ebey [Ebe65] presented normal forms for some classes of irreducible curves given by
parameterizations. In a course given at the Centre de Mathématiques de I’Ecole Polytechnique in
1973, Zariski [Zar06] considered an irreducible analytic plane curve C and denoted by L = LL(C)
the equisingular class of C, that is, the set of all branches equisingular to C. The moduli space M
is the quotient space of IL by the analytic equivalence relation. Zariski studied the moduli space
for some equisingular classes and gave a formula for the dimension of the generic component M,
of M for curves with semigroup (n,m) in which 1 < n < m and m =1 mod n. A few years later,
Delorme (in 1978; see [Del78]), considering irreducible curves with semigroup (n,m), presented
a combinatorial method to obtain the dimension of the generic component of the moduli space.
In 1979, Granger presented normal forms for plane curves with nonsingular transversal branches
(an ordinary multiple point) and gave a formula to compute the dimension of M, (see [Gra79]).

Bruce and Gaffney in 1982 (see [BG82]), classified the simple irreducible plane curves, that
is, when the moduli space is a zero-dimensional space. A more general approach for the moduli
space was presented by Laudal and Pfister in 1988 (see [LP88]) where, for irreducible plane
curves with semigroup (n, m), they fixed an analytic invariant (the Tjurina number) in order to
describe normal forms given by elements in C[X,Y]. In 1994, Greuel and Pfister (see [GP94])
developed a general method to construct coarse moduli spaces for singularities in the sense of
Mumford Geometric Invariant Theory. Kang (in 2000; see [Kan00]) and Camara and Scardua (in
2018; see [CS18]), using different methods, classified analytic plane curves defined by weighted
homogeneous polynomials. Kolgushkin and Sadykov (in 2001; see [KS01]) obtained normal forms
for stably simple reducible curve singularities in complex spaces of any dimension.

In 2011, Hefez and the first author (see [HH11]) presented a solution for the analytic classifi-
cation of irreducible plane curves as considered by Zariski in [Zar06] (see also [HH21]). Stratifying
each equisingularity class by the analytical invariant given by the set of values of Kéhler differ-
entials, they presented normal forms for each stratum that allowed them to describe the moduli
space. Later, the authors in a joint work with Hefez (in 2015; see [HHR15]), generalized such
method to obtain the analytic classification of plane curves with two irreducible components.

Genzmer and Paul (in 2016; see [GP16]), using tools of Foliation theory, described the moduli
space for generic plane curves such that every branch admits semigroup (n, m) and they presented
a method to obtain the normal form for the generic case. Ayuso and Ribén (in 2020; see [AR20]),
using holomorphic flows recovered the normal forms for branches presented in [HH11]. In 2022,
Genzmer [Gen22] obtained a formula for the dimension of M for any irreducible plane curve.

It is remarkable to observe that for about 50 years the questions proposed by Oscar Zariski
in [Zar06], directly or indirectly, motivated these and so many other researchers that we could
not possibly mention them all. The aim of this work is to present an answer to the intricate
problem of the analytic classification of reduced plane curves in a fixed topological class. The
combinatorial issues involved in this problem were probably our biggest challenge and makes
this case not a simple generalization of the results about curves with two irreducible components
presented in [HHR15].

We consider a topological class fixing the value semiring I' of a reduced plane curve C. The
value semiring is equivalent, as a set, to the classical value semigroup. The main difference is
that the value semiring, equipped with the tropical operations, admits a finite minimal set of
generators in contrast to the value semigroup (see [CH20a]), and such generators allow us to
recover directly the topological data pointed out by Zariski, that is, the value semigroup of each
branch and their mutual intersection multiplicities. With our approach we recover the normal
forms for the irreducible and two branches cases, presented in [HH11] and [HHR15], but it is
not a simple induction step. In fact, the passage 1 — 2 — r branches requires extra efforts and
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finer analysis in several situations. For example, understanding the semigroup for two branches
as presented by Garcia (see [Gar82]) is not sufficient to describe the semigroup for r > 3. In fact,
Mata (see [Mat87]) introduced new ingredients and non-trivial combinatorial aspects to perform
this task. This important object and other invariants defined by a set of values of fractional
ideals are described in §2.

Our strategy is, under the action of a permutation group, to consider the branches of the
curve in blocks according to their tangent lines, then we order the blocks and their elements by
the multiplicities of the branches. In addition, we identify the appropriated group G of local diffeo-
morphisms that preserve such properties. This is done in § 3. In §4 we obtain the Puiseux block
form of a multigerm (Proposition 4.6) that is a convenient parameterization of each component
of the multigerm.

Section 5 contains the main results of this work. We introduce the G-invariant Ag that
corresponds to values of elements in a fractional ideal Zg of the local ring O of C. The elements
of Zg are closely related to elements of the tangent space to the G-orbit of the multigerm ¢
associated to the curve C (Proposition 5.1). In Theorem 5.8 we present a G-normal form of ¢ by
a reduction process using the set Ag, more specifically by their fibers. Theorem 5.10 takes into
account the homothety group action and by this result we can decide whether two curves are
analytically equivalent or not as we discuss in the end of the section.

Finally, in §6 we apply our techniques to recover some known results related with the ana-
lytic equivalence of plane curves: the irreducible case, bigerms, and the ordinary multiple point
singularity. Concerning the case of plane curves in which each branch admits value semigroup
(n,m) and mutual intersection multiplicities equal to nm we apply our results to obtain a pre-
normal form taking into account the value semiring I" (Proposition 6.7) and we discuss about
the generic component of the corresponding moduli space (Proposition 6.8 and Corollary 6.10).

2. Analytic equivalence and invariants

We denote by C{X,Y} the power series ring with complex coefficients in the variables X and
Y, which are absolutely convergent in a neighborhood of the origin in C? and by M = (X,Y)
its maximal ideal. Let C be the germ of an analytic reduced plane curve in (C2,0) defined
by a reduced element f € M\ {0}, or in other words, C = f~1(0) N U, where U is an open
neighborhood at the origin 0 in C2.

If f = f1--- fr is the decomposition of f into irreducible factors, then each f; defines a branch,
that is, an irreducible analytic plane curve, denoted by C; for i =1,...,r.

Given a branch C; of C with multiplicity n;, that is, f; € M™ \ M™*! we can parameterize
it by (ait]* + -+ bt} 4+ --+) € C{t;} x C{t;} with a; # 0 or b; # 0. In what follows, we consider
primitive parameterizations, that is, those that cannot be obtained from others composed with
higher powers of t;. We often identify such parameterization with the smooth map-germ ¢; :
((C, 0) — ((CQ, 0) defined by tz‘ — (ml,y,) = (ait?i + - ,bit?i + - )

We call
T e T e Ty

[9017"'7@7’]: Yo Y o Y

a multigerm for C and we denote by P the set of multigerms of plane curves with r branches.

The analytic equivalence of reduced plane curves with r branches is translated, as we noted
in [HHR15], into S x A-equivalence on P, where S is the symmetric group on r elements and
A={(p1,---,pr,0); p; €Diff(C,0) and o € Diff(C?,0), 1 <i<r} is the group of right-left
equivalence, where Diff(C!,0) denotes the diffeomorphism group of (C', 0).
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Given (p1,...,pr,0) € Aand ¢ = [p1,...,¢,] € P the action of A on P is defined as

(pla---apraa)'cp:: [UO¢1OPI17"'7UO¢TO[)7"_1]

ol(mlopf}ylopfi) ooz optyrop )
aa(zropyyioprt) oo oa(rop iy opt)

)

where o = (01, 09).
We say that ¢, € P are A-equivalent, denoted by ¢ Y 1, if and only if they are in the same

A-orbit. Now, the group § x A acts on P by
(777 (pla cee Pry U)) TP = W((pla sy Pry U) ’ ()0) = [0‘ O Pr(1) © p;(ll)a co ey 0O Pr(r) © IOT_r(lr)]?

forall m €S, (p1,...,pr,0) € Aand p € P.

It is a well known fact that for a plane curve C defined by f € C{X,Y}, the isomorphism
class of its local ring O := C{X,Y}/(f) completely determines the analytic class of C. The aim
of this section is to present discrete A-invariants related to some fractional ideals of O.

A parameterization ¢; = (x;,y;) € C{t;} x C{t;} of a branch C; given by f; € C{X,Y}
provides the exact sequence

{0} — (fi) = C{X, Y} o Czi, yi} — {0},

where ¢f(h) := h(x;,y;). In what follows, we identify O; := C{X,Y}/(fi;) with the subalgebra
C{x;,yi} € C{t;}. In particular, the integral closure of O; in its quotient field Q; = C((¢;)) is
O; = C{t;} and O; = O; if and only if n; = 1.

We consider the natural discrete normalized valuation

vi: Q — Z:=7ZU{oo}

g — Y (p> := ordy, (p) — ordy,(q),
q

where p,q € O;,q # 0 and v;(0) = oo. The set
Ly ={vi(p); p € Oi} = {vi(h) :=vi(g; (h)); h € C{X,Y}}

is a submonoid of N := NU {oc} and S; = I'; NN is the classical value semigroup of the branch
C;, which is an A-invariant and a complete topological invariant.

The conductor ideal of O; in O; is (O; : O;) = {h € O;; hO; C O;} = (¢, where p;, called
conductor of I';, satisfies j1; — 1 € I'; and p; + N C Ty In this case, the conductor of T'; coincides
with the Milnor number of C;, that is, u; = dime(C{X, Y }/{(fi)x, (fi)y)) where (fi)x and (fi)y
indicate the derivatives of f; with respect to X and Y, respectively.

The previous concepts can be extended for a reduced curve C with r branches defined by
f=h— [

Considering I = {1,...,r} and the monomorphism
O — B0
p = (plv"'ap’r')a

where p; denotes the class of p € O in O;, it is possible to verify that the total ring of frac-
tions of O is Q = @,.; Qi and the integral closure of O in Q is O = @,; C{t;}. As before,
if o = [p1,...,0,] € P is a multigerm associated to C, then we identify O with the subalgebra
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{¢*(h) := (@7 (h),...,¢5(h)), he C{X,Y}} C @, ; O; and we set
I ={v(h):= (n(h),...,vp(h)); heC{X,Y}} CTy x- - xI,.
The conductor ideal of O in O is

©:0) =@ («9@- .0 Hso?(fb)) — D),

iel jel iel
J#i
where k; = p1; + Y jer vi(fj). The element k = (k1,...,k,), called the conductor of T, satisfies
i

k+N CT and k —e; ¢ T for any element e; in the canonical basis of Q" (see [Gor52]).

Zariski in [Zar71] showed that (up to permutation of the branches) the topological class
of C is totally characterized by I'; NN and the intersection multiplicity v;(f;) (= v;(fi)) of C;
and C; for i,j € I with i # j. On the other hand, Waldi (see [Wal72]) proved that I' " N" is
also a complete topological invariant and Mata, in [Mat87], showed that I" determines and it is
determined by I'; and v;(f;) for all i,j € I, i # j, connecting the results of Waldi and Zariski.

In contrast to I';, the (additive) semigroup I' is not finitely generated, but equipped with
the tropical operations, the set (T',inf,+) is a finitely generated semiring! (see [CH20a]), where
inf{(a1,...,a.),(B1,...,0r)} = (min{ay, B1}, ... ,min{ay, 5, }), that we call the value semiring
associated to C. More precisely, there exists a minimal set of generators {v;, j=1,...,9} CT
such that any v € I' can be written as

g g
fy:jnf{Zaljvj,...,Zarjvj}, (1)
=1 =1

where a; € N, k € I, 1 < j < g. The elements in {v;, j =1,...,g} NN" are precisely the valua-
tion of branches that achieve maximal contact with some C; for ¢ € I and the subset of generators
with some coordinate equal to oo is precisely {v(f;), i € I} (see [Mat87, CH20a]).

In a more general situation, given any (regular) fractional ideal 7 C Q = @, Qi of O we
can consider the set of values

v(Z) = {y(z) = (z1), - s(z)); 2=(21,...,2) ET C Q} cZ.

The set (v(Z),inf) is a I'-semimodule, that is, I' 4+ v(Z) C v(Z). Moreover, there exists
(unique) ((1,...,¢r) =: inf(v(Z)) € v(Z) such that (; < «; for every (ai,...,a,) € v(T) and v(Z)
admits a ‘conductor’ ¢ € v(Z), that is, o+ N C v/(Z) and ¢ — e; € v(Z) for all ¢; in the canonical
Q-basis of Q" (see [GH20] for more properties concerning values set of fractional ideals of O).

The next definition generalizes the corresponding concept introduced by Garcia in [Gar82)
and Mata in [Mat87] for I' N N".

DEFINITION 2.1. Let Z be a fractional ideal of O with set of values A = v(Z). Given J C I the
J-fiber of v = (y1,...,7%) € N with respect to A is the set
F2(y) = {(61,...,0,) € A; §; = ~; for every j € J and §; >, for all i € I\ J}.
We say that v € N' is
(i) a mazimal element of A, if FA(vy) # 0 (i.e. v € A) and F{Ai}(’y) =( for all ¢ € I;
(ii) a relative mazimal element of A, if v is maximal and F®(v) # 0, for all J C I with §.J > 2;
(ili) an absolute mazimal element of A, if v is maximal and F2(y) = 0, for all J C I, J # 0.

! The set (T, inf,+) is a semiring since (T',inf) and (T, 4) are monoids with identity elements oo = (oo, ..., 00)
and 0 = (0,...,0) respectively; inf{a + 8,a + v} = a + inf{5,~7} and 0o + a = o for every «, 3,y € I.
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Remark 2.2. Let T be a (regular) fractional ideal of O such that inf(v(7)) = ((i,...,¢) and
o= (o1,...,0r) is the conductor of v(Z). In [CH20b, Theorem 16], the authors presented an
algorithm to compute a finite set of generators of v(Z) (as I'-semimodule) and showed that v(7)
is characterized by its elements in the box R = [(1, 01] X - -+ X [{r, 0r]. In particular, we have that
all maximal elements of v(Z) belong to R.

For 7 = O we obtain v(O) =TI and I is determined by its elements in [0, k1] X - - X [0, k).

Other A-invariants that play an important role in this work are related with set of orders of
differential 1-forms.

Let Q! = C{X,Y}dX + C{X,Y}dY be the C{X,Y }-module of differential 1-forms. If ¢; =
(x4,v;) € C{t;} x C{t;} is a parameterization of a plane branch C; defined by f;, we extend the
homomorphism ¢} to Q! in the following way.

Given w = a(X,Y)dX +b(X,Y)dY € Q!, we define

i (w) =1t - (¢ (a) - i+ 7 (D) - ;) € Qi
where 2 and y, denote, respectively, the derivative of z;,y; € C{t;} with respect to ¢;.
Note that the kernel of ¢} is
w A df;
— ) e = fi - QogC;
dX/\dY E<f1>} f’L (Og ’L)?

where Q(logC;) is the module of logarithmic differential forms along C; which is the dual module
of the logarithmic vector field Der(—logC;) along C; (see [Sai80]).
In addition, if F; := f; - Q! + C{X,Y} - df;, then the Kihler differential module of O; is
Q; ~ Q! /F; and its torsion submodule is given by 7; =~ (f; - Q(logC;))/F;. Moreover,
Q; Ol .
T R oy P QY.
Z f [ Q(log Cz)
The set ¢F(Q!) C Q; is a fractional ideal of O; and
Ai = {vi(w) = vi(¢} (w)); w e '}

is an A-invariant of C;. As v;(dh) = v;(h) for any h € M we have I'; \ {0} C A;. The set A; is
one of the main tools considered in [HH11] in order to classify plane branches up to analytical

{wel; pfw)=0}= {w el

equivalence.
Similarly for a multigerm ¢ = [p1, ..., ¢,] we get the A-invariant
A=v(E* () = {v(w) = (W), vw); we N} A x---xA CN. (2)

Remark that ¢*(Q') ~ Q/f - Q(logC) is a fractional ideal of O with I' \ {0} C A and conductor
o= (01,...,0r) satisfying g; < k; fori=1,...,r.

In particular, by Remark 2.2, the set A is characterized by its points in the box [0, p1] %
-+ x [0, 07] C€[0,k1] X -+ x [0, ky]. Consequently, for each topological class determined by the
semiring I' there is a finite number of possible A sets.

The set A is related to the Tjurina number of C (see [BGHH20]), the set v(J(f)) = {v(h); h €
J(f) = (f, fx, fr) CC{X,Y}} and the values of residues of elements in f-Q(log C). More
explicitly, if w € f-Q(logC), then there exist n € Q!, g,h € C{X,Y}, g & U_,(fi) such that
g-w=h-df + f-n. The class res(w) of h/g in Q is called the residue of w and we put Res(f) =
{res(w), w € f-Q(logC)} (see [Sai80]). In [Pol18], Pol showed that v(J(f)) =A+rx—(1,...,1)
and A € A if and only if —\ & v(Res(f)).

Using the value semiring I' or more specifically the subset v(M?) of values of M? we can
obtain a distinguished presentation for a multigerm as we show in §4. We consider particular
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fractional ideals of O determined by differential 1-forms that are related to the tangent space to
the orbit of a multigerm according to the action of a Lie group.

3. Group actions

Let ¢ = [p1,..., @] € P such that ¢;(t;) = (a;t;" +--- ,bit]" + ---) with a; # 0 or b; # 0. Given
(p1,-- s pry0) €A with p;t(t) = uit; +--- and o(X,Y) = (aX +BY + -,y X +6Y +---)
such that u;, ad — By € C* := C\ {0} we have

Vi(ty) == 00 p;0p;t(t) = ((a; + Bb)u el + - (ya; + b )ulit] 4 ---).

Denoting by j*¢ the k-jet of a map-germ ¢ at the origin we put j%¢ := [j%p1, ..., 5%p,].

The invariance of the multiplicity of the branches gives us a one-to-one correspondence
between jlo and a Mobius transformation on C := C U {oo} given by T'() = (v + 66)/(a + 36)
such that if 0; := b;/a; € C is the slope of the tangent line a;Y — b;X = 0 of C; at the origin,
then T'(6;) is the slope of the tangent line to the curve corresponding to v; for 1 < ¢ < r. In this
way, up to change of coordinates, we can consider the tangent lines of the branches in a such
way that up to three chosen directions are fixed.

If all branches have the same tangent line at the origin with slope 6, considering v = —d6,
then T'(f) = 0. If the branches have exactly two tangent lines with distinct slopes #; and 62, then
taking v = —d6; and av = — 36 we obtain T'(0;) = 0 and T'(f2) = oo. On the other hand, if there
exist at least three branches with distinct tangent lines of slopes 01, 62, and 03, we can consider
the unique Mobius transformation T' such that T'(61) = 0, T'(62) = oo, and T'(03) = 1.

By the above description and an S x A-action, we may adjust the components of ¢ € P in
a particular way.

DEFINITION 3.1. Given ¢ = [p1, ..., @] € P we say that ¢ is in block form if there are sets By =
{or, = @1, Pra—1}, B2 = {Phyy - s Oka—1}s -, Bs = {@k,, - - ., or } satisfying the following.

(i) The tangent line of every branch in B; has the same slope 6; and, if ¢ # j then 6; # 6; for
1 <14,7 < s. In addition, 6; = 0,02 = co and 03 = 1.
(ii) If ¢; and ¢y, are elements of B; with j < k, then nj < ny.
(iii) We have ng, < ng, <--- < ng,.

A set B; as above is called a block of .

It is clear that any element in P is S X A-equivalent to a multigerm in block form.
From now on we consider A-action on block form multigerms in P and without loss of
generality we can suppose j™¢; = (a;t;", b;t;"*) such that

a; =1, b;=0 ingiGBl,

a; =0, b =1 if(,OiEBQ,

a; =1, b =1 ingiGBgand

a; =1, blzﬁj if¢i€ijorj>3.

The next lemma is an immediate consequence of the above explanation and gives us the
subgroups of A that preserve the tangent cone of the curve C and the properties of the block
form.
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In what follows, we consider the subgroups of \A:

H=A{(p1,...,pr,0) €A pi=ut;, 0 = (aX,dY) and u;,,0 € C*},
H ={(p1,...,pr,0) €A; pi = uity, 0 = (aX,aY) and u;,a € C*},
A ={(p1,....pr,0) €A; jlpi=t;, jlo=(X+BY,Y) and B € C},
Ar={(p1,---,pr,0) € A; jlpi = ti and jlo = (X,Y)}.

LEMMA 3.2. The subgroups of A that preserve the elements of P as in Definition 3.1, according
to number s of blocks, are as follows.

s | Subgroup of A

1 Ho -/Ztl

2 Ho Ay
>3 H o Ay

Proof. The description follows from the correspondence between the Mobius transformation
T(0) = (y+30)/(a+ B0) and jlo = (aX + BY,yX + 6Y) with o € Diff(C2,0).

For s =1, all branches have tangent line with slope 0 and to preserve it we must consider
v = 0. Thus, the corresponding element in A is a composition of elements of H and Aj;.

If ¢ € P has just two blocks with #; = 0 and 63 = oo, then we must consider T'(0) = §0/« to
preserve the slopes of the tangent lines and consequently the corresponding elements in A are
obtained as a composition of elements of H and Aj;.

On the other hand, if s > 3 the branches of the first three blocks have tangent line with slope
0, oo, and 1, respectively, and the only Mobius transformation that preserve them is the identity
(v =0 =0 and a = §). Consequently, the associated diffeomorphisms belong to H' o Aj;. O

The standard strategy to solve the analytic equivalence problem is to find a representative
element in each orbit (a normal form), for instance, with a few number of parameters, in such a
way that it is manageable to decide whether two normal forms are equivalent or not.

Note that the action of any subgroup of & X H on an element ¢ € P does not introduce
or eliminate terms in the multigerm components. Thus, to obtain equivalent multigerms in the
block form with short parameterizations it is natural to consider the A;-action or ./le—action
according to the number s of blocks described in the previous lemma.

In a more general situation, concerning a Lie group action & on an affine space A, the com-
plete transversal theorem (CTT; see [BKP97]) provides us a method for obtaining representative
elements in the orbit &(v) of v € A, if we have the description of the tangent space T®(v) to
orbit &(v) at v. More precisely, the following version will be useful for our purposes.

THEOREM 3.3 (Complete transversal theorem). Let & be a Lie group acting on an affine space A
with underlying vector space V and let W be a subspace of V. Suppose that T® (v + w) = T®(v)
for allv e A and w e W. Ifve A and W C T&(v), then &(v + w) = &(v), for all w € W, that

is, the G-orbits of v + w and v coincide.

Let us apply the above theorem in our context. To simplify the notation let G be one of the
groups A; or Aj and [ ={1,...,7}.
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The description of T'A;(¢) for ¢ € P is classical (see, for instance, [Wal81]) and we do not
need any effort to extend it to the group A;. Explicitly, we get

ri-a+eim) .o w6+ ei(m) )
TG () = 1 i ro e TP e €(t])iely,
9() {[ Ve +pitn) .. v +gim) |9
3
771,7’]26./\/12, if g:Al) ( )
where 2 2 A
m e (X5Y), me M, it G= A

Denoting by B¥ the set of k-jets of elements of a set B, we know that G* is a unipotent Lie
group that acts on P* in the natural way:

jk(plv s 7pT70) ]kgp = []k(a ° Y1 Op1_1)> cee 7]'/{}(0.0 Pr opr_l)]'

The corresponding tangent space TG (%) is the set of k-jets of elements in T'G(y).
If H* denotes the C-vector space

{[cltlf crtl,f ) . o . }
& | e, dieCwithey=di=0itk<n;, i€l (4)
dity - dpty

then, we can prove, similarly as in Proposition 2 of [HHR15], that TG*(j*¢ + ¢) = TG* (%) for
any j*¢ € P* and ¢ € H*.

In this way, ® = GF, A = P* and W C H* N TG*(j*¢) fulfill the hypothesis of Theorem 3.3,
that is, for any w € W we have that j*¢ + w is GF-equivalent to j*¢ and, consequently, there
exists ¢ € P which is A-equivalent to ¢ with j*¢ = j*¢ + w.

In the next two sections we recognize elements in H* N T'G*(j*p) using G-invariants.

4. Puiseux block form

In this section, we present a convenient parameterization for the components of the multigerm
© = [¢1,...,pr] € P preserving the block form, as in Definition 3.1. In addition, we exhibit some
elimination criteria for terms of ¢.

For simplicity, we denote by Ej; for j = 1,2, 7 € I, an element of the canonical basis of the
complex matrices of order 2 x r and G denotes one of the groups A; or Aj.

Given a multigerm ¢ = [p1, ..., @] € P with ¢;(¢;) = (i(t;), yi(t:)), an element

,
uyp v U | N B
|: v e :| = ;(UzElz + 'UzE2z)
with wu;, v; € C{t;} belongs to T'G(y) if and only if there exist ¢; for i = 1,...,7 and n = (n1,12)
satisfying (3) such that

u; = ) - € + 5 (M),
{ (5)

v =y, - €+ @f(n2).

As we remarked in §3 describing H¥ N TG*(j*y) we can apply Theorem 3.3 in order to
obtain representative elements in a same GF-orbit.

Note that our analysis, up to this point, has taken into account a few A-invariants, just the
multiplicities of the branches and the behavior of the tangent cone. It is time to consider finer
invariants as defined in § 2.

Let ¢ = [p1,...,¢r] € P be a multigerm of plane curve in block form, with local ring O. The
(fractional) ideal ¢*(M?) of O plays a relevant role and provides us an elimination criterion for
terms in (.
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LEMMA 4.1. With the standard notation, if k =+ jer vi(f;) € vi(M?) with v € T';, then
i

there exists 1 = [t1,...,9,] G-equivalent to ¢ such that j*p; = j*; for all j € I'\ {i} and
Ry T

T =77 i

Proof. By hypothesis, there exists an element h € C{X, Y} with h - [[;er f; € M? and 5% (¢} (h -

i
[lser f3)) = t;.
Taking €; = 0 for j € I and g = oqh - [[jer fj for i =1,2in (5), we get
i#i

0 --- oqtf e 0

k k(:k
0o --- agtf e 0 € H"NTG ().

ot By + aotF By =

By Theorem 3.3, we obtain ¥ € G(p) with Gk = jFp + althu + aQthQi and for a convenient

choice of ay, s € C we have j*; = j*p; for all j € I'\ {i} and j; = 5L, O

Remark 4.2. Note that the description of tangent vector 041th11‘ + agthgi e H N Tgk(jkgo),

k=4 jer vi(fj) € vi(M?) with v € T; in the previous lemma gives us a clue to obtain ele-
i

ments (p1, ..., pr,0) € G such that (p1,...,py,0) - ¢ = with j*¢; = j¥p; forall j € T\ {i} and

j*4p; = j* "Ly, In fact, with the above notation, it is sufficient to consider pj(tj) =t;for jel
and o(X,Y) = (X —oq-h-]jer fj, Y —aa-h-[[jer f;) with appropriate oy, an € C.
i i

As a consequence of the above lemma we obtain an estimate for the finite determinacy of a
given ¢ € P.

Denoting (O : O)¢ the contraction of (O : O) by ¢* we have the following result.
PROPOSITION 4.3. If d; is the conductor of the set v;(M?*N (O :O)°) for i=1,...,r, then

Y~ [jdl_lgoh s 7de_1<)07“]'

g

Proof. For each i € I we put @; — j% 1y, = (t?iuz'l,t?iUiQ) with uy € C{t;} for [ = 1,2. As d; is
the conductor of v;(M? N (O : O)°) there exists hy - [[ser f; € M2N (O : O)° such that ¢} (hy -
i

[Tser fJ) = t?iuil forl=1,2.
i
Now, taking (p1,...,pr,0) € G, where p;(t;) =t; for j € I and

o(X,Y) = (X—Zhil-Hfj, Y—ZhiQ'Hfj>7

icl jET icl el

i i
we obtain ¥ = (p1,...,pr0) - @ = 2 o1,..., 79 L, O
Since Kk = (K1,...,kr) is the conductor of the semiring I', the above-mentioned integer d;

satisfies d; > k; with equality if (O : O)¢ C M?2. More precisely, we have the following.

PROPOSITION 4.4. Let ¢ = [¢1,...,%r] € P be a block form multigerm and s the number of
blocks. For each i € I, the integer d; in the last proposition satisfies

ki +2 ifr=1andn; <2
di=<ki+1 ifr=s=2andn; =ne=1;
K otherwise.

Proof. Let us consider the cases r =1, r = 2, and r > 3 separately.

Case r = 1. Let @1 be a parameterization of a branch with multiplicity n;. As we remarked in
§2, k1 is the Milnor number p;.
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If ny = 1, then p; = 0 and © = O. Thus, d; —minyl(/\/l2 ) =2=w+2=r +2
For n; > 1 we have O # O and (O : O)¢ C M. Setting m = mm( \ n1N), we have

v (M\ M2) = {n1,2n1,..., [;nl]nlm}

If ny =2, then I' = (2,m) = 2N +mN and p; = m — 1, which implies that v1((O : 0)¢) =
{7 € N; v > m — 1}. Thus, the conductor dy of v1(M?* N (O : O)°) satisfies dy = m + 1 = p1 + 2.
On the other hand, for ny > 2 we have pu; > m, (O : O)° C M? and consequently d; = k1.

Case r = 2. Consider a plane curve C given by f = fi - fo with corresponding multigerm [p1, p2].

As (O : 6) (01 01) @T(fQ) D (02 @) . W;(fl) and f1, fo € M, it follows that if n; > 1
for some i € {1,2}, then (O : 0)¢ C M? and d; = ;.

Let us consider n; = ng = 1. In this case we have k = (k1,k2) = (V1(f2),12(f1)). If s =1,
then 1,02 € By and vy(f2) = va(f1) > 1. Hence, (O :0)¢ C M? and d; = x; for i =1,2. If
s =2, then ¢ € By and g € Bs. Thus, v1(f2) = 12(f1) = 1 and d; = min VZ-(/\/l2 N(O: 6)0) =
2=k;+1fori=1,2.

Case r > 3. Now, we consider a plane curve C given by f = f1--- f, with f; € M.
As (0:0) =@B;c;(0;: O0;) - [Tier @5 (fj), we get (O:0)°C M? and d; =k, foriel. O
J#i

Another direct application of Theorem 3.3 is obtained as a consequence of the following
lemma.

LEMMA 4.5. Let ¢ = [¢1,...,0] € P be a block form multigerm associated to a curve C and
0; = b;/a; € C the slope of the tangent line to C; at the origin. For each i € I, if k > n;, then

tf(aiEu + biFEy;) € H*n Tgk(jkgo)

Proof. As ¢i(t;) = (ait]" +--- ,bit}" +---) and k > n;, taking ¢; = (1/n;)t; hmitl €, =0
for i € I'\ {i}, and m; =n2 = 0 in (5), we obtain

0 --- aiff e 0

k k(. k
0 oo btk oo 0 € H"'NTG"(5%¢). O

t¥(a; By + biEy) =

By the above lemma and Theorem 3.3, for every k > n; there exists a block form multigerm
Y € G(p) with %9 = 8o + atf(a; Ey; + biEy;) for any o € C. Thus, if ¢; = (2i,;) € B1, that
is, a; = 1 and b; = 0, then we can choose « in such way that j*i; = (j¥ 'x;, j%y;), that is, we
eliminate the k-order term of the first component of ;. On the other hand, for ¢; € By there
exists a such that j%¢; = (j*2;, 7 1y;). Finally, for ¢; € Bj with j > 2, as a; - b; # 0, we can
choose a to obtain j*; = (j¥ 1y, j* yi) or j*; = (5Fai, 75 1ys).

Similarly to Remark 4.2, as consequence of the previous lemma, we can exhibit an element
of G to perform the proposed action. In fact, with the above notation, it is sufficient to consider
p; 1(t;) = ti + ae; with o € C, ¢; € (2) given as in the proof of Lemma 4.5, ¢; = 0 for j € I\ {i}
and o(X,Y) = (X,Y).

Thus, we recover the classical Puiseux expansion for plane curves.
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PROPOSITION 4.6. Any multigerm ¢ = [p1,...,p,| € P is G-equivalent to a block form multi-
gerim w = [wb te 7¢T] with

(v o+ ) orvie B 122

J>n;

Vi(ti) = , (6)
( Z aijt!, tZ“) for 1; € Bsy;

Jj>n;
with 01 =0,03 =1, and 0 £ 0; for 1 <k, <r, and k # 1.

Proof. We may suppose that ¢ is given by a block form multigerm. For each i € I and for
every k > n; we consider elements in G to apply the process described after Lemma 4.5.
If p; = (x;,y;) € B; with [ > 3, then we choose j¥1; = (¥ 1y, j*u:).

Repeating this process for all k satisfying n; < k < d; we obtain j%); = (e, j%y;) for o; &
Bs and j%; = (j%x;,11") for ¢; € By. The result follows from Proposition 4.3. O

1

We call the multigerm as highlighted in the above result the Puiseux block form of .
From the above results, we obtain the well-known representative in the analytical class for
the particular cases of Proposition 4.4. More explicitly, if ¢ is a Puiseux block form, then:

gorz(t,O) ifr=mn; =1;
Py (t%,t™) ifr =1, n; = 2 and m = min(T \ 2N);

@J’Z[%,%]; Y1 = (t1,0), Y2 =(0,t2) ifr=s5=2 n=ny=1

Note that if r =1, n; =2, and m = min(I" \ 2N) the previous results provide us with the
result ¢ o (t?,at™) with a # 0. However, considering p(t) =t and o(X,Y) = (X,a"'Y) we
obtain the above equivalence.

In what follows, we consider the non-exceptional cases and consequently we can suppose that
the finite determinacy order for each ¢; of a Puiseux block form multigerm is &;.

5. G-Normal forms and analytic equivalence

In §4, we apply the CTT (Theorem 3.3) to reduce a multigerm ¢ € P to its Puiseux block form
taking into account only a few topological invariants. Although such forms are a shorter way
of presenting a multigerm, it is not easy to decide whether two Puiseux block form multigerms
correspond to analytically equivalent plane curves.

Our goal in this section is to partition a topological class into a finite number of strata so
that in each stratum we have a constant A-invariant and every element belonging to it admits
a particular Puiseux block form, that we call a normal form, which will allow us to distinguish
them from the analytical equivalence viewpoint.

As before, according to Lemma 3.2, G denotes .A; if the Puiseux block form of ¢ € P has at
least two blocks and A; if there is a single block.

Recall that as a consequence of Lemma 4.5, {Z%ng C-tFEy; + 2%632 C-tFEyy N HF C
TG*(j*¢) for every k. Thus, in order to obtain a Puiseux block form multigerm with a smaller
number of terms, it is sufficient to describe elements in the set D := {z%g B, C- th Bgi +
Z%GBZ(C-thM} N H* that belong to TG*(j%p). In fact, if ¢ € D* NTG*(j*¢), then ¢ is
G-equivalent to a Puiseux block form multigerm such that its k-jet is j*¢ + ¢, that is, there
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exists a multigerm 1), A-equivalent to ¢, with j¥71¢ = j*71¢ and, by adjusting coefficients in ¢,
the element 7% has a smaller number of non-zero terms than j*¢.

The key to obtain our normal form is the connection between D* N TG*(j%¢) and the set of
values of a particular fractional ideal as we describe in the following.

Considering ¢ € P and

Qu, = {mdX —mdY; qi,m e M*}, Q4 = {mdX —mdY; m € (X? Y)and ny € M?},

we get the fractional ideal
¢1(w) or(w)
Ig = {(nlltg” e n: " ; w € Qg

of O according to the group G.

We define Ag := {v(w); weZg} C A—n CN , where A is the A-invariant defined in (2)
and n := (n1,...,n,) with n; the multiplicity of the branch ;.

Note that the conductor o' = (¢}, ..., 0}) of Ag satisfies ¢, < o; — n; < k;, where (o1,...,0r)
and (k1,...,Kk,) are the conductors of A and T, respectively. As a consequence of Remark 2.2, for
each fixed value semiring I" there are only finitely many A-invariants Ag that can be computed
by the algorithm presented in Theorem 16 of [CH20b].

In what follows, we consider the set Yr 5, of all Puiseux block form multigerms in P, as
given in (6), with semiring I' and Ag fixed.

PROPOSITION 5.1. Given ¢ = [p1,...,¢,] € ¥ra, and k € N* there exists w = (wi,...,W;) €
Ig with jFw; = aitf, a € C if and only if Z%(ﬂb aithgi — Z@iGBZ aithli € TG*(j%p).

Proof. Let w = (w1,...,w,) € Ig with j*w; = j* (o} (w)/nit]") = a;t¥ for i € I and some w =
nedX —mdY € Qg.

As € = — (] (m) /nat 1) € (t2) for ¢; & Ba, e = —(0} (n2)/mit* ") € (12) for i € By,
and 7 satisfying (5) we have the desired element in TG*(j*¢).

Conversely, if Z%QBQ aithgi - Z%GBQ aithU € Tgk(jknp), then there exist ¢; € <t?>, 1€1,
n1, and 72 as given in (3) such that

i€+ @i (m) = b
Y€+ i (n) = aith + Q; y; - €+ @5 (n2) = Qs

with v;(F;) > k and v;(Q;) > k for i € I. Considering w = 12 dX — 1 dY € Qg we provide the
element w € Zg satisfying the proposition. ]

2} €+ @f(m) = —atf + P,

if ©i ¢ BQ, { if ©Y; € BQ, (7)

Note that if k& < n;, then, by the definition of Zg, a; should be zero in (7).
In order to simplify the notation, from now on given a non-empty subset J C I, we denote the
J-fiber of k = (k, ..., k) € N" with respect to Ag by Fy(k). The following corollary is immediate.

COROLLARY 5.2. We have Fj(k) # () if and only if there exist a; # 0 for every i € J and o;; =0
for every i € I\ J such that ), o, it By — > pieBs aitfEy; € TGF(5% ).

The next proposition describes subspaces of D¥ N TG*(j*y) in order to choose terms which
can be eliminated by G-action. Such subspaces are related to the fibers of k with respect to Ag.

PROPOSITION 5.3. Given k € N* there exists a d-dimensional subspace in D* N TG*(j*¢) if and
only if there exists L = {ly,...,ly} C I satisfying the following condition:

for each |l € L, there exists Jy C I withl € J;\ U Ji, and Fj (k) # 0. (%)

eL\{l}

927

https://doi.org/10.1112/S0010437X24007061 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007061

M. E. HERNANDES AND M. E. R. HERNANDES

Proof. We show that there exist vy, ...,vq € D¥ N TG (%) linearly independent if and only if
there exists L = {ly,...,l3} C I satisfying (*).

Let {v; := Z%QBQ aijt;‘?Ezj + Z%EBQ Ozijthlj € DFNTG*(j%p); 1<i<d} be a set of
linearly independent vectors. Then there exists L = {I1,...,lq} C I with [y, ]1<ij<a € Gla(C).

In this way, for each 1< i< d there exists w; = Z%g& ﬁijt?Egj + 2%632 Bith];Elj €
span{vi, ...,v4} € DFNTG*(j%¢) with By, =1 and B;; =0 for j € L\ {l;}. Taking the set
J;, ={Jj € I, Bij # 0}, the previous corollary ensures the condition ().

On the other hand, suppose that there is L ={lj,...,l3} C I satisfying the condi-
tion (%). Thus, by Corollary 5.2, for each i =1,...,d, there exists v; = Z%gBQ aijt;?Egj +
Z%GBQ aijt;?Elj € D* N TG*(j%p) such that a;j #0if je J;, and ;=0 for j eI\ J,. As
the matrix [, ]1<i j<a 18 invertible, it follows that vy,...,v4 are linearly independent. O

Remark 5.4. Note that, by the previous result, if L = {l,...,lq} C I satisfies the condition (),
then there exist v1,...,vq € D¥ NTG*(j*¢) linearly independent with v; = E%EBQ aijt;?Egj +
Z%GBQ aijtg‘?Elj such that a;; # 0 if j € Jj, and oy; =0 for j € I'\ Jj,. In particular, for any
by, ..., by, € C there exists v € span{vi,...,vq} with v = Z%QBQ bjt;-‘Egj + Z%eBQ bjtg‘?Elj €
D* N TG*(j%¢) or, equivalently, by Proposition 5.1, there exists w = (wy,...,w,) € Zg with
jij = bjté? for any bll, e ,bld e C.

As an immediate consequence we can establish an elimination criterion based on the set Ag.

COROLLARY 5.5. Let ke N*, o€ P as in (6), and L={ly,...,lq} CI satisfying the
condition (%). Then there exists ¢ € P such that 1 T g = j* Lo, and Ry = jF 1y
for alll € L.
Proof. Since ¢ is given as in (6) we have that j*¢p = j¥ 1o +w, with w = ng]-ng Bjt;?Egj +
Z%GBQ Bjt;?Elj € D*. By the above remark, there exists v = Z(pngQ bjtg‘?Egj + ZweBz bjt;?Elj
€ D NTG*(j%p) with by = —; for all | € L. By Theorem 3.3, it follows that ¢ is G-equivalent
to some ) € P with j¥ = j*p +v = j¥ "1+ w + v, that is, j¥ 71 = j*7 1y and j*;, = j* 1y,
for all [ € L. O
Given k > 0 the parameter elimination method established in the above result depends upon
a set L satisfying the condition (x) in Proposition 5.3. The aim is to eliminate terms of order k

from the greater number of branches prioritizing the first ones. We can formalize this by defining
the injective map S : {L; L C I} — N" given by S(L) = (z1,..., 2,), where

1 ifiel,
Zy =
0 ifigL.
DEFINITION 5.6. For each fixed k, we consider the set of indices Ly C {1,...,7} such

that S(Ly) = maxgrez{S(L); L satisfying (x) in Proposition 5.3}, where maxgr., means the
maximum with respect to graded lexicographic order.

Remark 5.7. Let o be the conductor of Ag and k € o + N". We have that Fi;, (k) # 0 for all i € I,
consequently Ly = 1.

If k is an absolute maximal of Ag, then F(k) # () and F;(k) = 0 for all J C I. In this case,
L ={1}.

If k is a relative maximal of Ag, then Fi; (k) =0 for all i € I and Fj(k) # () for all J C I
with #J > 1. Note that for any ig € I, the set L = I\ {io} and J; = {l,ip} for all [ € L satisfy
the condition (x). Then, in this case we have Ly = I\ {r}.
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Now we can establish one of the main results of this paper:

THEOREM 5.8 (G-normal form). With the above notation any ¢ = [p1,...,¢r] € Xpa, is
G-equivalent to v = [11,...,1,] € P such that

.
<t?i, Hltlm + Z aijtf) for ¢¥; € By, | # 2;
i
Y
Vi(ti) = ’ (8)
< Z aijtg, t?l> for v; € Bsy,
Jj>ng
igL;

\
where Lj; is given in Definition 5.6, 01 =0, 63 =1, and 0, # 0; for 1 <k, | <r with k # L.
Moreover, if ' = [¢},...,9.] € P is another multigerm G-equivalent to ¢ as (8), then ' = 1),
that is, the G-normal form of  is unique.

Proof. By Proposition 4.6 we can consider ¢ € P in its Puiseux block form. For all k > 0 taking
Ly, as defined previously and applying the Corollary 5.5 we obtain a G-normal form v as (8).
Remark that by Proposition 4.3 it is sufficient to consider k < max{d;; i € I} where d; is given
in Proposition 4.4.

Now suppose ¢ = [¢],...,9.] € P as (8), G-equivalent to ¢ and 1’ # 1. Let us consider
k= min{l; jp # '},

By Proposition 5.3 there exists {v; € D* N TG*(j*); I; € Ly} linearly independent (pos-
sibly empty) and subsets J;, C I satisfying the condition (x) with v; = Ed}ngg aijt;?EQj +
ijeBg az-jthlj such that a;; # 0if j € Jj, and oy =0 for j € I'\ J,.

Let F* C G* be the subgroup that leave invariant the affine space N¥ = j*~14 + V where

V= { Z Bits Baj + Z BitiEr; € DF; B € Cand B =0foralll € Lk}.
V; € B2 Y;EB2

As the ground field is C and F* is unipotent it follows that F* is a connected group.
Thus, the orbit F*(j*1)) C N*¥ C GF(j*1)) is connected and it contains j¥1) and j%v/. Let w :=
0, ¢Bs 'yjt;?Egj + 2 p,eBs 'yjt;?Elj € TF* (%) CV C TGF(j%) be a non-zero vector and use
the notation J' = {j; 7; # 0} C I. Remark that { ¢ J' for all [ € L.

Choosing jg € J' =: J]’h, taking the element wy := v; — (ayj, /vjo)w € TG*(j*4) and setting
Jy={j € i\ {jo}s cujvjo # cujy;} for alll € Ly, it follows by Corollary 5.2 that Fjy/(k) # 0. In
addition, for each | € L' := Ly U {jo} we have that [ € Jj\ U;cpnqy Ji and Fyy(k) # 0. In this
way, L' D Ly, satisfies the condition (x) in Proposition 5.3, which contradicts the maximality of
the set L.

Hence, ¢ = ¢’ and the G-normal form of ¢, as (8), is unique. O

Remark 5.9. Note that the parameters a;; in the G-normal form (8) are not necessarily free
because, in order to guarantee that the multigerm is in Xr 5., some algebraic conditions must be
imposed on the coefficients. The conditions imposed to have the semiring I" are easily determined
by the non-zero coefficients of the terms with characteristic exponents and some conditions to get
the intersection multiplicity of each pair of branches. On the other hand, the algebraic conditions
related with Ag can be obtained applying the algorithm presented in [CH20b].

As we remarked in § 2, the analytic equivalence of plane curves with r irreducible components
can be translated by the S x A-action on P. Any element in P is S x A-equivalent to a multigerm
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given in a Puiseux block form and the .4-action on such elements splits according to the action
of subgroups given in Lemma 3.2, namely H o A;, H o Ay, or H' o A;.

In Theorem 5.8 we presented G-normal forms for Puiseux block form multigerms with G = A,
or G = A;. In this way, to present .A-normal forms of such multigerms we have to consider the
action of H or H’, that we call homothety actions, on the respective G-normal forms. Recall that
an action by a subgroup of H does not introduce nor eliminate terms in a multigerm.

Let us consider ¢ = [¢1,...,¢,] € P given as (8) and the parameter vector

p = (a17n1+1, e ,al,ko, a27n2+1, e ,agvko, . ,ar,m,ﬂ, ey ar,ko), (9)

where kg = min{z € N; z € p+ N"} (see Remark 5.7).

Given an element (pi,...,pr,0) € H where p;(t;) = u;t; and o(X,Y) = (aX,7Y) with
a,7y,u; € C* for i € I, in order to keep ¢ = o o po p~! as in (8), that is, j% (;) = 7" (1;) for all
1 € I, we must have

wp=a ) if g @ By, wy =~ if g € By

and §;ya~! = 6, for all p; € B; with | # 2. Remark that o =  for (p1,...,pr,0) € H' C H, that
is, if we have s > 2 blocks.
The corresponding parameter vector of ¥ is (b1m4+15-- 501 kgs -+ Ormpt1s- -5 br k) With

=G/ g if s
bij = {yaif/ v)a” ?f vi € B for s <2, and b; = a("i*j)/”iai‘j foralli eI, if s > 3.
ary 9/"1)a,-j if ¥; € Bo
(10)
Note that the parameter vector p is null if and only if
e1 =11 = (t1,0), p2=1v2=1(0,t2), @i =1 = (t,0it;) forall3<i<r, (11)
with 0; # 0; for ¢ # j.

On the other hand, if p is a non-zero vector and a;j, is the first non-zero coordinate, then 1;
(and ;) for all i < ig is given as (11) and we can choose a € C* in (10) corresponding to a;j,
in order to normalize the corresponding coefficient in ¢, that is, to obtain b;,;, = 1.

Eventually (10) allow us to normalize one more coefficient, but for this purpose a finer
analysis would be necessary. However, the above description it is sufficient to present the following

theorem that gives a solution (up to S-action) for the analytical equivalence problem for plane
curves with r irreducible components.

THEOREM 5.10 (A-normal form). Let ¢ = [¢1,...,¢,] € ¥ra, be a multigerm associated
to the curve C. Then ¢ is A-equivalent to v = [¢1,...,%,] as (8) with parameter vector
P = (bi,n,+1,---,brk,) such that the following hold.

~ Ifp=(0,...,0), then ¢y = (t1,0), 12 = (0,t2), ¥; = (t;,0;t;) for all 3 < i < r.
— Ifp#(0,...,0), then b;yj, = 1 is the first non-zero coordinate of p. In addition, 1 € X a,

as (8) with parameter vector p’ = (b} ,,, 41, -, b, ) and first non-zero coordinate b; ; =1 is
A-equivalent to 1 if and only if we have the following conditions according to the number s
of blocks.

s =1 | There exists ¢ € C* such that b;; = clmio—Joni)/mini bj; for all coordinates of p and p'.
If v;, € B there exists c € C* such that:

bij = clmio—domi)/minig b; for all coordinates of p and p" with v; € By;
s=2 bi; = cldo—migni)/minig bi; for all coordinates of p and p" with 1; € Ba.

If 4;, € By there exists ¢ € C* and b;; = i —Joni)/ninig b, for all entries of p and p'.

s >3 | There exists c € C*, ¢o=mi0)/mi0 =1, and bij = c(j*”i)/"ib;j for all entries of p and p’.
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Proof. By Theorem 5.8 we obtain a unique G-normal form for ¢ as (8) and, as described
previously, if the parameter vector is non-zero, then the G-normal form is H-equivalent (or
H'-equivalent if s > 3) to ¢ = [¢1,...,1,] as (8) with parameter vector p = (b1 41, -, brk)
such that its first non-zero coordinate is b;,j, = 1.

Now it is sufficient to describe the parameter vector p’ = (b} ,,, 1,-..,b;;,) of a multigerm
Y' € ¥rag as (8) with the first non-zero coordinate b ; =1 in the orbit H(+) if s <2 or in
H'(v)) if s = 3. This will be done using (10).

If s =1, by (10) we have ~ya~Uo/mig) = 1 and fya_(j/”i)bij = b;j. Consequently, v = a7°/™o
and b;; = almig—joni)/ninig bj; for all coordinates of p and p'.

For multigerms with two blocks it follows, by (10), that b;; = ya~0/mi)p,; if b € By and bi; =
a’y_(j/”")bij it ¢; € By. If ¢, € By, theny = ado/Mio and bij = oo —dons) /ninig bgj for coordinates
of p and p/ with ¢; € By and b;; = alddo—nigni)/ninig b;; for all coordinates of p and p’ with ¢; € Ba.
If 9;, € Bg, then a = ’yjo/”io and b;; = y(j”io*joni)/”i"io b;j for all entries of p and p'.

Finally, for s > 3 we have amig=d0)/mig = 1 and a("i_j)/”ib,-j = b;j foralli el and n; +1 <
J < ko. O]

The above theorem provides a method to decide whether two plane curves are analytically
equivalent. In fact, considering an associated multigerm to a plane curve C with r irreducible
components we compute their A-invariants I' and Ag using the appropriate group G and the
algorithms in [CH20b] for instance. Applying the results in this section, we obtain an .A-normal
form ¢ = [¢1,..., @] for the multigerm of C.

Given another plane curve C’ with multigerm associated ¢ = [¢1, ..., 1], if the A-invariants
I'™ and AZ of m(1) are distinct to the corresponding ones of ¢ for every 7 € S, then C and C' are
not analytically equivalent. If it is not the case, we consider the subgroup R of § such I'" =T
and AT = Ag for all 7 € R. The curves C and C’ are analytically equivalent if and only if there
exists m € R such that ¢ and an A-normal form for 7(v) satisfy the corresponding condition in
Theorem 5.10.

6. Particular cases

In this final section, we recover some known results regarding the analytic classification of plane
curves using Theorems 5.8 and 5.10 and we illustrate how we can apply them in particular
topological classes.

6.1 Irreducible case and bigerms 3
For the irreducible case, i.e. s = r = 1, we must consider G = Ay and the normal form described
in Theorem 5.8 is rewritten as ¢ = (£, jon c;t?).
L;=0

Note that L; = ) if and only if Fyy)(j) = 0, that is, j & Ag.

If n =1, then Ag = N\ {0,1} and ¢ is A-equivalent to (¢,0).

Let us suppose that n > 2 and I' NN = (n,v1,...,v4). Thus, ¢ = (t", ¢, t"* + stZAg cit))
with ¢,, # 0 and, by Theorem 5.10, we have ¢ " (Lt + ngAg bitl).

If j € Ag for every j > vy, then ¢ " (t™,t"1). By [Zar66], this is equivalent to claim that
A\T = 0.
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If there exists j & Ag for some j > vj, then setting A = min{j > v1; j & Ag} we have

o~ (t”,t”1+bAtA+ > bjtj> (12)

A<jéAg
with by # 0 and A +n = v(p*(wp)) where wy := 1Y dX —nX dY.

Remark 6.1. Note that {j > X; j€Agt={j> X\, j €A —n}. In fact, by definition we have
Ag € A — n. On the other hand, given w = (g + 01 X + a2 + h1) dX + (a3 + au X + ha)dY €
Q! with o; € C and wy = hy dX + hadY € Qg in order to have v(p*(w)) —n > A we must have
ap = a1 = az = 0 and nay + viay = 0. In this way, w = (ag/v1)wy + w1, as v(e*(wo)) —n = A #
v(p*(w1)) —n € Ag (by (12)), we have v(¢*(w)) —n =v(p*(w1)) —n € Ag.

By the above remark, if A\ T # (), that is, there exists A = min{j > v1; j & Ag}, then ¢ o
(£7, 87 + ath + 35 jga—n byt?) with by # 0.

Taking ¢ € C* with A% = by, p(t) = ct and o(X,Y) = ("X, 1Y) we obtain (p,0) - ¢ =
(t", 1 4+t + D A<jgh—n a;t7), that is, the normal form presented in Theorem 2.1 in [HH11].

For bigerms, we have two distinct cases according to the number s € {1,2} of Puiseux blocks.
By Theorem 5.8 we get

(tgz, 3 @jtg) s = 1;
j>n2
- 2¢L;
p1 = (ffl, Z aljt{) and @9 = 2Ly A
Jj>ny < Z agjté,t;”) if s =2.
1€Lj j>no
201,

Note that 1 ¢ L; if and only if Fy1y(j) = Fp1,93(j) = 0, that is, F13(j) =0 and j is not a
maximal point of Ag. On the other hand, 2 ¢ L; means that Fysy(j) = 0.
Hence, for curves with two branches, Theorem 5.8 recovers Theorem 6 of [HHR15].

6.2 Singular ordinary point
Let us consider a plane curve C with a singular ordinary point at the origin of multiplicity » > 1,
that is, C has r irreducible regular components given by f; € M \ M? such that the slopes 6; of
their tangent lines satisfy 0; # 6; for all 4,j € I, i # j.

Applying Proposition 3.9 of [CH20a] for this case we obtain that the value semiring I" is
minimally generated by

vi=v(fi)=01,...,1,00,1,...,1); i€l

where the symbol ‘co’ occupies the ith coordinate. In particular, any element v € I' can be
written as (1), i.e. v = inf { D oicr Q1iVis -5 D icy arivi}. If aj; # 0 for all i € I, then ), ; ajv; =
(00, ...,00) which is irrelevant for the computation of v. Thus, we can assume aj; = 0 for every
l € I and some % € I which depends on [.

Note that p; =0 and v;(f;) =1 for all ¢,j € I with ¢ # j, then the conductor of I' is k =
(r—1,...,r —1). In particular, F} (k) # 0 for every k > 7 —1 and all 0 # J C I

By Propositions 4.3 and 4.4, for r € {1,2, 3} the plane curve C admits a multigerm ¢ that is
A-equivalent to [(t1,0)], [(t1,0), (0,t2)], or [(¢t1,0), (0,t2), (t3,t3)], respectively.

In what follows we consider r > 4. Note that the appropriated subgroup to apply Theorem 5.8
is g = Al.
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Using the generators of the value semiring I" we can describe the non-empty fibers F; (k) for
0<k<r.

LEMMA 6.2. For a singular ordinary point with multiplicity r the J-fiber of k € N" of T' is
non-empty if and only if §J > r — k. Moreover, for any J C I with §J > r — k we have

FYk)={k+o; a=(a1,...,a,) €N witha; =0ifj€ Janda; #0ifj €I\ J}.

Proof. As the conductor of I' is k = (r — 1,...,7 — 1) it is sufficient to describe the fiber ! (k)
for every k= (k,..., k) e N, 0< k< r—1and every J C I with J # (.

First, note that if F; (k) # 0, then §J > r — k. In fact, let v € FL (k). Since v € T, there exists
h € C{X,Y}, namely of multiplicity ny, such that v = v(h). If §J <r —k, asn; = 1, §; # 0, for
all i,1 € I with i # [, we must have my, < np <vj(h) =k <r —4J, for all j € J, where my, is
the number of distinct tangent lines of h. However, in this way, there exists ¢ € I\ J such that f;
and h do not share the same tangent line. Thus, v;(h) = nj, < k and, therefore, v ¢ FY (k) which
is a contradiction.

Now we describe F (k) with §J > r — k.

For 0 <k <r—1 we take any Jo C I with §Jo =r —k (> 1) and let us consider the sets
I\JO = {il,...,ik} and {il,...,im,...,ik} = {7,1,,Zk}\{lm}

Fixing ig € Jy we set

Co= Z V(fl)a Gm = Z V(fl)+(1+am)y(fio) 6NT7
le{it, i} 1E{i1seyim s}
with 1 <m < k and a1, ..., a; € N. Note that the coordinates of (o and (,,, respectively, satisfy
i = ko ifj e Jo, o L i § € {ioy ity imy. sk},
T Voo itjelNJo, ™ \ktam i {ioyite...sims...sin).
Thus, v = (v1,...,7%) :=1inf {{o,(1,..., ¢k} €I is such that v, =k if j€ Jy, vj =k + oy
with a; € N for j € I'\ Jp.
Hence, the above construction ensures that for any J C I with §J > r — k we have
FYk)={k+o; a=(a1,...,a,) €N witha; =0ifj€ Jand a; #0if j€ I\ J}. O

Remark that v(M?)—1C Ay, which implies that its corresponding fibers satisfy () #
FY(k+1)—1C Fy(k) for all k > 2 and §J > r — (k + 1).

Taking L = {1,...,min{k + 2,r}} and J; = {i,k + 3,...,r} fori € L in Proposition 5.3, then
Corollary 5.5 allows us to eliminate the term corresponding to tf of the component ; for
all i =1,...,min{k 4+ 2,7} preserving the analytic class of C. With this approach we obtain
Theorem 1.1 in [GP11].

PROPOSITION 6.3. Any curve with a singular ordinary point with r branches is analytically
equivalent to a curve defined by a multigerm ¢ = [, ..., 1,] with

i—3
P = (tl,O), o = (O,tg), P = (ti, QitijLZaijtg), 1=3,...,7, (13)
7j=2

where 03 = 1 and 0; # 0; for i # 1.

For r > 4, Granger [Gra79] considers the generic parameter vector to obtain .4-normal forms
and to compute the dimension of the moduli space. The same result was obtained with other
methods by Genzmer and Paul [GP11]. From now on, we consider the generality hypothesis and
we apply our techniques with the purpose to compute the dimension of the moduli space.
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The generality of the coefficients give us a symmetry on the coordinates of A 4,. In this
way, for k > 2 the set Ly C I in Theorem 5.8 is Ly, = {1,2,...,e(k)} for some 4 < e(k) < r. By
Remark 5.4, e(k) is the maximum integer such that for any b;, € C with 1 < i < e(k) there exists
w € Ty, with 8w = (bygth, ..., buth).

Recall that w= (t]'¢f(w),....t; i (w)) € Ta, and ¢ o (w) = ¢} (p) - zi+¢i(q) -yl €
C{t;} for i € I where w = pdX + qdY € Q! and p,q € (X,Y)2.

In what follows, we use the notation

h h
wp, = < > athhmYm) dX + ( > 5h,mthym> dy e ! (14)

with @ m, Bn.m € C. Note that given ¢ = [p1,...,¢,] as (13) and w € Q! if we want to obtain
vi(w) = k and consequently to determine e(k), it is sufficient to consider w = 2222 Wh,.

LEMMA 6.4. With the above notation, if r > 4, we have e(2) = 4 and e(k) = min{2k + 1,7} for
every k > 3.

Proof. Considering a generic multigerm ¢ given as in (13) if w = wo, that is k = 2, then

Pt et (w) = aoti, 53t T es(w)) = Baats,
P2t 0r (W) = (a0 + (@21 + B2,0)0; + (22 + B2,1)07 + B2,207)t7, for all 3< i <7

Now, it is immediate to verify that the maximum integer e(2) such that the system
‘]'2(151-_1@;-k (w)) = bizt? admits solution for any by € C with 1 < i < e(2) is precisely e(2) = 4.

We show that for any 3 <1< [(r—1)/2] if j'(t; "¢} (wi—1 +wi)) = 0 for every i € I, then
wi—1 = 0.

Note that for wy, as (14) with A > 2, we get

G ot (wh)) = anoth,

Gt o (wr)) = Brwth,

h
FE i (wn) = <ah,o + > (nm + Brm- )07 + B H)t?

m=1

he1
+ ( > ((m 4 Danmr + (m +2)Bnm)07" + (b + Q)ﬁh,h9?> aipt) ™!

m=0

for 3 <i < (15)

The condition jl(ti_lgof (wi—1 +wy)) = 0 for every i € I implies that oy_10 = a0 = B1—11-1 =
B1; = 0 and the coefficient of t=1 in ti_lgoz‘ (wj—1 + wy) vanishes for every 3 < i < r, that is,

03 02 .- 0% ai-11+ B-1,0 0
0, 62 ... 0. a—1-1+ Bi—11-2 0
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Thus, aj—1,m = —Bi—1,m—1 for 1 <m <[ — 1. In addition, as the coefficient of thin ti_lgof(wl_l +
wi) is null, by (15) we must have

Bi-1,0
asg 93@32 ce 9?{%32 93 s Qé : 0
. . . . ﬂl—l,l—Q _ . (16)
: : s z a1+ Bio :
arg Ozazy -+ 07 a2 0, --- 0, ) 0
arg + Bri-1

As we suppose ¢ generic, the coefficient matrix has maximal rank min{2/ — 1,7 — 2} and we
get the solution 3j_1,, =0 for 0 <m <1 -2 and oy, = —F),m—1 for 1 < m < [. Consequently,
wi—1 = 0.

In order to obtain jk(ti_lgoz‘(zfp? wr)) = birtF it is necessary that j!(t; '¢¥(wp)) = 0 for each
h=2,...,k—1 and for all [ = h,...,k — 1. From this and the above discussion, it follows by
induction that wy = 0 for 2 < h < k — 2. Thus, it is sufficient to consider w = wr_1 + wg.

By a similar computation as in (15) using [ = k we get the system

Qg0 = big,

Br,k = bag,
k—2 k

ko + 2 BrotmbTain + 3 (ke + Brm—1)0" + Bt = by, for 3<i <
m=0 m=1

Substituting the two first solutions into the other equations, we obtain a system with the same
coefficient matrix as (16). Thus, generically we can solve at most e(k) = 2 + min{2k — 1,7 — 2} =
min{2k + 1,r} such equations. O

As a consequence, we recover the analytical normal form for regular transversal branches in
the generic case, as given in [Gra79, Proposition 2] and [GP11].

PROPOSITION 6.5. Generically, any plane curve with a singular ordinary point and r > 4 is
analytically equivalent to a curve defined by a multigerm ¢ = [t)1, ..., 1,| with

Y1 = (t1,0), pa = (0,t2), P53 = (t3,13), hs = (ta,04t4),

[(i—2)/2]
(O (ti, Oit; + aiot? + Z az‘kti‘c>7 ST
k=3
Proof. The previous lemma gives us Ly = {1,2,3,4} and Ly = {1,...,min{2k + 1,7}} for k > 3.
Thus, by Theorem 5.8, we have the above normal form for 1 < ¢ < 4 and

WP = (ti, Oiti + aint? + Z az’kﬁ) for 5<isr
k>3
idLy

The result follows since that i ¢ Ly, is equivalent to k < [(i — 2)/2] for k > 3. O
Note that for r < 3 the moduli space corresponding is a single point and for »r =4 is a

one-dimensional space.
For r > 5 the parameter vector associated to the normal form @ presented in the previous

result is (a572, (6,2, 06,3y -+, Ar2, - - - ,an[(qﬂ_Z)/Q]). Generically, as 2 # 0 and by Theorem 5.10 we get
a multigerm A-equivalent to ¢ with parameter vector p = (1, agg, a%73, . ,a;ﬂ, ... ’a;,[(r—2)/2])'
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In particular, the dimension of the moduli space M, for multigerm of curves with singular
ordinary point and r > 5 branches is the number of parameters in p plus r — 3 which corresponds
to #{60;; 4 < i < r}. If we denote Ly = {1,2,3} just to unify the notation, we have that I \ L1 =
#{6;; 4 <i <r}. Thus,

_ 9)2
[(r—2)/2] (7“42) for r even,
dimeM, =Y I\ Ly) 1= >  (r—2k—1)= 1 \
k>1 k=1 W for 7 odd,

as originally obtained by Granger [GraT79].

6.3 Multigerms with T'; "N = (n,m) and v;(f;) = nm
We have just studied a class of multigerms in which each block has just one element. In this
subsection, we consider the opposite situation, that is, curves such that we have only one block.
Let C be a plane curve defined by a reduced element f = [[;_, f; € C{X,Y} such that each
branch C; admits I'; NN = (n,m), GCD(n,m) =1 < n < m, and v;(f;) = nm for all 4,1 € I with
i # 1. We present a pre-normal form considering just the topological data and we express the
dimension of the generic component M,.(n, m) of the moduli space by means of the sets L. For
the specific case of n = 2 and m = 3 we present a closed formula for dim¢ M, (2, 3).

The curve C admits a multigerm with Puiseux block form ¢ = [¢1, ..., ;] where
Qi = (t?, aimt;ﬁ + Z amﬁf)
ji>m

with al,, # ajt., Gim # 0 # apy, for every 1 <4, < r, and i # [. In this situation we have a single
block and consequently the corresponding group to consider in Theorem 5.8 is G = A;.

The topological class of C can be characterized by the value semiring I' that, according to
Proposition 3.9 of [CH20a], is I = (v;, v, ..., vy42) with

vy =(n,...,n), ve=(m,...,m), vii2=(nm,...,00,...,nm) i€l (17)

where the symbol ‘co’ occupies the ith coordinate in v;4o.

The conductor of I' is k = (K1, ..., Kkr) with K; = rnm —n — m + 1 for all ¢ € I. In particular,
if k> rnm, then FY (k) # 0 for every ) #J C I and as T C Ty x --- x Iy, if k & (n,m), then
Fi (k) =0.

The next lemma characterizes the non-empty fibers of k € N” with respect to I for k£ < rnm.

LEMMA 6.6. Given k € (n,m) with cnm < k < (c+ 1)nm and 0 < ¢ < r — 1 we have

r—c if k —cnm € (n,m),
r

F;(k’)#@@{ —(c—1) ifk—cnm ¢ (n,m).

Proof. Remark that FL (k) # 0 if and only if there exists v = (y1,...,7) € I with v; = k for
every j € J and y; > k for every j € I\ J. By (1), v € I' can be expressed as

r+2 r+2
7:inf{Zasts,...,Zamvs}, (18)
s=1 s=1

where vg = (vs1,...,0s) is given in (17) for 1 < s < r+ 2.
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For j € J there exists [ € I such that

r—+2 r—+2
v =k = § Q1 sVsj = Qin + apom + § Qg snm
s=1 s=3

with oy j12 = 0. In particular, §J > #{i € I}, o120 =0} =7 —t{i € I; a2 # 0}.

If k — cnm & (n,m), then Zgig ajs <c—land §J >r—(c—1). If k — cnm € (n,m), then
Zgig as<candfJ>r—c

On the other hand, if k — cnm = ayn + aem € (n,m), considering any non-negative inte-
gers as, . .., 19 such that ¢ = Zgig as we get #{i € J; ajr0 # 0} <, Zgif asvs € FY (k) for
J={ie€l, ajzo=0}tand fJ =2r—c. Ilfk—cnm =g & (n,m), then k =g+ nm+ (c— 1)nm =
ain + agm + (¢ — 1)nm and considering ¢ — 1 = Y2772 a, we have 3777 a,vs € FY (k) for J =
{iel; ajyo =0} and §J > r — (c—1). O

Given k > m we have that k € v(M?) C AAl' Thus, considering Fy(k) the J-fiber of k with
respect to A ; we get FY(k +n) —n C Fy(k) and, by the previous lemma, we obtain

r—c if k —cnm € (n,m) —n,
,

VoWV

I _ ﬁJ

For each k > m with cnm —n < k < (¢ + 1)nm — n taking

L=A{1,....,c+1}, Ji={i,c+2,¢+3,...,r} forieLifk—cnm e (n,m)—n;
L=A{1,....¢}, Ji={i,e+1,c+2,...,r} forie Lifk—cnm¢g (n,m)—n

in Proposition 5.3 and Corollary 5.5 we obtain the following result.

PROPOSITION 6.7. Any curve with value semiring generated by (17) is analytically equivalent
to a curve defined by a multigerm ¢ = [p1, ..., p,| with

nm—n—1 ' (i—1)nm—n—1 ' inm—n—1 ]
p1 = (t?, armt] + Z a1jt]1>, ;i = (t?, Z aijtg + Z amﬁf),
j>m j=m j=(i—1)nm—n
Jjg{n,m)—n j—(i—1)nmg(n,m)—n
for 2 <i<r.

As in this topological class the value semiring I' is totally determined by the m-jet of the
multigerm ¢, we can proceed with the study of A 4, for the generic case and consequently we
obtain information about the generic component of the moduli space M, (n, m) of all plane curves
with I' generated by (17) considering the multigerm ¢ = [ip1, ..., ¢,] with ¢; = (7, 3,5, a;;t])
where a;; € C are generic, 0 # a’ # aj,, # 0 for every 4,1 € I and i # [. The generic component
for the moduli space in this topological class was also considered in [GP16] by other methods.

Similarly to the case presented in the last subsection, the generality hypothesis implies that
Ly =0,1ie. e(k)=0o0r Ly ={1,...,e(k)} with e(k) <r for every k > m and, by Remark 5.4,
e(k) is the maximum integer such that there exists w € Zg with j*(w) = (bipt¥, ..., byxtF) for
any by € Cand 1 <i < e(k).

In this context we have the following proposition.
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PROPOSITION 6.8. The dimension of the generic component of the moduli space M, (n,m) is
zero for r =1, (n,m) € {(2,m), (3,4),(3,5)}, and

dime M (n,m) =r -2+ Y _(r —e(k))

k>m

for the other cases.

Proof. Zariski [Zar06] proved that for irreducible plane curves in the topological class determined
by ' NN = (n,m) with (n,m) € {(2,m), (3,4), (3,5)} the moduli space is a single point.

By Theorem 5.10, we can normalize the coefficient ai,, in 1 and, thus, the number of param-
eters in the A-normal form of pis r — 14+, #I\ Ly =r—14 3, (r —e(k)). Moreover,
if > pom(r —e(k)) > 1 there exist j = min{k >m; Ly # I} and | = min{i € I \ L;} such that
aj; # 0. In this way, we can normalize such coeflicient taking ¢ € C* with /=™ = ay;, pi(t;) = ct;
for all i € I and o(X,Y) = ("X, c™Y), that is, (p1,...,pr,0) -0 =% = [¢1,...,9,] where the
coefficient of t{ of vy is equal to 1. In this case, we obtain

dime My (n,m) =7 =2+ Y _ (r —e(k)).

k>m

We show that, except for the above particular cases considered by Zariski, we have >, (r —
e(k)) = 1. More specifically, we show that (r —e(m+ 1))+ (r—e(m+2)) > 1

Let us compute e(m + 1) that, as mentioned previously, it is equivalent to evaluate the maxi-
mum number of equations ]m+1( Hw)/ nt”) =b; m+1tm+1 that admit solution for any b; ;41 € C
with 0 <i <e(m+1) andw—de—i—quEQAl, that is, p € (X,Y)? and q € (X2,Y).

Note that it is sufficient to consider Vi(go;?‘ (w)/nt?) =m+ 1. Thus, if m #n+ 1, then ¢ =0,
and if m+ 1% 0 mod n, then p=0. In particular, for m #n+1 and m+1# 0 mod n we
have e(m +1) = 0.

For m=n+1 and m+1#0 mod n we get w=aYdY, ;™ (pfw)/nt})=
(m/n)aa?, t™ and e(m +1) = 1. Similarly, if m #n +1 and m+ 1 =0 mod n, then w =

,M "1
l(f;l)/na Xtdx, jm L (of (w)/nt?) = ZI(ZQH)/" ot and e(m + 1) = 1.
Ifm=n+landm+1 —Omodn then n = 2, m = 3 and we have w :alXQdX—i—angY,
that is, j* (¢} (w)/2t2) = (a1 + 3a2 Sag)t4 Thus, we get e(m + 1) = min{2,r}.
Now, we compute e(m + 2) for the cases e(m+ 1) > 0. As before it is sufficient to consider
w=pdX +qdY € Qz with v;(p) <m+2 and v;(¢) <n +2.
In the case m =n+1and m+ 1 # 0 mod n, if n > 3 we have w = aY dY/,

. ol (w 2m +1
]m+2< Z( )> = n z2mtzn+1 + < Olaim"bai,m-i-lt;n—i_2

n
nti n

and e(m +2) = 0. If n = 3 and, thus, m = 4, we have w = a1 X2dX + Y dY,

46 <90§§3 )> = gOéQazzAt? + (Oél + 3a2ai,4ai75)t? and e(m+2)=1.
%

When m#n+1 and m+1=0 mod n we have the possibilities: if m #n+2 and
n#2 then w= l(f;rl)/n Xt dX, jmT2(pr(w)/ntl) = Z(Z;l)/na tln thus e(m +2) = 0.
If m#n+2and n=2, then w= ( 1(21;1)/2 X'+ o XY)dX + apX?dY,

(m+1)/2

m
]m+2< 212 > Z ot + <Oﬂai’m+oq’2a"’m>tr+2
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and e(m+2)=1.1Fm=n+2,thenn=3 m=>5,w=a;X?>dX +aY dY, and

) w 5
7% ) = et + ot
K3

consequently e(m + 2) = 1.
Finally, if n = 2 and m = 3, then w = (a1 X? + o XY) dX + (a3Y + ay X?)dY,

JEAC 3 3 7
’ 5<%27(52 )> - (“1 * 2“3“?’3>t’4 * (“2 oot 2"@4043) aiat? and e(m+2) = 1.
7

These computations give us that, except to the cases r = 1 and (n,m) € {(2,m), (3,4), (3,5)},
we have that (r —e(m+1))+ (r—e(m+2)) > 1. O

To illustrate the above result in a specific case, in what follows n = 2, m = 3, and r > 2.

We compute e(k) for any k > m = 3 which allows us to exhibit normal forms to the generic
case and an explicit formula for dimc M,.(2, 3).

Our strategy is the same as that of the previous proposition, that is, to evaluate the max-
imum number of equations j* (cp;"(w) / Zt%) = bi’ktk that admit solution for any b;; € C with
w=pdX +qdY € Qy, that is, p € (X,Y)? and ¢ € (X2,Y). To achieve this goal, for every
h > 2 we consider

[R/3] [(h—2)/3]
wap = (Z Oéh—3z,2th_3lY2l> dX + ( Z ﬁh—2—3l,2l+1Xh_2_3lY2H—1) dy,
1=0 1=0

[(h—1)/3] B/
Woh+1 = < Z ah131,21+1Xh_1_3lY21+1> ax + (Z ﬁhgl,ngh_i”lYQl) day.
1=0 1=0

Any w € €24 can be uniquely expressed as w = 2124 wy. As

* Xh—Sly2l dx * Xh—2—3ly2l+1 dY
L(EOEOY (Ot veay)y
212 212

and

<90;K(Xh—1—3ly2l+1 dX)> (cp;«(Xh—Slyﬂ dY)
173 =V

—2h+1
212 2t7 ) !

for any ¢ € I, in order to evaluate e(k) it is sufficient to consider w = Efz AW

PROPOSITION 6.9. If ¢ = [¢1,...,¢,] Is a generic multigerm admitting value semiring I with
generators as in (17), n =2, m = 3, and r > 2, then e(4) = 2, e(5) = 1, and for k > 6:

k k
e(k) = min {2 {6] + 1,7"} if k# 4 mod 6, e(k)=min {2 [6] + 3,r} if k =4 mod 6,

and e(6[(r —2)/2] +5) = e(3r — 1) = r if r is even.

Proof. We remark that, by the last proposition, e(4) = 2 and e(5) = 1.
First, we consider the system j°™ (¢F (we + wet1)/2t7) = 0 for every i € I and ¢ > 5.
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Using ¢; = (t7 VD3 azjtj) we obtain

o (wan [h/3] [(h=2) /3]
thH( 12t2 > (Za an—31,21 + Z 3 ?gl,+25h 2-31 21+1>t2h

[h/3] [(h—2)/3] 6l 47
( > 2a auman s+ Y 2 a2y 2z+1> 7
1=0

o (wans1) [((h—=1)/3] [h/3] 3
2h+2 1 _ 2l+ 2l+1 2h+1
J <2tf) = < Z Qp-1-3120+1 + Z 5 %3 ﬁh—3l,2z> t;

=0 =0

[((h—1)/3] [h/3]
+ ( (20 + 1)&%(11‘40%_1_3[72“_1 + Z (31 + 2)a?§ai46h—31,21> tl?h-i-?.
=0 =0

If ¢ = 2h, then to vanish the coefficient of t{ in j*! (¢f (we + wey1)/2t7) for every i € I we
obtain the system N - WI’; = 0 with

2[h/3]+
1 a%g a%:% alg”p p=0 ifc=0,2mod6
p: I ¢ = mo 5

1 a%g aﬁg, o azgh/:SHp

3 3
Wo = (ah,m Qp-32 + iﬁh—z,l, ooy Op—3[h/3],2[h/3] T 2Bh3[h/3]+1,2[h/3]1>:

and Wy = (Wo, %ﬂh_2_3[h/3},2[h/3]+1), where W; denotes the transpose of W,
Considering the solution of N - Wlﬁ = 0, the associated system to vanish the coefficient of
et in et (of (we + wes1)/2t2) for every i € I is M - Z! = 0 where

2[h/3 2[h/3]+1
auars aadds - aa N ayy ady oo a2V
M= : : P : ) (19)
2[h/3]—1 3 2[h/3]+1
araars  apaady - apary’ a ady o a0

1 h 3 h 3
Z = <2/Bh—3l+1,21—1§ 1<I< [3],ah—1—3l,21+1 + 5Ph-ai2 0SS [3] -1, 25h—3[h/3},2[h/3]>

if c=0 mod 6 or
h

1 3 .
Z = <2ﬁh—3l+1,2z_1; 1<i< [3],0%—1—31,2[4-1 +5Ph-s2 0SS [3]> if ¢= 2,4 mod 6.

Note that the rank of M is min{2[h/3] + 1,r} = min{2[c¢/6] + 1,7}. If 2[c/6] + 1 < r, then
the solution of the above system implies that w, = 0.

For ¢ =2h+ 1 we vanish the coefficient of t{ in j“t (¢} (we + wer1)/2t7) for every i€ I
solving the system N - W' = 0 where

h

2[h/3]+1
az afy oo ay”
N=1 © : ;
2[h/3]+1
ar3 a??} ari[’) }
940
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3 h
W= <ah—1—3z,2l+1 + 55h—3z,2l; 0<I< [3D if c=3,5mod 6

or
h 3

3 .
W = <ah13l,2l+1 + §Bh73l,2l§ 0<I< {3] -1, 25h3[h/3],2[h/3}> if ¢=1 mod 6.

Taking the solution of the system N - W! =0 in order to vanish the coefficient of tf“ in
JT(@F (we + wet1)/2t7) for every i € I we obtain the system M - Z' = 0 where

2[h/3]-2 2[h/3
as auddy - aualy™? 1 ddy - a
M = : : g oo : if c=1 mod 6,
9 2[h/3]—2 9 2[h/3
ar @y oo amay 1y e a
2 2[R/3] 2 2[h/3]+2
a4 Q143 -+ Q14075 1 a3 -+ ajj
M = : : : S : if c= 3,5 mod 6,
2 2[h/3 2 2[h/3]+2
Arg  QraQpg - a’T4ar{[’; /3 1 Qrg arf[ﬂ &

1 h 3
Z = <2ﬁh—3z,2z;0 <I< [3] — 1, apy1,0, Qhg1-31,20 + §ﬁh+2—3z,2l—1;

1<l [Z}) if c=1 mod 6,

1 h 3
Z = <25h—31,2l; 0<I< [3] s Qb 1,0, Qg 1-31,20 + §ﬁh+2—3z,25—1;

h| 3 .
1<I< [} ; 25h—1—3[h/3],2[h/3]+1> if ¢ =3 mod 6

and

1 h 3 h .
Z= <25h—3l,2z; 0<I< [3] s Oh 41,05 ah—2—31,25+2+§ﬁh—1—3l,2z+1; 0<I< [3D if ¢ =5 mod 6.

Remark that the rank of M is min{2[h/3] + 1,7} = min{2[c/6] + 1,7} if c=1 mod 6 or
min{2[h/3] + 3,7} = min{2[c¢/6] + 3,7} if ¢ = 3,5 mod 6. In particular, w. = 0 if 2[c/6] +1 < r
for c =1 mod 6 or 2[c/6] + 3 < r for ¢ = 3,5 mod 6.

In this way, to study the system j* (¢} (w)/2t?) = b; xt¥ with b, € C, i € I for r < 2[(k —
1)/6] +1 or 2[(k —1)/6] + 3 < r it is sufficient to consider w = wy—1 +wy € 5 . For this sit-
uation the cases are the same as those considered above, where we obtained the system
M-Z"= (byg,...,br)" with M and Z described previously taking k = ¢+ 1. Hence, e(k) =
rank(M) for all k > 6.

As [k/6] = [¢/6] for ¢ # 5 mod 6 and [k/6] = [¢/6] + 1 for ¢ = 5 mod 6, we get

k k
e(k) = min {2 [6] + 1,r} if k24 mod 6 and e(k)=min {2 [6} + 3,r} if k=4 mod 6.
We obtain the same conclusion if r = 2[(k — 1)/6] + 2 and k # 5 mod 6.
For r=2[(k—1)/6]+2 and k=5 mod 6, that is, k=3r—1=06[(r —2)/2] + 5, the

condition j* ! (pf(wp—2 +wi—1)/2t?) =0 for every i€ I produces a system M-Z'=0
with rank(M) = min{2[(k —2)/6] + 3,7} = min{r + 1,7} =r. In this way, we have an extra
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variable for the system jk(goz‘(wk_g 4+ wp_1 + wk)/2t?) = biyktf that can be expressed as
M- Zt = (big,...,br k)" where M is the matrix M as in (19) with an extra column depending
on a;3, a;4 and a;s. This allows us to conclude that

c{Gr;2]+5>:e@r—D:ﬂmmwﬁ%:mm{QVgl]+1+Lr}=r. O

As a consequence of Propositions 6.8 and 6.9 we obtain an explicit formula for the dimension
of the generic component of M, (2, 3).

COROLLARY 6.10. For plane curves that admit value semiring generated by (17) with n = 2,
m = 3, and r branches, the dimension of the generic component M,.(2,3) of the moduli space is

(7"_1)(237"_5) if r is odd,

d. MT‘ 2’3 =
im¢ M(2,3) (r—1)@Br-5+1 if r is even
! .

Proof. The case r = 1 is immediate.
By Proposition 6.8 and the above result we have that

dime M,(2,3) =r =2+ ) (r—e(k)) =3r =5+ (r—e(k))

k>4 k>6
=3r—5+5 Y (r—e(k)+ Y (r—e(k). (20)
k>6 k>6
k#4 mod 6 k=4 mod 6

We remark that for r = 2 we have e(k) = 2 for every k > 6, then dimc M2(2,3) = 1.
If k£ =4 mod 6, we have e(k) = min{2[k/6] + 3,7} and

kZ}ﬁ (r—e(k)) = [(riﬁ](r —(2i+3)) = [r ; 3] <r 4 [7" ; 3} ) (1)

k=4 mod 6

If k # 4 mod 6, then e(k) = min{2[k/6] + 1,7} and e(6[(r —2)/2] +5) =e(3r—1) =rif r
is even. Thus,

> (r—e(k)

k>6

k#4 mod 6
[(r—4)/2] r—1 r—1
oo (r—(2i41)) = [ 5 :|<7“—2— [ 5 ]) —1 if k=5 mod 6 and r even,
i=1
) —-y/2) 1 1
oo (r—=(2i41)) = [T2 ](7‘—2— [7"2 ]) otherwise.
i=1
(22)
For r > 3, considering (21) and (22) in (20) the result follows. O
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