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1. Introduction. If R is a ring, a right (left) ideal of 
R is said to be large if it has non-zero intersect ion with each 
non-zero right (left) ideal of R [8]. If S is a set, let JSJ be 
the cardinal number of S. We say a right (left) ideal I of a 
ring R is very large if JR / l | < )i • If a is an element of a 

ring R such that (a) = {r z RJar = 0} is very large then we 
say a is very singular. The set of all very singular elements 
of a ring R is a two sided ideal of R. If R is a pr ime ring, 
then 0 is the only very singular element of R and a very 
large right (left) ideal of R is indeed large provided that R is 
not finite. In case R is a simple ring, every non-zero right 
(left) ideal of R is very large if and only if either R is finite 
or R is a division r ing . If R is a pr ime ring with 1 such 
that the charac te r i s t ic of R is zero , then R is a right order 
in a simple ring with minimum condition on one-sided ideals if 
every large right ideal of R is very la rge . In case R is a 
pr imit ive ring with 1 such that the charac ter i s t ic of R is zero, 
then R is a simple ring with minim, um condition on one-sided 
ideals if and only if every large right ideal of R is very large . 

2. If R is a ring, let R be the right singular ideal 
of R and let 

Z(R) = {a e RJ(a) is very large} . 

PROPOSITION 2.1 If I and J a re very large right 
(left) ideals of a ring R then iHJ is a very large right (left) 
ideal of R. 

Proof. Since I R / I | < )t and J R / j | < * , iR/lf l j l < H 
' ' o o o 

by Po inca ré ' s theorem [6: p . 40, Exerc ise 3]. 
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P R O P O S I T I O N 2 . 2 If I i s a v e r y l a r g e r i g h t i d e a l of 
a r i ng R then, for any x e R, the s e t ( I :x ) = { r e R | x r e 1} i s 
a v e r y l a r g e r i g h t i d e a l of R. 

P roo f . Define a m a p p i n g f by f(r) = x r + I for a l l 
r £ R. Then f i s an R - h o m o m o r p h i s m f r o m the ( r igh t ) 
R - m o d u l e R onto the R - m o d u l e (xR + I ) / I . S ince the k e r n e l 
of f i s ( I :x ) , R / ( I : x ) = (xR + I ) / I . Hence 

| R / ( I : x ) | = | (xR + I ) / I | < | R / l | < K 0 -

T H E O R E M 2 . 3 . If R i s a r i n g , Z(R) i s a two s ided 
i d e a l of R. 

P r o o f . If x, y e Z(R) then (x - y ) r D ( x ) r fl ( y ) r • H e n c e 

| R / ( x - y ) r | < | R / ( x ) r P l (y ) r | by [5 : T h e o r e m 1 . 5 . 3 , p . 1 2 ] . 

Since | R / (x ) r fl ( y ) r | < >̂  by P r o p o s i t i o n 2 . 1, x - y e Z ( R ) . 

If r z R, x £ Z(R) then (rx)1" D ( x ) r . Hence r x £ Z(R) . Now 
r r 

c o n s i d e r (xr) . By P r o p o s i t i o n 2 . 2 , ((x) : r ) i s v e r y l a r g e . 
r r 

Thus x r £ Z(R), s i n c e (xr ) D ((x) : r ) . 

T H E O R E M 2 . 4 . If R i s a r i ng such tha t Z(R) = 0, then 
a v e r y l a r g e r i g h t i dea l of R i s l a r g e . 

P roo f . Suppose t h e r e e x i s t s a v e r y l a r g e r i g h t i d e a l I 
of R such tha t I i s not l a r g e . Then t h e r e e x i s t s a n o n - z e r o 
r i g h t i d e a l J of R such tha t i f l j = 0. Def ine a m a p p i n g f 
f r o m the R - m o d u l e J onto the R - m o d u l e (J + I ) / I by 
f(j) = j +1 lor a l l j £ J . Since i f l j = 0, f i s an i s o m o r p h i s m . 
Hence | J | = | ( J + I ) / l | < J R / l | < jŝ  . Le t j £ J such tha t 

jR =f= 0 (if jR = 0 for a l l J E J then J C Z ( R ) ) . Then jR = R / ( j ) r . 

Thus | R / ( j f | = | j R | < | j | < K and 0 ^ j £ Z(R) . T h i s i s 
i m p o s s i b l e . 

T H E O R E M 2 . 5 . If R i s a s e m i - p r i m e r i n g , then 

R A f l Z ( R ) = 0. 
r 

P roo f . Le t X E R PtZ(R) such tha t x i o . Then 
r ' 

| R / ( x ) j < >* . Since R i s a s e m i - p r i m e r i n g , 0 < | R / ( x ) | . 
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Since xR = R/(x) and 0 < jxR| < >( , there must exist a 

minimal r ight ideal I of R such that I C xR C RA OZ(R). 
— — r 

Hence if i e I then (i) 0 1 =̂ 0 and il = 0. This is impossible, 
2 , 

since I f 0. 

THEOREM 2 . 6 . If R is a pr ime ring which is not 
finite then Z(R) = 0. 

Proof. If x £ Z(R) such that x =f= 0, then 

jxRj = |R/(x) J < }$ . Hence R is a primit ive ring with a 

minimal r ight ideal which is finite. Thus by [7, Theorem 3, p . 33] 
R is a finite r ing. This is a contradiction. 

COROLLARY 2 . 7 . If R is a pr ime ring which is not 
finite, then a very large right ideal of R is la rge . 

Proof. This is a consequence of Theorem 2.6 and 
Theorem 2. 4. 

COROLLARY 2 . 8 . If R is a pr ime ring which is not 
finite, and is such that every non-zero right ideal of R is very 
large then R is a right Ore domain. 

Proof. By hypothesis and by Corollary 2.7, if 

a e R, a 4= 0, such that (a) r 4= 0, then a e Z(R). This is 
impossible by Theorem 2 .6 . Thus R is a right Ore domain. 

3. It is well known that if R is a ring with 1 such that 
every right (left) ideal of R is a direct summand of R, then 
R is a semi-s imple ring with the minimum conditions on one 
sided ideals (See [2, Theorem 4. 2, p . 11]). For a later 
reference, we will state the following tr ivial improvement of the 
above fact. 

LEMMA 3 . 1 * . If R is a ring with 1 such that each 
maximal r ight (left) ideal of R is not large, then R is a 
semi-s imple ring with the minimum condition on one sided ideals . 

Proof. Let F be the right socle of R. If 1 f: F, then 

The author proposed this lemma as a problem in the Canad. 
Math. Bull . vol. 8, No. 1, 1965. 
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by Z o r n ' s L e m m a t h e r e e x i s t s a m a x i m a l r i g h t i dea l , say I of 
R, such tha t I D F . Since I i s not l a r g e , t h e r e i s a n o n - z e r o 
r i g h t i d e a l J of R such tha t l f l j = 0 . I © J = R, s i nce I i s 
m a x i m a l . H e n c e J i s a m i n i m a l r i g h t i d e a l of R which i s not 
conta ined in F . Th i s i s i m p o s s i b l e . Thus 1 £ F and F = R. 
F r o m [ 1 , T h e o r e m 1 1 , p . 6 1 ] , the a s s e r t i o n f o l l o w s . 

L E M M A 3 . 2 . If e v e r y l a r g e r i g h t i dea l of a s i m p l e 
r ing R with 1 i s v e r y l a r g e , then R s a t i s f i e s the m i n i m u m 
condi t ions on o n e - s i d e d i d e a l s . 

P roo f . If R is f in i te then c l e a r l y the a s s e r t i o n i s t r u e . 
Suppose R i s not f i n i t e . Le t I be a m a x i m a l r i g h t i d e a l of R. 
If I i s l a r g e then | R / I | < H .. Hence t h e r e e x i s t s a f in i te 

° n n 

n u m b e r , n, of e l e m e n t s ( x . ) . t such tha t R = U {x. + I) . 
»• xJ 1 = 1 i = i i J 

By P r o p o s i t i o n 2 . 2 and C o r o l l a r y 2 . 7 , ( I : x . ) i s a l a r g e r i g h t 
n 

i d e a l of R for each i = 1, 2, . . . , n. H e n c e K = J i (I : x . ) i s a 
i = l l 

n 
n o n - z e r o r i g h t i d e a l of R. Since R = .LJ {x. +1} , R K C I . Since 

R i s s i m p l e , th i s i m p l i e s tha t I = R. Th i s i s i m p o s s i b l e . Thus 
e v e r y m a x i m a l r i g h t i d e a l of R i s not l a r g e . Now by L e m m a 3. 1, 
the a s s e r t i o n i s t r u e . 

COROLLARY 3 . 3 . If R i s a s i m p l e r i ng , then R i s 
f ini te or a d iv i s i on r i ng if and only if e v e r y n o n - z e r o r i g h t 
(left) i d e a l of R i s v e r y l a r g e . 

P roo f . It suff ices to p r o v e tha t e v e r y n o n - z e r o r i g h t 
i d e a l of R i s R in c a s e R i s not f i n i t e . H o w e v e r , th i s fo l lows 
f r o m the proof of L e m m a 3 . 2 . 

T H E O R E M 3 . 4 . L e t R be a p r i m e r i n g wi th 1 s u c h tha t 
the c h a r a c t e r i s t i c of R i s z e r o . Then R i s a r i g h t o r d e r in a 
s i m p l e r i ng with the m i n i m u m condi t ion on o n e - s i d e d i d e a l s if 
e v e r y l a r g e r i g h t i d e a l of R i s v e r y l a r g e . 

P roof . Since the c h a r a c t e r i s t i c of R i s z e r o , R i s no t 

f i n i t e . Hence by h y p o t h e s i s and T h e o r e m 2 . 5 , R = 0. By 

[8, T h e o r e m 3] and [9, T h e o r e m 2 . 7 ] , the m a x i m a l r i g h t 
quot ien t r i ng R of R i s a p r i m e r i ng which i s r e g u l a r 
(von N e u m a n n ) . Le t I be a l a r g e r i g h t i d e a l of R . T h e n 
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I = I l iR i s a l a r g e r i g h t idea l of R. Hence I i s v e r y l a r g e , 
Thus t h e r e e x i s t s a p o s i t i v e i n t ege r n such that nR C I. Le t 
a = n l . If a = 0 then the c h a r a c t e r i s t i c of R i s z e r o . Hence 

a £ 0. If (a)1* 4= 0 then for any t e ( a ) r , r E R, a r t = n( r t ) 

= r n t = r O = 0. Hence (a) would be a n o n - z e r o t w o - s i d e d 
i d e a l of a p r i m e r ing R. This i s i m p o s s i b l e . Thus ( a ) r = 0. 
Since R is r e g u l a r , t h e r e e x i s t s x £ R such that axa = a and 
a(xa - 1) = 0. Since ( a ) r = 0, th i s i m p l i e s that xa = 1. Now 
xa = xnl = nx = ax . Thus 1 = ax z I and I = R. Thus , by 
L e m m a 3 . 1 , R is a s i m p l e r ing with m i n i m u m condi t ions on 
o n e - s i d e d i d e a l s . By [4, P r o p o s i t i o n 5 . 6 ] and [9, T h e o r e m 4 .Z ] , 
R i s a r i g h t o r d e r in a s i m p l e r ing with m i n i m u m condi t ions on 
o n e - s i d e d i d e a l s . 

T H E O R E M 3 . 5 . If R is a p r i m i t i v e r i n g with 1 s u c h 
tha t the c h a r a c t e r i s t i c of R i s z e r o , then R i s a s i m p l e r ing 
with m i n i m u m condi t ion on o n e - s i d e d i d e a l s if and only if e v e r y 
l a r g e r i g h t i d e a l of R i s v e r y l a r g e . 

P roof . If R is a s i m p l e r ing with the m i n i m u m con­
d i t ion on one sided i d e a l s , then R i s a d i r e c t s u m of a f ini te 
n u m b e r of m i n i m a l r i g h t i d e a l s . Hence any l a r g e r i g h t i dea l 
of R m u s t be R i tse l f . C o n v e r s e l y , suppose e v e r y l a r g e 
r i g h t i d e a l of R i s v e r y l a r g e and R i s not f in i t e . Le t M be 

a fai thful s i m p l e R - m o d u l e . If m £ M, m f 0, then (m) = 

{r £ R | m r = 0} i s not l a r g e . O t h e r w i s e , JR/ (m) | < )4 and 

m R = M would be a f ini te s e t . In th is c a s e R i s a f ini te r i ng 

by [7, T h e o r e m 3, p . 33] , If (m) i s not l a r g e then t h e r e i s a 

n o n - z e r o r i g h t i d e a l I of R such that (m) 0 I = 0, and 
r r 

(m) © I = R s ince (m) is a m a x i m a l r i g h t i dea l of R. Hence 
I m u s t be a m i n i m a l r i g h t i dea l of R. By T h e o r e m 3 .4 , the 
m a x i m a l r i g h t quot ien t r i ng R of R i s a s i m p l e r i ng with 
m i n i m u m condi t ions on r i g h t i d e a l s . Le t I be a m i n i m a l 
in j ec t ive hul l of the R - m o d u l e I which is conta ined in R. Then 
I i s a r i g h t i d e a l of R and I i s a m i n i m a l r i g h t i d e a l of R by 
[10, L e m m a 2 . 2 ] . Now by [3, T h e o r e m 2] , Horn A (I, I) i s a 

R 
r i g h t quo t ien t r i ng of Horn (I, I ) . Since Horn (I, I) i s a 

R R 
d i v i s i o n r i n g , Horn * (I, I) = Horn (I, I ) . Since the d i m e n s i o n 

R R 
A / \ A 

of H o m M l , I ) - space I i s f ini te so i s the d i m e n s i o n of 
R 

195 
https://doi.org/10.4153/CMB-1966-025-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1966-025-9


Horn (I, I ) - space I. Thus R is a simple ring with minimum 
R 

conditions on one sided idea l s . 
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