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Simplicial Cohomology of Some
Semigroup Algebras

F. Gourdeau, A. Pourabbas, and M. C. White

Abstract. In this paper, we investigate the higher simplicial cohomology groups of the convolution
algebra £1(S) for various semigroups S. The classes of semigroups considered are semilattices, Clifford
semigroups, regular Rees semigroups and the additive semigroups of integers greater than a for some
integer a. Our results are of two types: in some cases, we show that some cohomology groups are 0,
while in some other cases, we show that some cohomology groups are Banach spaces.

1 Introduction

In this paper, we investigate the higher simplicial cohomology groups of the convo-
lution algebra ¢!(S) for various semigroups S. Our results are of two types: in some
cases, we show that some cohomology groups are 0, while in some other cases, we
show that some cohomology groups are Banach spaces.

There are several reasons why one might wish to show that a cohomology group
of a Banach algebra is a Banach space. The first reason is that if one can show that the
algebraic cohomology group is trivial, then this often leads to the conclusion that the
space of coboundaries is dense in the space of cocycles. If one can additionally prove
that the space of coboundaries is closed, then one has a proof that the cohomology
is trivial. This is the method adopted in the proof that 3*(¢1(S), £°°(S)) = 0 in this
paper for the semilattice case. The second reason for wanting cohomology groups
to be Banach spaces, is that in more advanced calculations [6, 7] one wishes to take
projective tensor products of cohomology groups: this works well when the groups
are Banach spaces. A third reason is that one can see showing the cohomology is a
Banach space as a step to identifying the Banach space and hence the cohomology
group. Finally, in the examples we have in this paper, as the first simplicial cohomol-
ogy groups are trivial, the fact that the second cohomology groups are Banach spaces
is equivalent to the first simplicial homology groups being trivial (see [6, Corollary
4.9]).

We now give an outline of the paper. In [4] second order cohomology groups of
some semigroup Banach algebras were determined. For the semilattice S (that is, a
commutative semigroup S in which ¢ = e for each e € S) Dales and Duncan [4]
showed that F2(¢*(S), X) = 0 for any commutative Banach £!(S)—module X. The
cohomology of semilattices, which is addressed in Section 2, is of interest because
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many algebras contain subalgebras generated by idempotents. When these generate
an amenable algebra, as is often the case, one can easily normalize with respect to this
subalgebra. When the algebra they generate is not amenable, as here, one would still
wish to normalize with respect to this subalgebra. We do not show that is possible,
but we do make a first step, which is to show that the subalgebra has cohomology
which is simpler than one might expect. We show that 33 (¢£!(S), X), for any com-
mutative Banach £!(S)-module X, is a Banach space. In particular we show that the
third simplicial cohomology group of £!(S) vanishes.

For the semigroup Z,, we know [5] that all simplicial cohomology groups of
I(Z.) vanish for n > 2. If we consider the semigroup of integers N, = {n € Z, :
n > a} where a > 0, the situation becomes more complicated. This is the situation
we consider in Section 3. In fact, all we are able to show in the general case is that
H2(L'(N,), £2°(N,)) is a Banach space. This is shown by considering approximately
additive functions.

In Section 4 and Section 5, we respectively consider the Clifford semigroups and
the regular Rees semigroups. The main results are that for those two classes of semi-
group, the second simplicial cohomology group of £!(S) is a Banach space.

Before giving our notation, we explain the general idea for showing that a coho-
mology group is a Banach space. Let §: C"(A,X) — C""1(A, X) be the boundary
map. Then H"(A, X) is a Banach space if and only if the range of ¢ is closed, which
is the case if and only if § is open onto its range, that is, there exists a constant K such
that if v = §(¢) is such that |[¢p|| < 1, then there exists ¢; € C"(A, X) such that
ll1]| < K and ¢ = 6(¢;). This is in turn equivalent to the existence of ¢y € ker §
such that ||¢ — ¢o|| < K (where ¢pg = ¢ — ¢y).

We now recall some basic results and introduce our notation. Let A be a Banach
algebra and let A’ be a Banach A-bimodule in the usual way. An n-cochain is a
bounded n-linear map T from A to A’, which we denote by T € C"(A, A’). The
map §": C"(A, A") — C"(A, A’) is defined by

(0"T) (a1, - -, an1)(ao0) = T(ay, as, . .., anr1)(aoar)
— T(a1ay,as, . .., ans1)(ao)
+ T(ay, axa3, a4, ..., a541)(ag) + - - -
+(=1)"T(ay, ..., an—1,a,84+1)(d0)
+ (=)™ T(ay, ..., a,)(an1a0).

The n-cochain T is an n-cocycle if " T = 0 and it is an n-coboundary if T = 6"~'S for
some S € C"1(A, A’). The linear space of all n-cocycles is denoted by Z"(A, A’),
and the linear space of all n-coboundaries is denoted by B"(A, A’). We also recall
that B"(A, A’) is included in Z"(A,A’) and that the n-th simplicial cohomology
group H"(A, A’) is defined by the quotient

Z"(A,A")

9{”(-A7.A/) - m
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The n-cochain T is called cyclic if

T(ay,az,...,a.)(a0) = (=1)"T(ao, a1, ..., a,—1)(a,),

and we denote the linear space of all cyclic n-cochains by CC" (A, .A’). It is well known
(see [9]) that the cyclic cochains CC"(A, A’) form a subcomplex of C"(A, A’), that
is 6": CC"(A, A") — CC"1(A,A’), and so we have cyclic versions of the spaces
defined above. We denote by H{C"(A) the cyclic cohomology group of order n.

Let X be a Banach ¢!(S)-module. As usual, we identify the element of S with point
masses in £1(S). There is an obvious one-to-one correspondence between bounded
n-cochain ¢ € C"(¢!(S), X) and the bounded function from S x - - - X S into X. Thus
we use the same notation for ¢ € C"(¢!(S), X) and ¢ as a functionon § x - -- x S.

We shall use a much simplified version of the main results of [12]. Before stating
it, we recall a definition. If S is a topological space and G is a (discrete) group, then
we say that S is a G-set if the product gx is defined for all g in G and x in S in such a
way that g(hx) = (gh)x (g, h € G,x € S) and x — gx is a homeomorphism of S onto
Sforevery gin G.

Theorem 1.1 ([12]) Let G be a discrete group, and let S be a G-set. Then for every
Y € CY(L(G),£>°(S)) there exists a P € CY(Y(G), £>°(S)) such that 61 = 61 and
HwH < 2|64, that means H?*(£'(G), £>°(S)) is a Banach space.

2 Semilattice Algebra

The semigroup S is called a semilattice if S is a commutative semigroup such that

¢’ = efor every e € S. The main result of this section is:

Theorem 2.1 Let A = ('(S), where S is a semilattice, and let X be a commutative
A-module. Then H3(A, X) is a Banach space.

Before we give the proof, let us explain the idea behind the calculations in the
proof, which may otherwise seem entirely ad hoc. As mentioned in the introduc-
tion, if one knows that the algebraic cohomology vanishes, this often implies that
the coboundaries are dense in the space of cocycles. If only we can show that the
coboundary map is open onto its range, then we will be able to show that the co-
boundary map has closed range. A method of showing that the map is open is to
try the following strategy. Take a proof that H"(A, A’) is trivial, so that all cocycles
are coboundaries. This will show that a coboundary map is surjective, so certainly
open onto its range. Now try to rewrite this proof to show that if ¢ is an approx-
imate n-cocycle, that is ||0¢|| < 1, then it is approximately equal to a coboundary,
i.e., there exists a ¢ so that ||¢ — d9|| < K (for some K). Then we will have a small
¢’ = ¢ — 61, which has 6¢’ = §¢.

Now let us see how this works in the particular case of Theorem 2.1. We take the
standard proof that derivations vanish on symmetrically acting idempotents.

D(e) = D(¢?) = eD(e) + D(e)e = 2eD(e).
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Hence eD(e) = 2eD(e) and so eD(e) = 0 and so D(e) = 0.

Then if we are given a small 2-coboundary, §v, say ||d1|| < 1, we can think of this
as saying that v is an approximate derivation. Then we have 1(e) = (e?) ~ 2e1)(e),
hence ey)(e) = 2ep(e), and so ey (e) ~ 1)(e) and Y (e) ~ 0. This shows that ¢ is small
on symmetrically acting idempotents. It remains only to make this idea rigorous.

We should note that the proof of Theorem 2.2 has exactly the same motivation,
but it takes as its starting point the rigorous proof below and it is itself a rigorous
proof, not an outline as given above.

Proof of Theorem 2.1 Let ¢ € C*(A, X). We define ¢) € C'(A, X) by

Y(u) = Qu—1)o(u, u).
For ¢’ € C*(A,X) given by ¢’'(u,v) = ¢(u,v) — 61(u,v), we have 6¢’ = d¢ €
B3 (A, X).
We claim that there exists a constant M such that ||¢’(u, v)|| < M ||d¢|| for every

u,v € S which is equivalent to H*(A, X) being a Banach space.
Let us prove our claim. We have

¢ (u, u) = p(u, u) — 2ut)p(u) + 1) (u)
= ¢(u,u) — 2uQu — Dp(u, u) + Qu — 1)p(u,u) =0,

as X is a commutative module. Using the 2-coboundary map, for every a, b, c € S we
have

2.1) |66/ (a,b,0)|| = [lag'(b,c) — ¢’ (ab, c) + ¢'(a, bc) — ¢'(a, b)c|| < [|6¢]] .

Let u,v € S be such that uv = v. Using (2.1) with u, u, v instead of a, b, ¢, respec-
tively, we obtain (using ¢’(u, u) = 0)

(2.2) |ue’ (u,v)|| < [|69]| .

Using (2.1) with u, v, v, along with ¢'(v,v) = 0 and commutativity of the module
actions, we obtain

(23) 1A =) (u, )| = [|¢"(u, v) — v (u,v)|| < [|6¢]] .
Combining (2.2) and (2.3) yields

v (w, V)| < [Ju(t =)' (u, V)| + [lug’ (u, v)|| < 256]].
Thus for every u, v € S with uv = v we have

(2.4) 16" (u, | < 19" (u, v) = v (u, V)| + |lve" (u, V)| < 3|06

If we now consider any u, v € S, we deduce from (2.4) that

16" (u, uv) || < 3|00
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Using (2.1) with u, u, v we now obtain

11 = )" w,v)|| = 19" (u,v) — u(w,v)|| < 66| + [|¢"(u, uv)|| < 4[[50] -

A similar argument to the one deployed above (starting before (2.2), applying
(2.1) for uv = u) yields ||(1 — v)p'(u, v)|| < 4||6¢]|.

Using (2.1) with u,v,uv gives |lug’(v,uv) + ¢'(u, uv) — &' (u, v)uv|| < |[|do].
Thus

|uve (u, v)|| < |luve'(u,v) — ug' (v, uv) — ¢ (u, uv)||

+Jug (v, w)|| + [|¢" (u, w)|| < 7106,
and we deduce that
[ve' (u, V|| < [[vo' (1, v) — uve’ (u, v)[| + [luve (u, v)|| < 111]0¢]] .

Therefore, ||¢' (1, v)|| < [|[(1 —v)¢'(u,v)|| + ||vd’(u,v)|| < 15]|d¢]|, which proves
our claim, and the proof is complete. ]

Theorem 2.2 Let S be a semilattice. Then 73 (¢1(S), °(S)) = 0.

Proof Let F be a finite subset of S and let Sp = {e; : i € J} be the finite semigroup
generated by F, where ] is a finite index set. Then ¢!(Sr) is finite dimensional and it
is the image of a finite dimensional group algebra given as follows.

For each ¢; € Sp set u; = (2¢; — 1). Since u? = 1, each u; is invertible and the set
{u;} generates a group Gy, that is,

GFZ{Hui11§]}~

icl

This group is finite as u? = 1. The map ¢'(Gp) — £'(Sp): u; — €; = 3(u; + 1)
is a continuous and surjective homomorphism. This shows that ¢!(Sg) is amenable,
which implies that " (£ (Sg), £°°(Sg)) = 0 for all n. (See for instance [1, 44.6].)

Now pick ¢ € Z3(£(S),£°°(S)). This restricts to ¢ € Z>(£'(Sg), £>°(SE)), as
£1(Sg) is amenable ¢r = J1)r say.

By Theorem 2.1 there exists 15 such that ¢p = ¢} and ||¢f]] < 15 ||¢F||. Now
define a function ¥} € C2(£1(S), £°°(S)) by extending 1/. to be zero for )} (sy, 52)(s3)
ifanys; & Spfori =1,2,3.

Then {¢}} is a bounded net in C(£!(S),£>(S)) ~ £>(S x S x S) which has a
weak-* compact ball. Now let ¢’ be a limit point of some subnet of the ¢f. Then

TZ)/(51752)(53) = limTLE(Sl,Sz)(%)-
Therefore, 59" (s1,52)(s3) = lim ¢ (s1,52)(s3) = lim @r(s1,$)(s3) = @(s1,5)(s3).

Thus 630" = ¢ and we have Z3(£1(S), £°(S)) = B3(£(S), £°(S)), which means
FC(S), £(S)) = 0. m
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Another method which can be used to prove Theorem 2.2. is based on the fol-
lowing general idea. Constructing a bounded linear operator t": C""'(A,A") —
C"(A,A’) such that §"t" + t"*1§"*! is the identity map on C"*!(A,.A’) shows the
vanishing of the cohomology group H"*!(A, A’). Indeed, if ¢ € €"1(A, A’) is such
that 5" ¢ = 0, then §"(t"(¢)) = ¢, which means that H"*!(A, A’) = 0. The family
of maps t" is called the contracting homotopy if t” exists for each n. Here, we are not
able to build a contracting homotopy but succeed in finding t! and #*> which give the
result. As we mentioned earlier, the method of constructing these maps is based on
the ideas used in the proof of Theorem 2.1.

An alternate proof for Theorem 2.2 Let A = £!(S), where S is a semilattice, and let
T € G3(A,A"). We define

2(T)(u, v) =2uvT (u, u, uv) + T (v, v,uv) — uvT(uv, v, v)
+uT (v, uv,uv) + uT(u,v,v) — uT(uv, uv,v)

+ 2T (u, uv, uv) — T(u, v, uv) — T(u, u,v).

We claim that §'t! + 26> = id, where t': C*(A,A’) — C}(A,A’) is defined by
t'(¢)(e) = (2e — 1)¢(e, e). To prove our claim for ¢ € C*(A,A’) we have

263 () (u, v) =2uvd>p(u, u, uv) + uv52¢(v, v, uv) — uv52¢(uv, v, v)
+ ud?d(v, uv, uv) + ud>d(u, v, v) — ud>d(uv, uv, v)
+ 262 (u, uv, uv) — 8 p(u, v, uv) — 82 p(u, u, v).

Using the definition of boundary map §% we obtain the value of all terms on the
right-hand side of the above as follows

t2(829)(u, v) = ¢(u,v) — [u(2v — 1)p(v,v) — Quv — 1)p(uv, uv)
+vQu — 1)¢(u, u)]
= (id — 6't")(¢)(u, ),

which proves our claim, and the proof is complete. ]

3 Approximately Additive Functions and the Semigroup N,

Definition 3.1 A real-valued function f defined on a subset X of a semigroup S is
called 1-additive if | f(x) + f(y) — f(x+ y)| < 1 whenx, y,x+ y € X, and additive if
|f(x)+ f(y) — f(x+y)| =0whenx, y,x+y € X.

The following proposition will enable us to deduce that the boundary map
§: €1 (£'(N,), £2°(N,)) — C*(£'(N,), £2°(N,))

is open onto its range, and hence that H?(¢*(N,), £°°(N,)) is a Banach space.
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Proposition 3.2 Let f be a real-valued 1-additive function on [s,t] = {n € N:s <
n < t}. Then there exists a universal constant K and an additive function g on [s, 1]
such that || f — gllocc < K where || f]|co = maxee(s |f(x)].

Proof We can assume that f(¢) = 0 by subtracting the linear function g(x) = 7 f(¢)
which is additive. The proof will proceed through four cases.

Case 1: t < 2s. In this case, any function is additive as there are no constraints, and
weletg = f.

Case 2: t = 2s. As f(2s) = 0, we have 1 > |f(s) + f(s) — f(2s)| = |2f(s)| and thus
|f(s)| < 1/2. Letting g(s) = g(2s) = 0 and g(x) = f(x) fors < x < 2s, we have g
additive and || f — g0 < 1/2.

Case 3: 2s < t < 3s. Heret = 2s+uwith0 < u < s. Lets; = [t/2], ) = [s,1],
L =[ss+1,t—s],3 =[t—s+1,2s— 1] and I, = [2s,t]. (Note that I; = & if
t = 3s — 1; all intervals are otherwise non-empty.)

The first step is to show that we can assume f(s) = 0, f(2s) < 1 and f is zero
on I5. To do so, let us consider the functions g; and g, defined by

) = { flx) ifxels,

0 otherwise,

and
(1=2j/u)f(s) fx=s+jfor0<j<u,
X)) =< 2=2j/u)f(s) ifx=2s+jfor0<j<u,
0 otherwise.

Note that for each x, at most one of these two functions is non-zero.

These two functions are additive. For gj, this follows from the observation that for
all x € I, we have s+s > x and s + x > ¢, and thus there are no constraints involving
non-zero values of g;. For g, it is an easy check. We can therefore subtract these two
functions from f and the resulting function will still be 1-additive, and will vanish
on I3 and at s.

Therefore, without loss of generality, we can assume that f is 1-additive, that
f(s) = 0 (from which we immediately deduce f(2s) < 1) and that f is zero on
I5. We show that such a function cannot take values of modulus greater or equal to 5.

Let M = ||f||oo and let x, be the smallest value such that | f(xy)| = M. Without
loss of generality, assume f(x) = M.

If xo € I}, then | f(2x9) — 2f(x0)| < 1 and therefore 2M — M < 1. Thus M < 1
and we are done. Note that for any x € I;, we must have |f(2x) — 2f(x)| < 1 and
therefore, as | f(2x)| < M,

(%) < 5+

| —

If xo € I, then t — xy € I1, and thus from |f(xg) + f(t — x0) — f(#)| < 1 we get
M = f(xo) < |f(t —x0)| + 1 < % + 2 by (%). This gives M < 3 and we are done.
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Note that forx € I, wehavet—x € I and | f(x)+ f(t —x)| < 1. As f(t —x) < %+
(from (*)), we obtain

1
2

() |f(%)] < %+

N W

The only non-trivial case remaining is xo € I, as f vanishes on ;. Then xp—s €
I UL, U I, and from the estimates already obtained in (x) and (*x), we have
|f(x0—s)| < % + % Using this estimate, we deduce from | f(xg —s)+ f(s) — f(x0)| < 1
that M = f(x0) < |f(x0 —s)| +1 < % + 3, and therefore M < 5.

Case 4: t > 3s. Let M = || f||c0> let xo be the smallest value such that | f(xg)| = M,
assuming without loss of generality that f(xo) = M, let I; and I, be defined as in
Case3,andlet; = [t —s+1,t — 1].

If xo is in I; or I;, we argue as we did in Case 3 and we get M < 1 or M < 3.

Suppose now that xg € I3. We have | f(s)+ f(x0—s)— f(x0)| < 1. Asxg—s € UL,
we have |f(xg — s)] < % + 2 as in Case 3. Note that we also have some control on
|f(s)] as 25 € I; U I: we have |f(2s)| < & + 2 and, as [2f(s) — f(25)] < 1, we get
1f(s)] < %+ 2. ThuswegetM < 1+ 34 + 2 + 2 4+ 3 and we obtain M < 15. Hence
we have proved the proposition with the constant K = 15. ]

Remark 3.3 The proof of the previous proposition is long. If one tries to simplify
the proof by extending the function, then the problem is that we cannot extend the
definition of a 1-additive function on [s, t] to a 1-additive function on [s, co[. An easy
example is provided by the 1-additive function f on [3, 5] defined by f(3) = f(5) =
10 and f(4) = 0, which cannot be extended to take a value on 8, for instance. Also,
we cannot in general subtract an additive function g in such a way that (f — g)(s) =
(f—g)() = 0. This would give an easier argument. Finally, note that the proposition
may well hold with a smaller constant, but this is not something of concern for us.

Theorem 3.4  With the notation as above, H*(£*(N,), £°°(N,)) is a Banach space.

Proof Let ¢ € C'(£Y(N,),£>°(N,)) be such that ||§¢|| < 1. Using the one-to-
one correspondence between C"(¢!(N,), £*°(N,)) and bounded functions from the
n-fold product N, x - -+ x N, into £*°(N,), we write

[0 (x, y)(2)| < 1 Vx, y,z € N,
which is [¢(y)(x + 2) — p(x + ¥)(2) + p(x)(y +2)| < 1.
Foreach N > 3a,let fy: [a, N —a] — Rbe given by fy(x) = ¢(x)(N — x). Then

f is 1-additive as, for x, y,x + y € [a, N — a], we have

Ifn(x) + fn(y) — fn(x+p)| = [06(x, y)(N — (x+ )| < 1.

Therefore, it follows from Proposition 3.2 that for each N > 34, there exists
gn: [a, N — a] — Radditive such that || fy — gn|co < K for a fixed constant K.
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Let ¢ € CYH(¢'(N,), £>°(N,)) be induced by

Px)(y) ifx+y < 3a,
an(x) otherwise, where N = x + .

Y(x)(y) = {

Then §(¢p — ¢) = 6(¢) and ||¢ — 9|| < K. The map ¢ is therefore open onto its
range, which proves the theorem. |

4 Clifford Semigroup Algebra

In this section, we show that H2(¢1(S), £>°(S)) is a Banach space, where S is a Clifford
semigroup. We recall that S is a Clifford semigroup if it is an inverse semigroup with
each idempotent central, or equivalently, if it is a strong semilattice of groups. So we
can write our Clifford semigroup as S = U{G, : e € E} where E is the semilattice of
idempotents and each G, is a group with identity element e, and for every e, ¢’ € E,
we have G.G.: C G [3, §4.2].

Remark 4.1 Let ¢ € C*(£'(S),£>°(S)) be a 2-cocycle. Then by [4, Theorem 2.5]
there exists a 1y € CL(£1(S), £>°(S)) such that ¢ = J2 on E. So if we define ¢’ =
¢ — 01, then ¢’ (e;, e;) = 0 for every ej, e, € E. Thus without loss of generality, by
replacing ¢ by ¢ — §1) if necessary, we can assume that for any 2-cocycle ¢ we have
o¢(e1,e;) = 0, where ey, e, € E.

If ¢ € CXLL(S),£>°(S)) is a 2-cocycle, then for every e € E and h € S such that
eh = h, by the 2-cocycle equation d¢(e, e, h) = 0, we have e¢(h, e) = 0 and similarly
o(h,e)e =10

Lemma4.2 Let ¢ be a 2-cocycle. Then there exists 1) € C1(£1(S),£>°(S)) such that
(¢ — 6¢)(g,e) =0foreveryg € S,ande € Ewitheg = g.

Proof Ifeg = g, theng € G, for some e’ € E such that ee’ = ¢, (for instance,
taking ¢/ = g~ 'g). Using the 2-cocycle equation d¢(e’, g, e) = 0, we obtain

e'plg,e) — d(g,e) + p(e',g) — p(e,g)e = 0.
Since eg = g and ee’ = ¢’ we have
e'p(g,e) = e'ep(g,e) = 0,

thus ¢(g,e) = (1—e)o(e’,g) whenevereg = g. Set (g) = —¢(e, g) forevery g € G,.
Then for every g € G,

(¢ — 01p)(g, €) = o(g, €) — gih(e) + ¥(g) — Y(ge
= ¢(g7 e) - (b(e/ag) + ¢(€/,g)€
= ¢(ga 6) - (1 - €)¢(€/,g) = Oa

whenever eg = g. ]
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Remark 4.3 By the previous Lemma, replacing ¢ by ¢ — 61 if necessary, we can
assume that ¢(g, e) = 0 whenever ge = g. Applying the 2-cocycle equation

dg(e, g, h)(k) =0
fore € E, g, h, k € Swith ge = e, we obtain (using ¢(g,e) = 0)

o(g, h)(k) = ¢(g, h)(ek).
Similarly ¢(g, h)(k) = ¢(g, h)(ek) whenever he = e.

Lemma 4.4  Let ¢ be a 2-cocycle and let 1) be defined by 1(g)(h) = ¢(g,e’)(h), for
g € G, and h € G,,, where e’ = eje;. Then (¢ — dv)(g,e)(h) = 0 for every g, h € S
ande € E.

Proof Foreveryg, h € Sande € E, we have

0 (g, e)(h) = (e)(hg) — v (ge)(h) + ¥ (g)(eh)
= ¢le,e’e)(hg) — d(ge, e’e)(h) + p(g, ¢'e)(eh)
= @le, e'e)(hg) — p(ge,e’e)(h) + (g, ¢'e)(h)
and, since (g, e, e’e)(h) = 0, we get
= ¢(g, e)(e'eh) = p(g, e)(erch)
= ¢(g,e)(eh) = o(g, e)(h),

where we have used Remark 4.3 several times. [ |

Following Lemma 4.4, we can now assume without loss of generality that for any
2-cocycle ¢, we have ¢(g,e)(h) = 0 forevery g,h € Sand e € E.

Lemma 4.5  For every 2-cocycle ¢ and for every g € G, h € G,k € G,, and
e = ejeye3, we have ¢(ge, he)(ke) = ¢(g, h)(k).

Proof By the 2-cocycle equation d¢(g, e, he)(ke) = 0, we have

go(e, he)(ke) — ¢(ge, he)(ke) + (g, he)(ke) — ¢(g, e)(hke) = 0.
By Lemma 4.4, the first and the last terms of the above equation are zero, and there-
fore ¢(ge, he)(ke) = ¢(g, he)(ke). The 2-cocycle equation d¢p(g, he, e)(ke) = 0 gives
¢(ge, he)(ke) = ¢(g, h)(ke). Finally by Remark 4.3, since ge; = g and he, = h, we
have (g, h)(ke) = (g, h)(kerez) = é(g, h)(K). .

Theorem 4.6  Let S be a Clifford semigroup. Then H?(£(S), £°>°(S)) is a Banach
space.
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Proof Lett) € C'(£'(S),£°°(S)) with ||§2)]| < 1. We show that there exists a con-
stant M and ¢) € C'(£1(S), £>°(S)) such that ||¢)|| < M and §) = 1), which proves
the result.

For every g € Sand e € E, we have

(4.1) |01(e, €)(g)] = [2¢(e)(ge) — ¥(e)(g)] < 1.

For ge instead of g in (4.1), we obtain |1(e)(ge)| < 1. Thus

(4.2) lih(e)(@)| < 3.

Forg € G, h € G,, and e’ = e;e;, we have

|01 (e1,g)(h)| = |p(g)(her) — (&) (h) + Y(e))(gh)| < 1,
16U (e2,g)(hey)| = |1(g)(he') — 1 (gex)(her) + 1 (ex)(gher)| < 1.

From (4.2), we have, using respectively he’ = he; and ge, = ge’,

[W(@)(h) — (@) (he')| <4 and  |ih(g)(he’) — ¢b(ge)(he)| < 4,

and therefore

(4.3) ¥ (g)(h) — Wb(ge')(he")| < 8.

Now for g € G,,, h € G,, and ¢’ = eje,, we define ¥y (g)(h) = 1(e’g)(e’h). Then by
(4.3), we have ||¢) — 1] < 8.

For every e € E let us define ¥, € CL(£1(G,),£>°(G,)) by 1.()(h) = 1o(g)(h).
It is clear that |[0t.|| < ||d%o]] < 1. Thus by Theorem 1.1 there exists a ¢)] €
CH(M(G,), °°(G,)) such that ||[4!|| < 2 and §v) = d4,.

Let ¥': £1(S) — £°°(S) be given by v'(g)(h) = 1./ (ge’)(he’), where g €
G, h € G, and ¢/ = eje;. Now we need to show that §9' = §1)y. By Lemma
4.5,forg € G,,,h € G,,,k € G,, and e’ = ee;e3, we have

o1p' (g, h)(k) = 81p., (ge’, he')(ke') = dupy(ge’, he')(ke') = d1po(g, h) (k).
Now define ¢ by t) = 1) — 1)y + ¥’. We have
5p = 8(th — o) + by = (1 — o) + 59’ = S(tp — by + 1) = 61,

and

Il = I — o +"|| < ||lv — ol + [|']| < 10. m
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5 Rees Semigroup Algebra

In this section we show that the second simplicial cohomology group for the regular
Rees semigroups are Banach spaces. We conjecture that it is actually isomorphic to
the second simplicial cohomology of the underlying group.

Let G be a group, I and A be index sets, and G = G U {0} be the group with zero
arising from G by adjunction of a zero element. Let P = (p,;) be a regular sandwich
matrix over G°, so each row and each column of P contains at least one nonzero
entry. The associated Rees semigroup is defined by Sg = I x G x AU {@}, where &
acts as the zero element of S and (i, g, \)(j, h, ) = (i,gpajh, i), if p; # 0O and @
otherwise.

We wish to compute the simplicial cohomology of the algebra £!(Sg). This al-
gebra includes the one-dimensional (closed) ideal generated by 14, i.e., the element
of £'(Sy) which is 1 at @ and zero elsewhere. It will be convenient to consider the
quotient algebra obtained by mapping 14 to 0. We will denote this quotient algebra
by ¢(S) even if it is no longer a semigroup algebra. Note that in this algebra, 1,1, = 0
whenever st = & in the semigroup, where 1, is point mass at s.

In the following, it will be convenient to set g,; = p;il for those (a,i) € A x I
such that p,; # 0. For other indices, we set q,; = 1. Also, we set A} = 0 or 1,
depending on whether p,,; is zero or non-zero.

Theorem 5.1 Let Sg be a regular Rees semigroup. Then the cohomology groups
H2(L(Sy), £°(Sy)) and HC* (L' (Sy)) are Banach spaces.

Proof To show that H%(¢!(Sy), £°°(S)) is a Banach space, we must show that the
space B((}(Sy), £°°(Sy)) is closed. We do this by showing that the map

§: € (11 (Sg), £7(Sz)) — CX(£'(Se), £°(Sz))

is an open map onto its range and hence has closed range.

Throughout the proof, one should think of the special case in which A = I =
{0,...,n} and the sandwich matrix is the identity. In a first reading one might also
like to consider the group G to be the trivial group. In this much simplified case, the
algebra ¢!(S) is just the n x n matrices with norm given by the sum of the absolute
values of the entries.

We pick a pair (w,z) € A x I such that p,,, # 0. (Then (z, q..,w) plays the role
of the elementary matrix E;.)

First step: We begin with an element ¢ in B2(£!(Sy), £>°(Sy)) with ||¢|| < 1. This
is the image ¢ = D of some element D in C'(¢!(Sy), £°°(Sz)) which may have
a large norm. We think of D as being an approximate derivation. It is our task to
show that we can choose an element of C' (¢! (Sg), £°°(Sg)) with small norm (that is,
smaller than some absolute constant) that has the same image under §.

It is much easier to work with the algebra £1(S), so we note that 14 acts centrally
and so the value of the approximate derivation is small on 14, i.e., D(1) is small.
Precisely, we have

$(lg,lg) =0D(lg,1g) = (1g - D)(1g) — D(1g) + (D - 15)(lg)
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and therefore D(15) = 2(1g - D)(1g) — ¢(1g, 1»). Acting on the left by 14 yields
(1z - D)(1g) = (1 - ¢)(1g, 1z). These two equations give

D(lg) =2(lg - )1z, 1) — ¢(lg, 1y).

Therefore ||D(14)]| < 3.

As usual, let s stand for the element of £!(Sg) which is 1 at s and zero elsewhere,
and recall that 155 = s1g = 1. Then ¢(1g,5)(1g) = 0D(1g,s5)(1g) = D(s)(1g) —
D(15)(1z) + D(14)(s) and we easily deduce that |D(s)(1z)| < 7.

Thus we have obtained a bound on |D(x)(y)| when one of x, y is 15. We now
define D € CL(£}(Sy),£°°(Sx)) by setting D to be zero if either argument is in the
linear span of 15, and D = D otherwise. Let Dy = D — D so that ||Dg|| < 7. Then
¢ = 0D = 6D — 6Dy and we get ||6D|| < 1+ 3 x 7 = 22. This may not be a pretty
estimate but it will do fine!

Second step: This new cochain D factors through ¢'(S) and so defines an element
D of C'(£1(S), £°°(S)) with a coboundary of norm at most 22, which is cyclic if the
original D € C(¢1(Sg), £>°(Sy)) was. We now argue with D and the algebra £(S).
We will show that we can modify D by a coboundary §1) in such a way that ||D — 4||
is bounded by some universal constant, which will prove that B2(£1(S), £>°(S)) is
closed. Step one will then imply the same for B?(¢!(Sg), (*°(Sy)).

Observe that the map g — (z, 4.,.,€, w) is a homomorphism from the group G into
the Rees semigroup, which induces an algebra homomorphism and hence a homo-
morphism of cohomology groups.

In particular, Dg(g1)(g2) = D((z, 4u.1,w))((z, 282, w)) defines an element of
CH(M(G),€>°(G)) and ||6Dg|| < 22 so by Theorem 1.1 there exist a 1) € £°°(G) and
K > 0 (which is independent of the group and cocycle) such that

(5.1) |Dc(g1)(82) — 016(g1)(g2)| < K.

We now define a function g in C'(£1(S),£>°(S)) by ¥6((z, gu.g,w)) = ¥s(g)
and 1) = 0 otherwise, where (z, w) is fixed as we noted before step one. We consider
the function D, = D — §1). Itis clear that §(D,) = §(D — 61)g) = 6D. Also, we have
ID1((2, 4281, W) (2, 4uzg2, w))| = |Dc(g1)(g2) — 9%6(g1)(g2)| < K. Thus we have
found D; such that D; = §D with the property that |0D;(x)(y)| < K when both x
and y are in the image of £, (G) in ¢ (S).

We complete the proof by finding a coboundary which we add to D;, making the
resulting function small in €!(£(S), £>°(S)). To do so, we define a function

Q/}M(l; dai&, 0[) = Dl((l, Jais W))((Z, dwz8, a))

We wish to show that the boundary of 1 controls the growth of D. Given two
linear operators T and S, we will write T = S+ O(N) if | T — S|| < N. First observe
that as ||0D; || < 22 then D, (st) = sDy(¢) — Dit(s) + O(22). Using this approximate
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derivation identity twice, we have

D1 ((i, gaig1, B))((, 4882, @) = D1((i, qai, w)(2, Guz81, W)(Z, Guz, £))((j, 95j &2, @)
= D1((i, Gai, W) (2, quzgi g2, @) - A
+ D1 ((2, 481, )((2, Gz, w)) - A - AF
+ Di((2, quz, B))((j, 988281, w)) - A" + O(44).

The first of these last three summands can immediately be identified as

Dy (i, o> @)) (2, uzg1g2, @) - AT = (i, quig1, 8)(, 4382, ).

The second summand is D:((z, q..81,w))((2, qu.g2,w)) = (D1)c(g1)(g2), and we
know that ||(D;)g|| < K.
The final summand needs a little more calculation. Observe that

Dy((z, Gz, @)((2, Guzg, @) - A = Di((z, Gz BV, 457, ) (2, 48 w))

= Dl((z7 qwzaﬁ))((]vqﬁ]gaw))
+Di((j, 435, w))((z, 48, B)) + O(22).

As |Di((z, quz, w))((2, w28, w))| < K, this allows us to obtain that the last of the
three summands is

Di((2, quz, O, 458281, w)) - AF = =Di((j, 4pj, W) (2, quzg281, B)) AT + O(K")
- _w((]v Q(fjgz, Oé)(i, daif1, ﬁ)) + O(K/),

where K/ = 22 + K.

Pulling together these three results shows that D; = 0y + O(K + K'), and thus
D, — 0y = O(K").

Summing up, we have shown that D, in C!(¢!(S), £>°(S)) defined by D, = D —
81bG — 6t is such that 6D, = 6D and ||D;|| = ||D — 6¢g — d9u|| < K’ for some
absolute constant K’’”. Thus the map §: C}(£1(S), £>°(S)) — C*(£1(S),£>°(S)) has
closed range.

Finally we note that these cochains ¥g and 1y naturally induce cochains on
01(Sy) (by the quotient map) with the same norm estimates as above, showing
that the original D in C!'(£}(Sgy), £>°(Sy)) is also close to a derivation and so
B2(L1(Sz), £>°(Sg)) is also closed.

For the cyclic case it remains only to note that, as all inner derivations are cyclic,
then D, is cyclic if D is cyclic. ]
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