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UNITS IN GROUP RINGS .
OF THE INFINITE DIHEDRAL GROUP

MACIEJ] MIROWICZ

ABSTRACT. This paper studies the group of units' U(RD,) of the group
ring of the infinite dihedral group D, over a commutative integral domain R.
The structures of U(Z,Dy,) and U(Z3D,) are determined, and it is shown
that U(Z D) is not finitely generated.

1. Introduction. One of the fundamental problems in group ring theory is the Iso-
morphism Problem: given a ring isomorphism RG & RH, can we claim that the groups
G and H are isomorphic? In general the answer is no (see [1], Chapter 3) but the problem
is still open when R = Z —the ring of rational integers—the case most interesting for
topologists.

Recently a substantial progress was made for finite groups due to works of
K. Roggenkamp with L. Scott [1] and A. Weiss [3].

One of possible ways of the attack of the Isomorphism Problem is to study the group
of invertible elements of the ring RH: any ring homomorphism RG — RH maps G into
this group. A lot is known about units in RG for finite groups ([2]). On the other hand,
the domain of infinite groups remains still to be investigated.

In this paper we deal with invertible elements in group rings RD, where R is a com-
mutative domain with unity and D, stands for the infinite dihedral group. In Section 3
we describe a certain subgroup of U(RD,,) whose structure depends only on the structure
of the additive group of R. This subgroup appears to be the whole group of units in cases
R = Z,and R = Z3. This fact enables us to describe in Section 4 the structure of groups
U(Z,Ds), U(Z3D) and prove that the group U(Z D) is not finitely generated.

I would like to express my gratitude to Dr. Zbigniew Marciniak.

2. Notation. In this paper R will be a commutative domain with unity. The infinite
dihedral group can be defined as the semi-direct product of the infinite cyclic group Cy
with the cyclic group of order two C;:

Do = CooCr = (1) (x)

with a well-known presentation Do, = (f,x|x> = 1,xt = t~'x). Since each element
of the group Do, can be written as ' or #x for some i € Z we can write any element
a € RD, in the form:

a = it + 3 bit'x = a+bx where a,b € RCx.

i€z i€l
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Let x: RCo, — RC be the involution of the group ring RC, which comes from
the non-trivial automorphism of the group Co, i.e., let (X a;t))* := Y a;t~'. Using the
relator xt = ¢t~ 'x one can easily see that for any a € RC,, the relation xa = a*x holds.
In particular: (a + bx)(c + dx) = (ac + bd*) + (ad + bc*)x. Applying this formula one can
explicitly embed the group ring RD,, into a matrix ring.

REMARK 2.1. The function ig: RDy, — M>(RCy,) defined as

ir(a+ bx) = (1? f)
is a monomorphism of rings. L]

From now on we identify elements of the ring RD, with their images in igx(RDy,) C
M,(RCo).

Let U(P) denote the group of invertible elements (units) of a ring P.

If = a+ bx € U(RDy) then there exists an element 3 € RD, such that «3 = 1.
Since RC,, is a commutative domain, determinants make sense and det« - det3 =
det(a o B) = detl = 1, which shows that deta € U(RCy), i.e., it is a unit in the
group ring RC,,. But RC,, contains only trivial units (see [2]) so deta = rt' for some
i € Z,r € UR). Moreover rt~" = (det @ )* = (aa* —bb*)* = aa* —bb* = deta = rt™/;
thus i = 0 and det @ = r € u(R). Conversely, if deta = r € U(R) then
9 ( a'r't —br!

o= Ol D )eiR<RDw)§M2<RCOO).

Thus we have proved the following:

REMARK 2.2. If R is a commutative domain then:

a = a+bx € URDy) < deta = aa* — bb* € U(R)

For 0 # a Yjez ait' € RCs, we set:

maxa : = max{i| a; # 0}
minb : = min{i| a; # 0}
dega : = maxa — mina = max aa”

If « = a+bx € RDy, is a non-trivial unit then a # 0,b # 0. By Remark 2.2 we have
aa*—bb* € U(R) hence dega = max aa® = max bb* = degb > 0. We define deg @ :=
dega = deg b. For trivial units o we extend this definition by setting deg a := 0.

We consider special nilpotents in the group ring RDo,:

nij = (1 + sgn(i)fx)d’ (1 — sgn(i)éx)
= (= 1+ 41y 4+ sgn(pyd( 11 = Alyx  forije Z.
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where sgn(i) stands for the sign of i.
In fact (n;)> = 0 because

(ng)* = (.)A £ A Fx)(...) = (...)1 = (#x)H(...) = 0.
Forany r € R,i,j € Z the element 1 + rn;; is a unit in RD, as
(L+rmy)(1 —my) = 1 — P(ny)? = 1.

We will further consider the subgroup of U(RD«,) generated by all units of the above
form, so it is useful to introduce the following notation:

U=(1+ rnij>i,/'€Z,r€|R
Forallk > 0,j € Z:
ij =(1+ rnij>0<i§k,r€R

Wk _ (l + rnij>0>[2_k,rea if charR # 2
J {1} if charR = 2

Obviously, the groups { V;‘},f;’, (respectively { W¥} ) form an ascending system. We
set:
V; = limVf, W; = limWj
k k

Natural inclusions induce homomorphisms from the free products:

@;: %; V) * ;W) — U for k > 0 and
© = lim®;: x;V; x x;W; — U.
k

By I(w) we will denote the length of word w in a corresponding free product.

3. Asubgroup of obvious units in RD,,. Letus start from the description of groups
k k (i ; k
Vi and W} (in any place where we consider groups W}’ we assume that char R #2).If
sgn(i) = sgn(/) then
ng - = (...)(1 — sgn(@i)#x)(1 +sgn(Hex)(...) = (...)-0-(...)= 0,

therefore the function R —» V¥ (R —» W) given by the formula :

(rl,...,rk)—>l+r1n1j+---+rknkj
=(—nt =i w14+ 40t

Vet — o = ndx

+it ™+
respectively
(riy...,m) = L+rin_gj+- -+ rn_y
=(—rnt == H Lt )
40—t = = e+ --+rktk)x_.

is an isomorphism from the additive group of R* onto the multiplicative group V]’-‘ (W;‘).
Therefore we obtain isomorphisms Vi = R¥ (Wf 2 R*) and V; & @;>0R (W; = ®i>oR).
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LEMMA3.1. Letk > Oandletw € %jcz V;‘ *kjcz W;‘ be a non-empty, reduced word
with the last letter g (i.e., (wg™") < I(w)). If ®yw = a+ bx € U C U(RDy,), then:
(i) deg ®yw > O (in particular @y is a monomorphism)
(i) g € Vf <= max(r /b +a) < max{maxa,maxr’b} or min(t /b +a) >
min{ mina, minr b}
g € W = charR # 2 and: max(t”/b — a) < max{maxa,maxt”/b} or
min(r /b — a) > min{ mina, minr ’b}.

PROOF. Induction on the length of word w. From the explicit form of elements of
Vj’»‘, Wj’f (that is words of length one) we conclude that for all words of length one our
Lemma holds. We also observe that

(v) forc+dx € V]’F we have ¢* = —¢,d* = —t ¥d, c+1t7d = 1,

(w) fore+fx€ W wehave ¢* = —e,f* = —t ¥f,e—17/f = 1.

Now let us assume that lemma holds for words of the length n > 1. Let w be a reduced
word with I(w) = n+ 1,w = v - g,l(v) = n. There exists j € Z such that g € V}‘ or
g € Wj. Consider the case g € V}. Let @x(v) = y = 25, g = c+dx, Op(w) = a+bx =
(v + zx)(c + dx) = (yc + zd*) + (yd + z¢*)x. Since w is a reduced word, so that last letter
of v does not belong to Vf and by the inductive assumption (ii) we obtain the following
inequalities:

max(t 7z +y) > max{ max y, max t /z}

G.1.1) o SR
min(t 7z +y) < min{ miny, min¢7/z}.

We calculate
a=yc+zd =yc—1t¥zd = ye—t7z(t7d) = yc — t7z(1 — ¢)
=c(y+tz7)— 17z
From (3.1.1) it follows that
max(c(y + ¢ /z)) = max ¢ + max(y +t /z) > maxt 'z

which implies the equality max a = max(c(y +t7z) — t7z) = max(c(y + t7/z)). On the
other hand by (3.1.1) we have max(y + t 7z) > max y, so maxa = max(c(y + t /7)) =
max ¢ + max(y + £ /z) > maxy. Replacing “max” by “min” and repeating the above
calculations we obtain mina < miny. Thus deg ®;(w) = dega = maxa — mina >
maxy — miny = deg ®,(v) > 0. Similarly we obtain deg ®;(w) > deg ®y(v) > O for
g € WX, which completes the inductive step for (i).

Now, we will show that implications “=" in part (ii) are valid. Let g € V;‘; then

t7b+a=t7(yd+zc*)+(ye+zd*) = t/yd — t7zc + ye — 1 ¥zd
=tdly—t7)+cy—t7 =@ —t7)c+td)y=y—17z

Therefore max(t~/b +a) = max(y — t 7z) < max{ max y, max t /z} . But we have shown
that max y < max a. Using similar calculations and applying inequality (3.1.1) we obtain
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max t7b = max(y —c(y+17z)) = max c+max(y+t~7z) > maxt 7z, somax(t /b +a) <
max{ max y, max r 7z} < max{maxa, max¢~7/b}. In analogous way for g € W} we
obtain max(t /b — a) < max{maxa, maxt~“b}. Considering “min” instead of “max”
one can easily verify that:

g € V}, = min(t?b +a) > min{ mina, min¢ 7} and
g€ Wf; = min(t /b +a) > min{ mina, minz/b}.

Hence to complete proof of (ii) it is enough to show that left sides of equivalences (ii)
exclude one another. First let us notice that if max(¢#b + a) < max{maxa, max #b}
then maxa = max#b and hence max(¢b &+ a) < max#b = j + max b. Therefore if
max(¢b + ea) < max{ max a, max #b} max(t'b + § a) < max{ max a, max ¢'b} forj,I €
Z,e,6 € {£1} then max(¥b +ea — &6 ' ('b + 6§ a)) = max(¥b — £6 ~'#'b) = max b +
max(# —e6~'#) < max{j+maxb,l+maxb} . Eventually we have max(¢¥ — 6 ~'#) <
max(l,j). But if # — €6 ~'¢' # 0 then max(#¥ — &6 ~'#) = max{l,j} which would lead to
a contradiction, therefore ¥ —e6 ~' = 0, i.e., j = 1and e = 6—what was to be shown.
[ ]
Let R be a commutative domain with unity. By D we denote the group of trivial units
of the group ring RD,. We have an obvious isomorphism D = D, X U(R). The groups
U, V;, W; are defined as in Section 2.

THEOREM 3.2. Let G = (U, D). Then:

(i) U= %jez Vi * *jez W; = x7ONR?, where R* denotes the additive group of the
ring R.

(ii) G = UD.

PROOF. (i) We have shown in the proof of Lemma 3.1 that V; = ®NR* (and for
charR # 2: W; = @nR*). In order to prove (i) we should check that the homomorphism

® = lim®;: xV; x *W; — U is an isomorphism. @ is an epimorphism because each
k
generator 1 + rn;; lies in the image of ®. ® is a monomorphism because for 1 # w €

*;Vj * %;W; there exists k € N such that w € %;V§  %;Wf and then by Lemma 3.1. (i)
D(w) = Op(w) # 1.
(ii) In order to prove (ii) it is enough to verify that:

1°:UN D= {1} 2° Uis a normal subgroup of G

1°:If 1 # « € U then by Lemma 3.1.(i) dega > Osoa & D.
2°: D = D x U(R). U(R) is contained in the centre of RD, so it is sufficient to show that
toUotr ' CUandxoUox™' CU.
We calculate:
1

(L+rm) =1 +rmgt™" =1 +rmyin € U
(3.2.1) (1 +my) ] e )
x(1+rmpx™ = 1+rmnyx =1+ elU
which completes the proof of the Theorem. =
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COROLLARY 3.3.
(im @, D) = im & D

PROOF. From Lemma 3.1. (i) it follows that for | # o € im ®; holds: degax > 0
soim®; N D = {1}. But by (3.2.1) im @y is a normal subgroup of (im @y, D) which
complete the proof. n

PROPOSITION 3.4. The groups U, G are not finitely generated.

PROOF. If ay,...,a, € U then there exist k € N such that: o ..., «a, € (D(*jvf *
*jW}‘). Then (..., a,) C im @y But 1 + ngy1); & im @y because Py, is a monomor-
phism. Therefore (a;,...,,) # U. Similarly if 8i,...,8, € G then by Theorem
3.2 there exists k € N such that (8;,...,8,) C im®;D but by the Corollary 3.3,
1+n(k+1)j¢im¢szo(6|,...,ﬁn> #G n

4. Description of groups U(Z;D..), U(Z3D). In this section the group G defined
in Section 3 for the rings Z,Dy, and Z3D, will be denoted by G, and G3 respectively.

THEOREM 4.1.
U(Z,Dw) = Ga = (k7N Z2)Dy

U(Z3Dy) = G3 = (x7BNZ3)Doo

PROOF. In both cases it is enough to prove that trivial units together with units of
the form 1 £ ny; for i,j € Z generate the whole group of units. We will prove this fact
for the group U(Z3D) only but it can be easily seen that the proof is valid also for the
group U(Z;Dq).

Let @« € U(Z3Dy), x = a+ bx. If degx = 0 then « is a trivial unit. Hence we can
assume thatdeg @ > 0. Letj = maxa — max b,

€ = —dmaxa O(bmaxb)7l = %1,

k = min{ min(a + £#b) — min a, maxa — max(a +¢#b)}

Let us notice that aa* — bb* = =+1 (Remark 2.2)= aa* # bb* = a # +ib =

a+ efb # 0; thus k is well-defined. Moreover, k > 1 because dmaxa = —€bmaxp and
Aming = —€bminp—the second equality follows from the equality aa* — bb* = +1 and
the assumption: deg @ = dega = degb > 0. AS dmaxaGmina = g gar = ODhasinr =
brmax 5bmin b hence amina = Pmaxp © Pminp © (@maxa)”' = —Ebminp. We will show that for

s = lors= —1holds deg(a o (1 + sn(x))) < dego.

a o(l +snep) = la +s(—fk +t]‘)a + s(—t_k +8Vedbl+ (.. Ix
=[la+s(—t X a+efb)+*a+efb))]+[...]x

https://doi.org/10.4153/CMB-1991-013-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1991-013-4

UNITS IN GROUP RINGS OF THE INFINITE DIHEDRAL GROUP 89

Leth = —t%a+efb)+ *(a+etb).
Directly from the definition of k we have:

4.1.1) max h = max *(a + e#b) = k + max(a + e#b) < maxa
4.1.2) mink = mins %(a + e#b) = —k + min(a + e#b) > mina

and at least one inequality is an equality. First let us assume that equality occurs in (4.1.1).
The Amaxn = hmaxa € {£1} = Z3 — {0}. Also amuxa € {£1} thus we can choose
s € {£1} in such a way that max(a + sh) < maxa (s = —hmaxs © a;];xa). Similarly if
equality occurs in (4.1.2) then we can choose s € { £1} (s = —hmins © ). ,) such that

min(a + sh) > mina. As a result we obtain:

deg(a o (1 + sn);) = deg(a + sh) = max(a + sh) — min(a + sh)

< maxa — mina = dega = dego.
Simple inductive argument completes the proof. [

THEOREM 4.2.  Groups U(Z Dy,), U(Z3Dw) and U(Z,D,) are not finitely generat-
ed.

PROOF. For groups U(Z3D), U(Z2D) the assertion follows directly from Theo-
rem 4.1 and Proposition 3.4. The homomorphism Z — Z, = 7 /2Z induces a homo-
morphism of rings W: Z D, — Z,D, which restricted to U(Z D) gives us a homomor-
phism of groups ¥: U(Z Do) — U(Z1D). Let us notice that for 1ox,1 0t,n; € ZD
we have:W(lox) = lox € ZyDy, ¥(1ot € Z,D, ¥(ny) = nyj € Z3Doy 50 G, C im'P.
But by Theorem 4.1 G, = U(Z2Dy,) thus W: U(Z Do) —» U(Z2 D) is an epimorphism.
Therefore U(Z D) cannot be a finitely generated group. (]
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