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Abstract

In function fields in positive characteristic, we provide a concrete example of completely normal elements
for a finite Galois extension. More precisely, for a nonabelian extension, we construct completely normal
elements for Drinfeld modular function fields using Siegel functions in function fields. For an abelian
extension, we construct completely normal elements for cyclotomic function fields.
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1. Introduction

Let E be a finite Galois extension of a field F. The normal basis theorem (see [1])
states that there exists an element a € E such that {o(a) | o € Gal(E/F)} is a basis of E
over F. This basis is referred to as a normal basis for E/F, and the element a is referred
to as normal in E/F. Blessenohl and Johnson [3] proved that there exists a primitive
element a for E/F such that a is normal in E/L for each intermediate field L of E/F.
This element a is referred to as completely normal in E/F. When F is infinite, little
is known about explicit constructions of completely normal elements. For examples in
the context of number fields and abelian function fields of characteristic zero, we refer
to [8, 13, 14, 16] and [10], respectively.
For a positive integer N, the group

T(N) = {0‘ € SLy(Z) ‘ o= ((1) (1)) (mod N)},

which is the principal congruence subgroup of I'(1) = SL,(Z) of level N, acts
on the classical upper-half plane $ = {z € C | Im(z) > 0} using fractional linear
transformations. Let C(X(V)) be the modular function field for the classical modular
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2 Y. Hamahata [2]

curve X(N) for I'(NV). It is known that C(X(N)) is a finite Galois extension of C(X(1))
with

Gal(C(X(N))/C(X(1))) = T(1)/ = I(N) = SLo(Z/NZ)/{+1>}.

For v = (v{,v;) € Q*\ Z?, the classical Siegel function s,(z) for z € $ is defined
as follows. For z€ $, we set 7 =viz+v,. Let n(t,[z, 1]) and o(7,[z, 1]) be the
Weierstrass eta- and sigma-functions for the lattice [z, 1] = Zz + Z, respectively. We
define the Klein form k,(z) by k,(z) = exp(-n(t, [z, 1])7/2)0 (7, [z, 1]) and the Siegel
function s,(z) by

5,(2) = k(2% (2),

where 7(z) denotes the Dedekind eta-function. It is known that s,(z) belongs to
C(X(N)). (For further details, we refer to [12].) Koo et al. [11] provided a completely
normal element in C(X(V))/C(X(1)) in terms of the Siegel functions.

The purpose of this paper is to provide a concrete example of completely normal
elements for a finite Galois extension of function fields in positive characteristic. More
precisely, for a nonabelian extension, using Siegel functions in function fields, we con-
struct completely normal elements for Drinfeld modular function fields. For an abelian
extension, we construct completely normal elements for cyclotomic function fields.

The remainder of this paper is organised as follows. In Section 2, on the basis
of Artin’s argument in [1], we provide a criterion for completely normal elements.
Section 3 is devoted to an overview of A-lattices and Drinfeld A-modules to prepare
for Section 4. In Section 4, we study Siegel functions in function fields and provide
a product formula for Siegel functions. In Sections 5 and 6, we construct completely
normal elements for a nonabelian finite Galois extension of Drinfeld modular function
fields, applying the product formula in the previous section, and for cyclotomic
function fields, respectively.

2. A criterion for completely normal elements

Let A = F,[T] be the polynomial ring over F,, a finite field with g elements. Let
K =F,(T) and K. = F,((1/T)) denote the quotient field of A and the completion of
K at co = (1/T), respectively. Let C,, be the completion of an algebraic closure of K,
and let A, be the set of monic elements in A. We write Q = C, \ K., for the Drinfeld
upper-half plane. Let | - | be the absolute value of C,, normalised by |T| = g.

Let F be a field containing K and let E be a finite Galois extension of F. To
find a completely normal element in E/F, we use Artin’s argument in [1]. Let L be
any intermediate field of E/F and set G = Gal(E/L) ={o; =1,...,0y}. Let g be a
primitive element of E over F and let a(x) be the minimal polynomial for g over L
with deg a(x) = s. For each o € G, set S,(x) = a(x)/(x — g7). Moreover, let

D) = det(B1 ().
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[3] Normal bases for function fields 3

From the definition of 8,

i@ 0 -0

0 pie -~ 0 ,
D) =| . ... |FBi® 20,

0 0 - Ail®

which implies that D(x) is not zero.
We have the following criterion for completely normal elements in E/F.

THEOREM 2.1. Let g be a primitive element of E over F. If D(T™) is nonzero for a
positive integer m, then

1
Tm_g

is completely normal in E[F.

. - .
PROOF. First, det((T" — g”“/ )~') is nonzero because

1
D(T™) = a(T")’ det(—_l).
Tm — gO','U'_/-
By setting J,, = (T™ — g)~!, we prove that the J¢ (o € G) are linearly independent
over L. Let X,e6x,J7, = 0 (x, € L). By letting 77! € G act in this equation,

s

oot .
Zx(,iJm =0 (j=1,...,5
i=1
for t=0,...,0, As the determinant of the coefficients of these equations is
det((T™ — g7 l)‘1), it follows that x,, = 0 for o € G. m|

3. Overview of A-lattices and Drinfeld A-modules

We present an overview of A-lattices and Drinfeld A-modules. Further details can
be found from Goss [7] and Rosen [15]. A rank r A-lattice A in C is a finitely
generated A-submodule of rank r in C,, that is discrete in the topology of C. For
such an A-lattice A, we define the product

_ _z
en@) = ZOQA(l l).

This product converges uniformly on bounded sets in C,, and defines a map e, such
that e : Coo, = C. The map e, has the following properties:

(E1) ey is entire in the rigid analytic sense and is surjective;
(E2) ep is Fy-linear and A-periodic;
(E3) ey has simple zeros at the points of A and no other zeros.
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4 Y. Hamahata [4]

For every a € A, there exists a unique polynomial ¢, = ¢ of the form ¥ li(a)z?
such that ¢,(ex(2)) = ealaz). Let T = z7 and C{7t} be the noncommutative ring in 7
with the commutation rule ¢/t = 7c (¢ € Cy). There exists a unique positive integer r
such that

rdega

a= ) U@t (@)= a,luega(@) # 0)
i=0

for any a € A\ {0}. The map ¢ : A — Cy{r}, a ¢, is then called a Drinfeld
A-module of rank r over C,,. Because ¢ is an IF -linear ring homomorphism, the values
¢, (a € A) are determined by ¢7. The rank one Drinfeld A-module p : A — C {7}
defined by pr(z) = Tz + 77 is called the Carlitz module and the rank one A-lattice
L =T7A corresponding to p is analogous to 2miZ. It is well known that there is a
one-to-one correspondence between the set of A-lattices of rank r and the set of
Drinfeld A-modules of rank r over C,. This correspondence is given by ¢,(ea(z)) =
eplaz) for all a € A.

4. Siegel functions
This section discusses Siegel functions.

4.1. Basic results. For w € Q, let A, = Aw + A be the rank two A-lattice. For the
rank two Drinfeld A-module ¢™ : A — C {7} corresponding to A,

¢IT\“ =T+ g(w)T+ A(w)rz. 4.1

The function A is called the Drinfeld discriminant function and is a Drinfeld cusp form
of weight g> — 1 for the Drinfeld modular group I'(1) = GL,(A). Let p and L = 7TA be
the Carlitz module and the corresponding rank one A-lattice, respectively. Considering
pPa (a € A) to be a polynomial in x, we set

fa(x) = pa(x_l )xlal s

which is called the ath inverse cyclotomic polynomial. Let t(w) = e;(Tw)™'.
Gekeler [5] established a product formula for A.

THEOREM 4.1 (Gekeler). The function A has the product expansion

Moy =7 [ ] ™!

0+#acA

with a positive radius of convergence for t.
Let
n() =7 ] fo.

0#acA

Thus, an*I = -A.

https://doi.org/10.1017/50004972724000339 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000339

[5] Normal bases for function fields 5

We take n € A, with degn > 0. For u = (uy, us) € (n"'A/A)?, let
e (w) = ep, (1w + uy).
The Siegel function g, is formally defined as
gu(w) = ey(w)n(w).

The group I'(1) acts on Q by cw = (aw + b)(cw + d)™" for o = (¢ 3) e I'(1) and
w € Q. The principal congruence subgroup of level n is

I'(n) = {0’ eI'(1) ‘ o= ((1) (1)) (mod n)}.

A congruence subgroup with conductor n of I'(1) is a subgroup I' containing I'(r).
For this congruence subgroup I', the rigid analytic space I'\ Q is endowed with a
smooth affine algebraic curve over C. The curve Xr, which is a smooth projective
model of "\ Q, is the Drinfeld modular curve for I'. Let X(n) and X(1) be Drinfeld
modular curves for I'(n) and I'(1), respectively. In addition, let C.,(X(n)) and C,(X(1))
be the meromorphic function fields of I'(n) and I'(1), respectively. The group I'(1)
acts on C.(X(n)) by h’(w) = h(ocw) for h € C,(X(n)) and o € T'(1). It is known that
Co(X(n))/Cw(X(1)) is a Galois extension with

Gal(Cou(X(n)/Coo(X(1))) = I(1)/Z(EHI(n), 4.2)

whose order is |n|? [Tpn(1 -1/ |P[?), where Z(FF,) denotes the F,-valued scalar matri-
ces, and the product []p, is taken over all monic irreducibles P that divide n. (See [6]
for further details.)

Let t,(w) = ey (Tw/n)~", which is a parameter at co for X(n).

PROPOSITION 4.2 (Gekeler [4]). Let n € Ay with degn > 0 and u = (n"'sy,n"'sy) €
(n"'A/A)? with deg s|,deg s, < degn. Then, the following statements hold.

(1)  The order of g,(w) at t, is given by

1 Is1]
d u = ( __)-
ord, g,(w) = |n| ) i

(i) Foro €I(1), g7 = guo-
(iii) For a subset S of (n"'A/A)?, the product [],cs g™ belongs to Co(X(n)) if and
only if 3,cgm(u) = 0 (mod g + 1).

We establish the following product formula for the Siegel function g,,.

THEOREM 4.3 (A product formula). Letn € A, with degn > 0. For u = (n"'sy,n"'sy)
€ (n"'A/A)?, g, has the product expansion
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gu@) = =0 VL @)D (E () = e Gsa iy
X 1_[ (fna—sl(tn) - eL(ﬁsz/l’l)tlriml)

0#acA

with a positive radius of convergence for t,.

REMARK 4.4. The classical Siegel function s,(z) introduced in Section | has the
following product expansion:

SV(Z) — _enivz(vl—l)qu(vl)ﬂ(l _ qv1 eZﬂivz) 1_[(1 _ qm+v1627rivz)(1 _ qm—v1 e—27rivz),

m=1
where g = ¢ and B,(x) = x> —x + 1/6.

4.2. Proof of Theorem 4.3. Using [4, (2.1)],

_ - [nal
@) =T ) + exGisa i ] Lol 7 eé(;m/n)t”
0#acA natn

Ast=1"/f.(t,), fora € A\ {0},

[n|

lal
ful®) = praler @ /m)i = pmz(eL(ﬁw/n))( fngtn)) B ggtit)nlzv
which yields
et - Jna(tn)
n(w) = m‘ln /(g l)fn(fn) 1/(q+1) Jnallu)
ODM Ja(tn)!
Therefore,

gu(w) = =0TV )T (1) = enGEsa i)

[ Bt

0#acA f"(t")la‘

To simplify this expression, the following lemma is required.

LEMMA 4.5. We have
[ Tr@) =1
acA

PROOF. Fora € A, let

Walty) = fo(t,) ™ 1_[ Fa(t)eTel,

ceF,
Because
At Wot) = | | @)™ and [ | fuw)Waey =[] e,
cel, dega<n dega<n+1
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it follows that

[T A W = T A,

0#acA 0#acA
which yields [o.4ea Wa(t,) = 1. From this,

l—[ fn(tn)lal = H l_[fn(tn)luTﬂll =( l_[ fn(tn)la)qz,

0#acA 0#a€A ceF, 0#acA

which yields ([Tosaea fo(t2) )% ~1 = 1. Noting that [Josues f5(0)4 = 1, we have
H(#aeA fn(tn)lal =1 O

From this lemma, the proof of Theorem 4.3 is completed.

5. Normal bases for Drinfeld modular function fields

In this section, we construct the completely normal elements in Drinfeld modular
function fields.

5.1. The primitive element %,. Using Siegel functions, we construct a primitive
element of C,(X(n)) over Co,(X(1)).

DEFINITION 5.1. We set
1
= i
g(o’nfl)g(n’l,())
The function £, has the following properties.

PROPOSITION 5.2.

@) hy € Coo(X(n)).
(i) hy(Aw) = Ah,(w) for A € F.

PROOF.

(1) This follows from Proposition 4.2(iii).
(ii)) ForAe FZ anda € A\ {0},

(Aw) = 271(w),  fult(w) = fut@w)),  7(Aw) = A7 y(w),
gon1(Aw) = 7@ g (@),  gur10(Aw) = 194 g o (w).
Thus, we obtain property (ii). ]
LEMMA 5.3. For o € I'(1), ord, (k] /h,) = 0. Equality holds if and only if

_[m *
0'=(O dl)(modn),

where ay,d; € F;.
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PROOEF. Let o = (‘C‘l1 z;) (mod n), where aj,by,c1,dy €A, dega;,degb,,degc,
degd; < degn. Using Proposition 4.2,

ord, (hy /h,) = 2g + Dlei| + (la] = 1).
Since a1d| — bic; € F, eithera; # 0orc; #0.

(i) Whena; #0and ¢y #0, 2g + Dlcq| + (lag] = 1) > 0.
(i) Whena; =0andc; #0, 2q + Dlcy|+ (la;| —= 1) = 2 > 0.
(iii)) Whena; #0and ¢y =0, 2g + Dlci| + (la1] = 1) = |a1| -1 = 0,

which yields the first part of the lemma.
For the latter part of the lemma, we use item (iii). Equality holds if and only if
c1=0,a; € IF;, which is equivalent to ¢ € nA and a;,d; € FZ. O

PROPOSITION 5.4. The function h,, generates Co,(X(n)) over Coo(X(1)).

PROOF. We assume that o~ = (¢ 2) € I'(1) leaves h, fixed. Because ord, k¢ = ord, h,,
Lemma 5.3 implies that

a=ay, c=0, d=d (modn), al,dlelF;.
Fort = ("), ord, h]" = ord, A}, which yields
1 |b1] 1 1 1
2+ 0= 1)+ (57 - el =l ol - )+ (- 57
'"'[(q )|n| g+1 Inl q+1 |24 )II g+1 g+1

by Proposition 4.2. In this expresswn by € A is defined by b = b, (mod n),degb; <

degn. Hence, by =0 and o = (] ) (mod n). By letting y = (1 l) we observe

0 dy
that y € I'(n). Using Proposition 4.2,

ag 0 ag 0
hy=hT=h, O =p, 0@ =Ly
n n n dl n
Hence, o = () )y € Z(F)I'(n). Using (4.2) and Galois theory, the proof of this
proposition is completed. ]

REMARK 5.5. It is known that
CooX(1) = Coo(j),  CoolX(n)) = Coo(, fo | u € (n7'AJA)),

where j is the modular function defined by j(w) = g(w)?*'/A(w) using g, A in (4.1),
and f, is the Fricke function defined by f,(w) = g(w)e,(w)?'. From Proposition 5.4,
we obtain C.,(X(n)) = Cx(j, hy,).

The following lemma is required in the next subsection.

LEMMA 5.6. Let l be a positive integer. If

A<ty < g7V, (5.1)
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then
Iy (Tw)] < g
forany o e I'(1).

PROOF. Let o = (¢ z:) (mod n), where aj,by,cy,d; €A, dega;,degb,,degc,

C1

degd, < degn. By Proposition 4.2(ii) and Theorem 4.3,
h_l(O'a)) — t(lnl—lmI)+(Inl—|61|)—2qlc1lf (t )—2
X (foey (tn) = ex Gy /s 4" (fa, (1) = e GEby )i
X [ ] hacer(tn) = ex ey /my Y fraa, (1) = erGabr fmil).

0+£acA

Gekeler [5, Lemma 1] proved that if 7, satisfies (5.1) and a € A \ {0} with dega =d,
then |f,(1,) — 1| < (g7 @™ For e, (7dy /n).

lew@dy /)| = [Tea(dy m)| = g/~ rieedhdeen < gliah),
Similarly, we find that |e; (b /n)| < ¢'/~V. Therefore,

Iy, ()| < [l 24 foe, (1) = e Gy [y PO fg, (20) = en @Dy [t

We have
|tn|—2q\c‘1| < (q—2l)—2q|n|’
Ife, (tn) — ep (dy [P0+ < gGarDita=D),
|f—a1(tn) - €L(ﬁb1/n)t|;”‘| < ql/(q—l)’
which yields the lemma. D

5.2. Completely normal elements. Using /,, we construct completely normal
elements in C(X(1))/Ceo(X(1)). Let r = [Co(X(n)) : Coo(X(1))].

THEOREM 5.7. Let g be a primitive element of Cy(X(n)) over C(X(1)) and let
0 <6y <81 < 1. We assume that there exists a positive constant M > 1 such that
lg(w)| < M for 6 < |ty(w)] < 61. If m > log, M""~V, then

1
™ — g
is completely normal in C.(X(n))/Ce(X(1)).
PROOF. Let L be any intermediate field of C.,(X(n))/Cs(X(1)), and set

G =Gal(Coo(X(n))/L) ={o1 =1,...,0}.

If a(x) is the minimal polynomial for g over L, then deg a(x) = s. For each o € G,
set Bo(x) = a(x)/(x — g”7). Moreover, let D(x) = det(B, ,1(x)). For weQ with
J
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0r < |ty(w)| < 61, we set

Bolx, w) = 1_[ (x—g"(w)) and D(x,w)= det(ﬁmoiﬁ](x, w)).

veG\{o}

As the coefficients of 8, (x, w) are sums of products of g¥(w) (y € G \ {07}), the absolute
value of each of these coefficients is not greater than M*~!. Hence, the absolute
value of each coefficient of D(x,w) is not greater than M*¢~D_ If m > log, M=D,

then ¢” > M*“~D, When D(x,w) = Zfis()_l)aixi, the absolute value of a nonzero a;
satisfies |a;] < M*¢~D < g™ which implies that g™ < |a;T™| < ¢"*V. Thus, |D(T", w)|
is nonzero, implying that D(7™) is also nonzero. Therefore, the theorem follows from

Theorem 2.1. O

DEFINITION 5.8. For a positive integer m, we set

Hon = oy, =1
The function H,, belongs to C,(X(n)). The following theorem is a consequence of
Theorem 5.7.

THEOREM 5.9. If m > 2r(r — 1)(2q|n| + 1), then the element H, , is completely normal
in Ceo(X(n))/Coo(X(1)).

PROOF. Using Proposition 5.4, h;l is a primitive element of Cy,(X(n)) over Co(X(1)).
Taking a positive integer [ > 2, let 6; = ¢7"2 and 6, = ¢~ 2. If 6, < |t,,| < &, then we
have |, (cw)| < ¢*?""*6 for o € T(1) using Lemma 5.6. Applying Theorem 5.7 for
M = ¢*?"+6 and g = !, we obtain the theorem. O

6. Normal bases for cyclotomic function fields

In this section, we construct completely normal elements in cyclotomic function
fields and their maximal real subfields.

Let p be the Carlitz module. For n € A,, let p[n] = {a € C | p,(@) = 0} be the set
of Carlitz n-torsion points. The set p[n] is a cyclic A-module and its generator is called
the primitive Carlitz n-torsion point. The minimal polynomial ®,(x) for any primitive
n-torsion point over K is called the Carlitz nth cyclotomic polynomial. The polynomials
pn(x) and @, (x) have degrees " and @(n), respectively, where ¢(n) := #(A/nA)*.
(For further details on these polynomials, we refer to [3].) For the primitive Carlitz
n-torsion point A4,, let K, = K(4,) be the field generated over K by adjoining A,,.
If o € Gal(K,,/K), then o(4,) is another primitive Carlitz n-torsion point. Hence,
there exists a € A with ged(a,n) =1 such that o(1,) = p,(1,). Let ¢ =o. The
correspondence ¢, — a induces the isomorphism Gal(K,/K)=(A/nA)* (see [15,
Theorem 12.8]).
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THEOREM 6.1. Let F be a finite Galois extension of K of degree r contained in C,,
and let p be a primitive element of F over K with |u| < M, where M > 1 is a constant.
Ifm > long’(r‘l), then

1
Tm_/l

is completely normal in F[K.

PROOF. Let L be any intermediate field of F/K and G = Gal(F/L) = {o| = 1,...,0%}.
If a(x) is the minimal polynomial of u over L, then deg a(x) = s. For each o € G, we
set B (x) = a(x)/(x — u7). Moreover, we set D(x) = det(B,,,-1(x)). As the coefficients
of B,(x) are sums of products of ¥ (y € G\ {o}), the absoljute value of each of their

coefficients is not greater than M*~!. Hence, the absolute value of each coefficient

of D(x) is not greater than M**~D_1If m > log, M"""D, then ¢" > M**~D. When
D(x) = ZZS.SO_Da,-x", the absolute value of a nonzero a; satisfies |a;| < M*¢~D < g™,
which implies that ¢™ < |a;,T™| < ¢"*V. Hence, |D(T™)| is nonzero. Therefore, the

theorem follows from Theorem 2.1. O

For a completely normal element in K,,/K, we have the following result.

THEOREM 6.2. For a monic element n € A, with degn > 0, let K,, be the cyclotomic
function field determined by n. For any positive integer m,
1
T — e;(7w/n)

is completely normal in K, /K.

PROOF. According to [15], ey(m/n) is a primitive element of K, over K.
When p = e (/n), |u| = [Tea(1/n)| = g?/@-D=deen < g1/a=D  When M = g/,
log, M"""" = 1/(g — 1) < 1. Therefore, the theorem follows from Theorem 6.1. O

Let K be the fixed field of {¢, € Gal(K,,/K) | a € IFZ}. This field is referred to as the

maximal real subfield of K,. For a completely normal element in K;' /K, we have the
following result.

THEOREM 6.3. Notation being as in Theorem 6.2, we let r = [K : K]. If m > r(r — 1),
then
1
T = e Gejmyi-!
is completely normal in K /K.

PROOF. According to [15], ez (/n)?"! is a primitive element of K over K. When
= e (m/n)?", we have |u| = [tea(1/n)""! < g. When M = ¢, log, MY = p(r-1).
Therefore, the theorem follows from Theorem 6.1. |
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REMARK 6.4. For neA, withdegn>0, let R,={acA, | dega< degn, gcd(a,n)=1}.
In [9], we proved that

Gi(er(ma/n)™") (a€R,)

are linearly independent over K for any positive integer k, where Gy (x) is the kth Goss
polynomial of L = 7A. It is known that G,_;(x) = x7~'. As {1/e,(ma/n)?™" | a € R,}
is contained in K}, {e(l/eL(Tr/n)q‘l) | a€R,) ={1/e.(ma/n)?"" | a € R,} is a normal
basis for K" /K. This is analogous to the result provided by Okada [ 14].

Acknowledgement

The author would like to thank the anonymous referee for careful reading and the
helpful comments that improved this paper.

References

[1]1 E. Artin, Galois Theory (Dover, New York, 1997).
[2] S. Bae, ‘The arithmetic of Carlitz polynomials’, J. Korean Math. Soc. 35 (1998), 341-260.
[3] D.Blessenohl and K. Johnson, ‘Eine Verschiarfung des Satzes von der Normalbasis’, J. Algebra 103
(1986), 141-159.
[4] E.-U. Gekeler, ‘Modulare Einheiten fiir Functionenkorper’, J. reine angew. Math. 348 (1984),
94-115.
[5] E.-U. Gekeler, ‘A product expansion for the discriminant function of Drinfeld modules of rank two’,
J. Number Theory 21 (1985), 135-140.
[6] E.-U. Gekeler, Drinfeld Modular Curves, Lecture Notes in Mathematics, 1231 (Springer,
Berlin—Heidelberg, 1986).
[71 D. Goss, Basic Structures of Function Fields (Springer, Berlin—-Heidelberg, 1996).
[8] D. Hachenberger, ‘Universal normal bases for the abelian closure of the field of rational numbers’,
Acta Arith. 93 (2000), 329-341.
[9] Y.Hamahata, ‘Chowla’s theorem over function fields’, Int. J. Number Theory 14 (2018), 1689-1698.
[10] J. K. Koo and D. H. Shin, ‘Completely normal elements in some finite abelian extensions’, Cent.
Eur. J. Math. 11 (2013), 1725-1731.
[11] J. K. Koo, D. H. Shin and D. S. Yoon, ‘Normal bases for modular function fields’, Bull. Aust. Math.
Soc. 95 (2017), 384-392.
[12] D. Kubert and S. Lang, Modular Units (Springer, New York, 1981).
[13] H.-W. Leopoldt, ‘Uber die Hauptordnung der ganzen Elemente eines abelschen Zahlkérpers’,
J. reine angew. Math. 201 (1959), 119-149.
[14] T. Okada, ‘On an extension of a theorem of S. Chowla’, Acta Arith. 38 (1980/81), 341-345.
[15] M. Rosen, Number Theory in Function Fields (Springer, New York, 2002).
[16] R. Schertz, ‘Galoismodulstruktur und elliptische Funktionen’, J. Number Theory 39 (1991),
285-326.

YOSHINORI HAMAHATA, Department of Applied Mathematics
Okayama University of Science, Ridai-cho 1-1, Okayama 700-0005, Japan
e-mail: hamahata@ous.ac.jp

https://doi.org/10.1017/50004972724000339 Published online by Cambridge University Press


mailto:hamahata@ous.ac.jp
https://doi.org/10.1017/S0004972724000339

	1 Introduction
	2 A criterion for completely normal elements
	3 Overview of A-lattices and Drinfeld A-modules
	4 Siegel functions
	4.1 Basic results
	4.2 Proof of Theorem 4.3

	5 Normal bases for Drinfeld modular function fields
	5.1 The primitive element hn
	5.2 Completely normal elements

	6 Normal bases for cyclotomic function fields

