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ON CERTAIN K-GROUPS
ASSOCIATED WITH MINIMAL FLOWS

JINGBO XIA

ABSTRACT. It is known that the Toeplitz algebra associated with any flow which
is both minimal and uniquely ergodic always has a trivial Ki-group. We show in this
note that if the unique ergodicity is dropped, then such K;-group can be non-trivial.
Therefore, in the general setting of minimal flows, even the K-theoretical index is not
sufficient for the classification of Toeplitz operators which are invertible modulo the
commutator ideal.

Let X be a compact Hausdorff space on which R acts continuously as a group of
homeomorphisms. That is, there is a continuous map (x,t) — X+t from X x R onto X
suchthat (x +t) +s = x+ (t+9), x+0 = X, and such that, for eacht, x — X +tisa
homeomorphism on X. Such an action of R on X is usually referred to as aflow. Given
f € C(X) and x € X, we denotethefunctiont — f(x+1t) on R by fy. Let A(X) denotethe
collection of ¢ € C(X) such that ox € H*(R) for every x € X.

Recall that aflow (X, R) issaidto beminimal if for every x € X, theorbit {x+t: t € R}
isdensein X. A flow (X, R) issaidto beuniquely ergodicif there existsonly oneinvariant
probability measure on X.

For a given flow (X, R), an analytic representation [5, 6] (also called Silov repre-
sentation [7]) is a pair (7, P) where 7 is a unital C*-algebra representation of C(X) on
some Hilbert space K and P is an orthogonal projection on K such that PK is invariant
under w(A(X)). That is, 7()P = Pr()P for every ¢ € A(X). An analytic representa-
tion (m, P) is said to be non-degenerate if the C*-algebra generated by P and w(C(X))
is non-commutative. Each analytic representation (r, P) givesrise to a Toeplitz algebra
T (r,P)on PK. Thatis, T (m, P) isthe C*-algebra generated by the abstract Toeplitz op-
erators {Pr(f)P : f € C(X)}. We denote the commutator ideal of T (r, P) by C(r, P).
For aminimal flow, C (7, P) coincides with the ideal in T (r, P) generated by the semi-
commutators {Pr(fg)P — Pr(f)Pr(g)P : f,g € C(X)} [6]. We next recall some familiar
examples of analytic representation.

Let K = L2(R) and let Pyaqy be the orthogonal projection from L2(R) onto H%(R),
the Hardy space associated with the upper half-plane. For each fixed x € X, define
m(f) = Mg, the multiplication by fy on L2(R), f € C(X). Then (mx, PHaray) iS an ana-
lytic representation of the flow.

Consider K = L2(X,dm), where dmis an invariant probability measure of the flow.
Define mgm(f) = My, the multiplication by f on L2(X,dm), f € C(X). For eacht € R,
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(Uam()$)() = &(x+1), & € L*(X,dm), is a unitary operator. Let 54m denote the in-
finitesimal generator of the unitary group {ugm(t) : t € R}. That is, Ugm(t) = exp(itdgm)
for every t € R. Suppose that ey is the spectral measure for 6gm. Then for each A €
R, (ﬂdm,edm(()\,oo))) and (ﬂdm,edm([)\,oo))) are analytic representations of (X, R)
[5,6,7].

In this note we address a question regarding the K-groups of T (7, P) and C (r, P)
raised by the following two theorems from previous investigations.

THEOREM 1 [5, THEOREMS 3.1.1 AND 4.3.1]. Suppose that (X,R) is a minimal
and uniquely ergodic flow and that (r, P) is a non-degenerate analytic representation
of (X,R).

(i) The Toeplitz algebra T (r, P) is universal in the sense that if (7, P) is another
analytic representation of the flow, then the map

Pr(f)P — P'7'(f)P’, f e C(X),

extendsto a C*-algebra homomorphismfromT (7, P) onto T (#/, P'). It is, therefore, an
isomorphismif (7/, P’) is also non-degenerate.
(i) Inthe K-theory six-term exact sequenceinduced by the short exact sequence

0—C(mP)—T(mP)—C(X) —0,

we have
Ko(T (m,P)) = Z[1] and Kqy(T (m,P)) = {0}.

Therefore K1 (C(X)) = Ko(C (m, P)) and Ko(C(X)) /Z[1] = Ky(C(, P)) via the index
map and the exponential map respectively.

If the unique ergodicity is dropped, it is not known whether T (r, P) is universal in
general. However we do know the following:

THEOREM 2 [7, SECTIONS 4 AND 8]. Supposethat (X, R) is a minimal flow and that
(7, P) is a non-degenerate analytic representation of (X, R). Then thereisa C*-algebra
homomorphismfromT (, P) onto T («/, P’) which extendsthe map Pr(f)P — P'7’(f)P/,
f € C(X), in the following situations:

(@ (7',P") = (mx, PHaay) for any x € X.

(b) («',P) = (de,edm(()\, oo))) for any invariant probability measure dm of the
flow and for any A € R.

(© (',P) = (ndm, edm([)\, oo))) for any invariant probability measure dm of the
flow and for any A € R.

Inparticular, T (m, Puaray), T (7Tdm, eam((A, oo))) and T (ndm, eam([A, oo))) arenat-
urally isomorphic.

When (X, R) is only assumed to be minimal, K-theory results are conspicuously miss-
ing despite of efforts to extend Theorem 1 to this case. A close examination of [5] tells
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us that the techniques employed there seem to break down drastically when the unique
ergodicity is dropped. The purpose of this noteisto show that there is a good reason for
this break-down. In fact results stated in Theorem 1(ii) in general do not hold for minimal
flows which are not uniquely ergodic. In other words, the unique ergodicity assumption
in [5] is not for technical convenience; it is demanded by the results.

More specifically, we will show that Kl(T (, P)) = {0} is not true in general for
minimal flows. Given apair (, P), the map

top: ¢ — ()P = Pr(p)P, ¢ € A(X),

is a Banach algebra homomorphism from A(X) into T (7, P). We will present minimal
flows for which the map

tops: K1(AX)) — Ka(T (7, P))

has a non-trivial image. It follows from the results cited in Theorem 2 and [2,
Lemma 24.2] that, if the flow is minimal, then the symbol map s(Pr(f)P + B) = f,
f € C(X), B € C(r,P), extends to a C*-algebra homomorphism from T (r, P) onto
C(X). If we compose op» With s.: Ky (T (, P)) — Ky (C(X)), then

S 0 Lopx = Lx,

where: A(X) — C(X) isthe natural inclusion. Thusto produceaminimal flow for which
top= has anon-trivial range, we will simply present one for which the natural inclusion
map

L K1 (AX)) — Ky (C(X))

has anon-trivial image.

Thisalso hasimplications at the level of Toeplitz algebras themselves. The failure of
Theorem 1(ii) for minimal flowsin general alerts usto the possibility that Theorem 1(i)
may also fail without unique ergodicity. That is, for a given minimal flow, there might
be pairs (r, P) and (7, P") such that neither of T (r,P) and T («/, P") is a homomorphic
image of the other. The non-triviality of Kl(T (, P)) means that not only is numeri-
cal index [3] insufficient for classifying Toeplitz systems which are invertible modulo
C(m, P) ® M, even the K-theoretical index map K1 (C(X)) — Ko(C (r, P)) will not do
the job.

After the above background information, we are ready to present the results of the
paper. Denote the Poisson kernel for R by P,(t) = Imz/ x|t — Z|?. For any f € C(X) and
¢ € LY(R), denote

()09 = [, focr D@

which is a continuous function on X. Recall that if ¢, ¢ € A(X), then (¢v¢) *x P, =
(p * P * Py if Imz> 0.
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THEOREM 3. Supposethat (X, R) is a flow such that A(X) is a logmodular algebra
but not a Dirichlet algebrain C(X). That is, {log |u| : u € A(X), uisinvertiblein A(X)}
isdensein the collection of real-valued functionsin C(X) and A(X) + A(X) is not densein
C(X). Thenthereisaw € A(X) with 1/w € A(X) such that its K;-class [w] in K1 (C(X))
isnottrivial.

ProoF.  Since A(X) + A(X) isinvariant under the multiplication by i, not every real-
valued function in C(X) can be approximated by functionsin A(X) + A(X). Thusthereis
aw e A(X) with 1/w € A(X) such that

(1) inf{||log|wl — (1 + )l : 1.{ € AX)} = 6 > 0.

Wewill show that [w] # [1] in K1 (C(X)).

Let us first show that w ¢ exp(C(X)). Since limy o [|w * Py — ||, = 0 and |w] is
bounded away from O, we have lim; o || log|w * Pi;| — log |w|||.» = 0. Now if it were
true that w € exp(C(X)), then there would be an ro > 0 such that

@ w x Py, = exp(h)
for someh € C(X) and
3 [[1og |w| —log[w * Pir, || <6/2.
For f € C(X), denotefy(X) = f(x+a) fora € R. Then
exp(he —h) — 1= (W Pirg)e — W Piry )€™ = Wk (Pesir, — Pirg)e ™"

That is, fore #£ 0,
1 1 1
“(h.— h)[1+ o=+ ] — W [E(Pmro - Piro)]/w* Pir,.

Let go = dPesir,/ de|c—o, Which obviously belongs to L1(R). It follows from the above
and aroutine limit argument that
_ W * Qo

Dh = W *x Piro ’
where (Dh)(x) = dh(x+¢€) /de|—o. Sincew isinvertiblein A(X), 1/ (w* Pir,) = (1/w) *
Pir, € A(X). Hence Dh € A(X).

Let  be a C>*-function whose support is a compact subset of (0, co) and let £(t) =
—i [r @\ 71y(\) dA. Then ¢ € HY(R) and, therefore, J ¢(t)(Dh)(x +t) dt = 0. Integrat-
ing by parts, we have

/R ¢ (Hh(x +tydt = — /R {(t)%h(x+ tydt = — /R £(t)(Dh)(x +t) dt = O.

Note that functions of the form Jgr €*n()\) dA = ¢'(t) are densein HY(R). Thisimplies
that h € A(X). It follows from (2) and (3) that || log |w| — (h +h) /2| < §/2. But this
contradicts (1). Hencew ¢ exp(C(X)).
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To complete the proof that [w] # [1] in K1(C(X)), it now sufficesto recall the well-
known fact that GL1(C(X)) / exp(C(X)) isinjectively embeddedin Ky (C(X)). n

Now consider Cyy(R), the collection of bounded, uniformly continuous functions on
R. Let X denote the maximal ideal space of Cyy(R). The trandation f(:) — f(- +1t) of
functions in Cpy(R) induces a natural flow (X, R). According to [9, Proposition 2.3],
A(X) is alogmodular algebra. Every closed R-invariant subset Xo C X givesriseto a
subflow (Xo, R). Using Tietze's extension theorem, it is easy to see that A(Xp) isalso a
logmodular algebrafor any such Xo.

It is a highly non-trivial result that if M is aminimal set in X, then A(M) is not a
Dirichlet algebra. See [9, Theorem 4.1] and the remarks following it. Thus Theorem 3
tells us that the natural inclusion map

L K1 (AM)) — K1(C(M))

has anon-trivial image.

ThespaceM need not be metrizable. But from the abovewe can easily produceamin-
imal flow (X, R) with ametrizable X such that theimage of 1.: K1 (A(X)) — Ki(C(X)) is
non-trivial. Indeed take any invertiblew € AM) such that [w] # [1] in Ky(C(M)) and
let C,, be the C*-subalgebra of C(M) generated by 1 and the trandlations {w; : t € R}
of w. Being a C*-subalgebra of C(M), C,, necessarily contains the inverse of w. Let X
be the maximal ideal space of C,,. Then X is metrizable. As usual, the translation on C,,
inducesaflow (X, R). We canregard X asthe quotient spaceM / ~, wherem ~ n if and
only if f(m) = f(m') for every f € C,,. Alsoitisobviousthat [m] +t = [m+1] for every
m € M, where [n] denotes the equivalence class of n. Hence every orbit is densein X.
That is, (X, R) isaminimal flow. If p: C,, — C(X) isthe Gelfand transform, then p(w) is
an invertible element in A(X). Since C,, is a subalgebraof C(M), [w] # [1] in K1(Cy).
Thisimplies [p(w)] # [1] in K1 (C(X)).
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